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CHAPTER 4

DRACHISTOCHRCHE PROZLEM,

Let A{x,, ¥,} and D {xn, ¥, D2 two given points in the xy -
pilone. We want to find a curve y = yfx} Joining them so that o particle
folls under grovity along this curve from . to D in the shortest time,
friction being neglecte:d.

Take the origin of the coordinate gystoem at the peint 4, the
¥ - axis directed vertically downwerd and the x- axis horizontal $o -
that the passage from £ to 1T is marksd Ly on increase in x.

Let the particlde stort from i with the initial velocity zero,

then the veloeity of the particle at any point along the curve 1s given

bz v o= %E- s+ The totalﬁtime of descent is
*
o fon I
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. where the velogity v ot any polnt distonce y below the point & is
computed by
m vy = Mgy

o ey,

or

=
]

It should be noted that y comnot be negotlve anywhere on the
eurve, otherwise the particle will fail to veach D. Then {4.1} becomes
1 r{ﬁf’r1+(fia‘ |
E= TS

>
o

We wont o find the curve ¥ = y{x} that makes I o minimum.

I = dxi --to----qilt {htEj
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In the direet method for solving this problem we consider

argumsnt funetions which are polyegonal curves as defined in chapters2

and 3,

Then the equation (4.2) may be written
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Fig. 10. Polypons constructed to solve the brochistochrone
T eee—

preblem,

In order to compute the value of I along the sepments of rolygonal curves,

'i:he equation (4. 3) becomes
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Let ¥, o= _.L_it_ s
2
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Yi = —El—__l ) fGF 1 - D} l‘. -:-lrpq:- n =— 1"
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{ p ; 1+ (Yi}
where Foix s ¥ T, = —
i? )
1 t (a)x! (8x) v
¥ 4+ —_— Y - =
Y 2 1 2

( 4s in chapter 3 we include x; in F }
o .
Initially we choose an arbitrary polygon P whose vertices have the
. O o [v] .
ordingtes ¥y 3 ¥1 522+ ¥ , nonce of which ore negative.
n

Equation (4.4} then gives

o ri—f - N x
I = .f"-?i: = = A x,
o (=

o€ 3 i+l Yi

where I0 is the time the particle falls from A to 0 along B°.

--———-___——.-.-..-__——--____—'\.-.__—...h_-.- - — e om omom— o

# See Appenmdix (k), ..
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1
Now by letting yz apd y; remain fixed ond by varying yl an

X = xl the time of fall

- = — - . -
SR KRR R

JE% i “{}%:+~ jr;g 4f&g +\(;i

ﬂlmng the new palyeonal curve Fraom X, to x

L

> is made a minimumi this

mist Le less thon or equal to its previous value

5 ]’_‘ﬁ%x]z + (¥ - y)® | (A2 4 (v - ¥9)®

S U EP ¥, + oon

v
Again by letting yi and 35 remain fixed and by vﬂrﬁfing yé on

X = x_ the time of f2l1l

2
1 Tt ' o T
2 (8x)% + (v - ¥7 )% (4x)® + (y, - ¥;)
- “{ . ?*1 1 % _ﬁ{ 5 "2
= 1
Nk Y2 1 Y% YﬂP + f;

3 &

along the new pnljgﬂnel curve fram x = xl to x = x} 1s made n minimum;

this must be less than or egual to its previcus wolue

4 ' o z = o SR
2 [YRTe0g-vp® L (8074 6] <42

—_—

Jee | 2

R

and =0 on.

