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CHAPTER 1 

INTRODUCTION 

First, the formulation of the death rate of pathogens in this dissertation is based 

on various scientific knowledges and hypotheses. The full details of the derivation are 

explained in Chapters 2 to 4. In this chapter, we will mention the connection between 

articles, background and significance of the research problem, research challenges, the 

objective of research, the scope of the research, and anticipated benefit from the 

research.  

 

1.1 Literature Review and Background Information 

Before formulating the death rate of both bacteria and malaria, the pathogenesis 

in both of them must exist the parameters, and availability of bacterial and malarial 

profiles are needed in order to translate them into the mathematical formulas. For 

instance, biologists can measure some parameters such as the doubling time or half-life 

of pathogens. Afterward, we will use mathematical framework to translate these 

parameters into the system of differential equations or other forms, such as 

incorporating the indirect proportion of both doubling time and half-life of pathogens 

into the natural growth and death rate of pathogens, respectively. 

Some ideas of the mathematical model of pathogens needs to be considered. For 

instance, the term xm  in the model of malarial parasite is based chemistry principles 

of the rate of mass action, where x and m are the density of normal RBCs and 

merozoites, respectively. Since the rate of mass action depends on the density of both 

x and m, this term conforms the real-world situation. Observe that the binding 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 

mechanism between x and m differs from the binding mechanism between drug 

molecules and iRBCs because of the blood convection. 

 

1.2 Background Information and Significance of the Research Problem 

The infectious diseases are one of the main causes of the patient's death. Various 

pathogens that can infect human hosts are bacteria, virus, parasites, fungi, etc. 

Moreover, the ability to control the density of pathogens in patient's blood during 

infection is necessary in order to prevent the patients from further complications such 

as the spreading of pathogens into brain, heart, lungs or liver. 

At present, the World Health Organization (WHO) has put much affords to 

reduce the spreading of pathogens around in the world. Furthermore, WHO also 

promote the prevention of non-infectious diseases such as malnutrition, aging problem, 

cancer, etc [1]. 

Only few studies have used the human physiology and the mechanism of drug 

action to construct the mathematical models of the death rate of pathogens [2, 3]. Some 

research used the rate of mass action to formulate the death rate of pathogens [2]. 

Therefore, this research will try to adapt the physiology of human, the pathophysiology 

of pathogens and the mechanism of drug action in pharmacology to construct such the 

mathematical model of the death rate of bacteria and malaria. 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 

1.2.1 Pathology of Bacteria and Malaria 

This section will review the pathology of bacteria and malaria in order to 

understand their pathogenesis before translating into the mathematical models. 

 

1.2.1.1 Bacteria 

 

1.2.1.1.1 Background 

 Bacteria are separated into two main types. The first type is the nonpathogenic 

bacteria or normal flora, which do not cause the infectious disease in human. The other 

type is pathogenic bacteria, which we use in this work [4]. 

 

1.2.1.1.2 Routes of infection and Signs and symptoms 

 There are many ways for the bacteria to infection human (see Table 1). 

Table 1.  Table 1 illustrates the examples of bacteria and their characteristics. 

Bacteria Route of infection Signs and symptoms 

Clostridium perfringens Wound Gas gangrene 

Mycobacterium 

tuberculosis 

Respiratory tract Cough 

Vibrio cholerae Gastrointestinal tract Diarrhea 

 

1.2.1.1.3 Pathogenesis 

First, bacteria from various routes get into the mucous membranes of each 

system as in Table 1. Then, they attach to human cells, duplicate themselves, and spread 

into the target organs to hibernate or attack. For example, Neisseria meningitidis, which 
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appears in this research, invades the membranes that cover the brain and spinal cord, 

called meninges, after they duplicate and spread in human host [4]. 

Therefore, bacteria that are chosen in this research must reside in human 

bloodstream, called bacteremia. Other bacteria that infect only local target organ such 

as bacterial gastritis is excluded from our work. 

