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rectangular waveguide loaded with air-holes dielectric by topology 
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CHAPTER I INTRODUCTION 
1.1. Motivation 

Rectangular waveguides are important equipment in communication system. 
They are expensive in manufacturing. They are commonly used in short distance 
communication such as feeder or receiver of signal to/from antenna or satellite’s dish. 
So, these devices can be used in both wired and wireless communication system. 
Anyway, the dispersion characteristic of conventional rectangular waveguide depends 
on the width and height of its cross section. In general, waveguide and its connectors 
are designed to work cooperatively. Rectangular waveguide need to be compatible 
with standard connectors. So, the manufacture fabricates rectangular waveguide with 
standard cross section. If they want to designs their own waveguide with desired cross 
section, they also need to designs new compatible connector. So, changing standard 
waveguide’s cross section is not practical in waveguide’s designs. In general, changing 
the dispersion characteristic of rectangular waveguide is to insert dielectric material 
fully or partially in its hollow core. By doing this, they create the dielectric-loaded 
rectangular waveguide.     

 
Figure 1 Dielectric-loaded rectangular waveguide’s cross section; (a) Fully 

loaded (b) Partially loaded 
 

Dielectric-loaded rectangular waveguide has different dispersion characteristic 
depending on various type of dielectric material in its core. There are two ways to 
change the dispersion characteristic of dielectric-loaded rectangular waveguide as well 

x 

y 

Dielectric 
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x 
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Dielectric 
Air 
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as cutoff frequency and bandwidth of single mode operation. First method is to change 
type of dielectric material loaded in waveguide. The second method is to change 
dimension of dielectric material loaded in waveguide. Figure 1 shows the cross-section 
of dielectric-loaded rectangular waveguide.   

For fully dielectric-loaded rectangular waveguide, we can change only the type 
of dielectric material to get the desired dispersion characteristic. For partially dielectric-
loaded rectangular waveguide, we can change either the type of dielectric material or 
the dimension “t” of dielectric material. However, dielectric material with required 
permittivity is difficult to obtain. This is the first constraint in the designs. Usually, 
various kinds of dielectric materials have different value of dielectric loss depending 
on operation frequency.  Although we can find the required value of permittivity, we 
cannot ensure that it is also low loss dielectric material in waveguide’s operation 
frequency. This is also one of constraints in waveguide designs.   

Recently, the porosity of dielectric material catches the attention of some 
researchers because of its ability to leverage the permittivity of medium. Small pores 
in this medium affect the guiding mode of electromagnetic wave that propagates 
through them. Surprisingly, one composite material with porosity structure can be 
considered as one dielectric material with specific relative permittivity called effective 
permittivity. This medium property can provide us the way to change the dispersion 
characteristic of dielectric-loaded waveguide. This will benefit us in waveguide designs. 
In this thesis, we will perform the study on porous structure. We will study the effect 
of pores’ parameters on the effective permittivity. These parameters will be used in 
the dielectric-loaded rectangular waveguide’s designs.   

1.2. Objectives 

Our research’s objectives are described as follows: 
1. To investigate how the dispersion characteristic of waveguide varies due to 

the variation of pores’ parameter in the porosity of dielectric material 
2. To find the designs’ parameters of porosity that have the major effect on the 

cutoff frequency and bandwidth of guiding wave  
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3. To find the relation between the effective permittivity of composite material 
and pore’s parameters 

4. To designs the proposed waveguide with target cutoff frequency and 
bandwidth by optimizing the topology of the porous structure dielectric 
material loaded in the waveguide 

1.3. Scope of Project 

The scope of this thesis is limited to the following issues: 
1. Study on the porosity structure of dielectric material that is the combination 

of air-holes and dielectric.  
2. The cross-section of waveguide assumes to be rectangular and fully or 

partially loaded with dielectric material.  
3. We focus on how to change topology of waveguide for targeting cutoff 

frequency and single-mode bandwidth of the proposed waveguide. 
1.4. Methodology 

1. Reviewing the dispersion characteristic of rectangular waveguide and dielectric- 
loaded rectangular waveguide 

2. Using Numerical method for modal analysis of waveguide with porous dielectric 
material in waveguide’s cross-section 

3. Proposing the structure of fully and partially longitudinal porous dielectric-
loaded rectangular waveguide      

4. Using optimization technique by changing topology of dielectric material for 
targeting cutoff frequency and bandwidth of the proposed waveguide.  

1.5. Expected Contribution 

After finishing this project, we will find the way for arranging the porous structure 
in the dielectric material to obtain desired cutoff frequency and bandwidth of the 
dielectric-loaded rectangular waveguide. These results are not only contributed to the 
designing of dielectric-loaded rectangular waveguide but are also practical in different 
electromagnetic devices. Our finding will help in calculation of required holes’ 
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parameters in dielectric material before going to design’s procedure.  We can save 
design’s time by using the value of parameters from simulation. 

1.6. Organization of dissertation  

Other parts of this dissertation from chapter 2 to chapter 7 are organized to 
facilitate in reporting this work clearly. Chapter 2 will review again about the application 
of dielectric-loaded rectangular waveguide, porous dielectric medium, topology 
optimization technique, etc. Chapter 3 describes the numerical methods, setting of 
parameters, and procedure of research work. In Chapter 4, the receiving data from 
simulation, cutoff frequency of the first and second mode, single-mode bandwidth and 
value of effective relative permittivity will be presented and the result will be 
discussed. Chapter 5 will characterize the effective relative permittivity for porous 
dielectric material. Chapter 6 will show the result of verifying with the application of 
half porous dielectric-loaded rectangular waveguide with some case of filling factor. 
Chapter 7 will conclude our work and future work.      
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CHAPTER II LITERATURE REVIEW 
The miniaturization of waveguide[1] by maintaining the specification of cutoff 

frequency of the first mode and the bandwidth of the single-mode operation are 
desirable for many applications. One practical way of miniaturization can be made by 
inserting dielectric material into the waveguide such as dielectric-loaded rectangular 
waveguide [2, 3].  

Structure of any waveguide define characteristic of the propagating wave in it. 
Waveguide’s characteristic is strongly depending on the size, width, shape and material 
properties used in designs. The variation of these parameters can affect the 
performance of device or change the characteristic of device. They can get the specific 
propagating characteristic by changing the above parameters to specific value. These 
parameters’ value can be found by calculating with some methods or simulated with 
some tools or numerical methods.             

To use the rectangular waveguide in some application, many researchers try to 

develop this kind of waveguide by adding the dielectric material (with 1r ) in the 

waveguide’s core instead of the air (with 1r ) in its hollow core. By doing this, they 
can create dielectric-loaded waveguide [2, 3] that has different dispersion characteristic 
depending on inserted dielectric material. Although the sizes of these two kinds of 
waveguides are the same but they have different characteristic depending on the 
inserted dielectric material.  

Porous structure of dielectric medium in any microwave device is one of the 
interesting research topics. Advantages of porous structure has been observed and 
presented in many research works [4-7]. The porous medium is used to change the 
characteristic of microwave devices. The structure of porous medium is the 
combination of many small holes in one region. These holes are filled by air or 
dielectric material to form new structure with high contrast permittivity[4]. Many kinds 
of porous structures are created by the human or consisted in nature [6]. These special 
structures affect the electromagnetic wave propagating through them. Hence, it is 
necessary for analyzing the guiding mode of electromagnetic wave in porous structure 
of any material in microwave devices [8, 9].      
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2.1. Dielectric-loaded rectangular waveguide 

In microwave and millimeter wave application, many kinds of devices are 
combined for working cooperatively in the communication system. Amongst these 
devices, waveguides are commonly used as high power transmitters, used in radar 
equipment and in low noise block converters which located in satellite dishes. There 
are many different shapes of metallic wall waveguides. Their structure can be 
rectangular, circular, elliptical cross section, etc. Rectangular waveguides are usually 
served in application for short connection such as receiver or feeder electromagnetic 
wave from or to antennas or radars.   

      
Figure 2 Rectangular waveguide and its application 

The advantage of waveguide is the ability to carry electromagnetic signal with 
high frequency (usually higher than 1 GHz). Anyway, waveguide can confine 
electromagnetic fields to space between its metallic walls (commonly made of copper 
or brass). This characteristic is useful for supporting the propagation wave without loss 
or lower loss. The PEC wall of metallic waveguide also protects the inner signal from 
interferes with outside signal. 

Dielectric-loaded rectangular waveguide has been constructed by inserting the 
dielectric material fully or partially in the hollow core of standard rectangular 
waveguide. Because of the fixed dimension of standard rectangular waveguide, the 
characteristic of electromagnetic wave propagating in its hollow core cannot be 
modified to desirable value. In this sense, dielectric-loaded rectangular waveguide is 
created for changing the characteristic of guiding wave inside standard waveguide. One 
advantage of this invention is the ability to change waveguide property without 
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changing it physical structure. Another advantage is compatible with standard 
waveguide connector. In general, if we want to change the physical structure of the 
conventional rectangular waveguide, we need to think about how to design its 
compatible low-loss connector as well. This procedure is not applicable in designs 
because the manufacture process will become very expensive for changing several 
devices at the same time.   

Anyway, the dielectric-loaded rectangular waveguide have been used in many 
applications. Some are used as dielectric resonator and applicable as sensor for 
evaluation of the small flaws in surface of metals [10] and measurement of complex 
dielectric property of concrete[11]. It is also used to stabilize the frequency and for 
permittivity measurement of dielectric material[12]. The other dielectric-loaded 
resonator’s application is to filter only the desirable electromagnetic wave with specify 
frequency band around the resonant frequency [13]. Some rectangular waveguides are 
used to feed the electromagnetic signal to the antenna and satellite’s dish[14]. Some 
are used in the receiver part as low-noise block converter.      

