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CHAPTER I

INTRODUCTION AND PRELIMINARIES

For a set X, let |X| denote the cardinality of X. The identity mapping on a

nonempty set A is denoted by 1A. The set of all integers and the set of all real

numbers are denoted by Z and R, respectively.

We call an element a of a semigroup S an idempotent of S if a2 = a and

S is said to be an idempotent semigroup or a band if every element of S is an

idempotent.

An element a of a semigroup S is said to be regular if a = aba for some b ∈ S

and we call S a regular semigroup if every element of S is regular. Therefore every

idempotent semigroup is regular.

The domain and the range of any mapping α will be denoted by dom α and

ran α, respectively. For an element x in the domain of a mapping α, the image

of α at x is written by xα. For any mappings α and β, the composition αβ of α

and β is defined as follows: αβ = 0 if ran α ∩ dom β = ∅, otherwise αβ is

the composition of α|(ran α ∩ dom β)α−1 and β|(ran α ∩ dom β) where 0 is the empty

transformation, that is, the mapping with empty domain. Then for mappings α, β

and γ, we have

dom(αβ) = (ran α ∩ dom β)α−1 ⊆ dom α,

ran(αβ) = (ran α ∩ dom β)β ⊆ ran β,

x ∈ dom(αβ) ⇔ x ∈ dom α and xα ∈ dom β,

(αβ)γ = α(βγ).
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For a set X, a partial transformation of X is a mapping from a subset of X

into X. Then the empty transformation 0 is a partial transformation of X. Let

P (X) be the set of all partial transformations of X, that is,

P (X) = {α : A → X | A ⊆ X}.

Then 1A ∈ P (X) for every nonempty subset A of X. In particular, 1X ∈ P (X).

Therefore under the composition of mappings, P (X) is a semigroup having 0 and

1X as its zero and identity, respectively. The semigroup P (X) is called the partial

transformation semigroup on X. By a transformation semigroup on X we mean

a subsemigroup of P (X).

By a transformation of X we mean a mapping of X into itself. Let T (X) be

the set of all transformations of X. Then

T (X) = {α ∈ P (X) | dom α = X}

which is a subsemigroup of P (X) containing 1X and it is called the full transfor-

mation semigroup on X.

Let I(X) denote the set of all 1-1 partial transformations of X, that is,

I(X) = {α ∈ P (X) | α is 1-1}.

Then I(X) is a subsemigroup of P (X) containing 0 and 1X and it is called the

1-1 partial transformation semigroup on X or the symmetric inverse semigroup

on X.

It is well-known that P (X), T (X) and I(X) are all regular for every set X([2],

page 4).
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For sets X and Y, let

P (X, Y ) = {α : A → Y | A ⊆ X},

T (X, Y ) = {α ∈ P (X,Y ) | dom α = X},

I(X, Y ) = {α ∈ P (X,Y ) | α is 1-1}.

Note that P (X, X) = P (X), T (X,X) = T (X) and I(X, X) = I(X). For a

nonempty subset A of X and y ∈ Y , let Ay be the element of P (X,Y ) with do-

main A and range {y}.
Let S(X, Y ) be P (X,Y ), T (X, Y ) or I(X, Y ). For θ ∈ S(Y, X), let (S(X,Y ), θ)

denote the semigroup (S(X, Y ), ∗) where the operation ∗ is defined by

α ∗ β = αθβ for all α, β ∈ S(X, Y ).

We observe that S(X) = (S(X, X), 1X).

Example 1.1. Let X and Y be nonempty sets and a ∈ X. Then (T (X, Y ), Ya)

is the semigroup T (X, Y ) with the operation ∗ defined as follows:

α ∗ β = αYaβ = Xaβ for all α, β ∈ T (X,Y ).

Also, (P (X, Y ), Ya) is the semigroup P (X,Y ) with the operation ◦ defined by

α ◦ β = αYaβ =





(dom α)aβ if α 6= 0 and a ∈ dom β,

0 otherwise.

Moreover, for b ∈ Y , the semigroup (I(X, Y ), {b}a) is the semigroup (I(X, Y ), •)
where

α • β = α{b}aβ =





{bα−1}aβ if b ∈ ran α and a ∈ dom β,

0 otherwise.
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Let X and Y be partially ordered sets. For α ∈ P (X,Y ), α is said to be

order-preserving if

for x1, x2 ∈ dom α, x1 ≤ x2 in X ⇒ x1α ≤ x2α in Y.

A bijection ϕ : X → Y is called an order-isomorphism if ϕ and ϕ−1 are order-

preserving. It is clear that if both X and Y are chains and ϕ : X → Y is an

order-preserving bijection, then ϕ is an order-isomorphism from X onto Y . We

say that X and Y are order-isomorphic if there is an order-isomorphism from X

onto Y . Naturally, a bijection ϕ : X → Y satisfying the condition

for x1, x2 ∈ X, x1 ≤ x2 in X ⇔ x2ϕ ≤ x1ϕ in Y

is called an anti-order-isomorphism. We say that X and Y are anti-order-isomorphic

if there is an anti-order-isomorphism from X onto Y .

A transformation semigroup on a poset X is said to be an order-preserving

transformation semigroup on X if all of its elements are order-preserving. Define

OP (X) by

OP (X) = {α ∈ P (X) | α is order-preserving}.

Then OP (X) is clearly a subsemigroup of P (X) containing 0 and 1X . We de-

fine OT (X) and OI(X) similarly. Then OT (X) and OI(X) are subsemigoups of

T (X) and I(X), respectively. Note that 1X ∈ OT (X) and 0, 1X ∈ OI(X). The

semigroups OP (X), OT (X) and OI(X) are called the order-preserving partial

transformation semigroup on X, the full order-preserving transformation semi-

group on X and the order-preserving 1-1 partial transformation semigroup on X,

respectively.

In this research, the partial order on any subset of R always means the natural

partial order on R.

In [4], Y. Kemprasit and T. Changphas characterized when OT (X) is a regular



5

semigroup where X is a nonempty subset of Z and X is a nonempty interval of

R as follows:

Theorem 1.2. [4] For any nonempty subset X of Z, the semigroup OT (X) is

regular.

Theorem 1.3. [4] For a nonempty interval X of R, OT (X) is a regular semi-

group if and only if X is closed and bounded.

Moreover, they answered similar questions for OP (X) and OI(X) for an arbitrary

chain X as follows:

Theorem 1.4. [4] If X is a chain, then the semigroups OP (X) and OI(X) are

regular.

A significant isomorphism theorem of full order-preserving transformation semi-

groups is as follows:

Theorem 1.5. [5, page 223] For posets X and Y , OT (X) ∼= OT (Y ) if and only

if X and Y are order-isomorphic or anti-order-isomorphic.