 

1.2.1.1.4 Mathematical model 

The simple birth-death model of bacteria from [2] is used in this research. It can 

be described by the following equation 

  ,
dP

g P
dt

   

where P  is the population of bacteria at time t , g  and   are the natural growth and 

death rate of bacteria, respectively. We use this bacterial model in [2] since there are 

enough parameters and data available for this model. Other models, such as Malthusian 

model, there is not enough real data available to generate or simulate the numerical 

results. Thus, after coupling this model of bacteria with the death rate of bacteria due 

to drug, we obtain the following model, 

    , 
dP

g P k
dt

     

where  k  is the death rate of bacteria due to plasma drug concentration k  (see 

Chapter 2 in details).  
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1.2.1.2 Malaria 

Similarly, we choose malarial parasites as a key pathogen since they reside in 

bloodstream, which satisfy our assumption. 

 

1.2.1.2.1 Pathogenesis of Malaria Parasite 

 When a female Anopheles mosquito bites a human, sporozoites in this mosquito 

are released from the mosquito’s saliva gland via saliva, and enter the human body. 

Afterward, they will travel to the human's liver via the blood circulation. Then, 

sporozoites will infect liver cells and duplicate themselves and become schizonts within 

liver cells. When schizonts mature, called merozoites, the liver cells eruption will occur. 

Afterward, merozoites will be released from liver cells into the bloodstream. Finally, 

merozoites will reinfect normal RBCs and repeat the previous process over again [3, 

5]. 

 

1.2.1.2.1.1 Plasmodium falciparum 

 The pathogenesis of P. falciparum is quite different from other malarial 

parasites. In particular, there is a process, called sequestration in P. falciparum, which 

we need to take account for when the mathematical model is created [6]. 

 

1.2.1.2.1.2 Sequestration 

In case of P. falciparum, there are two types of iRBCs: circulating and 

sequestered iRBCs. First, after the normal RBCs are infected by merozoites, they 
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become circulating iRBCs. The pathophysiology of circulating iRBCs are similar to the 

case of P. non-falciparum, as they both move in the bloodstream by the convection. 

When circulating iRBCs mature, they become the sequestered iRBCs. Afterward, the 

sequestered iRBCs will attach to the luminal wall of capillaries and venules in all 

specific vital organs, which are brain, left and right lungs, liver, left and right kidneys, 

and heart [7, 8]. This process is called sequestration. Consequently, the death rate of 

malarial parasite in this stage can be determined only from the velocity of drug 

molecules and from some specific vital organs. 

 

1.2.1.2.2 Mathematical models 

In order to verify the numerical results to the actual results, the parameters in 

the mathematical models of malarial parasites must be available for us in order to 

compute the death rate of pathogens. Therefore, in case of P. non-falciparum, this work 

uses the mathematical models of within-host malarial parasite in [2] to generate the 

results. In particular, we use the following model:  

 

/ ,

/ ,

/ .

x

y

m

dx dt x xm

y
dy dt xm y k

x y

dm dt gy m xm

 

  

 

   

 
   

 

  

 

This model is similar to the case of bacteria, which is the simplest model of 

pathogen. Although this simple model has not taken into account of other influential 

factors, this is the starting point to verify that the death rate of malarial parasite in this 

research is compatible with the system of differential equations of malarial parasite. 

Therefore, if the numerical results in this case are compatible with the actual results, 

then the death rate of malarial parasite can be incorporated with more complex 
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situations such as the malarial infection with immune response, which will appear in 

the third. 

In the case of P. non-falciparum with immune response, we use the 

mathematical models in [2, 3] for the case of Plasmodium non-falciparum with immune 

response, which are  

1

1

2

2

1 2

1 2

,

,
1

,
1

.
1 1

x

y

m

E

dx
x xm

dt

p yEdy
xm y

dt y

p mEdm
ry m

dt m

k yE k mEdE
E

dt y m

 

 






 

   

  


  


   
 

 

To ensure that the death rate of malarial parasites can be applied with the 

patients with complications, we modify the mathematical models of Plasmodium 

falciparum in [6] and the mathematical model of malarial parasite with immune 

response in [3]. In particular, we obtain the following model, 

 

