CHAFTER 2

THE SHORTEST ARC JOINING TWC POINTS

If the points (xo, YD) and(ﬁn, Fn] are two glven points, ‘and
¥y =y (x) 1s a curve joining them, then the length of the curve is

glven oy
x

1 = n]f 1+ (y"jémdx. cassanass (2.1)

x
0
We wont to find the eurve ¥y = y{x} which minimizes the integrel I,

a..ﬂ*nerally the funecticnal I depends on the argument function y = ]..r{xj.

In the direct methed for solving this prohlem, we consilder the

varintion of I not along arbltrary curves ¥ = y(x), but along polygpnal

- eurves. In other words the functional I depends on the argument function
whoge graphs are polypons boving vertices on the lines x = Xy X=X

l’p.

- X
-n ey x=xn, where xi = J[G +ia’ix, Hx = ET_E y 1 =0,1,..

ssey n ~ 1, The value of the integral 1 may then be written in the form

s rxbi ¥ - ¥ia1
I = = J 1+(M) ax
o X A x
¥i=i ¥ -¥\Z :
= E:_ W]l -+ ( i+1 1) -&I FE LAY (2-2)
(=0 &x ;

! .
where y 18 the slope of the strailght line segments Jjoining the
/ Fr41 — ¥4
¥ = =

consecutive vertices of the polygon,that is
AX

.
Initinlly we choose the polygon P whieh hes ns the ordinotes

] [»] .
of ite ?Ertices, }"D > ]lrc gerasansay ¥ x ¥ - L&t the vﬂluE Df
o 1 n-1 n

the integral I slong P’ be IO- We ghall try to construct o polygon

L
P which mpkes the corresponding integral Il lege then 1 . Then
& .

we try to. econstruet the polygon PE that makes IE £ I,+ ond sogn.



By this methed we will obtain a sequence of polygonal curves tg
which correspond values of the integral in a monotonic decreasing
Zeguence Ia‘ Il’ taiaam Ik +»++ Wwhich is bounded below by 2ero.
Thén the segquence must vanverge to its greatest lower huund: In
otﬁer words w2 may say that the sequence of poiygons converges to

the polygon that mzkes the integral I a minimum,

Then as n — oo and AX —w O the limiting polygon

will approach the smooth curve which we require,

Lemma 1
Let P_ (xﬂ, Y, and R (xz, 32) be twa poinis, and
let the interval [xc, xa] be divided into two equal parts at x_,

1

If Py {xl, yl} is an arbitrary point on the line x = x. then the

1
distance Popl + PlP2 is shartest

when ¥ = O ]
1 - M F -
5 {IO + HE) {zce Fig. 1)
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Proof The distance to be considered: is
I = PDPL + P1PE
S BRI - -
¥, - %) { ¥o - V1V
S PR (i B . hx + 1+(i_1),¢,
Ix Ax
g (¥ -~ ¥ N
Then _iiq = Y 91____ L (YE yl)

dyl

For 1 to be the minimum,

dl

—_ = 0

dyl

which gives
(llrl - ED}

(E A x)® + (v, - 30)2) o

at

ond henoe

(( ax)® + (y- -FD:"E)

1 fa
2 A xS+ Ew
Lf <)+ .FE+¥1})

we reguire .

=



lemms 2 . Tet P be the initinl polygon joing the pointas: (xb R yg}

-and (xn s ¥,) » ond let the sbscissee X 3 %y wewes X oOf the

vertices be such that xi = x4 14 x oa dx = fﬂ_:.ffL
n

Let the points P‘; (xi, :.r‘; ) be the vertices of the polygonel

curve P°. Denote by PSP° the distance between P° mnd P°  omd

» I i
o o
let I = PD PD + PO lE":'-J + sevwere F F . Then construct the
o o 1 12 nsl T
1 1 1
first polyson P with vertices dencted by Pi (xi, yi ) by maans
of the formula y. L (y5 4+ 5% ) 1 21,2 na.1
= = - PN Y el
£ 2 VA e re ’
1 O 1 o 1.1 1.1
ﬂnd = = - Lﬂt I = P P +P P +I'.Il.'l
FD YQ - }rn yn 1 a 1 i1
1 1 2 3
r 1 Pn . By the some method construct the polygons P 4 P77 seees
Ti—

k k k . k.
F' soses where I Pi (xi, Hi ) are the vertices of the polygon P,
X 1 K k-1 A &
then .".lr1 = '2' { yi—l + ﬁrﬂ.‘l‘-l j.."i ‘J, = I‘jb 2 ‘_'f‘n = H'ﬂ 3 M