Example 1.6. (1) Since Z is order-isomorphic to 2Z through the map x 7→ 2x,

by Theorem 1.5, we have OT (Z) ∼= OT (2Z).

(2) We have that OT (R) ∼= OT (R+) where R+ is the set of positive real numbers

because the map x 7→ ex is an order-isomorphism of R onto R+.

(3) Since x 7→ 1
x

is an anti-order-isomorphism from [1,∞) onto (0, 1], we deduce

from Theorem 1.5 that OT ([1,∞)) ∼= OT ((0, 1]).

We generalize the semigroups OP (X), OT (X) and OI(X) where X is a poset

as follows: For any posets X and Y , let

OP (X, Y ) = {α ∈ P (X, Y ) | α is order-preserving}
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and for θ ∈ OP (Y, X), let (OP (X, Y ), θ) denote the semigroup (OP (X, Y ), ∗)
where α ∗ β = αθβ for all α, β ∈ OP (X, Y ). The semigroups (OT (X,Y ), θ)

with θ ∈ OT (Y,X) and (OI(X,Y ), θ) with θ ∈ OI(Y, X) are defined similarly.

Note that if S(X, Y ) is P (X, Y ), T (X, Y ) or I(X, Y ) and θ ∈ OS(Y, X), then

(OS(X, Y ), θ) is a subsemigroup of (S(X, Y ), θ). We remark here that OS(X) =

(OS(X, X), 1X).

Example 1.7. From Example 1.1, if X and Y are posets, a ∈ X and b ∈ Y ,

then Ya ∈ OT (Y,X) ⊆ OP (Y, X) and {b}a ∈ OI(Y,X), then (OT (X, Y ), Ya),

(OP (X,Y ), Ya) and (OI(X, Y ), {b}a) are subsemigroups of (T (X,Y ), Ya),

(P (X,Y ), Ya) and (I(X, Y ), {b}a), respectively.

Example 1.8. Let θ : Z→ Z be defined by

nθ = (n + 1)θ = n for every n ∈ 2Z.

Then θ ∈ OT (Z) and ran θ = 2Z. Suppose that (OT (Z), θ) has an identity, say

η. Thus

αθη = ηθα = α for every α ∈ OT (Z),

in particular, ηθ1Z = ηθ = 1Z. This implies that ran θ = Z, a contradiction.

Hence (OT (Z), θ) does not have an identity. But by Example 1.6(1), OT (Z) ∼=
OT (2Z) and both have an identity, so we conclude that

(OT (Z), θ) � OT (Z) and (OT (Z), θ) � OT (2Z).

In Chapter II, we are concerned with regularity of the order-preserving gener-

alized transformation semigroups (OP (X,Y ), θ) with θ ∈ OP (Y, X) and

(OI(X,Y ), θ) with θ ∈ OI(Y,X) where X and Y are any chains. We give neces-

sary and sufficient conditions for θ and |X| so that the semigroup (OP (X,Y ), θ)
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is regular and for θ so that (OI(X, Y ), θ) is a regular semigroup. The main tool

for this chapter is Theorem 1.4.

The main purpose of Chapter III is to characterize when the semigroup

(OT (X, Y ), θ) with θ ∈ OT (Y, X) is regular where X and Y are chains. The

characterization is given in terms of regularity of OT (X), |X|, |Y | and θ.

Some interesting isomorphism theorems are provided in Chapter IV. We char-

acterize when the following statements hold where X and Y are chains.

(OP (X,Y ), θ) ∼= OP (X) where θ ∈ OP (Y, X),

(OP (X,Y ), θ) ∼= OP (Y ) where θ ∈ OP (Y, X),

(OI(X,Y ), θ) ∼= OI(X) where θ ∈ OI(Y, X),

(OI(X,Y ), θ) ∼= OI(Y ) where θ ∈ OI(Y,X),

(OT (X,Y ), θ) ∼= OT (X) where θ ∈ OT (Y,X),

(OT (X,Y ), θ) ∼= OT (Y ) where θ ∈ OT (Y, X).

We can see from our purpose that we confine our attention when posets X and

Y are chains. However, some required lemmas for our main results can be given

in terms of any posets X and Y .



CHAPTER II

REGULAR ORDER-PRESERVING GENERALIZED

PARTIAL TRANSFORMATION SEMIGROUPS

We know from Theorem 1.4 that for any chain X, the semigroups OP (X) and

OI(X) are always regular. The purpose of this chapter is to extend this result

by considering when the semigroup (OP (X,Y ), θ) with θ ∈ OP (Y,X) and the

semigroup (OI(X,Y ), θ) with θ ∈ OI(Y, X) are regular.

To obtain the main two theorems of this chapter, Theorem 1.4 and the follow-

ing two lemmas are required.

Lemma 2.1. Let X and Y be posets and let OS(X, Y ) be OP (X, Y ) or OI(X, Y )

and θ ∈ OS(Y, X). If the semigroup (OS(X,Y ), θ) is regular, then dom θ = Y

and ran θ = X.

Proof. We prove the lemma by contrapositive. Assume that dom θ 6= Y or ran θ 6=
X.

Case 1: dom θ 6= Y . Let y ∈ Y \dom θ and x ∈ X. Then {x}y ∈ OS(X, Y ) and

{x}yθ = 0. This implies that {x}yθαθ{x}y = 0 6= {x}y for every α ∈ OS(X, Y ).

Thus {x}y is not a regular element of (OS(X,Y ), θ).

Case 2: ran θ 6= X. Let x ∈ X\ran θ and y ∈ Y. Then {x}y ∈ OS(X,Y ) and

θ{x}y = 0 which implies that {x}yθαθ{x}y = 0 6= {x}y for every α ∈ OS(X, Y ),

and so {x}y is not a regular element of (OS(X, Y ), θ).
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Therefore (OS(X,Y ), θ) is not a regular semigroup, and hence the lemma is

proved.

Lemma 2.2. Let X and Y be posets and let OS(X, Y ) be OP (X, Y ) or OI(X, Y )

and θ ∈ OS(Y, X). If θ is an order-isomorphism from Y onto X, then the following

statements hold.

(i)The map α 7→ αθ is an isomorphism of (OS(X,Y ), θ) onto OS(X).

(ii)The map α 7→ θα is an isomorphism of (OS(X, Y ), θ) onto OS(Y ).

Proof. It is clear that αθ ∈ OS(X) and θα ∈ OS(Y ) for all α ∈ OS(X, Y ).