 

 

 

1

1

1

1

2

2

1 2

1 2

,

,
1

,
1

,
1

.
1 1

x

c c
c c c

c

s s
c c s s s

s

s s m

c s

E

c s

dx
x xm

dt

dy p y E
xm y

dt y

dy p y E
y y

dt y

p mEdm
r y m

dt m

k y y E k mEdE
E

dt y y m

 

  


  


 



 

   

   


   


  



   

  

 

Note that our model contains the effect of the immune response. Afterward, the 

numerical results are generated. We found that the pattern and treatment durations in 

these results still conform to the actual results. Furthermore, since P. falciparum is 
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deadlier than P. non-falciparum, the treatment durations in case of P. falciparum are 

longer than in case of P. non-falciparum. Thus, the death rate of malarial parasites with 

immune response are still compatible even with the patients with complications. 

 

1.3 The Initial Point of All Three Articles 

The main initial points of all three articles are originated from the effect to 

predict the treatment duration by using the mathematical models of the death rate of 

pathogens. Afterward, we generate the numerical results to compare with the actual 

data from the real patients. We published our results in three articles, which are the 

cases of bacteria, Plasmodium non-falciparum and malaria (including Plasmodium 

falciparum) with immune response, respectively. Furthermore, this study can predict 

the drug dosage for bacterial and malarial treatment within the desired treatment 

duration as well. 

 

1.4 The Method of Mathematical Modeling in Each Articles 

 The differences between the first, second, and third are the complexity in their 

system of differential equations of the mathematical models. Note that the case of 

bacteria in the first research is the simplest model of the death rate of pathogens. The 

next model, which is the model of the death rate of malarial parasite, excluding P. 

falciparum, is more complex due to the effect of immunity. 

 However, the death rate of the malaria for the last model is the most complex 

due to the pathology of the P. falciparum. In particular, the pathogenesis of P. 

falciparum, considered within the third article, is different from P. malariae, P. vivax, 
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P. ovale and P. knowlesi. This difference is that P. falciparum has the process, called 

sequestration. When normal RBCs are infected with P. falciparum, they become 

circulating iRBCs, which have the same characteristic as iRBCs from P. malariae, P. 

vivax, P. ovale and P. knowlesi. Afterward, the circulating iRBCs mature and the 

process of sequestration by turning themselves into the second phase of iRBCs, called 

sequestered iRBCs. These sequestered iRBCs do not travel along the bloodstream but 

they will attach to the intraluminal wall of capillaries and venules in all specific vital 

organs, which are brain, heart, left and right lungs, left and right kidneys, and liver [7, 

8]. Hence, the death rate in case of P. falciparum needs to be modified to take into 

account of its pathogenesis. For example, since sequestered iRBCs do not move along 

blood current, we have 
 

0
iRBC

sv  , where 
 iRBC

sv  is the velocity of sequestered iRBCs. 

Thus, 
       relative drug drug blood

s sv v G v  , where   drug
G  is the local lag coefficient of drug 

molecules, and  relative
v , 

 drug

sv , and 
 blood

sv  are the relative velocity, the velocity of drug 

molecules in case of sequestration, and the velocity of bloodstream within capillaries 

or venules in case of sequestration [5]. Finally, although the mathematical models of 

malarial parasite with immune response in the third research is the most complex in this 

research, the numerical results show that the treatment durations is still compatible with 

the real clinical data. 

 

1.4.1 Assumptions and Hypotheses in this research 

Since the formulation of the death rate of pathogens is in the mathematical form, 

there are several mathematical assumptions that we need to make as the follows. 
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1. The shape of both drug molecules and bacteria are prolate spheroid. 

2. The shape of infected red blood cells (iRBCs) are spherical. 

3. Each type of drug molecules are equal in size and properties. 

4. Each type of bacteria are equal in size and properties. 

5. The velocities of drug molecules, bacteria and iRBCs occur from the convection 

of bloodstream which are based on theoretical physics. Thus, to apply the death 

rate with other pathogens, they must reside in the bloodstream. 

