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CHAPTER 3

SURFACE CF REVOLUTICN OF MINIMUM AREA.

If {xﬂ, ¥,) and (xn, ¥} are two given points, we want to find

the curve y = y(x) Joining them such thot y{x) > O in the interval x
. ; I/)"n _—
to x'nﬂl 'ELWA' I = 2n Jr—l"'(y )2 dx ----t--n--{} l]

is a minimum, Io

The functicnal I given in (3.1) wvaries sceording to the glven
argument function ¥ = y(x} . But in the Airect method for solving this
ﬁrﬂblem we consider the functional I alonpg arpument functions which ore
polygonnl curves of o prescribed number of line segments with vertices

on the lines x = x , X = x_, X = Xy sreseess X =%, where x. = x + i4x
1 :

) 1’ m
* x
for 1 =1, 2, ... . n-1, ond Ax = _I_'I.._.n..._E :+  So the

funetionsl I depends on the ordinstes of vertices 1.r1, Yoressns :fn_l' of

the polygons, or in cther werds the functional T is s function cf'yl,y

ot
LI Fﬂ-—l r) E0Y I = ?ﬁ (}"1, :IrE,_.‘.‘"‘"""‘"P :'?n. 1::"
For the polygonal curves we obtain from (3.1)
-4 ."x!.'”
I = 2g 'E J y»{1+{y’}2 dx
) [':C' *
X ;
r-i ¥ +1,r | ¥ - ¥, 1L
= gﬁ (_Ei];___) | 14+ (_1_".'1_,_1) D ox
(=0 Ox
= }O (yys ¥preeeene v ),
F + ¥
Let ¥y = ..t it
2
/ ¥ -¥
. i .
and Yj_ - i——— ¥ for 1 = GJ l_’. E, raevew 1 = 1.

A x
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I.Ilheﬂ W (Ylj 32,1-011 Fﬂ—].:] = EJ'F a.- F {xi) Yij ‘fi ) .& X

=
) /! e 1 ¢
where F fxi, LAY Yi ) = Yi ﬂ 1+ {Yi] . Although x4 does no
ﬁppe&r en the right hand side, it has been ineluded in P so thot the
general result obtained leter in chapter 5 mey be applied here,
Let the initial polygonal curve jolning (xD, ?5} and {xn, y.} be
p” with vertices Pg (Ii’ E? }» 1=0,1, 2, coave n, and let I, be

ﬁhe velue of the integrel I aleng PD. Then

- i
TI=1 v r O L yhe
¥, t¥ k4 y
I = Og i i+l);'l 1 +( 1+1 1) A x
© C {-o 2 : M A x
-4
= 2 ° p°
ﬁ , i 1+1°%
Lo

[+]
Where Pi Pi+1 i%: the surface eres generated by revolving the segment
Jelning the consecutive vertices of the polyzon P° about the x -~ axis.
. 5 _
Now Qﬂ fixing yz arxl YE wi can chooge yl on X = xl to ka&

‘the surfoce nren

T o

generated by the new polygonoal curve from xo Lo xE a minimum. This must

be less thon or equal to its previcus value

e e ™
o 4} [a] [} 4] o} [+] [} '
Y.+ ¥ ¥ o~ ¥ \1 ¥, o+ ¥, f ¥y, - ¥,32
2 (_EL__H}) 1 4 (_}____9) Ax + (-—l_ﬁ__%)¥i1 + (_g*___i) Aq x .
- A x 2 - FAR ;
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Fig. #-. Polygons constructed to find the minimun surfaece of
revolution.
1 0 1
Then ogpin by fixing Fl and Fj we oan choosge yE on X = X, to make the
surface orea . 1 o . "ﬁ? )
1,1 7 T 1y Yo+ Y Y3~ ¥p h
¥+ Yo f You ¥pledx + : AR
2 ’? 1L+ | = = 2 A x
- 2 Ay

genernted by the new palygonal ourve from %, to x5 a minimum.. Thils

mugt be leas than or egual to its previous value
1 o oo
it vy [ (vom Yot Vs
Eﬂ ( J - ﬂ x o+ ( 2
- 2

#Yl * AN 2

mnd so on. { sce Fig.8)