E _k k k
Ik = P P -+ Pk Pk + saaaw P P ] an{'l B Olfle
o 1 1 g n-l1 n

Then IG’ 11’ 12,111--1 I FEEEEE Which 1ﬁ the walue ﬂf th’E

- k
integrel I in {2.2)} elong the polygon PG, Pl, vresss P asnsas

b4

respectively i8 o monotonic decressing sequence. {BEE Filg. E}

— -




Q A ) = Ay - — - r
Fig. 2. Fipure of lemmn 2,
Te proof that I, 22 ID.

1
k L LS,

Let pi P; be the distance between P1 and P‘j -
ginee PO Pr +PLFC < PO 5% 4 PP B°  (py 1 1 1

5 F1 3 o = A 1 s y lemmz 1) "ﬁ'[ )
and S SIS L Pl T N (by lemma 1)

1fa By = o tEy Py ¥ “

1.1 1 o 1 o 0
we hovs Pl PE + PE P} - Pl ¥ é PE F} -l#iiil_i:-.-[E)

then from (1) end {2)

1

a 1 1 1 o o 0 o0 O O
P P, +PFP F, +FP P < P P +F_ F_+P_ P covecesssl3)
o T 2 2 3 o 1 1 2 2 3 :
Eimil.ur}'
o 1 11 1 o o o
Py Fy + Py P, + eassue + PP £ P P +1=- °+.....P o
172 n-2 n-l 1 2 n-2 n-1
cqmen(h)
1 1 o 5
and F Pl + Pl PD L p PEJ + F PD
n-2 n-1 n-1 " 7T n-2 nl -1 0
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1 1 1 o 1 o o o
Therefore F_, F . + i P - A Foo1 %= F 1 Fn casaslS)

Then from (4) and (5)

o 1 1.1 1 0 5050 o O O o
P Pl +F) Pyt eees + P B L PPy 4 Pl L s AR P la---{6)
k o E o
Sinee P, = P, and P = P for all k, by putting k = ]
o n n :
we cbtoin from (5 +the relation
i1 1.1 1 1 & .o, O 0 o 0
el
Pn Fy + P PE + oasss + Pn-l Pn = PO Pl * Py Pp+ oeves + P 4 P
[P
thﬂt is Il == IG -
But the equality cccurs only when yi ] Ii for all 1, that 1is

only 1f the polygon P~ is the straight line. If the polygon B° 1is
nct the straight line, then Il < Io' We may prove in the some
way thaot L, < I, » ond I5 £ IE . and Bo on .« That is the

SEequUEnce Io’ Il’ IE;....- Ik,pr.... is & monvtomic decreesing

SeqUONOC .



T

Theorem 1  The monotonic decremsing seavence I, defined in lewma

. . - ] C 4 o
2 converges te the straight lire Jjoining P {xb,. :,ro} and Pn{rxn,gn].

_ljmof

Case 1 Assumme that Pz ¥ P; ara on the x-axis, and

suppoee {I} thot 3{;. > 0 for all i, (see Fig. 3)

{ ' o
[0 -7
e
o
@33" AN =
Ao - &
Fiz. 3. Figure oI thcarem 1, case 1.
¥ k
Since Pz » Pn are on the x-nxis, wWe have yk = ‘?n = O for

ell k. Let :.rit e the ordinate of the 1-th vwvertex of the

k
polyeon F constructed a5 in lemma 2 . JLet the initiel polygon

Lo}

o .
F hag - vertices Pi {xi,. :.r?:} with :.ri = 0 for nll 1 = a,

1, essvens N« We shall prove that ar;: 2 O for sll 1 sand for
nll k.

fa
Since ¥y Z 0 and Y &= 0O
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1 1 1 . fa)
We have = = + g
e hav 3"1 5 {:FG !u"e} :4} F
1 1 1 o
= = + 0 and S8C Oh.
. 1 :
Similary we can show that slnce ¥. = 0, we have :.r:: 1 Z 0,

1
and 80 ons Consequently :.ri 2 0 for all 1.