6. All probability factors: position, binding, capture, orientation, and population, 

are independent. 

7. All patients in this research receive antibiotics by dripping via intravenous route 

in order to maintain the constant level of plasma drug concentration. The reason 

is that the level of plasma drug concentration needs to be kept between the 

therapeutic level and the toxic level to complete drug action. Thus, by 

assumption, the input and output rate of drug are equal. 

 

1.4.2 Parameters of Bacteria, Malaria, and Human Profiles 

 Before we can generate the numerical results, the parameters of bacteria, 

malaria, and human profiles must be available. Some of those parameters are range 

bound and do not have exact value. We also need to make proper changes of their units. 

Thus, all parameters, which are used in this work, need to be recalibrated otherwise the 

numerical results will not be correct. We list all the parameters in case of bacteria and 

malaria in Table of each articles (in Chapter 2, 3 and 4). 
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1.5 The Study of This Research in Each Articles 

In first article, we study the treatment durations in case of bacteria since this 

case is the simplest dynamical system of all pathogens. Our model only consists of only 

the simple natural growth and death rate of bacteria. After generating the numerical 

results by using the death rate of bacteria, the results conform to the real situation, i.e. 

the treatment durations for both of them are quite the same. 

However, to ensure that the death rate of pathogens in this research can be 

applied with other types of pathogens, we choose P. non-falciparum to be the second 

case to verify that the treatment durations of P. non-falciparum are also compatible with 

the real data. Therefore, in the second article, we focus on the treatment duration in case 

of P. non-falciparum. After generating the numerical results, the results are compatible 

with the real case of P. non-falciparum, i.e. the treatment durations, determined from 

these results, are 1-2 weeks, which are close to the real data. 

Furthermore, to show that the death rate of malaria in this research can apply to 

more complex mathematical models of malaria such as the patients with malarial 

infection and immune response. Hence, we choose this case for our study and publish 

our results in the third article. In particular, in the third article, we study the treatment 

durations in case of patient with malarial infection and immune response. After 

generating the numerical results, the treatment durations are still 1-2 weeks. Hence, 

these results also conform to the actual results. 

However, we note that the treatment durations from both the second and third 

articles are quite similar. This result contradicts to the real situation that the immune 

response should help patients reduce the parasite density and therefore shorten the 
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treatment duration. Thus, we have to modify the initial immune effectors. As a result, 

we find that the treatment durations are shortened, which are more compatible with the 

real situation.  Note that the numerical results and illustrations are described in the 

section of the discussion of Chapter 5 in details. 

 

1.6 Connection between Articles 

The main objective in this dissertation is to predict the treatment duration of the 

patient with bacterial infection and malarial infection. The dissertation contains three 

articles which are already published as follows: 

1) “Predicting the duration of antibacterial treatment with cell wall synthesis 

inhibitors using mathematical models” detailed in Chapter 2 

2) “Predicting the duration of antimalarial treatment with heme degradation 

inhibitors of blood schizonticides using mathematical models” detailed in Chapter 3 

3) “Predicting the Duration of Chloroquine, Mefloquine, Halofantrine and 

Artesunate for Blood Schizonticidal Effect using Mathematical Models of Malaria with 

Immune Response” detailed in Chapter 4 

All the above articles are to meet the dissertation requirement for the doctoral 

degree in the Applied Mathematics and Computational Science. 

In Chapter 2, we present the first article that contains the formulation of the 

death rate of bacteria. This mathematical model represented the most primitive form of 

pathogens. The reason that we use bacteria as one of the first examples of pathogens is 

that the pathogenesis of bacteria is not very complex. Furthermore, the mathematical 
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model of bacteria consists only the natural growth and natural death rates, which can 

be described with only one differential equation [2]. Afterward, the numerical results 

will be generated. For the case of bacteria, the results show that all durations of 

treatment are 2-7 days, which are compatible to the actual treatment duration from the 

real clinical data. Nevertheless, to show that the formulation of the death rate can be 

effective under some other assumptions, we apply this mathematical model of death 

rate to other pathogens. Thus, the next pathogen, used for our study, is the malaria 

parasite. The second article is presented in the next Chapter.  