Define ϕ : OS(X,Y ) → OS(X) and ϕ
′
: OS(X, Y ) → OS(Y ) by αϕ = αθ and

αϕ
′
= θα for all α ∈ OS(X, Y ). Then for α, β ∈ OS(X,Y ),

(αθβ)ϕ = αθβθ = (αθ)(βθ) = (αϕ)(βϕ),

(αθβ)ϕ
′
= θαθβ = (θα)(θβ) = (αϕ

′
)(βϕ

′
),

so ϕ and ϕ
′
are homomorphisms. Next, we will show that ϕ and ϕ

′
are bijections.

For α, β ∈ OS(X,Y ), then

αϕ = βϕ ⇒ α = α1Y = αθθ−1 = (αϕ)θ−1 = (βϕ)θ−1 = βθθ−1 = β1Y = β,

αϕ
′
= βϕ

′ ⇒ α = 1Xα = θ−1θα = θ−1(αϕ
′
) = θ−1(βϕ

′
) = θ−1θβ = 1Xβ = β.

Thus ϕ and ϕ
′
are 1-1. Also, for γ ∈ OS(X) and λ ∈ OS(Y ), we have γθ−1, θ−1λ

∈ OS(X,Y ) and (γθ−1)ϕ = (γθ−1)θ = γ(θ−1θ) = γ1X = γ and (θ−1λ)ϕ
′

=

θ(θ−1λ) = (θθ−1)λ = 1Y λ = λ, so ϕ and ϕ
′
are onto.

Hence ϕ is an isomorphism of (OS(X, Y ), θ) onto OS(X) and ϕ
′
is an isomor-

phism of (OS(X, Y ), θ) onto OS(Y ). Therefore (i) and (ii) are proved.

Theorem 2.3. Let X and Y be chains. For θ ∈ OI(Y, X), the semigroup

(OI(X,Y ), θ) is regular if and only if θ is an order-isomorphism from Y onto X.
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Proof. Assume that (OI(X, Y ), θ) is regular. By Lemma 2.1, we have dom θ = Y

and ran θ = X. Since θ ∈ OI(Y,X), θ is order-preserving and 1-1. It therefore

follows that θ is an order-isomorphism from Y onto X.

Conversely, assume that θ is an order-isomorphism from Y onto X. It then de-

duces from Lemma 2.2(i) that (OI(X,Y ), θ) ∼= OI(X). Since X is a chain, OI(X)

is a regular semigroup by Theorem 1.4. Therefore the semigroup (OI(X,Y ), θ) is

regular, as required.

We observe here from the proof of Theorem 2.3 that the following fact is true.

For posets X and Y , if the semigroup (OI(X, Y ), θ) with θ ∈ OI(Y, X) is regular,

then θ is an order-isomorphism from Y onto X.

Theorem 2.4. Let X and Y be chains. For θ ∈ OP (Y, X), the semigroup

(OP (X,Y ), θ) is regular if and only if

(i) θ is an order-isomorphism from Y onto X or

(ii) dom θ = Y , ran θ = X and |X| = 1.

Proof. To prove necessity, assume that (OP (X,Y ), θ) is a regular semigroup. We

have by Lemma 2.1 that dom θ = Y and ran θ = X. If |X| = 1, then (ii) holds,

that is, dom θ = Y , ran θ = X and |X| = 1. Assume that |X| > 1. We will show

that θ is an order-isomorphism from Y onto X. It remains to show that θ is 1-1.

Suppose in the contrary that θ is not 1-1. Then there exist a ∈ X, e, f ∈ Y such

that e < f and eθ = fθ = a. Since |X| > 1, there is b ∈ X\{a}. Then b < a or

a < b because X is a chain.

Case 1: b < a. Define α : {a, b} → Y by aα = f and bα = e. Then α ∈
OI(X,Y ) ⊆ OP (X, Y ). Since eθ = fθ = a, we have that aαθ = a = bαθ. But

dom(αθ) ⊆ dom α, thus dom(αθ) = {a, b} and ran(αθ) = {a}. Consequently, for
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β ∈ OP (X, Y ),

|ran(αθβθα)| ≤ |ran(αθ)| = 1.

Therefore α 6= αθβθα for every β ∈ OP (X, Y ) since |ran α| = |{e, f}| = 2. Thus

α is not a regular element of (OP (X, Y ), θ) which is a contradiction.

Case 2: a < b. Define λ : {a, b} → Y by bλ = f and aλ = e. Then λ ∈
OI(X,Y ) ⊆ OP (X,Y ). We can show similarly to Case 1 that λ is not a regular

element of (OP (X, Y ), θ). This is contrary to the assumption.

Hence we deduce that θ is 1-1, so (i) holds if |X| > 1.

To prove sufficiency, assume that (i) or (ii) holds. If (i) is true, then we have

that (OP (X,Y ), θ) ∼= OP (X) by Lemma 2.2(i). Since OP (X) is regular from

Theorem 1.4, it follows that (OP (X,Y ), θ) is a regular semigroup.

Next, assume that (ii) holds, that is, dom θ = Y , ran θ = X and |X| = 1.

Let X = {x}. Then Y θ = {x}. If α ∈ OP (X,Y )\{0}, then dom α = {x}
and ran α = {xα}. Since xα ∈ Y = dom θ, xαθ = x, and so xαθα = xα.

Thus αθα = α. This proves that (OP (X, Y ), θ) is an idempotent semigroup, and

therefore (OP (X, Y ), θ) is a regular semigroup.

Hence the theorem is completely proved.

Example 2.5. Define θ1, θ2 : Z→ Z by

xθ1 = x + 1 and xθ2 = 2x for all x ∈ Z.

Then the mappings θ1 and θ2 are order-preserving. Moreover, θ1 is an order-

isomorphism from Z onto Z and θ2 is an order-isomorphism from Z onto 2Z.

We then deduce from Theorem 2.3 and Theorem 2.4 that the semigroups

(OI(Z,Z), θ1), (OI(2Z,Z), θ2), (OP (Z,Z), θ1) and (OP (2Z,Z), θ2) are all regular

but the semigroups (OI(Z,Z), θ2) and (OP (Z,Z), θ2) are not regular. For the later
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conclusion, we can see directly from the fact that {1}0 ∈ OI(Z,Z) ⊆ OP (Z,Z)

and θ2{1}0 = 0 (since 1 /∈ ran θ2) which implies that {1}0θ2βθ2{1}0 = 0 6= {1}0

for all β ∈ OP (Z,Z).



CHAPTER III

REGULAR FULL ORDER-PRESERVING

GENERALIZED TRANSFORMATION SEMIGROUPS

In this chapter, we consider the semigroup (OT (X, Y ), θ) with θ ∈ OT (Y, X)

where X and Y are chains. The main purpose is to characterize when (OT (X,Y ), θ)

is a regular semigroup. This characterization is given in terms of regularity of

OT (X), |X|, |Y | and θ. This characterization with Theorem 1.2 and Theorem

1.3 will tell us when the semigroup (OT (X, Y ), θ) is regular where both X and Y

are nontrivial subsets of Z and both X and Y are nontrivial intervals of R. By a

nontrivial set we mean a set containing more than one element.