Hepeating the same process Tor the remaining interval to

1 1 1
coneEtruct 3'5 i) :'rh- tarssnn ¥

. We obtaln a nuew polypon Pl the

1 1
ordinates of the vertices of which are y; = yi 3 ¥y s Yopeeas
1 a ' 1
¥ = ¥. . The .. value of the integrol I along P is

byl I
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L0 = R
. o —;—-— ,/ { & le (3"1_'_1 Hi :]
1 - T — o —
2r ('Il:‘ (_1 i

+
f] }ri+1 ni' yi
Which must be less than or =quel ta Io'

' 2
Hext opplyirg the same process o Pl we get the polyson P, and

by repeating the process agoin and again we obtoin o sequence of polygons
5 i X '

F ¥ F LR R RN r Frrara In the ¢ =se of the pc}l}?gon Pk the ordinates
k o k K k ¥ 0
of the vertices are ¥o==s ya » Yl = EE"""' yn_l 1 ¥, = Yn »

ond the vaolue of the integral I  is

N k K,
» n ,{{ﬂx}z + {¥ - ¥.)®
_ N / i+l i
k e o

—
. ke k
il +
L /*H o ¥

i

which must be less thon Ik i

Dy an argumznt similar to that in the proof of lemma 2, IO, Il’ IE

Ioyeeeess Ik rrEees as defined In the preceeding section is a monotonic

decrensing gequence, moreover it is bounded below by zero. Therefore

this sequence sonverges to Im’ the greatest lower bound of the SEGUENCE,
In other words the polygonal curves converge to the polygqn pM

thot makes the value of the integrul T a minimum,
k
ar we mey say that the ordinates of the vertices ¥; of the
k
polygon P comverge. in such a way thaot in the iimit ¥q satisfies

= C', l=1: E, - I‘l.—-l.

o

the equntion

oS

Y

~i
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Example 3

To find the eurve y(x), where ¥{(0) = 0, and ¥ (9.4247} = 6

L

that mokes the integral NeLy:

9 —
1 11+ ()2
I = gr— -1 o minimum.
JeE A J}

o
Choose the initdinl brbitrary polygonal curve P with vertices

(0, 03, (1, 0.5), (2, 2}, (3, 2.5),(%, %), (5, 4.25), (6, %.75),

(7, 5:0), (8, 5.25), (9.haby, 6.00),

Then construct the polypon Pk, k=1, 2, 3,.eveu.a by the method

1 .
of chapter &, To construct ¥, we must minimize the expression.

i \ o 1

y (ax)® (vy - ¥2)2 \;fc AX)2 + (v - §))°

- + = T.
Yor + 0 B3+ Wyl

a .
whereas ¥, and }r; are fixed.

When ¥y = 0.5
J1 + (0,52 \fIl_+ (1,5)2
T = + [
J(_).5 + o -.I"_1.5 +f2
= E.hfﬂ'g
%EH }"l - liGj
1
= 1.925'
lhen yi = .5, then
-

1.8957 B
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which is less than 1.92% znd less than 2,450G, When yi = 2.0,
then T = 1.%4%%% which is sreater thon 1.8957.
Therefore we select yi = .5,

Continuing this process we obtain the values of y? s shown in

toble 3 and the graphs of Pk as shown in figuré 9+ The table also
I

k
shows that jjr— degreases as Kk increases, and the graphs show that
g

the sequence of polygons approaches the curves calculated anolytically

in chapter 5.
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- k
Toble 3, Exnmple 3 Values of ¥ .
s
1
1 2 3 4 5 a 7 [ 9,.4247 K
e
D3 2,0 |25 (440 4.25(4,.,75|59.0(|5,.25 a.00 8,541
F43|2:1[|3.8314.0 4,5 (4,753|5.2 6.8 8.0 G,.A55%
1.90|2.,5|3.4{4,1 4,5 (4,9 [5.2|5.7 0,0 5.3041
17 (2,7 |35 (4.2 (4.8 (4.9 (5.4|5,.8 8.0 9.35941
Le7 |2.7 3,5 |8,2 (4.5 (5.1 |3.8|[5,.8 8,0 5,.5551
1.7|2,7 (3.5 (4.2 (4.7 [5.) [5.5]|5.8 8,0 5.3528
Analytienl selutie 3.4412
240 310! 305 |avss| 5.05) 5a5 | 56| 5851 koo
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