2.2. Modal analysis by Finite Element Method 

The modal analysis by using the finite element is a powerful tool. There are many 
finite element formulations for modal analysis of arbitrarily shaped waveguides. Each 
formulation can provide us level of accuracy depending on specific kind of simulated 
structure. Among many proposed methods, the finite element formulation based on 4 
transverse electromagnetic field components is one of the efficient methods that can 
eliminate spurious mode solutions. In this research work, the finite element formulation 
in [15]  has been employed to analyze the waveguide loaded with porous dielectric 
material. The finite element method can be briefly reported again as follow.  

Let us consider the guided wave problem of time-harmonic electromagnetic field in 
a uniform waveguide with arbitrarily cross-section. Assume the longitudinal axis of the 
waveguide be z-axis, while the cross-section is in XY-plane. The waveguides can be 
inhomogeneous waveguide filled with arbitrary lossless isotropic materials with scalar 
permittivity  and permeability . The guided mode solutions in a uniform waveguide 
along z-axis with arbitrarily cross-section can be written as 
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 ( , , ) ( , ) ( , ) j zx y z x y x y e  t zE e e               (2.2.1) 

 ( , , ) ( , ) ( , ) j zx y z x y x y e  t zH h h              (2.2.2) 

Here, the mode field pattern vector function of electric field is decomposed into 

transverse component denoted by t
e and Z-component denoted by ze .The t

h and zh  
are the transverse component and Z-component of magnetic field mode pattern, 
respectively.  

From the finite element method in [15], the cross-section of waveguide is subdivided 
into a finite number of elements. The modal functions of transverse electric field 
component and transverse magnetic field component must make the following 
variation expression stationary.  
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The transverse electric field and magnetic field in each element are expanded as a 
summation of constant edge based vector shape functions and their corresponding 
unknown parameters along the edges of triangular elements. By applying the continuity 
of transverse components of electric field and magnetic field along the edges of 
elements in the assembling process, and determining the stationary condition of (4), 
the following eigenvalue system written in matrix form are obtained.  

      BA                                       (2.2.6) 

By solving (2.2.6), the eigenvalue of propagation constant can be determined. In 
addition, the mode field pattern can be computed by using corresponding eigenvector 
of each mode. Hence, the modal solutions and dispersion characteristic of the 
waveguide can be analyzed.   
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2.3. Porosity in material 

Porous dielectric medium is type of medium that one region of specific 
dielectric material filled by one or many difference materials in many small pores of 
the background material. Those pores are sorted in random or special form by nature 
or prepared by human. Some porous mediums are formed by the composition of 
dielectric material and many small air-holes (those small holes are filled by air). Figure 
3 shows one example of porous medium. In this figure, we can see many small air 
holes that consist in dielectric material.  

 
Figure 3 Example of porosity from nature 

The properties of porous medium are determined by value of dielectric 
constant of background material, permittivity of dielectric material filled in pores, 
structure of pores or the shape and size of small pores. These parameters affect the 
propagation characteristic of electromagnetic wave that propagates through this 
composite material.      

Porous medium can be used as sensor [5, 16] or be waveguide of higher 
frequency band such as THz-wave [6, 9, 17]. The porosity in dielectric material is also 
used to strengthen the electric field distribution and to reduce the insulation property 
of material [18, 19]. These are practical in high-voltage’s applications.    

 
2.4. Topology optimization 

Topology optimization is the special procedure of using mathematic expression 
and algorithms to minimize or maximize the targeted function to the desirable value 
by finding or determining the require value of physical structure of material such as 
shape, density distribution or lattice. Usually, this optimization is used in the aim of 
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minimizing the design’s material or design’s cost. Anyway, they also used it for 
optimizing performance of designed devices. This procedure need to do in the set of 
limit domain of the designation because we cannot find global optimum easily in the 
open design’s domain. So, designs’ parameters will be found between specific 
domains or by some constraint. These optimization techniques are commonly used in 
civil and mechanical engineering for structural designs. Figure 4 show one example of 
material structure after optimizing.  

 
Figure 4 Example of design’s structure after applying topology optimization 

In [20], topology optimization is used in the electrical engineering as well. This 
technique is applied to find the density distribution of inhomogeneous dielectric 
material that is inserted in the cross section of waveguide. They have used the hybrid 
edged/nodal based finite element method for the Eigen-value analysis. For the 
optimization part, they use Sequential linear Programming to reach the desired value 
of target functions. They successfully optimize the topology of the cross-section of 
waveguide with many designs example. But inhomogeneous dielectric material with 
desirable density distribution of relative permittivity is too difficult to find and cannot 
be use in practical.  

In our research work, we want to optimize the topology of the dielectric 
material loaded in the waveguide by using the porosity in the material. The advantage 
of this work is that drilling air-tube on waveguide’s cross-section along the longitudinal 
direction of waveguide is more easily and be practical in designs.  
2.5. Relative permittivity of Material 

Relative permittivity of material is the frequency-dependent dielectric property 
of materials[21]. Relative permittivity or dielectric constant is the ratio between the 
permittivity of the medium to the permittivity of free space.   
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0

r





         (2.5.1) 

Where 12

0 8.85 10 /F m    is the permittivity of free space.  
The characteristics of a dielectric material are determined by the dielectric 

constant and it has no units.  
The research about the relative permittivity and tangent loss in the print circuit 

board (PCB) show that the value of relative permittivity seems to be stable at high 
frequency while the value of tangent loss increase with frequency[22]. The relative 
permittivity is used to calculate the characteristic impedance of Transmission lines in 
microstrip devices as well as antenna dimensions and geometries.    
 Many methods have been used for measuring and characterizing the relative 
permittivity of material.  
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CHAPTER III RESEARCH METHODOLOGY 
3.1. Objective function and model use 

In this research, we want to design longitudinal porous dielectric-loaded 
rectangular waveguide by using numerical method and topology optimization for 
desirable cutoff frequency and bandwidth. The Numerical method for modal analysis 
will be used to analyze guiding modes of electromagnetic wave propagates though 
the proposed waveguide. The proposed structures of waveguides are longitudinal 
porous dielectric-loaded rectangular waveguides. These structures are developed from 
the concept of Dielectric-loaded rectangular waveguides by adding porosity in 
dielectric material. Many simulation model of these new waveguide’s structure will be 
analyzed and discussed. But in the scope of our project, we choose to consider only 
the composition between dielectric material and air-tube. Figure 5 shows example of 
dielectric-loaded rectangular waveguide (a) and the longitudinal porous dielectric-
loaded rectangular waveguide (b).  

MATLAB program will be used for simulation. The simulation model of proposed 
waveguide will be constructed by using PDETOOL in MATLAB. This MATLAB’s tool can 
provide us 3 important parameters to be the input parameters of Finite Element 
Method (FEM). The algorithms of simulation program come from the concept of modal 
analysis of waveguide by Finite Element Method in reference[15]. The waveguide’s 
cross-section has width 2a  and height a  , where a  is the parameter representing the 
unit length. So, the results from simulation will be applicable when we relate it to 
actual dimension of standard rectangular waveguide. 

Topology optimization will be used to find physical parameter of dielectric 
material loaded in the waveguide. Our target functions are cutoff frequency and 
bandwidth. We want to optimize these two functions by defining value of air-tubes’ 
parameters in dielectric material.     
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Figure 5 Dielectric-loaded rectangular waveguide (a) and the proposed 

longitudinal porous dielectric-loaded rectangular waveguide (b) 

3.2. Ideas from preliminary investigation  

From the review of some research works related to the effect of porosity on the 
dispersion characteristic of electromagnetic wave through porous medium, we have 
seen the advantages of this structure in microwave, millimeter wave and THz-wave’s 
applications. Generally, the dispersion characteristic of dielectric-loaded rectangular 
waveguides depend on the value of relative permittivity, dimension and location of 
dielectric material loaded in the core of rectangular waveguide. While the lower value 
of relative permittivity is replaced by the higher one, the cutoff frequency will shift to 
smaller value. The same phenomena also occur while small dimension of dielectric 
material in the waveguide is replaced with the bigger one. From this concept, they can 
minimize the size of the conventional rectangular waveguide by inserting dielectric 
material to its hollow core. They will get smaller dielectric-loaded rectangular 
waveguide with the same cutoff frequency comparing to the bigger rectangular 
waveguide. 
  In preliminary investigation, we try using the porosity in dielectric material filled 
in half part of rectangular waveguide to change the dispersion graph of half dielectric-
loaded rectangular waveguide. Many air-tubes with square shape are drilled in 
dielectric material along the longitudinal of waveguide. The number and dimension of 

air-tubes are changed in several simulation models. For fixed-value of 0k a , the 

normalized phase constant 0/ k  increase or decrease while the value of material’s 
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permittivity or dimension of dielectric material increase or decrease. In our simulation 
model for preliminary investigation, we can also increase or decrease the value of 

normalized phase constant 0/ k  with the fixed-value of 0k a  by decrease or increase 
the number or size of small air-tubes. So, we can get specific value of effective relative 
permittivity of composite material from specific value of air-tube’s parameters. This 
investigation leads us to research more on the proposed waveguide.  
 Because drilling small air-tubes with square shape along the longitudinal of 
waveguide is not practical in designs, we decide to continue our work by finding more 
results of simulation with circular air-tubes (Circular air-tubes are easier to drill than 
square air-tubes). Anyway, the fully dielectric-loaded rectangular waveguide will be 
simulated instead of half dielectric-loaded rectangular waveguide to facilitate the 
comparison with dispersion relation in the closed-form solution of rectangular 
waveguide. 