In Chapter 3, we present the second article that contains the formulation of the 

death rate of malaria parasite in all Plasmodium species except Plasmodium 

falciparum. Note that the pathogenesis of Plasmodium falciparum is exactly different 

from other Plasmodium species (the case of Plasmodium falciparum will be presented 

in Chapter 4). The case of malaria parasite is more complex than the case of bacteria 

since it involves many differential equations comparing to just a single differential 

one for the case of bacteria [2]. In general, the pathogenesis of within-host malaria 

parasite consists of three main types of populations as follows: 1) normal or healthy 

red blood cells (RBCs), 2) infected or parasitized red blood cells (iRBCs), and 3) 

extracellular parasites or merozoites. Hence, mathematically, it requires the system of 

three differential equations to model the malaria parasite population. Furthermore, 

since the pathogenesis of malaria parasite and the mechanism of antimalarial drugs 

are different from the case of bacteria, therefore the formation of the death rate of 

malaria parasite must also be different as well. However, the pathology of 

Plasmodium falciparum is even more complex than P. malariae, P. vivax, P. ovale 

and P. knowlesi. In this dissertation, we will also cover this case and compare the 
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results from Plasmodium falciparum with P. malariae, P. vivax, P. ovale and P. 

knowlesi. 

For the case of Plasmodium falciparum, the pathogenesis of Plasmodium 

falciparum is more complicated than P. malariae, P. vivax, P. ovale and P. knowlesi 

since there are four main types of populations as follows: 1) normal or healthy red blood 

cells (RBCs), 2) circulating infected or parasitized red blood cells (circulating iRBCs), 

3) sequestered infected or parasitized red blood cells (sequestered iRBCs), and 4) 

extracellular parasites or merozoites. Remark that there are two types of iRBCs, which 

are the circulating and the sequestered iRBCs. As soon as the RBCs are infected by 

merozoites, they are transformed into the first phase of iRBCs, called the circulating 

iRBCs [6]. Consequently, the pathogenesis of the circulating iRBCs and the sequestered 

iRBCs needs to be taken into account in the mathematical models before we can 

generate the numerical results. For instance, we have to compute the relative velocity 

between the drug molecules and the iRBCs in case of the circulating iRBCs but not in 

case of the sequestered iRBCs. Furthermore, since sequestered iRBCs occur only in the 

certain vital organs: brain, heart, lungs, kidneys and liver, the calculation in case will 

exclude the sequestered iRBCs from other organs by using the ratio of all specific vital 

organs weight against to weigh of the whole body. After translating this pathogenesis 

of malaria parasite into the mathematical models completely, we then can compare the 

results between both cases of Plasmodium falciparum to P. malariae, P. vivax, P. ovale 

and P. knowlesi. Finally, we were able to publish our study of the case of Plasmodium 

falciparum with immune response, which is the third article in this dissertation. In 

summary, chapter 4 will consist of the cases of all Plasmodium species with immune 

response and investigate how immune response can affect the mathematical models of 
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within-host malaria parasites with antimalarial drugs. To achieve this goal, we have to 

add one more differential equation to incorporate the immune effectors, which will 

represent such immune response. 

Finally, in Chapter 5, we will present the “Conclusion and Discussion” of our 

three articles. The discussion will focus on the analysis of all aspects of the research 

such as the connection of each articles and comparison of the results. 

 

1.7 The differences between three articles 

 The main objective of all three articles is to predict the treatment duration of 

patients with bacterial and malarial infection by using the mathematical model. This 

work contains three articles with different mathematical models to determine the death 

rates of three pathogens, which are bacteria, P. non-falciparum, and malaria with 

immune response. The differences between three articles can be seen in Table 1. 
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Table 1.  The conclusion of the differences between three mathematical models 

of bacteria, P. non-falciparum and malaria with immune response. 

