CHAFTER I
INTRODUCTION

Functional
The Tuncticnolfdiscussed in this thesls are meppings from

certpin sets of function y{x) of au simgle real value x into the set of

real rumbers,

For instonce, the length L of a curve Joining two given polnts

i
(KD: FG} arxl (xl, yl} on the plone given by
Xy
L = j‘{l + (¥ )2 ax
Ao

1% o functional » becguse this lenpgth L is fully determined by tﬁe
function y = y{x} which specifies the curves passing through the given
pointg, The domgin of a funetional is o set of opdmissible funetions
¥{x} which are called the arpumant functions. -

The caleulus of variations arises from the problem of fiﬁding
maximum and minimum volue of functionals. The name - The calculﬁs of
varistions i was adopted as a result of notlons which were introduced
by Lagrange about the year 1T6D.- I order to compare the value of the

integral

L5

I(y) = Jr F (x, ¥, ¥) dx nlong an srbitrary arc y{x)
x

1
with its value nlong a neightoring curve, hr altered the function y{x)
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by the sddition of en increment € 1(x}) which is called
variation of function y(x).

The following three problums had ¢onsiderable influence on the
development of the calesulus of vuriaticqs.
| (1) The shortest ara jolning two points.

The problem of determining the shortest arae Joining two points
furnishes a usgeful elementory introduction to the theory of the caloulus
of variations, because 1t is the simplest; the method of solution moy
Le opplied Lo many other problums.

If {xl, yl} and (xE, yE} are two given points, we want to find

the eurve y = y(x) Joining them which makes the integral
g

b \;1*"(3'"]‘2 dx

X

o minimum, /

(2) Surface of revelution of minimum afeu.

If two fixed points [xl, yl] and (xe, 32] are glven we seek
the are Y = y(x) passing through them, whose rotaticn obout the x—oxis
gcnerates a supface with minimum area of revolution in the interval
X, &£ x & Xps We assumc that y, > O and Yn > © ond that
¥{x) 2} 0 for x; £ x & %5, Thus we seek to find y = ¥{x), which

subject to the above restrictions minimized the Integral

x.'l.
I = 2 Jy 1+ (¥ )2 ax
- a, |

{3} Brachistochrone Problems.
In June 169, Johann Bernoulll set the following problem

Given two points n[xl, yl} and D(xE, yE] in the verticnl plane



not lying on the same wertlenl line, find the path olong which =
particle M moves without friction In the shorest posibie time frpm A

to B under gravivy acting in the y direection , (The term Drachisto-
chrone  depives from Greek brachlstcse, shortest, ond Ghronase,.time Y.
We suppose Lthe y-axis directed vertlcolly downward snd the x—nxls
herizontal, so thaot the paesage from A to B is marked by an incresase in
X. The initinl veloedity of the mass M ot the point & is zero, After
falling a distance y the particle has velocity -JEE} aceording to
elementory HMochanies, whers g is the geceleration due to gravityi It

follows that the fime of transit iz given by the integral
) ﬁ- /
( 1+(n

/"1

We want to find the funetion y = y{x) thet makes the integral I n

e

minimuam.

Thare are many other problems in the Calculus of VYartotions,
for example, the problem of flnding Geodesies, the Isoperimetrié
problema, etc.

All of these problems were sclved completely by Logronge #nd

Euler. The method used to sclve them depends on the important equation.

J F d , CF y - o
T&’- "&1 '.Tg"}rt = 2
ks
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which 15 called the Evler - Lagrange differential equation. This
sauation 15 oftenh used in Mechaniecal physlcs.

This thesis contains an account of certain dircct methods,
different from the Euler method, for sclving these problems. ‘The
basic iden upon which these methods depend may be applied to other
branchesof studp dealing with Euler’s equation. The direct methods
disicussed sre uszed to obtaln numﬂriagl eclutions, »aod are zo dééigneﬁ

a5 Yo be convenlent for work with clectponic computing moehines.,
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