Agaln p§ = ©
o 1 2 1
i = 3 (a’g t¥,) x O
0 ond = 0
.. Y

and it Pollowsthot y% >0 for pll 1.

Singe the argument may be repeated indefinitely, if follows thet
k :
}"i :?.-" G for all ij and for nll k. For given k’let Yk = the
Boximum value of :r::: snd let X be the smallest value of i for

k k ‘K
which = Y5, then o ¥y .
Fi > :':x--]. i ﬁ
k+l
We now went to show that Y ¥  for all ke

Since :.r': Pl ‘ik for nll 1 & o

k+l
and Io = 0, 1t followsthat
K+l 1 k+l _k
vw o= 3z vy

o

1 k k
1) <oy <Y



LB

k+l 1 k+1 ¥
Now 3?2 = 3 ( :.rl + 35 )
1 ( k ki k+1 k
< y2+y3);(since v, & ¥p)
< é (Yﬁ + Y¢ }
< X,
+1
and 50 on with the same result for yk+l,....... ; :,rk '2 -
d’ -
Next :.rk+l = 1 y o4 :.rk )
ot -1 2 Sors2 o
SR B
< ¥F
: k+1 k+1 k
and Mg = % (v {riceced }
= < Tm-l & 31
ISR
2
< ¥
k ’ k k k
But Y % Yk ¥ :lrk -'d'._ Y Fressa Y ""{N.:- k4 and &l
oo +1 ot +2 n-1
k+l E K+l
¥y <. Y for all 1 =0, 1, 2yesses ‘fia  Let ¥  be the
k+l T+l K
maximum value of :.ri them ¥ < Y for all k.

1 1 k e+l
HEI‘.IGE the BeUEnce Y > Y ¥y sdaanm ¥ ) Y AasEEAAARY is

moncbtanic decreasing and is bounded below by Zero. Therefore
the seguenee hos o limit Y. We need to show that y-: 0, thot

18 to prove that & € » 0 3 %3
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—

Ux >k (Y - o) £ €

ar \yk -0 l < E for all t. ------f:]:-}

*.
Frocf

Suppose Y # 0O, then (1) is falge , that is 4 £ » © 1

Y x: J x>k 31

x
I }'i HDlZ EII TR FFEoOAapFEAEAYR {E::l
e >

It followsfrom (2} that Y 3 ( {since is the moximum
ralue of y: ) Let L[ denite the grestest lowsr boupd of

by

Y - Then

e 1i > L% 7R ¥

k— &2
!
Chioose cff > E, then there axists ot lenat ohe k, soy kK 4, such

Fa
that E éYki.Ef

K
thet is yi < E[ for all i.
’
K
Hence v~ 't = o,
4]
’ ’
K+] 1. il X
- = +
¥ 5 ¥ v, )
kn'
1
= - O +
5 4 v, )
1
£ z £,
Kl 4
+ k+l K
{ )

[y
Mol - Dol



k+1

_ L el
1
= + £
< roce e om)
< €1 /
! .I'.I’ ..\\ )
+1 L
:'-'k = @
n ’
T o \ e

k+1
How quml hence ¥ are functions of £ . {gee Fig. U}

7y 107027
|
’ |
| l |
: } !
i =
; ) ‘
_ . : }
E - t - t ! = :I—ng+i o
i ‘ ' X !
|
L ._L-ﬂ - --ﬁd '-u cj“e‘?
l /". z |
i o |
.
| A7 ' !
o Ay X y
Fig. 4, The cholce of €, in theorem 1, case 1.
K+
Choose E, 50 that all y, ore less than E (see
- 4
k+1
ﬂppendix'(ﬂ}:). This will make Y < ‘ik which controdicts