Case Bacteria P. non-

falciparum 

Malaria with 

Immune 

1. Probability 

1.1 Binding    

     

1

2

receptor receptor

bacteria receptor receptor

r N

r r N

 
  

 
  

 

 

parasite

iRBC

V

V
  

1.2 Population  

 

 

Not use 

 

 

y

x y
 

y

x y E 
  

c

c s

y

x y y E  
 

s

c s

y

x y y E  
 

2. Relative 

velocity 

Use Use only 

circulating 

iRBCs, 

not sequestered 

iRBCs 

3. Death rate 

3.1 Time independent depended on x, y, yc, ys and E    

4. Numerical results 

4.1. Pattern of 

decreasing 

Exponentially decreasing log-linearly decreasing 

4.2 Exact 

solution 

Available Unavailable 

4.3 Treatment 

duration 

Course of antibiotics administration (1-2 weeks) 

5. Immune 

effect 

 

 

No 

Improve 

(shorten the 

treatment 

duration if there 

are enough the 

immune 

effectors) 

 

The main differences between the cases of bacteria and malaria can also be 

described as follows: 
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1. The binding probability factor: The binding mechanism in the bacterial case 

happens between the binding site of drug molecules and the disk of receptors 

on the surface of bacteria. On the other hand, we use the formula in [9] to 

compute the binding probability factor for the case of malaria. The probability 

factor involves the fraction of volumes between two volumes of the intracellular 

parasite and the iRBC. This fraction of volume bases on [10]. 

2. The population probability factor is used only in case of malaria since the 

binding of the drug molecule can happen to the normal RBCs as well. Thus, the 

population probability factor in case of malaria needs to be considered while the 

case of bacteria does not. 

3. The death rate of malarial parasites also depends on time since it is related to 

the variables of dynamical population in the population probability factor, 

which also depends on time. In contrast, there is no the population probability 

factor in the case of bacteria and therefore the death rate does not depend on 

time. 

4. The cases of bacteria and P. non-falciparum use the relative velocity principle 

since drug molecules and the pathogens move along together in bloodstream. In 

contrast, the sequestered iRBCs in case of P. falciparum attached to the 

intraluminal wall of capillaries and venules in all specific vital organs, and 

therefore we do not have to take the relative velocity into account. 

5. The graph from numerical simulation shows the dramatically decrease in 

bacterial density since there is no effect of population probability factor to the 

death rate. In contrast, the pattern of numerical simulations in case of malaria 

shows the log-linear decreasing in density because of the effect of the 
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population probability factor for adjusting its death rate. When the malaria 

parasite density is very small, its death rate goes to zero, which conforms the 

real-world situation. 

6. The system of differential equations in case of bacteria can be solved for the 

exact solution since it is not too complex. On the other hand, the system of 

differential equation in case of malaria consists of many nonlinear differential 

equations such as xm  and the population probability factor. Therefore, the 

exact solution from these nonlinear differential equations are almost impossible 

to obtain. However, we can use the numerical method in order to find the 

treatment duration. 

7. Although the death rates of bacteria and malaria have different characteristic, 

the treatment durations of both cases of bacteria and malaria are roughly the 

same, which are 1-2 weeks and conform the actual data. 

Furthermore, when there are enough the immune effectors, this immune 

response can have some effects on the death rate of the malarial parasites as shown in 

Figure 1 and 2 in Chapter 5. 

 

1.8 Research Challenges 

First, the pathophysiology of pathogens must be discovered using scientific 

method. Second, the mechanism of drug action with pathogens must be translated into 

mathematical forms. Finally, the most difficult challenges in this study are to create the 

formulas using physics and mathematics, and take into account of all the measured 

parameters involving the drug and pathogen. 
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1.9 The Objective of the Research 

The aim of this study is to predict the treatment duration of patient with bacterial 

infection or malarial infection. Furthermore, our study can also predict the drug dosage, 

which will be used to treat the patient within the specific time frame. In conclusion, the 

work of this study contains the followings: 

1) To formulate the death rate of pathogen in the form of mathematical models, 

based on physics, chemistry, microbiology, human physiology and pharmacology. 