3.3. Dispersion Graph  

In this section, we want to review again the importance of knowing the dispersion 

graph of waveguide. By plotting the value of normalized phase constant ( 0/ k ) versus 

the multiplication between free space wavenumber and unit length ( 0k a ), we can 
observe dispersion characteristic of waveguide depending on two important 

parameters. The first parameter is free space wavenumber ( 0k ). This wavenumber is 
the parameter of incoming wave to the guiding structure. It relates to the free space 

wavelength ( 0 ) or the operating frequency ( 0f ). The second parameter is the unit 
length ( a ). The Unit length represents unit of physical dimension of waveguide. 
Changing of unit length ( a ) has the same meaning as changing dimension of waveguide. 

The graph of 0/ k versus 0k a will tell us how the waveguides operates after the 

electromagnetic wave with free space wavelength 0  is inserted into them. In this 
topic, only the first and second mode of guiding wave is considered and we 
concentrate only on single-mode bandwidth. The importance thing in this graph is the 
first and second cutoff value of 

0k a  and the shape of the curve of both guiding mode. 
Figure 6 shows one example of dispersion graph of rectangular waveguide.   
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Figure 6 Dispersion graph 

This graph tells us that when the value of 
0k a  lower than the first cutoff of 

the first mode, there are no wave that can propagate through this guiding structure. 
For 

0k a between first cutoff and second cutoff, only one mode with phase constant 
  that exists and propagates through this structure. For value of 

0k a higher than 
second cutoff, two or more guiding mode will exist in the waveguide. The wavenumber 
of the electromagnetic wave related to the wavelength by the formula: 

 0
0 0

0 0

22 2

/

f
k or k

c f c

 


             (3.3.1) 

Where 
0 and

0f  are free space wavelength and frequency of the incoming wave 
respectively. The parameter c is the velocity of light in free space with value

83 10 /c m s   and related to dielectric properties of free space by formula: 

0 0

1
c

 
           (3.3.2) 

We can say that at any frequency of incoming wave lower than the first cutoff 
frequency of the device, there is no electromagnetic wave can be guided by 
waveguide. Between the first and second cutoff frequency, there is only one guiding 
mode. And for frequency higher than second cutoff frequency, there will be two or 
more than two guiding modes in waveguide.  

The other advantage of choosing the multiplication of the wavenumber 0k   
and the unit length a  to be the x-axis in the graph is the possibility of changing any 
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of these two parameters. In one graph, from the value of 
0k a  at cutoff, if the desirable 

dimension of waveguide is smaller (or unit length is small), we need the bigger value 
of

0k .  Inversely, the bigger dimension of waveguide will give us the lower value of
0k

. This means that knowing specific value of cutoff 
0k a can provide us two options. We 

can choose either large waveguide with lower cutoff frequency or small waveguide 
with higher cutoff frequency. If the value of 

0k a  at cutoff decreases, we can get 
smaller waveguide’s dimension with the same cutoff frequency. If the cutoff value 

0k a  increase, we need to design bigger waveguide to get the same cutoff frequency.  
Example: Investigation of dispersion graph of most standard hollow core 

rectangular waveguide with cross-section 2a a can give us the ability to find the cutoff 
frequency of most standard rectangular waveguide with cross-section 2a a . 
Let plot this dispersion by derive from dispersion relation of rectangular waveguide 
with cross-section 2a a , we will get the graph as similar as Figure 6.  

From relation 
2 2

0

0 0

/ 1
2

m n
k

k a k a

 


   
     

   
     (3.3.3) 

For 10TE , at Cutoff   0 1.5708
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For 01TE , at Cutoff   0 3.1416
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k a     

By knowing value of 0k a  at cutoff frequency of 10TE and 01TE , we can find cutoff 
frequency of many standards rectangular waveguide by changing the value of unit 
length a .   
Example: WR90 has dimension of cross-section as 2.286 1.143cm cm  and WR62 has 
dimension of cross-section as1.58 0.79cm cm . We can find the first and second cutoff 
frequency of these standard waveguide by just choose unit length a  to 1.143cm  for 
WR90 and 0.79cm  for WR62. From the relation: 
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c
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For WR90, 1.143a cm   

Hence, 0, 6.5617first cutofff GHz  and 0, sec 13.1234ond cutofff GHz  
For WR62, 0.79a cm  

Hence, 0, 9.4936first cutofff GHz  and 0, sec 18.9872ond cutofff GHz  

Usually, small waveguide operates at high frequency because of it high cutoff 
frequency or its small cutoff wavelength that is comparable to small dimension of its 
cross-section. The large waveguide operates in low frequency because of its low cutoff 
frequency or large cutoff wavelength that is comparable to large dimension of its cross-
section.  

For same value of cutoff
0k a , if we choose small value of unit length a  (it 

means that we design small waveguide), the value of 
0k  at cutoff frequency become 

large. If electromagnetic wave with low frequency than cutoff frequency is inserted 
into this small waveguide, the guiding mode cannot exist in this small waveguide. So, 
small waveguide cannot handle electromagnetic wave with lower frequency than its 
first cutoff frequency.  

Anyway, large waveguide has low cutoff frequency. If the electromagnetic wave 
propagate at high frequency is inserted into large waveguide, many guided modes can 
pass through this device. While the value of frequency higher than the cutoff frequency 
of the large waveguide, many more guiding mode will exist in the waveguide. That is 
why large waveguide can handle high frequency wave and there will be lots of guiding 
mode while the value of operate frequency larger than the cutoff frequency of the 
waveguide.  

Various applications in telecommunication system and designs of portable 
devices, they need the dimension of waveguide as small as possible to save the 
material and space in the designation of system or circuit board. So, it will be better 
to get the small value of cutoff 

0k a  in the graph of dispersion.   
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3.4. Methodology used in this research 

Before describing the methodology of research, we want to summarize the 
concept and results from the first investigation. Creating porosity in the dielectric 
material loaded in rectangular waveguide is the primary concept of our research. From 
investigation, different structures of the composition between dielectric and air-tubes 
can provide us specific dispersion characteristic of waveguide with targeted cutoff 
frequency and bandwidth. 

Firstly, we use numerical method for modal analysis to simulate several models 
of the proposed structure of longitudinal porous dielectric-loaded rectangular 
waveguide. We will use the results from simulation to find the relationship between 
cutoff frequency and bandwidth of the proposed waveguide and the physical 
parameters of air-tube such as location of circle’s center, number of circles and radius 
of circle. After getting the specific relationship, we will use the concept from this 
relation for optimizing the topology of waveguide.   

Secondly, the specific physical parameters of porous medium that can influence 
the dispersion characteristic of waveguide will be used in optimizing topology of 
waveguide. The target functions of our optimization are the cutoff frequency and 
bandwidth of the waveguide. We want to optimize these two functions by changing 
the topology of air-tubes in the dielectric material loaded in the proposed waveguide. 
In this step, two groups of dielectric-loaded rectangular waveguide will be studied. The 
first one is fully dielectric-loaded rectangular waveguide and another one is half 
dielectric-loaded rectangular waveguide. These two groups of simulation model are 
chosen because we have the formula of dispersion relation in their closed-form 
solutions from the analytical method.  
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3.5. Flow chart for summary of research methodology 
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Figure 7 Flow chart summarizing research methodology 

   
 Figure 7 shows the flow chart of research methodology. The first step is 
construction of various simulation model of porous dielectric-loaded rectangular 
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waveguide with different parameters of circular air-tubes such as number of air-tubes, 
size of air-tubes and lattice structure of air-tubes. After that we use numerical method 
for modal analysis to simulate theses proposed structures. So, the designs parameters 
and their effects to the propagation characteristic of waveguide will be found. Finally, 
the design’s parameters will be used in order to optimize the target functions which 
are the cutoff frequency and single-mode bandwidth of the proposed porous 
dielectric-loaded rectangular waveguides.    
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CHAPTER IV RESULTS AND DISCUSSIONS ON INVESTIGATION OF POROUS 
STRUCTURES 

4.1. Modal Investigation of porous dielectric-loaded rectangular waveguide  
In this section, the Finite Element method is used to simulate the  guiding 

mode of Porous dielectric-loaded Rectangular Waveguide. The results in this section 
show us the effect of the porousity on the dispersion characteristic of the proposed 
waveguide. Cross-section’s model of fully dielctric-loaded rectangular waveguide is 
shown in Figure 8 (a). This cross-section is drilled to cteate air-tubes in the dielectric 
material along longitudinal of waveguide.  By doing this, we can create the longitudinal 
porous dielectric-loaded rectangular waveguide as shown in Figure 8 (b).   

 
Figure 8 : Cross section of (a) fully dielectric-loaded rectangular waveguide and 

(b) Longitudinal porous dielectric-loaded rectangular waveguide 
The circular air-tubes are created in the dielectric material of fully dielectric- 

loaded rectangular waveguide with the width to height ratio of 2:1 (cross-section of 
waveguide is 2a a ). If the height H  is choose to be one unit length a  then the 
width W  is chooes to be two unit of length 2a  as shown in Figure 9. The normalized 

phase constant 0/ k  of the guiding mode versus 0k a  is observed.                  