VISR GLO0A
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the fact that Eh 1s z monotonlc decremsing seguence with

limit Y.
1im k
Therefore the procef Implies Y = 0 thnt is Koo ¥1 = Ju
o
Now suppose {II} thot A £ 0 for all 1. Then we

may use i yi ‘ instend of y:, ond the proof is similar to

o

. the case ¥, 2 0, but instead we finally cbtain

1

kiln.o F;E‘ = 0, ond bence

1im k

= 0-
X-300 1
] o )
Coge T1 If Po » P, ore on the x -~ &xls and the ¥, are positive,
negative or zero, then we Muet prove thot
V £20 d k: Vi > x
W Q \ if 11 1
- or a I R R Y]
| <l L ¢

Proof

Let Ek be the maximum walue of | y: i for fixed k, and
let o be the smallest value of 1 for which l y:i = Y.
k k
Then l L i - l Yoy 1 » for all 1 & o -

We require to prove thnt

f f Yl 3 YE praavaa Yk terrnw is n monc}tuni_c

decrepsing BEQUENT.

+1
Since J y: .i

fl

G,



We have

Also

Similary

l k+1

1Y

k+l!_ S S
3 2 17 ¥a
1 X
-1 foust ]
" ko
= 3 \YE!
k
< ¥
1yk+l] _ E k+l+ Yk
2 2 17t 3
1 E+1 1 | K
S]]
B k 1 K
< ‘2‘ Y + E a3
q Mg
k+l
~1\" <Ykr
3
k+1l k
¥ l < v ,
ot =1
_ 1 k+1 . }rk l
2 (-1 Qe+l
_,{l k—l—l! 1 k
T2 lml T3 Jllr:;I+1
k r
é ¥o o+ 1"
2
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k k
But } ¥ ‘ < Y5, ‘ v ] < Y eeeen l? ’ <1,
ol a+2 n~1l
k+l
and 5o [ }ri I < Yk for 511 i= D, l, seswew I = Tat
Yk+1 e the maximum value of r :.r:+ll tHen Y}H‘l < Yk, and

IYC', Yl, TEEY Yh 'TIXE] is n mﬂnﬂtﬂﬂic decreusing BEequenece bounded
' [} 2 .
below by zZero. I% follows that Y, Yl, b J Yk hoe o limit Y.

We mupt prove that Y = 0.

Y 5o 3 k

That 15 we must prove that

Vy;‘;r]{) IYk_Dl<£, .or

[r?-o!(g fo.i"qli.l.i
senvansas (1)

Proof Suppose ¥ is not equal to zerc. Then (1) is folse that is
- - k .
Jevo: Wk @ Jx>x: Hi.fyi_ﬂo[}g .
'!""".T".‘(E}
. ”
It follows from (2) that ¥ 2 § . {since is the maximum velue
k
Let E denote the greatest lower bound of Y© that satisfies (2).
Then
E = ;-jin_? " = Y
O
Y4 ! ; |
: _ i g
P s 'ﬁi’ Sl e EF
¥ ! = :
...-"t"j-w.. L_* f **Lyﬂ_"“—-.
ol $ - - 7 +' Pk | : : i
= = s
CI 2 N = Aa
'_"E 1-3 F ""'E"
— £ } f
i ] ‘ K¢,

Fig. 5. The choice of E! in theorem 1, case 2.



r
hoose E} > E , then there exists at lezast ore x, sy Xk,

¥
| !
such that E <« Y ‘{;E; s that is
kf .
- f 11 §.
l }"i I < E’ or o
1
k+1
Since |}rD l = o
B+l | Kol RJ
+
We have ! 3 i= 1‘ ¥
1 2 5 2
krl kf
1 + 1
— [ SR—
< 3 x . ? }?2{
" (:
< oA
) / /
e+l 1 k+1 k
Also FE = 5 Yl = 35
} , f f
1 k1 1 k
= + =
< 3t vz |9
10
-< § { £1 + 61}
-
< El ,
£
'|.-L+:Ll
¥
n-1 <
!
b1
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/ f
k+l X+l
Iet ¥ be the maximum voalue of ¥
! |