2) To generate and analyze the numerical results in order to find the relation 

between the density of pathogens in patient's blood and treatment duration. 

  

1.10 The Scope of the Research 

Before constructing the mathematical models of the death rate of pathogens, we 

need to know the nature of pathogens in human host and the drug action. First, the main 

action between a drug molecule and a pathogen is the binding mechanism between 

them. Hence, the actions of binding between both of them are described as follows: 

1) The movements of a drug molecule and a pathogen are caused by the blood 

convection. Remark that the velocity of a drug molecule needs to be faster than a 

pathogen so that the binding or capture between both of them can occur. 

2) Only the effective drug molecule, determined by the total probability, can kill 

a pathogen. 

There are two types of the relative velocity between a drug molecule and a 

pathogen that we will consider. First, the case where both drug molecule and pathogen 
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are moving. The other one is that the drug molecules are moving while a pathogen stays 

put in the blood vessel (see the case of Plasmodium falciparum). Remark that the 

relative velocity between a drug molecule and a pathogen is constant and can be 

obtained from the calculation using theoretical physics. 

The binding action between a drug molecule and a pathogen is based on physics 

and molecular chemistry. We base our model on the following five probabilities: 1) 

position probability factor, 2) binding probability factor, 3) capture probability factor, 

4) orientation probability factor, and 5) population probability factor. 

The mechanism of the drug action is based on the binding between the binding 

site of substrates (drug molecules) and the active site of enzymes such as PBPs in the 

case of bacteria or ferric ions in the case of malaria.  

The pathogenesis of bacteria and malaria are assumed to be the only 

pathogenesis of the pathogens within human blood circulation. 

 

1.11 Anticipated Benefit from the Research 

We will use the mathematical modeling of the death rate of pathogens to predict 

the treatment duration or clear out time for the pathogens. Typical laboratory 

investigation for evaluating the density of pathogens will take quite more time. 

Furthermore, it costs more money as well. 

Moreover, our models of the death rate of pathogens can be adapted to other 

pathogens within host blood. The model can be used further by modifying the profiles 
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of certain pathogens, i.e. their biological parameters such as the length and width of 

shape of pathogens, their natural growth and death rate, etc. 
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Abstract 

Objective: This paper proposed a new mathematical model of within-host 

population dynamics of bacteria after cell wall synthesis inhibitors administration for 

practically predicting treatment duration and drug dosage. The aim of this paper is to 

predict the duration of antibacterial treatment with cell wall synthesis inhibitors using 

mathematical models. Materials and Methods: Our model deployed various concepts 

from different fields of probability, biology, physics, chemistry, pharmacology 

(pharmacokinetics and pharmacodynamics), and medical sciences. The following 

assumptions and hypotheses were established: (i) Binding or collision rate between 

drug molecule and bacteria depends on the relative velocity between drug molecule and 

bacteria, (ii) ability or probability of binding or capturing between drug molecule and 

bacteria can be evaluated using four probability factors, based on the principal of 

physics and chemistry, (iii) the number of bacteria dying from antibiotics is equal to 

the number of drug molecules binding bacteria. Thus, the bacterial death rate is equal 

to rate of drug molecules binding and killing bacteria (amount of drug molecules per 

second), and (iv) plasma drug concentration is constant and time-independent. In this 

paper, Neisseria meningitidis and Pseudomonas aeruginosa are selected to demonstrate 

the numerical results. Conclusion: In this result, duration of treatment are 2-7 days, 

which is nearly the same as course of antibacterial therapy. 

 

Keywords: Mortality rate, Bacteria, Probability 
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1. Introduction 

 

 There have been several researches concerning the growth and mortality rate of 

bacteria to estimate the recuperation period of a patient in the forms of mathematical 

models. Those researches generally consist of pharmacodynamics (PD) and 

pharmacokinetics with drug absorption, drug distribution, metabolism, and drug 

elimination [1]. However, the factors regarding the vasculature, shapes of bacteria and 

drug molecule, velocity of blood flow, as well as the probability of binding between 

drug molecules and bacteria were not comprehensively encompassed. 