A. The effect of air-tube’s radious on waveguide’s dispersion characteristic: 

Firstly, 18 circular air-tubes are created in the dielectric material on the cross-
section along the longitudinal direction of waveguide for numerical experiment. The 
porous dielectric is comprised of 18 air-tubes embedded in homogenous dielectric of 

permittivity 2.25r   as shown in Figure 9. Theses 18 air-tube have been positioned 

x 

Dielectric  

r = 2.25 
 

y 

(a)  
x 

y Air-tube 

(b)  
 



 

 

27 

uniformly on the cross-section of 2a a . The radius of air-tube denoted by r  has 
been selected to investigate its effect on variation of dispersion characteristics. Three 
cases of modal analysis with different radius r  are:   

 case 1 : /15r a  or 0.06666r a   
 case 2 : /10r a  or 0.1r a  
 case 3 : / 7.5r a  or 0.13333r a  

where a   is the value of “one unit length” 

 
Figure 9 : Cross-section of longitudinal porous dielectric-loaded rectangular 

waveguide with 18 air tubes embedded in dielectric material 
The modal analysis of each case is done to find the first 2 guiding mode in the 

waveguide. The simulation results from all of three cases are plotted together on the 
same graph. The finite element analysis of modes can be shown in the dispersion 

graphs as shown in Figure 10. Here, 0/ k denotes the normalized propagation 

constants, where 0 0 0k     . The dispersion graph in Figure 10 demonstates the 

normalized propagation constant 0/ k  of each guiding mode versus value of 0k a  . 
The variation of ak0 can be regarded as a change of either frequency or the size of  

the rectangular waveguide. It can be observed that the cutoff frequencies of the 
fundamental mode can be altered with the radius of air tubes. The smaller the radius 
of air tube, the cutoff frequency is shifted to lower frequency. In the other word, the 
waveguide size can be miniaturized while maitaining desirable cutoff frequency. 
According to the results shown in Figure 10, we may conclude that the cutoff 
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frequency of the fundamental mode can be changed by inserting of longitudinal 
porous dielectric in the waveguide.  

 
Figure 10: Dispersion characteristic of modes of porous dielectric-loaded 

rectangular waveguide with 18 air tubes of different air tube radii.  
In case 1 (r=0.06666a), the graph show that the cutoff frequency of the first and 

second guiding modes are the lowest compared to case 2 (r=0.1a) and case 3 
(r=0.13333a). The reason is that the cross-section of each circular air-tube in case 1 is 
smaller than those of each circular air-tube in case 2. The computation of total area 
of cross-section of all circular air-tubes in each case lead to the conclusion that 
dispersion graph depends on the total area of cross-section of empty holes (or air-
tubes) in dielectric material. The graph shifts to the right side while the radius of the 
circular air-holes increase or the area of air holes increase. 

B. Effect of number of holes on the dispersion characteristic of waveguides 

A parameter indicated the difference of three cases of numerical experiments, 
demonstrated previously, is called porosity or filling factor which can be defined as 
follows. 

airA
FF

A
        (4.1.1) 

Here, Aair and A denote the total area of cross-section of air tubes in the cross-
section of waveguide and the area of waveguide cross-section, respectively.  The 
parameter FF is a measure of the air space in dielectric, and is a fraction of the area of 
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air-tubes’ cross-section over the total cross-section area. The value of FF is between 0 
and 1. 

 
Figure 11 Dispersion graph of 18, 32 and 50 Circular holes with filling factor 

FF=0.28 
To investigate further, three cases of numerical experiments on logitudinal porous 

rectangular waveguides with equally filling factor have been conducted. Three cases 
of longitdinal porous dielectric with FF = 0.28, for which the number of air tubes are 
18, 32, and 50, have been carried out by the finite element method. The results of 
dispersion characteristic graphs can be shown in Figure 11. The graphs of dispersion 
characteristics of three cases with equal Filling factor (FF) conincide in spite of the fact 
that the numbers of air tubes are different. The results can demonstrate that the 
dispersion characteristic of modes of the porous dielectric-loaded rectangular 
waveguide depend on the filling factor FF  of porous dielectric. It should be noted 
that the radius of air tubes is smaller than the guided wavelength. 

C. Effect of the shape of holes on dispersion characteristic 

The effect of the shape of the air holes is study more in this section. From section 
B, the assumption is that the graph of guiding characteristic of waveguide depends only 
on the filling factor (FF) of the waveguide. 

To probe further on investigation of the effect of FF to waveguide modal 
characteristic, another numerical experiment of porous dielectric-loaded rectangular 
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waveguide with 18 rectangular air tubes, for which FF = 0.5, has been conducted in 
comparison with the case of 18 circular air tubes with FF = 0.5.   

                           
Figure 12 Dielectric loaded rectangular waveguide with 18 square holes 

Waveguide with 18 square holes is shown in Figure 12. The sides sh  of each small 
square in the condition that FF=0.5 is calculated as follow:  
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Figure 13 Dispersion characteristic of first two modes of porous dielectric-loaded 

rectangular waveguide with 18 square and circular air-tubes for FF=0.5 

The result of the simulation in this case is shown in Figure 13. The curve of 0/ k  

versus 0k a  from the simulation of 18 square holes and 18 circular holes are plot 
together on the same graph. Notice that only the first and second guiding modes are 
chosen to plot in this graph. The guiding mode 1 and mode 2 of 18 square holes 
coincide with mode 1 and mode 2 of 18 circular holes respectively. It can be observed 
that no matter the shape of air tubes are, the modal dispersion characteristic coincide 
and depend on FF of the porous dielectric.    

D. Observation on effect of filling factor to dispersion characteristic of 

waveguide     

From the investigation of the dispersion characteristic of porous dielectric-loaded 
rectangular waveguide carried out in previous experiments, the FF is a key factor to 
determine the mode characteristic including cutoff frequencies and single mode 
operation bandwidth. Thus, these results have inspired us to do extra numerical 
experiments on porous dielectric-loaded waveguides with different FF. We have 
conducted numerical experiments of porous dielectric-loaded waveguides with FF = 
0.12, FF = 0.28, and FF = 0.5, respectively. In these three cases, the size of air-tubes is 
small compared to the guided wavelength at cutoff frequency of the fundamental 
mode.  
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Figure 14 Dispersion characteristic of first two modes of porous dielectric-loaded 

rectangular waveguide with FF=0.12, FF=0.28 and FF=0.5 
The results of dispersion characteristic of the first two modes have shown in Figure 

14. We see that the graph shift to the right side or the cutoff frequency increase while 
the filling factor (FF) of the waveguide increase. The reason is that the present of the 
air material in the waveguide increase (or the density of air in dielectric material 
increase) whiles the value of filling factor become larger. The cutoff frequencies of the 
first and second guiding mode of the waveguide with large filling factor are also large. 

It can be clearly demonstrated that the cutoff frequency of waveguide with higher 
FF is higher than cutoff frequency of waveguide with smaller FF. According to our 
knowledge, this is the first time to investigate the effect of porosity to cutoff frequency 
of the fundamental mode in dielectric-loaded waveguide. 

E. Relationship of filling factor to the effective relative permittivity of the 

composite dielectric material  

As we have investigated the dispersion characteristic which reveals the nature if 
porous dielectric-loaded rectangular waveguide, the bandwidth of single mode 
operation in all cases, which is equal to the difference of cutoff frequency of the first 
two modes, equals to  0 c

k a at first cutoff, where  0 c
k a  denotes the cutoff 

0k a  of the 
fundamental mode. This modal property is similar to the dispersion characteristic of 
fully dielectric loaded waveguide where the bandwidth of single mode operation equal 
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fc of the first guiding mode. Thus, we compare the mode characteristic of fully 
dielectric-loaded rectangular waveguide with porous dielectric-loaded rectangular 
waveguide.  

In this section, the cutoff frequency of the first guiding mode in the waveguide 
from the simulation with Finite Element Method (FEM) and the closed-form solution 
of the full dielectric loaded rectangular waveguide are used together to find the value 
of equivalent relative permittivity. This finding value of relative permittivity is used with 

the closed-form solution to find the value of 0/ k  from the assigned value of 0k a  
and to calculate the cutoff value of the second guiding mode. After that the computed 
result is plot together with the simulated result on the same graph for comparing to 
each other.   

In this point, we review again the dispersion relation of fully dielectric-loaded 
rectangular waveguide as follow:  
The guiding electromagnetic field in the waveguide is written as: 

 ( , , ) ( , ) ( , ) j zx y z e x y e x y e  t zE               (4.1.2) 

 ( , , ) ( , ) ( , ) j zx y z h x y h x y e  t zH              (4.1.3) 

With   is the propagation constant ( /rad m ), ( , , )x y zE and ( , , )x y zH are the electric 
field ( /v m ) and magnetic field ( /A m ) respectively. The value of propagation 
constant   should be real number.  

By solving the Maxwell’s equations and applying boundary conditions, we 
obtain mode solution. 

                             
Figure 15 Fully dielectric-loaded rectangular waveguide 
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Fully dielectric-loaded rectangular waveguide is shown in Figure 15. The closed-
form solution of this kind of waveguide is written as follow: 

2 2

2

0 0

0 02
r r

m n

k a k a

 
     

   
     

   
   (4.1.4) 

2 2

0 2
r

m n

k A A

  


   
     

   
      (4.1.5) 

Where 2

0 0 0k     and 0A k a   

0k  is wavenumber in free space ( /rad m ) 
12

0 8.854 10 /F m     
7

0 4 10 /H m      

The cutoff of the fundamental mode 
10,c TEA  occurs when 

0

1, 0 0m n and
k


     

So, 
10

2

,

0
4

r

c TEA


     

10,
2

c TE

r

A



         (4.1.6) 

This value 
10,c TEA  is the first cutoff value of 0k a  in the dispersion graph of fully 

dielectric-loaded rectangular waveguide with the relative permittivity r . 