Repeating the same process for the remaining intervels to get

1 1 i

1 :
33 7 ¥ reveeas ¥Yoo1 - we obtaln o new polygon P the crdinntes

1 O 1 1l i 1 O
of the vertices of which are Yo = ¥ 0 ¥y 2 Yo opeees Yao1? Fn = ¥
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1
Let the value of the integral I along P be I. . ‘Then

1
- 11 — T I
oLy vy AN d *311
I, = 2= =\ 1+J1;1+ il . A x.
T o 2 i A x

i 2
Next epplying the same process to B we get the polygcn P, and by

repeot. the process pgain and azoin we cbtain a sequence of polygons

b K K :
P}, F ojuanevn P yunnes For the polygon ©  the opdinstes of the

, K o k k k k _ )
vertices are ¥o = ¥,; Y3 ¥opeeeee yn—l’ Yo = ¥, and the

value of the intEgral I is .

: K K
¥ - ¥, \*
= EnE( i+1) +(ﬂ__i) oy X

2 A X

By on grogumsnt similnr.to that in the proof of lemmo 2, the sequence
Io’ Il, IE""" Ik,.... ag defined in the preceeding section is
monotonic deereasing , murecver it 1s bounded below by zero.

Therefore this sequence converzes to o limit Im’ which is the
greatest lower bound of the sequence ,

11 other words the polygonal ecurves converge to the polygon Pm
that makes the velue of the integrel I minimum, o©or we may say thot the
ordlinates of the vertices yf of the polyson Pk eonverge in such o woy
thet in the limit pE Kk —» op the eguation

a - D ¥ i = 1, E_f seasaasaan I = ]-1
Lg_'i?"

4
is satisfisd,.
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Ixample 2.

Find p curve :.r(x} s where y{0) = 2.2952 » ¥(5) = 7.524k
that makes the inteprol
)
! o = T
I = 2Zn j ¥ 1+ (y )2 dx a minimum. This par-
o :

ticular and points afé 50 chesen ns to simplify comparison betwoen the
numerical approximation found below and the known analytical sclution
(see chapter 5).

Choose the initial arbitrary polygonel curve F° with vertlces
(0,2.2552} , (1, ), (2, 4.5), (3,59), (4, 6.5), (5, 7.52k4). Construct
the polygons Pk, k=1, 2, vevees Ly the method in chapter 3.

Thus to construet yi we First note that the surjace aren

O
generated  between X, and %, by P is

o
1 = [ % - 25522
2. 1+ —e——  , 1
#Lfgﬁeﬁkj\ﬁ =5 > J
o Ty T -
ehabsy o1 [ZZTEN
y 1 s !
= 22,0822 ()
Next - choose yi = 3.00 the surface aren is
R o
¢ : f3.00 - 2.2552% 2
w1 {2.e552 + 3 ) y 1+ ] 22 1 .
- L ' N 1 £

' 2
+ (3.00 + 4.5) \l) 1+ {_1‘-:?;2:_99_\] .1

= 20.0721 (x}

which 1s less than 20.0822 (x)




a1

Next chooee yi = 2.0 then the surface ares is Eﬂ.EGBE (), which is

grenter thon 20,0721 (F).Therefore we seloct ;, = 3.00. :

The results sre given in table 2 together with the value of Iy»
and are illustrated in figure 2. It should be sbserverd that to save
labour y? is found aonly to o few signiticant Tigures of accuracy

Tfor small value of k, but for larger volues of k the sccuracy is

incrensed. Figure B also shows the analytical solution (see cﬁupter.ﬁ}.



Table 2.

Example 2.

éE.EﬁﬁE
12.2552
rE.EﬁﬁE
2.2552

|
|
i
EE . 2552
,2.2552
I

-2552

2.5

2k

[l 1‘.‘5
4.0

343
33
3.l

2.9

2.7

2.6

233
2.5

a.hs
2ol
o ko
a.b1
2. 40
2.38

2.0552 ¢

b

Yalues of 3:

32

6.5
6.0
5.7
5.6
5.4
H.2
el
5.0
b5
4,85
b.BY
4,83
4,83
4.83
b.82
4,81

Analyt1cal soluticn -
2.0362; 4 7045 7 51441

| 69.3921
1 68,3061

Iﬁ(ﬂji

e T

T73.8L60

677850

P 67, 148k

AL |

674969 |
67.3247
67.2091
67.1685
67.1543

67,1419
G7. 1399
6741581
5f-liﬁT
6741349
67.13441)
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