Throughout this chapter, let X and Y be any chains and θ any element of

OT (Y, X), unless otherwise mentioned.

The following sequence of lemmas is desired to obtain our main result of this

chapter.

Lemma 3.1. Let a, b ∈ X and c, d ∈ Y be such that a < b, c < d and cθ = dθ.

If α : X → Y is defined by

xα =





c if x < b,

d if x ≥ b,

then α ∈ OT (X, Y ), |ran α| = 2 and |ran(αθ)| = 1.
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Proof. Since a ∈ {x ∈ X | x < b}, we have that {x ∈ X | x < b} 6= ∅ and so

{x ∈ X | x < b}α = {c}. Also, {x ∈ X | x ≥ b}α = {d}. But c < d, thus

α ∈ OT (X,Y ) and ran α = {c, d}. Consequently, ran(αθ) = (ran α)θ = {c, d}θ =

{cθ, dθ} = {cθ} because cθ = dθ. Hence |ran α| = 2 and |ran(αθ)| = 1.

Lemma 3.2. Let |X| > 1. If the semigroup (OT (X,Y ), θ) is regular, then θ is

1-1.

Proof. We will prove the lemma by contrapositive. Assume that θ is not 1-1.

Then there are a, b ∈ X and c, d ∈ Y such that a < b, c < d and cθ = dθ. Define

α : X → Y as in Lemma 3.1. By Lemma 3.1, α ∈ OT (X,Y ), |ran α| = 2 and

|ran(αθ)| = 1. Since for each β ∈ OT (X, Y ), |ran(αθβθα)| ≤ |ran(αθ)| = 1, so we

have that |ran(αθβθα)| = 1 6= |ran α|. Thus αθβθα 6= α for every β ∈ OT (X, Y ).

Hence α is not a regular element of (OT (X,Y ), θ). Therefore, (OT (X, Y ), θ) is

not a regular semigroup.

Lemma 3.3. Let e, f ∈ Y be such that e < f and a ∈ X.

(i) If x < a for all x ∈ ran θ and α : X → Y is defined by

xα =





e if x < a,

f if x ≥ a,

then α ∈ OT (X, Y ), |ran α| = 2 and |ran(θα)| = 1.

(ii) If x > a for all x ∈ ran θ and β : X → Y is defined by

xβ =





e if x ≤ a,

f if x > a,

then β ∈ OT (X, Y ), |ran β| = 2 and |ran(θβ)| = 1.
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Proof. (i) Since ran θ ⊆ {x ∈ X | x < a}, {x ∈ X | x < a} 6= ∅, so {x ∈
X | x < a}α = {e}. We also have {x ∈ X | x ≥ a}α = {f}. It then follows

that α ∈ OT (X, Y ) since e < f , ran α = {e, f} and ran(θα) = (ran θ)α = {e}.
Therefore |ran α| = 2 and |ran(θα)| = 1.

(ii) Because ran θ ⊆ {x ∈ X | x > a}, we have {x ∈ X | x > a}β = {f}.
But {x ∈ X | x ≤ a}β = {e} and e < f , so we have β ∈ OT (X,Y ), ran β = {e, f}
and ran(θβ) = (ran θ)β = {f}. Therefore |ran β| = 2 and |ran(θβ)| = 1.

Lemma 3.4. Let |Y | > 1. If the semigroup (OT (X,Y ), θ) is regular, then for

every x ∈ X, y ≤ x ≤ z for some y, z ∈ ran θ.

Proof. We prove the lemma by contrapositive. Assume that it is not true that for

every x ∈ X, y ≤ x ≤ z for some y, z ∈ ran θ. Then there is an element a ∈ X

such that x < a for all x ∈ ran θ or x > a for all x ∈ ran θ. Let e, f ∈ Y be such

that e < f .

Case 1: x < a for all x ∈ ran θ. Define α : X → Y as in Lemma 3.3

(i). Then α ∈ OT (X, Y ), |ran α| = 2 and |ran(θα)| = 1. But for each λ ∈
OT (X, Y ), |ran(αθλθα)| ≤ |ran(θα)| = 1 for all λ ∈ OT (X, Y ), so it follows that

|ran(αθλθα)| = 1 for every λ ∈ OT (X, Y ). Thus αθλθα 6= α for all λ ∈ OT (X, Y ).

Hence α is not a regular element of the semigroup (OT (X, Y ), θ).

Case 2: x > a for all x ∈ ran θ. Define β : X → Y as in Lemma 3.3 (ii). Then

β ∈ OT (X, Y ), |ran β| = 2 and |ran(θβ)| = 1. Since for each λ ∈ OT (X, Y )

|ran(βθλθβ)| ≤ |ran(θβ)| = 1, we deduce that |ran(βθλθβ)| = 1 for every λ ∈
OT (X, Y ). Thus βθλθβ 6= β for all λ ∈ OT (X,Y ). Hence β is not a regular

element of the semigroup (OT (X,Y ), θ).

From Case 1 and Case 2, we have that (OT (X,Y ), θ) is not a regular semigroup,

and hence the lemma is proved.
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Lemma 3.5. Let a ∈ X\ran θ be such that b < a < c for some b, c ∈ ran θ and

e, f , g ∈ Y such that e < f < g. If α : X → Y is defined by

xα =





e if x < a,

f if x = a,

g if x > a.

Then α ∈ OT (X,Y ), |ran α| = 3 and |ran(θα)| = 2.

Proof. Since b ∈ {x ∈ X | x < a}, c ∈ {x ∈ X | x > a}, it follows that

{x ∈ X | x < a}α = {e}, aα = f, {x ∈ X | x > a}α = g,

and hence ran α = {e, f, g}. But e < f < g, so α ∈ OT (X, Y ). Moreover,

ran(θα) = (ran θ)α

= {x ∈ ran θ | x < a}α ∪ {x ∈ ran θ | x > a}α since a /∈ ran θ

= {e} ∪ {f} since b ∈ {x ∈ ran θ | x < a} and

c ∈ {x ∈ ran θ | x > a}

= {e, f}.

Hence |ran α| = 3 and |ran(θα)| = 2, as required.

Lemma 3.6. Let |Y | > 2. If the semigroup (OT (X, Y ), θ) is regular, then ran θ =

X.

Proof. This lemma is proved by contrapositive. Since |Y | > 2, there are e, f, g ∈ Y

be such that e < f < g. Assume that ran θ 6= X. Then there is a ∈ X\ran θ

satisfying one of three following conditions.
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(1) x < a for all x ∈ ran θ.

(2) x > a for all x ∈ ran θ.