The second cutoff occurs when 
0

0, 1 0m n and
k


     

So, 
01

2

,

0r

c TEA


    

01,c TE

r

A



        (4.1.7) 

This value 
01,c TEA  is the second cutoff value of 0k a  in the dispersion graph of full 

dielectric-loaded rectangular waveguide with the relative permittivity r .  
The relative permittivity of dielectric in fully dielectric-loaded waveguide has been 

calculated by closed-form solution of 
10TE  modes as: 

2

0

0

/
2

effk
k a


 

 
  

 
   

2 2

0 02
eff

k k a

 


   
     

   
     (4.1.8) 
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After substitute a pair value of 
0/ k  and 

0k a  from first mode of simulation results 
with FF=0.5, we found 1.55eff  .  

By using dispersion relation again for computing the normalized phase constant of 
the first and second mode of fully dielectric-loaded rectangular waveguide with 

1.55eff  , it is found that the dispersion graphs of fully dielectric loaded waveguide 
with relative permittivity of 1.55 coincide with the dispersion graphs of porous 
dielectric-loaded waveguide with FF = 0.5 for the first two modes. The results are 
shown in Figure 16. 

Thus, it can be concluded that porous dielectric-loaded rectangular waveguide with 
the specific value of filling factor (FF) is equivalent to fully dielectric-loaded rectangular 
waveguide with specific value of relative permittivity. These results can be applied to 
design waveguide by adjusting filling factor FF  of porous dielectric. 
 

 
Figure 16 Comparison of dispersion characteristic of the first two modes of 
porous dielectric-loaded waveguide and fully dielectric loaded waveguide. 
F. Relationship between hole’s radius and wavelength at the first cutoff 

We have the relationship between wavenumber and wavelength: 
2

k



   

The radius of each circular hole is: 
For case 1 0.06666r a     
For case 2 0.1r a     
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For case 3 0.13333r a   

Two cutoff value of 0k a  are known. 

In case 1, 0 1.1k a   at first cutoff and 0 2.2k a   at second cutoff 

In case 2, 0 1.155k a   at first cutoff and 0 2.31k a   at second cutoff 

In case 3, 0 1.27k a   at first cutoff and 0 2.53k a   at second cutoff 
Now we focus on each case: 

Case 1:  

0

1
0.06666

0.06666

2 2
94.2572

0.06666

r a a r

r r
k a a

 

  

  

  

  

At first cutoff  

0 1.1 94.2572

0.01167 0.01167

1

85

r
k a

r
or r

r








 

  



  

At second cutoff 

0 2.2 2(1.1) 94.2572

2(0.01167) 2(0.01167)

1

42

r
k a

r
or r

r








  

  



 

Anyway, the wavelength calculated from the first cutoff is the largest wavelength (the 
lowest frequency). So, the radius of circular hole must be calculated from the first 
cutoff. We will get the reasonable value of radius because it is the proportional to the 
largest wavelength.  
From this point, we will calculate the radius only related to the first cutoff value of

0k a . 
Case 2: 
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0

1
0.1 10

0.1

2 2 10
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r a a r r

r r
k a a

 

  

   

  

 

At the first cutoff 

0 1.155 62.8318
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0.01838

62.8318

1
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r
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r
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Case 3: 

0

1
0.13333

0.13333

2 2
47.125

0.13333

r a a r

r r
k a a

 

  

  

  

 

At the first cutoff 

0 1.27 47.125

1.27
0.02694

47.125

1

37

r
k a

r
or r

r








 

  



 

In these three cases, we see that the largest ratio of circle’s radius is 1

37
r    where 

 the largest wavelength of propagation wave in waveguide. We can conclude that 
the value of circle’s radius is so small compare to the wavelength of first cutoff of 
guiding mode. 
4.2. Validating the results with fully porous dielectric-loaded rectangular 

waveguide 
In this point, we will show the results of one more simulations case to find the 

relationship between filling factor (FF) and effective relative permittivity of composite 
material.      
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Figure 17 Fully dielectric-loaded rectangular waveguide with 1.86r   

                                          
Figure 18 Fully longitudinal porous dielectric-loaded rectangular waveguide with 

2.25r   and 0.28FF   
 Figure 17 and 18 show one case amongst several cases of comparison between 
fully dielectric-loaded rectangular waveguide and fully porous dielectric-loaded 

rectangular waveguide. The normalized phase constant 0/ k  of the first and second 
guiding modes of waveguide structure as show in Figure 18 are almost equal to 
normalized phase constant that generated from dispersion relation of closed-form 
solution of waveguide structure as shown in Figure 17. As we know that waveguide in 
Figure 18 is the rectangular waveguide fully loaded by dielectric material with 

2.25r   and air-tube with 0.28FF  . So, this waveguide can be equivalent to 
waveguide structure as in Figure 17. Table 1 and Table 2 show the comparison of 

normalized phase constant 0/ k  versus some discrete values 0k a . The differences 
values in percentage is around 1%. This comparison values can lead to the assumption 
of the equivalent of these two waveguides.               

Dielectric 

  

2a 

a 

a 

2a 
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Table 1 Comparison of some disctete values of first guiding mode between 

fully dielectric-loaded rectangular waveguide with 1.86r   and fully porous 

dielectric-loaded rectangular waveguide with 2.25r   and 0.28FF   

1.86r   Fully loaded in 

RWG 

2.25r   with FF=0.28 fully loaded in 

RWG   

 r  

 

0k a  
0/ k  mode 

1  0k a  0/ k  mode 1 
Differences 

(%)  

1.8
6 1.16 0.167862338 1.16 0.168299532 0.260447571 

1.8
6 1.17 0.243633224 1.17 0.244140897 0.20837571 

1.8
6 1.18 0.299578369 1.18 0.300155713 0.192718776 

1.8
6 1.19 0.345505916 1.19 0.346146281 0.185341334 

1.8
6 1.2 0.385050502 1.2 0.385748052 0.181158213 

1.8
6 1.3 0.633623934 1.3 0.634723322 0.173507903 

1.8
6 1.4 0.776143002 1.4 0.777507825 0.175846911 

1.8
6 1.5 0.874350553 1.5 0.875923356 0.179882419 

1.8
6 1.6 0.9471792 1.6 0.94892876 0.18471265 

1.8
6 1.7 1.003540445 1.7 1.005448109 0.190093347 

1.8
6 1.8 1.048440935 1.8 1.050495157 0.195931078 

1.8
6 1.9 1.0849895 1.9 1.08718316 0.202182533 

1.8
6 2 1.115246609 2 1.117575523 0.208825005 

1.8
6 2.1 1.140642696 2.1 1.143104722 0.215845538 

1.8
6 2.2 1.162206152 2.2 1.164800618 0.223236285 

1.8
6 2.3 1.180696984 2.3 1.183424303 0.230992291 

1.8
6 2.31 1.182400472 2.31 1.185141132 0.231787845 

1.8
6 2.32 1.184079576 2.32 1.186833591 0.232587017 

1.8
6 2.33 1.185734774 2.33 1.188502158 0.233389803 
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1.8
6 2.34 1.187366534 2.34 1.190147302 0.234196202 

1.8
6 2.35 1.188975311 2.35 1.191769477 0.235006211 

1.8
6 2.36 1.190561548 2.36 1.193369128 0.235819828 

1.8
6 2.37 1.192125678 2.37 1.194946689 0.236637051 

1.8
6 2.38 1.193668122 2.38 1.196502581 0.237457877 

1.8
6 2.39 1.195189292 2.39 1.198037216 0.238282306 

1.8
6 2.4 1.196689589 2.4 1.199550997 0.239110335 

1.8
6 2.5 1.210626284 2.5 1.213623653 0.247588301 

1.8
6 2.6 1.222853148 2.6 1.225988847 0.256424794 

1.8
6 2.7 1.233644717 2.7 1.23692151 0.265618913 

1.8
6 2.8 1.243221416 2.8 1.24664239 0.275170111 

1.8
6 2.9 1.251762135 2.9 1.255330634 0.285078091 

1.8
6 3 1.259413444 3 1.26313303 0.295342745 

 

 Just note that the value 0/ k  of the first and second guiding mode of 
waveguide structure in Figure 17 can be computed from the dispersion relation for 

10TE  and 01TE  of closed-form solution as: 

In mode 1 (First guiding mode 10TE ): 
2

0

0

/
2

rk
k a


 

 
  

 
    (4.2.1) 

In mode 2 (Second guiding mode 01TE ): 
2

0

0

/ rk
k a


 

 
  

 
  (4.2.2) 

The differences (%) are calculated by the formula:  

0 0

0

/ / 100
(%)

/

k simulate k closed form
differences

k closed form

 



 
  (4.2.3) 

Where 0/ k simulate  are taken from the normalized phase constant of waveguide in 

Figure 4-11. 0/ k closed form  are taken from the normalized phase constant of 
waveguide in Figure 4-10.  
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Table 2 Comparison of some disctete values of second guiding mode between 

fully dielectric-loaded rectangular waveguide with 1.86r   and fully porous 

dielectric-loaded rectangular waveguide with 2.25r   and 0.28FF   

1.86r   Fully loaded in 

RWG 

2.25r   with FF=0.28 fully loaded in 

RWG   

  

 

0k a  
0/ k  mode 

2  0k a  0/ k  mode 2 
 Differences 
(%) 

1.8
6 2.31 0.110830966 2.31 0.119128017 7.486221185 

1.8
6 2.32 0.167862338 2.32 0.173874061 3.581341009 

1.8
6 2.33 0.209446457 2.33 0.214633088 2.476351596 

1.8
6 2.34 0.243633224 2.34 0.24839588 1.954846339 

1.8
6 2.35 0.273219989 2.35 0.277732019 1.651427403 

1.8
6 2.36 0.299578369 2.36 0.303931584 1.453113974 

1.8
6 2.37 0.323503516 2.37 0.327752656 1.313475751 

1.8
6 2.38 0.345505916 2.38 0.348097343 0.750038364 

1.8
6 2.39 0.365936839 2.39 0.370072427 1.130136864 

1.8
6 2.4 0.385050502 2.4 0.389158381 1.066841625 

1.8
6 2.5 0.531473424 2.5 0.535677506 0.791023984 

1.8
6 2.6 0.633623934 2.6 0.63810418 0.707082794 

1.8
6 2.7 0.712402377 2.7 0.717179995 0.670634732 

1.8
6 2.8 0.776143002 2.8 0.78121345 0.653287828 

1.8
6 2.9 0.82923686 2.9 0.834200619 0.598593682 

1.8
6 3 0.874350553 3 0.879978697 0.643694284 

 

 Several pairs of simulation model of equivalent waveguide are constructed, 
computed, and simulated to find the value of differences (%). Finally, we can build 
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table that show us the pair values of filling factor FF  and its equivalent effective 
relative permittivity.  
 