1 -

for all 1, then

/ L
K+l
Therefore Yk and hence Y nre functions of Eq {see F1E.5)
1 :
Chooge Ear so that all ¥, sre less than E. This will
£ L

! .
+1 k .4 :
meke ‘:':Ii < Y , which conhtradicts the freot thet ¥ is &
monoteonic decrepsing with 1limit Y.
Therzfore Y = D

k

Y ~ Uv

Thnt is }tilni‘ g

] ] O o
Lose TIT Tet P, {x{:: ¥s )} and B (:-I:n; Yo } be ony
two points In the xy -~ plane, ond let :,rz be the owrlinates of
a
the vertices of the 13?1:11 b at x .
i i

. i
Denvte by (x , ¥ ) ithe points on the stroight line joining

[a) O -
b, and P - {see Fig. 5)
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figure of Thecorem I,case 3.

> X



de

[* B
Then T P 1s the line
o n

¥ o
. o _ n " ¥ {1 )
y -, = : L. X, ’
*n T ¥
. o - g
and ¥y =¥, = (xi - xb] -
*n T o
o] L#] [
et d; = Y, o~ ¥g e

k
Similarly if ¥y be the crdinates of vertices of Pk at xi.

k N
Tet = - /

4 },l; ok
Now Lemma 2  holds when yz = yi y yg are replocedby
dg 3 di 3 dg . we may therefore apply case I to dli[ 3

and we will get

K
Lim laj | = o foran g,

K ol
141 k
ary k — d'_} -.Fi — ?1 = Q F
lim k _ .
kK -—»c0 Y1 T Y1 -

From the proof of the ease I, II and IXII, we conclude that the
polygonal curve thot yiaker the integral I in (2.2) o minimum ig

2 stroight line Jolning two glven points.



Example 1,

¢

To find o curve y{x} s where y[ﬂ) = 0 F{T] = 0, that makes
the inteprnl
. ? — e
1 = J w1+ {HI:IE dx | a minimum.

e’
Choose the Indtial arbitrary polyponal curve P with vertices
(0, 0) 5 {1, -1), (& 1), (3, ), (L, 5), (5, 3), (6, ¥), (7, 0) .
k
Construct the polygons F , k = 1, 2,.... DY the method diseribed

in chopter 2,

Thus yi = % (yz + yg} = % (04 1.0)
= 0.5‘
1 1 ) o 1
v, = 5 O +¥5 ) =5 (0.5 + h0)
= 2,25,

and so on. The results are given in toble 1 and 1llustroted in figure

T Table 1 also shows the value of Ik-.



Table 1

Example 1,

—— e —— e ——— —— .

Yoelues of y?

2t

- 3 L 5 6 ' I‘k

%00 | 5.00 | 3.00 | k.00 15,178

| 3.68 | 3.34 | 3.67 | 1.8k [19.455

2 | Q 1.13 | 2.41 | 2.88 | 3.28 | 2,56 | 1.28 F.211
510 | Lol 205 | 2.67 | 2.8 | 2.i3 | 1.07 9.026
L | © 1.03 1 1.85 ] 2.b2 ¢ 2.28 | 1.68 | 0.04 ! | G.664
5 |0 io.gj 1.68 1 1.68 | 1.85 | 1.3h | 0.67 8.367
6§ o 10.5& 1ALy 1.62 | 1L.481 1.08 | 0.5k ?.835
T | 0 0.17 | 1.17 | 1.3% | 1.21 ! 0.88 3 O.hlk 7.605
8 |0 | o.59 ; 0.96 { 109 | 0.9 0,869 | 0.35 7.39%
910 048 | 0,79 0.87 1 0.78 | 0.57 | 0.29 7.248
10 | 0 | 0.40 ; 0.64 | 0.71 | 0.6% i O.47 | C.24 7.1855

| ;

! 1 |

a-:s o E 0 * 0 0 Q0 E { 0 E ?.né

L r N : - '
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