(3) b < a < c for some b, c ∈ ran θ.

If (1) or (2) holds, then by Lemma 3.4, (OT (X, Y ), θ) is not regular. Assume that

(3) holds, define α : X → Y as in Lemma 3.5. By Lemma 3.5, α ∈ OT (X, Y ),

|ran α| = 3 and |ran(θα)| = 2. Hence for every λ ∈ OT (X,Y ), |ran(αθλθα)| ≤
|ran(θα)| = 2, so α 6= αθλθα for every λ ∈ OT (X, Y ). Thus α is not a regular

element of (OT (X,Y ), θ). Therefore (OT (X,Y ), θ) is not a regular semigroup if

(3) is true.

Hence the lemma is proved.

Lemma 3.7. Let |Y | = 2. If ran θ = {minX, maxX}, then (OT (X, Y ), θ) is an

idempotent semigroup.

Proof. Let α ∈ OT (X, Y ). Then either |ran α| = 1 or |ran α| = 2 because |Y | = 2.

Since ran(αθα) ⊆ ran α, it follows that αθα = α if |ran α| = 1. Next, assume that

|ran α| = 2. Then ran α = Y . Let Y = {e, f} with e < f . Thus X = eα−1 ∪ fα−1

which is a disjoint union. Then minX ∈ eα−1 and maxX ∈ fα−1 because e < f

and α is order-preserving. Since θ is order-preserving, ran θ = {e, f}θ = {minX,

maxX} and e < f , it follows that eθ = minX and fθ = maxX. Consequently,

(eα−1)αθα = {eθ}α = {minX}α = {e} = (eα−1)α,

(fα−1)αθα = {fθ}α = {maxX}α = {f} = (fα−1)α,

which implies that α = αθα, so α is an idempotent of (OT (X, Y ), θ).

This proves that (OT (X, Y ), θ) is an idempotent semigroup, as desired.

Lemma 3.8. Let θ be an order-isomorphism from Y onto X. Then the following

statements hold.
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(i) The map α 7→ αθ is an isomorphism of (OT (X, Y ), θ) onto OT (X).

(ii) The map α 7→ θα is an isomorphism of (OT (X,Y ), θ) onto OT (Y ).

Proof. It is clear that for any α ∈ OT (X,Y ), αθ ∈ OT (X) and θα ∈ OT (Y ).

Define ϕ : (OT (X, Y ), θ) → OT (X) by αϕ = αθ for all α ∈ OT (X,Y ) and define

ϕ
′
: (OT (X, Y ), θ) → OT (Y ) by αϕ

′
= θα for all α ∈ OT (X, Y ). We can show

similarly to the proof of Lemma 2.2 that ϕ is an isomorphism of (OT (X,Y ), θ)

onto OT (X) and ϕ
′
is an isomorphism of (OT (X, Y ), θ) onto OT (Y ).

Now we are ready to provide our main theorem of this chapter.

Theorem 3.9. The semigroup (OT (X,Y ), θ) is regular if and only if one of the

following statements holds.

(i) The semigroup OT (X) is regular and θ is an order-isomorphism from Y

onto X.

(ii) |X| = 1.

(iii) |Y | = 1.

(iv) |Y | = 2 and ran θ = {minX, maxX}.

Proof. To prove necessity, assume that the semigroup (OT (X,Y ), θ) is regular

and suppose that (ii),(iii) and (iv) are false. Then

|X| > 1, |Y | > 1 and (|Y | 6= 2 or ran θ 6= {minX, maxX}).

Therefore we have |X| > 1 and either |Y | > 2 or |Y | = 2 and ran θ 6= {minX,

maxX}. Note that minX or maxX may not exist. We will show that (i) is true,

that is, OT (X) is regular and θ is an order-isomorphism from Y onto X. From

that |X| > 1, we have by Lemma 3.2 that θ is 1-1. We claim that the case

|Y | = 2 and ran θ 6= {minX, maxX} cannot occur. Suppose that |Y | = 2 and

ran θ 6= {minX, maxX}. Since |Y | = 2 and θ is 1-1, |ran θ| = 2. Let ran θ = {b, c}
with b < c. Then {b, c} 6= {minX, maxX}.
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Case 1: minX does not exist. Then there exists a ∈ X such that a < b, so

a < b < c.

Case 2: maxX does not exist. Then a > c for some a ∈ X, so a > c > b.

Case 3: minX and maxX exist. But {b, c} 6= {minX, maxX}, so minX < b or

maxX > c. Then either minX < b < c or maxX > c > b.

From Case 1 - Case 3, we conclude that there exists an element a ∈ X such that

x < a for all x ∈ ran θ or x > a for all x ∈ ran θ. It therefore follows from

Lemma 3.4 that (OT (X, Y ), θ) is not a regular semigroup which contradicts the

assumption. Hence we prove the claim. Thus |Y | > 2, and so by Lemma 3.6, we

have ran θ = X. Consequently, θ is an order-isomorphism from Y onto X. We

then deduce from Lemma 3.8(i) that (OT (X, Y ), θ) ∼= OT (X). But (OT (X,Y ), θ)

is regular, so OT (X) is regular. Hence (i) holds.

To prove sufficiency, assume that one of (i)-(iv) holds.

Case 1: (i) is true. By Lemma 3.8(i), we have (OT (X,Y ), θ) ∼= OT (X). Since

the semigroup OT (X) is regular, (OT (X, Y ), θ) is a regular semigroup.

Case 2: |X| = 1. For α ∈ OT (X,Y ), |ran α| = 1, so α = αθα since ran(αθα) ⊆
ran α. Thus α is an idempotent element of (OT (X,Y ), θ). For this case,

(OT (X, Y ), θ) is an idempotent semigroup, so it is regular.

Case 3: |Y | = 1. Then |OT (X, Y )| = 1, and thus the semigroup (OT (X,Y ), θ)

is trivially regular.

Case 4: (iv) is true. Then by Lemma 3.7, (OT (X, Y ), θ) is an idempotent semi-

group, so it is regular.

Hence the theorem is completely proved.
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We know from Theorem 1.2 that OT (X) is a regular semigroup for any nonempty

subset of Z. Then this fact and Theorem 3.9 yield the following two corollaries

directly.

Corollary 3.10. If X is a nonempty subset of Z, then the semigroup (OT (X, Y ), θ)

is regular if and only if one of the following statements holds.

(i) θ is an order-isomorphism from Y onto X.

(ii) |X| = 1.

(iii) |Y | = 1.

(iv) |Y | = 2 and ran θ = {minX,maxX}.

Corollary 3.11. Let X and Y be nontrivial subsets of Z. Then the semigroup

(OT (X, Y ), θ) is regular if and only if

(i) θ is an order-isomorphism from Y onto X or

(ii) |Y | = 2 and ran θ = {minX, maxX}.