 
 

CHAPTER V CHARACTERIZATION OF EFFECTIVE RELATIVE PERMITTIVITY 
OF POROUS DIELECTRIC 

In this section, our goal is to characterize the behavior of effective relative 
permittivity of the porous dielectric material. As we already know in chapter 4, the 
composite material of dielectric and air-holes can be considered as one pure material 
with value of effective relative permittivity between 1 and the relative permittivity of 
the background material.    

In this chapter, we will use the dispersion relation of the first guiding mode of 
rectangular waveguide that is derived from the closed-form solution. This relation will 
be used to calculate the equivalent effective relative permittivity from known result 
of simulation in each case.  
 The formula that we use to calculate effective permittivity is written as: 

 
2

2

0

0

( / )
2( )

eff FEM

FEM

k
k a


 

 
   

 
               (5.1)  

Where 0/ k  and 0k a  are pair of simulation results with various filling factor (FF). 
Several cases of filling factor from two different value of relative permittivity of 
background material are used to find the variation of effective permittivity of the 
composite material.  

5.1. Case of background material with 2.25r    

In this case, we use porous structure as circular holes from FF=0 to FF=0.6 and 
we use square holes from FF=0.7 to FF=0.9. The results of variation of effective relative 
permittivity depend on frequency in each case of FF are shown as follow.   



 

 

43 

 
Figure 19 Effective permittivity versus frequency for FF=0.125  

 
Figure 20 Effective permittivity versus frequency for FF=0.1413 

 
Figure 21 Effective permittivity versus frequency for FF=0.2 
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Figure 22 Effective permittivity versus frequency for FF=0.28 

 
Figure 23 Effective permittivity versus frequency for FF=0.4 

 
Figure 24 Effective permittivity versus frequency for FF=0.5 
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Figure 25 Effective permittivity versus frequency for FF=0.6 

 
Figure 26 Effective permittivity versus frequency for FF=0.7 

 
Figure 27 Effective permittivity versus frequency for FF=0.8 
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Figure 28 Effective permittivity versus frequency for FF=0.9 

 
By using the fit line in each case of filling factor, we can see the rate of change 

of effective relative permittivity eff  versus value of 0k a . All of rates of change in 
these cases are very small that can be assumed as no change in the case of background 

material with 2.25r  . Figure 19 to Figure 28 show that the value of effective relative 
permittivity has no significant change over the single-bandwidth frequency range.   
Table 3 Average value of effective relative permittivity versus FF for background 

material 2.25r   

2.25r   
 

FF Average eff  

0 2.25 

0.125 2.06925548 

0.1413 2.05254112 

0.2 1.9429004 

0.28 1.86297021 

0.4 1.662908 

0.5 1.54554314 

0.6 1.42211922 

0.7 1.30139683 

0.8 1.1938012 

0.9 1.09291894 

1 1 

We choose the average value of effective relative permittivity over the 
frequency range of single-mode bandwidth in each case of FF. Average value of 
effective relative permittivity in each case are calculated and shown in Table 3 below 

in the case of background material 2.25r  . 
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We can see that plot of Average effective permittivity versus FF almost fit to 

the line with line’s equation (1 )eff r rFF      for 2.25r  . We can assume that 
the Average effective relative permittivity of the composite material between dielectric 
material and air-holes has the linear relationship with filling factor FF.     

 
Figure 29 Graph of average effective relative permittivity versus FF and its fit 

line for background material 2.25r  by the sample of FF from 0.1 to 0.9  
This fit line can also be found by using only in the case of circular air-tube of 

FF=0.6. The sample data and fit line is plot together as shown in Figure 29. 

5.2. Case of background material with 3.2r   

  In order to get more data to assume the relationship between effective relative 
permittivity of the composite material and filling factor of drilling air-tubes, we simulate 
more proposed model of waveguide with variation of filling factor from 0.1 to 0.6 as 

above. The differences in simulation are the value of background material 3.2r 

(material type: Silicon rubber).  
In these simulations, we create several models of fully porous dielectric-loaded 

rectangular waveguide with different filling factor of air-tubes in the background 

material with relative permittivity 3.2r  .  

y = -1.2646x + 2.2114
R² = 0.9948

0

0.5

1

1.5

2

2.5

0 0.2 0.4 0.6 0.8 1 1.2

A
ve

ra
ge

 e
ff

ec
ti

ve
 p

er
m

it
ti

vi
ty

FF

Average effective permittivity versus FF

Series1 Linear (Series1)



 

 

48 

In this case, we use porous structure as circular holes from FF=0 to FF=0.6. 
The results of variation of effective relative permittivity depend on frequency in each 
case of FF are shown as follow. 

 
Figure 30 Effective permittivity versus frequency for background material 

3.2r  in the case of FF=0.125 

 
Figure 31 Effective permittivity versus frequency for background material 

3.2r  in the case of FF=0.2 
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Figure 32 Effective permittivity versus frequency for background material in the 

case of FF=0.28 

 
Figure 33 Effective permittivity versus frequency for background material 

3.2r  in the case of FF=0.4 

 
Figure 34 Effective permittivity versus frequency for background material 

3.2r  in the case of FF=0.5 
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Figure 35 Effective permittivity versus frequency for background material 

3.2r  in the case of FF=0.6 
By using the fit line in each case of filling factor, we can see the rate of change 

of effective relative permittivity eff  versus value of 0k a . All of rates of change in 
these cases are very small that can be assumed as small change in the case of 

background material with 3.2r  . 
Average value of effective relative permittivity in each case are also calculate 

and shown in Table 4 in the case of background material 3.2r  .  
Table 4 Average effective relative permittivity versus filling factor FF for 

background material 3.2r   

3.2r   
 

FF Average eff  

0 3.2 

0.125 2.859669 

0.2 2.680779 

0.28 2.483964 

0.4 2.22009 

0.5 1.932669 

0.6 1.69955 

1 1 

 

We can see the fit line of this almost equal to (1 )eff r rFF      with
3.2r  .  
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Figure 36 Graph of average effective relative permittivity versus FF and its fit 

line for background material 3.2r  by the sample of FF from 0.1 to 0.6 
From these two cases of different background materials, we see that the rate 

of change of eff  become significant when the relative permittivity of background 
material become higher.  

But these rates of change are acceptable because they are so small. Anyway, 

the highest bandwidth of waveguide has value
2

  . If we multiply the rate of change 

with bandwidth, we see that they are acceptable for single-mode operation by using 

average value of  eff  .  
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CHAPTER VI APPLICATION AND OPTIMIZING TOPOLOGY OF 
POROUS DIELECTRIC MATERIAL 

6.1. Application with half porous dielectric-loaded rectangular waveguide 
The relation between filling factor and effective permittivity are verified not 

only in fully porous dielectric-loaded rectangular waveguide but also in partially 
porous dielectric-loaded rectangular waveguide such as half porous dielectric-loaded 
rectangular waveguide. Five different cases of waveguide’s pairs are constructed for 
simulation and comparison. In these five cases, three case are chosen for FF=0.5, 
FF=0.28 and FF=0.125.  