We note that if (ii) of Corollary 3.11 holds, then X must be finite.

It is known from Theorem 1.3 that for a nonempty interval X of R, then

OT (X) is regular if and only if X is closed and bounded. We also know that for

a nonempty interval X of R, either |X| = 1 or X is (uncountably) infinite. Then

following three corollaries are directly obtained from these facts and Theorem 3.9.

Corollary 3.12. Let X be a nonempty interval of R. Then the semigroup

(OT (X, Y ), θ) is regular if and only if one of the following statements holds.

(i) X is closed and bounded and θ is an order-isomorphism from Y onto X.

(ii) |X| = 1.

(iii) |Y | = 1.

(iv) |Y | = 2 and ran θ = {minX, maxX}.
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Corollary 3.13. Let X and Y be nonempty intervals of R. Then the semigroup

(OT (X, Y ), θ) is regular if and only if one of the following statements holds.

(i) X is closed and bounded and θ is an order-isomorphism from Y onto X.

(ii) |X| = 1.

(iii) |Y | = 1.

Corollary 3.14. Let X and Y be nontrivial intervals of R. Then the semigroup

(OT (X, Y ), θ) is regular if and only if X is closed and bounded and θ is an order-

isomorphism from Y onto X.

Example 3.15. Define θ1, θ2 : Z→ Z as in Example 2.5, that is,

xθ1 = x + 1 and xθ2 = 2x for all x ∈ Z.

Since θ1 is an order-isomorphism from Z onto Z and θ2 is an order-isomorphism

from Z onto 2Z, by Corollary 3.10, (OT (Z,Z), θ1) and (OT (2Z,Z), θ2) are regular

semigroups but (OT (Z,Z), θ2) is not a regular semigroup. For the later inclusion,

we can show directly as follows: Since 1Z ∈ OT (Z,Z) and for any α ∈ OT (Z,Z),

ran(1Zθ2αθ21Z) = ran(θ2αθ2) ⊆ ran(θ2) = 2Z ( Z,

so 1Zθ2αθ21Z 6= 1Z for all α ∈ OT (Z,Z), so 1Z is not a regular element of

(OT (Z,Z), θ2).

Next, let θ3 = θ1|{0,1}. Then ran θ3 = {1, 2}. If X = {0, 1, 2}, then ran θ3 =

{1, 2} 6= {minX, maxX} = {0, 2} 6= X. Therefore from Corollary 3.11,

(OT ({0, 1, 2}, {0, 1}), θ3) is not a regular semigroup. If θ4 = θ2|{0,1}. Then

ran θ4 = {0, 2}. If X is as above, that is, X = {0, 1, 2}, then ran θ4 = {0, 2} =

{minX, maxX}, so by Corollary 3.11, the semigroup (OT ({0, 1, 2}, {0, 1}), θ4) is

a regular semigroup.

Example 3.16. Let θ : R→ R+ and θ
′
: R+ → R be defined by

xθ = 10x for all x ∈ R and xθ
′
= log10x for all x ∈ R+.
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Then θ is an order-isomorphism from R onto R+ and θ
′
is an order-isomorphism

from R+ onto R. Let θ1 = θ|[0,1] and θ2 = θ
′|[10,100]. Then θ1 is an order-

isomorphism from [0,1] onto [1,10] and θ2 is an order-isomorphism from [10,100]

onto [1,2]. It therefore follows from Corollary 3.14 that (OT ([1, 10], [0, 1]), θ1) and

(OT ([1, 2], [10, 100]), θ2) are both regular semigroups.

Remark 3.17. In fact for a, b, c, d ∈ R with a < b and c < d, there is an order-

isomorphism θ from [a,b] onto [c,d]. To show this, define ϕ : R→ R by

xϕ = (
b− a

d− c
)(x− c) + a for all x ∈ R.

Then the slope of the line ϕ is b−a
d−c

> 0, so ϕ is a strictly increasing continuous

function. But cϕ = a and dϕ = b, so ϕ|[c,d] is an order-isomorphism from [c,d]

onto [a,b]. Let θ = ϕ|[c,d]. Then θ is an order-isomorphism from [c,d] onto [a,b].

This implies by Corollary 3.14 that (OT ([a, b], [c, d]), θ) is a regular semigroup.

Note that if θ
′
= ϕ|(c,d), then θ

′
is an order-isomorphism from (c,d) onto (a,b).

However, the semigroup (OT ((a, b), (c, d)), θ
′
) is not regular by Corollary 3.14.



CHAPTER IV

SOME ISOMORPHISM THEOREMS

In the last chapter, we provide some isomorphism theorems of order-preserving

generalized transformation semigroups. The purpose is to characterize when the

semigroup (OS(X, Y ), θ) is isomorphic to OS(X) and when it is isomorphic to

OS(Y ) where X and Y are chains, OS(X, Y ) is OP (X, Y ), OT (X, Y ) or OI(X, Y )

and θ ∈ OS(Y, X). We obtain some interesting isomorphism theorems as follows:

(OS(X, Y ), θ) ∼= OS(X)[OS(Y )] if and only if θ is an order-isomorphism from

Y onto X where OS(X, Y ) is OP (X, Y ) or OI(X, Y ) and θ ∈ OS(Y, X). Also,

(OT (X, Y ), θ) ∼= OT (X) if and only if θ is an order-isomorphism from Y onto X,

but (OT (X, Y ), θ) ∼= OT (Y ) if and only if |Y | = 1 or θ is an order-isomorphism

from Y onto X. To obtain these results, Theorem 1.4, Lemma 2.2, Theorem 2.3

and Theorem 2.4 will be referred.

Throughout this chapter, let X and Y be chains.

Theorem 4.1. For θ ∈ OI(Y,X), (OI(X,Y ), θ) ∼= OI(X) if and only if θ is an

order-isomorphism from Y onto X.

Proof. First, assume that (OI(X, Y ), θ) ∼= OI(X). We know from Theorem 1.4

that OI(X) is a regular semigroup. We then have that the semigroup (OI(X,Y ), θ)

is regular. It therefore follows from Theorem 2.3 that θ is an order-isomorphism

from Y onto X.

Conversely, assume that θ is an order-isomorphism from Y onto X. We have

from Lemma 2.2(i) that (OI(X, Y ), θ) ∼= OI(X), as required.
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Theorem 4.2. For θ ∈ OI(Y, X), (OI(X,Y ), θ) ∼= OI(Y ) if and only if θ is an

order-isomorphism from Y onto X.

Proof. Assume that (OI(X, Y ), θ) ∼= OI(Y ). Since the semigroup OI(Y ) is reg-

ular by Theorem 1.4, we deduce that the semigroup (OI(X, Y ), θ) is regular.

Therefore by Theorem 2.3, θ is an order-isomorphism from Y onto X.

Conversely, assume that θ is an order-isomorphism from Y onto X. It therefore

follows from Lemma 2.2(ii) that (OI(X,Y ), θ) ∼= OI(Y ), as desired.

As a consequence of Theorem 4.1 and Theorem 4.2, we have

Corollary 4.3. For θ ∈ OI(Y,X), the following statements are equivalent.

(i) (OI(X, Y ), θ) ∼= OI(X).

(ii) (OI(X,Y ), θ) ∼= OI(Y ).

(iii) θ is an order-isomorphism from Y onto X.

The following lemma gives necessary conditions for the semigroup (OS(X,Y ), θ)

to have an identity where OS(X, Y ) is OP (X,Y ) or OT (X, Y ) and θ ∈ OS(Y, X).

Lemma 4.4. Let OS(X,Y ) be OP (X, Y ) or OT (X,Y ) and θ ∈ OS(Y, X). If the

semigroup (OS(X, Y ), θ) has an identity η, then θη = 1Y , and hence θ is 1-1 and

ran η = Y .

Proof. We have that for any y ∈ Y, Xy ∈ OS(X,Y ). Since η is the identity of

(OS(X, Y ), θ), we have

ηθα = αθη = α for every α ∈ OS(X, Y ),

in particular,

Xyθη = Xy for every y ∈ Y.

Therefore for x ∈ X,

yθη = xXyθη = xXy = y for every y ∈ Y.
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This shows that θη = 1Y which implies that θ is 1-1 and ran η = Y .

We remark here from the proof of Lemma 4.4 that Lemma 4.4 is true for any

posets X and Y .

Theorem 4.5. For θ ∈ OP (Y, X), (OP (X, Y ), θ) ∼= OP (X) if and only if θ is

an order-isomorphism from Y onto X.

Proof. First, assume that (OP (X, Y ), θ) ∼= OP (X). By Theorem 1.4, the semi-

group OP (X) is regular, and therefore (OP (X, Y ), θ) is a regular semigroup.

From Theorem 2.4, one of the following statements holds.

(1) θ is an order-isomorphism from Y onto X.

(2) dom θ = Y , ran θ = X and |X| = 1.

Since (OP (X, Y ), θ) ∼= OP (X) and OP (X) has an identity, we deduce from

Lemma 4.4 that θ is 1-1. Hence if (2) holds, then |Y | = 1. Therefore we conclude

that θ must be an order-isomorphism from Y onto X.

For the converse, assume that θ is an order-isomorphism from Y onto X. Then

(OP (X,Y ), θ) ∼= OP (X) by Lemma 2.2(i).

Theorem 4.6. For θ ∈ OP (Y, X), (OP (X,Y ), θ) ∼= OP (Y ) if and only if θ is

an order-isomorphism from Y onto X.

Proof. By Theorem 1.4, OP (Y ) is a regular semigroup.

If (OP (X, Y ), θ) ∼= OP (Y ), then the semigroup (OP (X, Y ), θ) is regular, so

by Theorem 2.4,

(1) θ is an order-isomorphism from Y onto X or

(2) dom θ = Y , ran θ = X and |X| = 1.

Since OP (Y ) has an identity, (OP (X,Y ), θ) has an identity. Thus θ is 1-1 by

Lemma 4.4, so (2) implies |Y | = 1. Hence θ is an order-isomorphism from Y onto
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X.

Conversely, if θ is an order-isomorphism from Y onto X, then (OP (X, Y ), θ) ∼=
OP (Y ) by Lemma 2.2(ii).

The following corollary is an immediate consequence of Theorem 4.5 and The-

orem 4.6.

Corollary 4.7. For θ ∈ OP (Y, X), the following statements are equivalent.

(i) (OP (X, Y ), θ) ∼= OP (X).

(ii) (OP (X,Y ), θ) ∼= OP (Y ).

(iii) θ is an order-isomorphism from Y onto X.

Beside Lemma 4.4, the following series of lemmas are required to determine

when (OT (X,Y ), θ) ∼= OT (X) and when (OT (X, Y ), θ) ∼= OT (Y ) where θ ∈
OT (Y, X).

Lemma 4.8. For θ ∈ OT (Y, X), if |Y | > 1 and the semigroup (OT (X,Y ), θ)

has an identity, then for every x ∈ X, y ≤ x ≤ z for some y, z ∈ ran θ.

Proof. Let e, f ∈ Y be such that e < f . Suppose that the conclusion is false.

Then there is an element a ∈ X such that

(1) x < a for all x ∈ ran θ or

(2) x > a for all x ∈ ran θ.

Case 1: (1) holds. Define α : X → Y as in Lemma 3.3(i), Then by Lemma 3.3(i),

α ∈ OT (X, Y ), |ran α| = 2 and |ran(θα)| = 1. Thus for any η ∈ OT (X, Y ),

ran(ηθα) ⊆ ran(θα), so |ran(ηθα)| = 1. Hence

ηθα 6= α for every η ∈ OT (X, Y )

which implies that (OT (X,Y ), θ) has no identity.
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Case 2: (2) holds. Let β : X → Y be defined as in Lemma 3.3(ii). By Lemma

3.3(ii), β ∈ OT (X, Y ), |ran β| = 2 and |ran(θβ)| = 1. We then have similarly to

Case 1 that

ηθβ 6= β for every η ∈ OT (X, Y )

and hence (OT (X,Y ), θ) has no identity.

Therefore the lemma is proved.

Lemma 4.9. For θ ∈ OT (Y, X), if |Y | > 2 and the semigroup (OT (X,Y ), θ)

has an identity, then ran θ = X.

Proof. Let e, f, g ∈ Y be such that e < f < g. Suppose that ran θ 6= X. Then

there is an element a ∈ X\ran θ. Then one of the following three cases must

occur.

(1) x < a for all x ∈ ran θ.

(2) x > a for all x ∈ ran θ.

(3) b < a < c for some b, c ∈ ran θ.

Case 1: (1) or (2) holds. By Lemma 4.8, the semigroup (OT (X, Y ), θ) has no

identity.

Case 2: (3) holds. Let α : X → Y be defined as in Lemma 3.5. Then by this

lemma, α ∈ OT (X, Y ), |ran α| = 3 and |ran(θα)| = 2. But |ran(ηθα)| ≤ |ran(θα)|
for any η ∈ OT (X,Y ), so |ran(ηθα)| ≤ 2 for all η ∈ OT (X,Y ). Hence

ηθα 6= α for every η ∈ OT (X, Y )

which implies that the semigroup (OT (X,Y ), θ) has no identity.