The fourth case is chosen at FF=0.4 for background material 2.25r  . The 
fifth case is chosen with FF=0.8 that is the case of high value of filling factors.    
Case 1: Relative permittivity 1.545543 and relative permittivity 2.25 with FF=0.5 

 

               
Figure 37 Half dielectric-loaded rectangular waveguide with 1.545543r    

   

Dielectric Air 

a 

a 

a 
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Figure 38 Half porous dielectric-loaded rectangular waveguide with 2.25r   

and 0.5FF   
In this case, the rectangular waveguide half loaded by dielectric material with 

relative permittivity 1.545522r   are compared with rectangular waveguide half 
loaded by composite material of dielectric material with relative permittivity 

2.25r   and air-tube by 0.5FF  . The parameters and structure of waveguide for 
simulation are shown in figure 37 and 38. Table 6 and Table 7 show the results of 

simulation and comparison of the normalized phase constant 0/ k . 
Table 5 Comparison of some disctete values of first guiding mode between Half 

dielectric-loaded rectangular waveguide with 1.545543r   and fully porous 

dielectric-loaded rectangular waveguide with 2.25r   and 0.5FF  for 16 
circular holes 

Half dielectric-Loaded RWG Half porous dielectric-loaded RWG 

Error (%) of 0/ k  1.545543r   2.25r  , FF=0.5, 16 circular holes 

0k a  0/ k   mode 1 0k a  0/ k   mode 1 

1.4 0.169157933 1.4 0.171231031 1.225539755 

1.5 0.439735519 1.5 0.440641545 0.206038863 

1.6 0.573360213 1.6 0.574106711 0.130197032 

1.7 0.664434358 1.7 0.665103887 0.100766655 

a 

a a 

Dielectric 

  

Air hole 
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1.8 0.732445931 1.8 0.733062966 0.084243106 

1.9 0.785754682 1.9 0.786329429 0.073145946 

2 0.828877252 2 0.829415036 0.064881013 

2.1 0.864568649 2.1 0.865072928 0.058327214 

2.2 0.894641269 2.2 0.895114841 0.05293421 

2.3 0.920350881 2.3 0.920796433 0.04841114 

2.4 0.942601256 2.4 0.943021646 0.044598936 

2.5 0.962062047 2.5 0.962460446 0.041410991 

2.6 0.979241035 2.6 0.979621007 0.038802794 

2.7 0.994530575 2.7 0.994896116 0.03675512 

 

 
Figure 39 Plot of error of 0/ k  versus 0k a  for 16 circular holes with FF=0.5 

Table 6 Comparison of some disctete values of first guiding mode between Half 

dielectric-loaded rectangular waveguide with 1.545543r   and fully porous 

dielectric-loaded rectangular waveguide with 2.25r   and 0.5FF  for 9 
square holes 

Half dielectric-Loaded RWG Half porous dielectric-loaded RWG 

Error (%) of 0/ k   1.545543r    2.25r   , FF=0.5, 9 square holes 

0k a   0/ k   mode 1 0k a  0/ k  mode 1 

1.4 0.169157933 1.4 0.165404134 2.219109181 

1.5 0.439735519 1.5 0.438235488 0.341121266 

1.6 0.573360213 1.6 0.572097121 0.220296524 

1.7 0.664434358 1.7 0.663203872 0.185193043 

1.8 0.732445931 1.8 0.731169313 0.174295173 

1.9 0.785754682 1.9 0.784389072 0.173795929 

2 0.828877252 2 0.827395052 0.178820214 

2.1 0.864568649 2.1 0.862950388 0.187175539 

2.2 0.894641269 2.2 0.892872545 0.197702046 
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2.3 0.920350881 2.3 0.918420864 0.209704475 

2.4 0.942601256 2.4 0.940501892 0.22272026 

2.5 0.962062047 2.5 0.959787608 0.236412937 

2.6 0.979241035 2.6 0.976787852 0.250518808 

2.7 0.994530575 2.7 0.991896873 0.264818608 

 

 
Figure 40 Plot of error of 0/ k  versus 0k a  for 9 square holes with FF=0.5 

Case 2: Relative permittivity 1.86297 and relative permittivity 2.25 with FF=0.28 
 

           
Figure 41 Half dielectric-loaded rectangular waveguide with 1.86297r   

In this case, the rectangular waveguide half loaded by dielectric material with 

relative permittivity 1.86297r   are compared with rectangular waveguide half 
loaded by composite material of dielectric material with relative permittivity 

2.25r   and air-tube by 0.28FF  . The parameters and structure of waveguide for 
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simulation are shown in figure 41 and 42. Table 8 and 9 show the results of simulation 

and comparison of the normalized phase constant 0/ k .  

 
Figure 42 Half porous dielectric-loaded rectangular waveguide with 2.25r   

and 0.28FF   
Table 7 Comparison of some disctete values of first guiding mode between Half 

dielectric-loaded rectangular waveguide with 1.86297r   and fully porous 

dielectric-loaded rectangular waveguide with 2.25r   and 0.28FF  for 16 
circular holes 

Half dielectric-Loaded RWG 
Half porous dielectric-loaded 

RWG 

Error (%) of 0/ k  1.86297r   
2.25r  , FF=0.28, 16 

circular holes 

0k a  0/ k mode 1 0k a  0/ k  mode 1 

1.3 0.055324117 1.3 0.04751 14.12437721 

1.4 0.457808214 1.4 0.457034 0.169074057 

1.5 0.614415054 1.5 0.613869 0.088912406 

1.6 0.718488277 1.6 0.718016 0.065729917 

1.7 0.795279201 1.7 0.794826 0.05692533 

1.8 0.855066293 1.8 0.854606 0.053842374 

1.9 0.903256968 1.9 0.902773 0.053538606 

2 0.943090201 2 0.942574 0.054710744 

2.1 0.976666141 2.1 0.976113 0.056672478 

a 

a a 

Dielectric 

  

Air hole 
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2.2 1.005421641 2.2 1.004828 0.059013943 

2.3 1.030378791 2.3 1.029745 0.061466254 

2.4 1.052286523 2.4 1.051615 0.063840644 

2.5 1.071706652 2.5 1.070999 0.065998582 

 

 
Figure 43 Plot of error of 0/ k  versus 0k a  for 16 circular holes with FF=0.28 

Table 8 Comparison of some disctete values of first guiding mode between Half 

dielectric-loaded rectangular waveguide with 1.86297r   and fully porous 

dielectric-loaded rectangular waveguide with 2.25r   and 0.28FF  for 9 
square holes 

Half dielectric-Loaded RWG Half porous dielectric-loaded RWG 

Error (%) of 0/ k   1.86297r   2.25r  , FF=0.28, 9 square holes 

0k a  0/ k mode 1 0k a  0/ k  mode 1 

1.4 0.457808214 1.4 0.435561 4.859503651 

1.5 0.614415054 1.5 0.597938 2.681825949 

1.6 0.718488277 1.6 0.704304 1.974234099 

1.7 0.795279201 1.7 0.782306 1.631287777 

1.8 0.855066293 1.8 0.842809 1.433475675 

1.9 0.903256968 1.9 0.891445 1.307736041 

2 0.943090201 2 0.931559 1.222707084 

2.1 0.976666141 2.1 0.965311 1.162635213 

2.2 1.005421641 2.2 0.994174 1.118699111 

2.3 1.030378791 2.3 1.019194 1.085547262 

2.4 1.052286523 2.4 1.041135 1.059728259 

2.5 1.071706652 2.5 1.060573 1.038908438 
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Figure 44 Plot of error of 0/ k  versus 0k a  for 9 square holes with FF=0.28 

Case 3: Relative permittivity 2.069255 and relative permittivity 2.25 with 
FF=0.125 

              
Figure 45 Half dielectric-loaded rectangular waveguide with 2.069255r   

In this case the rectangular waveguide half loaded by dielectric material with 

relative permittivity 2.069255r   are compared with rectangular waveguide half 
loaded by composite material of dielectric material with relative permittivity 

2.25r   and air-tube by 0.125FF  . The parameters and structure of waveguide for 
simulation are shown in figure 45 and 46. Table 10 and 11 show the results of 

simulation and comparison of the normalized phase constant 0/ k .  
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Figure 46 Half porous dielectric-loaded rectangular waveguide with 2.25r   

and 0.125FF   
Table 9 Comparison of some disctete values of first guiding mode between Half 

dielectric-loaded rectangular waveguide with 2.069255r   and fully porous 

dielectric-loaded rectangular waveguide with 2.25r   and 0.125FF  for 16 
circular holes 

Half dielectric-Loaded RWG Half porous dielectric-loaded RWG 

Error (%) of 0/ k  2.069255r   2.25r  , FF=0.125, 16 circular holes 

0k a  0/ k mode 1 0k a  0/ k  mode 1 

1.3 0.351007703 1.3 0.351846022 0.238831984 

1.4 0.576474303 1.4 0.577003272 0.091759333 

1.5 0.709206817 1.5 0.709610208 0.05687917 

1.6 0.802843396 1.6 0.803147551 0.037884824 

1.7 0.873942679 1.7 0.874153367 0.024107751 

1.8 0.930328049 1.8 0.930446084 0.012687475 

1.9 0.976410898 1.9 0.97643597 0.002567749 

2 1.014939314 2 1.014871245 0.0067067 

2.1 1.047739042 2.1 1.047578259 0.015345695 

2.2 1.076079194 2.2 1.075826898 0.023445887 

2.3 1.100872249 2.3 1.100530446 0.031048415 

2.4 1.12279184 2.4 1.122363303 0.03816709 

a 

a a 

Dielectric 

  

Air hole 
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Figure 47 Plot of error of 0/ k  versus 0k a  for 16 circular holes with FF=0.125 
Table 10 Comparison of some disctete values of first guiding mode between 

Half dielectric-loaded rectangular waveguide with 2.069255r   and fully 

porous dielectric-loaded rectangular waveguide with 2.25r   and 0.125FF 

for 9 square holes 
Half dielectric-Loaded RWG Half porous dielectric-loaded RWG 

Error (%) of 0/ k  2.069255r   2.25r  , FF=0.125, 9 square holes 

0k a  0/ k mode 1 0k a  0/ k mode 1 

1.3 0.351007703 1.3 0.353167678 0.615363975 

1.4 0.576474303 1.4 0.577989875 0.262903731 

1.5 0.709206817 1.5 0.710493445 0.181417826 

1.6 0.802843396 1.6 0.80395496 0.138453473 

1.7 0.873942679 1.7 0.874888392 0.1082122 

1.8 0.930328049 1.8 0.931107312 0.083762153 

1.9 0.976410898 1.9 0.977021473 0.062532518 

2 1.014939314 2 1.015379853 0.043405523 

2.1 1.047739042 2.1 1.048009959 0.025857271 

2.2 1.076079194 2.2 1.076182909 0.009638214 

2.3 1.100872249 2.3 1.100813176 0.005366016 

2.4 1.12279184 2.4 1.122576235 0.019202566 
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Figure 48 Plot of error of 0/ k  versus 0k a  for 9 square holes with FF=0.125 

 From the comparison results of these three cases, we can conclude that the 
linear relation between filling factor and relaticve permittity of the composite material 
that form by dielectric material and circular air-tubes are practical in the designs. This 
relationship is used in the designs of both fully and partially longitudinal porous 
dielectric-loaded rectangular waveguide and many other application that changing 
value of relative permittivity of materail are required.  
Case 4: Relative permittivity 1.662908 and relative permittivity 2.25 with FF=0.4 

Table 11 Comparison of some disctete values of first guiding mode between 

Half dielectric-loaded rectangular waveguide with 1.662908r   and fully 

porous dielectric-loaded rectangular waveguide with 2.25r   and 0.4FF  for 
9 circular holes 

Half dielectric-Loaded RWG Half porous dielectric-loaded RWG 

Error (%) of 0/ k  1.662908r   2.25r  , FF=0.4, 9 circular holes 

0k a  0/ k mode 1 0k a  0/ k mode 1 

1.4 0.30724291 1.4 0.341063099 11.00763864 

1.5 0.510065199 1.5 0.531649325 4.231640563 

1.6 0.62977614 1.6 0.647792357 2.860733512 

1.7 0.714481936 1.7 0.730766479 2.279209845 

1.8 0.778895891 1.8 0.794183197 1.962689142 

1.9 0.829971958 1.9 0.844639475 1.767230532 

2 0.871646773 2 0.885918227 1.637297861 

2.1 0.906387488 2.1 0.920408658 1.546928892 

2.2 0.935845386 2.2 0.949718022 1.482364085 

2.3 0.961177938 2.3 0.974976903 1.435630551 
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2.4 0.983224851 2.4 0.997007575 1.401787607 

2.5 1.002611755 2.5 1.016423815 1.377607958 

2.6 1.019814841 2.6 1.033693415 1.360891536 

 

 
Figure 49 Plot of error of 0/ k  versus 0k a  for 9 circular holes with FF=0.4 

Case 5: Relative permittivity 1.1938012 and relative permittivity 2.25 with FF=0.8 
Table 12 Comparison of some disctete values of first guiding mode between 

Half dielectric-loaded rectangular waveguide with 1.193812r   and fully 

porous dielectric-loaded rectangular waveguide with 2.25r   and 0.8FF  for 
9 square holes 

Half dielectric-Loaded RWG Half porous dielectric-loaded RWG 

Error (%) of 0/ k  1.1938012r   2.25r   , FF=0.8, 9 square holes 

0k a   0/ k mode 1 0k a  0/ k mode 1 

1.6 0.368441977 1.6 0.368265675 0.047850836 

1.7 0.496331511 1.7 0.496216022 0.023268405 

1.8 0.5823188 1.8 0.582224259 0.016235266 

1.9 0.646266284 1.9 0.646177731 0.013702153 

2 0.696281719 2 0.69619104 0.01302333 

2.1 0.736657979 2.1 0.736559932 0.013309705 

2.2 0.769989581 2.2 0.769880422 0.014176675 

2.3 0.797976985 2.3 0.797853863 0.015429201 

2.4 0.821797727 2.4 0.821658379 0.016956444 

2.5 0.842300499 2.5 0.842143077 0.018689522 

2.6 0.860115949 2.6 0.859938918 0.02058226 

2.7 0.875724173 2.7 0.875526245 0.022601548 

2.8 0.889497939 2.8 0.889278036 0.024722142 

2.9 0.901731491 2.9 0.901488712 0.026923687 
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Figure 50 Plot of error of 0/ k  versus 0k a  for 9 square holes with FF=0.8 

6.2. Designs by changing topology of porous dielectric to get target cutoff 
frequency and bandwidth 
The dispersion characteristic of fully porous dielectric-loaded rectangular 

waveguide is the same as dispersion characteristic of its equivalent fully dielectric-
loaded rectangular waveguide. After we know the relation between filling factor and 
effective relative permittivity of the composite material, we can design fully porous 
dielectric-loaded rectangular waveguide with targeted cutoff frequency of the first and 
second guiding mode by computed the require effective permittivity. This permittivity 
can be calculated from closed-form solution of rectangular waveguide.  

By knowing the required value of effective permittivity, we can find its pair 
value of filling factor to use in the designs. We can change the topology of dielectric 
material in the waveguide to get specific value of filling factor. Hence, we can get our 
desired value of cutoff frequency.  

From simulation results, the single mode bandwidth of fully porous dielectric-
loaded rectangular waveguide always equal to value of the first cutoff frequency. So, 
the single mode bandwidth of our proposed waveguide can be computed from the 
chosen value of first cutoff frequency.  

  Example: we have dielectric material with relative permittivity 2.25r   to 
fully load in any rectangular waveguide with cross-section2a a .  

0

0.01

0.02

0.03

0.04

0.05

0.06

0 0.5 1 1.5 2 2.5 3 3.5

Er
ro

r 
(%

)

k0a

Error (%) of phase constant (FF=0.8, 9 square holes)

error of phase constant



 

 

64 

If we fully insert this homogenous material into waveguide’s cross-section, we 

can get only one specific value of 0k a . This value can be calculated from dispersion 
relation as:  

 0 1.04719
2 2 2.25

first cutoff

r

k a
 


  

    
If we fully insert this material and drill some small air-tubes in cross-section of 

waveguide, we can choose the desirable value of 0k a at the first cutoff in the range 

around 1.05  to 1.56  by choosing filling factor from 0  to1 . The relation between 0k a  
at first cutoff and relative permittivity of composite material are calculated from 

formula: 
2

02
r

k a




 
  
 

 with range of r  are chosen from 1  to 2.25 .  

 WR90 has cross-section 2.286 1.143cm cm . The unit length 1.143a cm . If 

WR90 fully filled with dielectric material 2.25r  and we want cutoff frequency 

4.9333cf GHz  we can do the following step: 

Step 1: Calculate 
0( ) first cutoffk a   

 0 8

2 2 (4.9333 )(1.143 )
( ) 1.181

3 10 /

c
first cutoff

f a GHz cm
k a

c m s

 
  


  

Step 2: Find required value of effective permittivity 

 
2

0

1.76879
2( )

eff

first cutoffk a




 
  
 
 

    

Step 3: Find pair value of effective permittivity and FF 

 From Figure 29 fit line equation is 1.2646 2.2114y x   . If we want

1.76879y  , we need 0.35x  . So, the required FF=0.35.  

Step 4: Choose number and size of holes in order to get FF=0.35 

 In this case we choose 18 air-tubes with radius 0.11126r a .    
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 After simulation and comparison with result from dispersion relation, we see 

that the value of error around 0.5%.    
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CHAPTER VII CONCLUSION 
Numerical experiments of modal analysis of porous dielectric-loaded 

rectangular waveguides have been investigated by the finite element method. The 
cutoff frequency of the fundamental mode and single mode operation bandwidth in 
longitudinal porous dielectric-loaded rectangular waveguides depend on porosity or 
filling factor of air-tubes in dielectric material. By increasing filling factor, the cutoff 
frequencies can be increased which enable us to miniaturize the waveguide with 
desirable cutoff frequency. 

This is useful when we cannot find the dielectric material with required value 
of relative permittivity to load in the waveguide. We can use the consisting dielectric 
material and drill it with specific value of filling factor to get the targeted value of 
effective relative permittivity of the composite material. 

This kind of waveguide with the same filling factor has the same guiding 

characteristic no matter the shape or numbers of holes are different. But notice that 

this condition can be applied while the sizes of the holes are small enough compare 

to the wavelength at the first cutoff. 

One specific value of filling factor is equivalent to one specific value relative 

permittivity. We can change the dispersion characteristic of porous dielectric-loaded 

rectangular waveguide by changing the topology of its air-tubes. Table of relationship 

between filling factor and effective relative permittivity of composite material is 

important in practical. In order to optimize the cutoff frequency and bandwidth of 

porous dielectric-loaded waveguide, we need to see what value of filling factor is 

require to get desirable of relative permittivity. This value of chosen permittivity will 

give use the desirable dispersion characteristic.    

In the future, we want to construct and measure the prototype of the proposed 

porous dielectric-loaded waveguide structure to verified the results with our results 
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from simulation. Anyway, we want to use the mathematic tool to analyze the 

relationship between the effective relative permittivity and filling factor of 

inhomogeneous medium.   
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APPENDIX 

 

Some standard rectangular waveguide 

Waveguide 

Designation 

a (width) 

(in) 

b (height) 

(in) 

t 
(thickness 
of PEC) 

(in) 

fc10 

(GHz) 

frequency 
range 

(GHz) 

WR975 9.750 4.875 .125 .605 .75 – 1.12 

WR650 6.500 3.250 .080 .908 1.12 – 1.70 

WR430 4.300 2.150 .080 1.375 1.70 – 2.60 

WR284 2.84 1.34 .080 2.08 2.60 – 3.95 

WR187 1.872 .872 .064 3.16 3.95 – 5.85 

WR137 1.372 .622 .064 4.29 5.85 – 8.20 

WR90 .900 .450 .050 6.56 8.2 – 12.4 

WR62 .622 .311 .040 9.49 12.4 - 18 

 

t 
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