Therefore the lemma is proved.
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Lemma 4.10. For θ ∈ OT (Y,X), if |Y | = 2, ran θ = {minX,maxX} and the

semigroup (OT (X, Y ), θ) has an identity, then |X| = 2.

Proof. Let Y = {e, f} with e < f and η the identity of the semigroup (OT (X,Y ), θ).

From Lemma 4.4, θ is 1-1. But |Y | = 2 and θ : Y = {e, f} → ran θ =

{minX, maxX} is order-preserving, so eθ = minX < maxX = fθ. To show

that |X| = 2, suppose not. Then |X| > 2 and so minX < a < maxX for some

a ∈ X. Since η : X → Y = {e, f}, aη = e or aη = f . Define α, β : X → Y by

xα =





e if x < a,

f if x ≥ a,

and xβ =





e if x ≤ a,

f if x > a.

Since e < f and minX < a < maxX, we have α, β ∈ OT (X, Y ), (minX)α = e

and (maxX)β = f .

Case 1: aη = e. Then aηθα = eθα = (minX)α = e < f = aα.

Case 2: aη = f . Then aηθβ = fθβ = (maxX)β = f > e = aβ.

From Case 1 and Case 2, we have ηθα 6= α and ηθβ 6= β, respectively. This is

contrary to that η is the identity of the semigroup (OT (X, Y ), θ). This proves

that |X| = 2, as required.

Lemma 4.11. For θ ∈ OT (Y, X), the semigroup (OT (X,Y ), θ) has an identity

if and only if |Y | = 1 or θ is an order-isomorphism from Y onto X.

Proof. To prove necessity, assume that the semigroup (OT (X,Y ), θ) has an iden-

tity and |Y | > 1. From Lemma 4.4, θ is 1-1. We will show that ran θ = X.

Case 1: |Y | = 2. Let Y = {e, f} with e < f . Then ran θ = {eθ, fθ} and

eθ < fθ since θ is 1-1 and order-preserving. It then follows from Lemma 4.8,

eθ ≤ x ≤ fθ for all x ∈ X. This implies that eθ = minX and fθ = maxX.
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Hence ran θ = {minX, maxX} . It therefore follows from Lemma 4.10 that

|X| = 2. Consequently, ran θ = X

Case 2: |Y | > 2. Therefore that ran θ = X is directly obtained from Lemma 4.9.

Therefore θ is an order-isomorphism from Y onto X.

To prove sufficiently, assume that |Y | = 1 or θ is an order-isomorphism from

Y onto X. If |Y | = 1, then |OT (X, Y )| = 1, so (OT (X,Y ), θ) has an identity. If

θ is an order-isomorphism from Y onto X, then by Lemma 3.8(i), we have that

(OT (X, Y ), θ) ∼= OT (X). But OT (X) has an identity, thus (OT (X,Y ), θ) has an

identity.

Theorem 4.12. For θ ∈ OT (Y,X), (OT (X, Y ), θ) ∼= OT (X) if and only if θ is

an order-isomorphism from Y onto X.

Proof. First, assume that (OT (X, Y ), θ) ∼= OT (X). Then the semigroup

(OT (X, Y ), θ) has an identity since the semigroup OT (X) does. By Lemma 4.11,

|Y | = 1 or θ is an order-isomorphism from Y onto X. Assume that |Y | = 1.

Then |OT (X,Y )| = 1, so |OT (X)| = 1 since (OT (X,Y ), θ) ∼= OT (X). Since

|OT (X)| = 1 and Xx ∈ OT (X) for every x ∈ X, we deduce that |X| = 1. This

shows that θ is an order-isomorphism from Y onto X.

The converse is obtained directly from Lemma 3.8(i).

Theorem 4.13. For θ ∈ OT (Y,X), (OT (X, Y ), θ) ∼= OT (Y ) if and only if |Y | =
1 or θ is an order-isomorphism from Y onto X.

Proof. Assume that (OT (X,Y ), θ) ∼= OT (Y ). Then (OT (X,Y ), θ) has an iden-

tity. Then from Lemma 4.11, we have |Y | = 1 or θ is an order-isomorphism from

Y onto X.

If |Y | = 1, then |OT (X, Y )| = 1 = |OT (Y )|, so (OT (X,Y ), θ) ∼= OT (Y ). If

θ is an order-isomorphism from Y onto X, then by Lemma 3.8(ii), we have that
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(OT (X, Y ), θ) ∼= OT (Y ).

Hence the theorem is proved, as required.

We can see in this chapter that having an identity and being isomorphic are

closely related. We combine this relationship to be a theorem as follows:

Theorem 4.14. For θ ∈ OT (Y,X) and |Y | > 1, the following statements are

equivalent.

(i) (OT (X,Y ), θ) has an identity.

(ii) (OT (X, Y ), θ) ∼= OT (X).

(iii) (OT (X, Y ), θ) ∼= OT (Y ).

(iv) θ is an order-isomorphism from Y onto X.

Proof. Since |Y | > 1, by Lemma 4.11, (i)⇔(iv). That (ii)⇔(iv) follows from

Theorem 4.12. Because |Y | > 1, we obtain that (iii)⇔(iv) from Theorem 4.13.

Example 4.15. Let θ2 : Z→ Z be defined as in Example 3.15, that is,

xθ2 = 2x for all x ∈ Z.

By Theorem 4.1-4.2, Theorem 4.4-4.5 and Theorem 4.12-4.13, we have

(OI(2Z,Z), θ2) ∼= OI(2Z) ∼= OI(Z), (OP (2Z,Z), θ2) ∼= OP (2Z) ∼= OP (Z) and

(OT (2Z,Z), θ2) ∼= OT (2Z) ∼= OT (Z), respectively.

Remark 4.16. Let a, b, c, d ∈ R be such that a < b and c < d, then from Remark

3.16, there are order-isomorphisms θ : [a, b] → [c, d] and θ
′
: (a, b) → (c, d). By

Theorem 4.1-4.2, Theorem 4.4-4.5 and Theorem 4.12-4.13, we have respectively

that

(1) (OI([a, b], [c, d]), θ) ∼= OI([a, b]) ∼= OI([c, d]),

(OI((a, b), (c, d)), θ
′
) ∼= OI((a, b)) ∼= OI((c, d)),
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(2) (OP ([a, b], [c, d]), θ) ∼= OP ([a, b]) ∼= OP ([c, d]),

(OP ((a, b), (c, d)), θ
′
) ∼= OP ((a, b)) ∼= OP ((c, d)),

(3) (OT ([a, b], [c, d]), θ) ∼= OT ([a, b]) ∼= OT ([c, d]),

(OT ((a, b), (c, d)), θ
′
) ∼= OT ((a, b)) ∼= OT ((c, d)).

Note that all the above semigroups except those on the last line are regular semi-

groups.
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