 In this study, the above factors are simultaneously considered to model the 

temporal interaction between the drug molecules and the bacteria. The drug molecules 

move toward the bacteria with a relative velocity defined in terms of the diameter of 

vasculature and blood stream acting as a transporter. Based on the theoretical relative 

velocities in physics, the velocity of drug molecules in blood flow is assumed to be 

higher than the velocity of bacterial agents resulting from the convection of blood flow. 

To effectively kill a bacterium, some drug molecules must be bound with the surface 

of bacterium. However, it is impossible to control the movement of drug molecules in 

the blood stream. A practical solution is to have much amount of drug molecules than 

the number of bacteria so that the probability of binding some drug molecules with the 

surface of bacterium can be increased. This solution confirms with the actual treatment. 

Therefore, in this study, it is assumed that the amount of drug molecules is much more 

than the number of bacteria and only some portions of drug molecules can bind with 

bacteria. 
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 To consider the mechanism of drugs in molecular level, after cell wall synthesis 

inhibitors attach Penicillin-binding proteins (PBPs), which are bacterial enzymes for 

cell wall synthesis and located on bacterial cell wall, N-acetylmuramic acid (NAG) and 

N-acetylglucosamine (NAM) cannot enter to an active site on PBPs to be substrates for 

synthesis of peptidoglycan, which are components of cell wall (see details in Section 

2). Although both Gram-positive and Gram-negative bacteria consist of cell wall with 

different amount of peptidoglycan, our model can also apply with both of them by the 

same mechanism. Hence, antibiotics with other mechanisms (not cell wall synthesis 

inhibition), such as DNA or RNA synthesis inhibitors, using Brownian movement for 

attaching intracellular enzymes, not convection by blood flow, are neglected in this 

paper. Second, since theoretical background in this paper uses the convective rate by 

blood flow, this model can apply with only systemic infection (bacteremia or 

septicemia). Since the most common Gram-positive bacteria, such as methicillin-

resistant Staphylococcus aureus causing cellulitis or Streptococcus pneumoniae 

causing pneumonia, are local or organ infection, i.e., skin and lung infection, 

respectively, our model cannot apply with them. Therefore, in this study, Neisseria 

meningitidis in the case of nonresistance and Pseudomonas aeruginosa, representing 

extended spectrum beta-lactamase bacteria in case of resistance, are chosen for 

simulating numerical results since both of them are systemic infection (bacteremia or 

septicemia). 

With the loss of generality, we assume that the structure of drug molecule and 

bacteria are sphere and prolate spheroid, respectively, as shown in Figure 1. The size 

of each drug molecule is smaller than the size of each bacterium, implying that drug 

molecule can follow bacteria to attach and kill them. First, since the shape and size of 
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each drug molecule as well as bacteria are not exactly the same, the concept of Stokes 

radius derived from Varani [2] was adopted to define the average radius of prolate 

spheroid-shaped of the drug molecule and bacteria. The principal is ( ) ( )sphere prolateV V , 

then 
1 3

2( ) ( )( )stoke particleparticle
lw

r rr


 
 
 
 

 , where 
( )particle

wr  and 
( )particle

lr  be the half width and half 

length of a particle having prolate shape. Thus, we have two average radii of drug 

molecule and bacteria, denoted as  

1 3
2( ) ( )( )drug drugdrug

lw
rrr


 
 
 
 

  and 
1 3

2( ) ( )( )bacteria bacteriabacteria
lw

rrr


 
 
 
 

 , respectively. 

 

 

 

Figure 1.  The scenario and assumptions of shape and size of drug molecule and 

bacteria made in our study. The drug molecules can chase the bacteria to bind and kill 

them in a lumen of capillary. 
 capillary

r  is a radius of capillary and D is the width of cubic 

volume such that one bacterium can be found. 
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2. Material and Methods 

 

2.1 Difference of Velocities of Drug Molecule and Bacteria 

To derive the time of chasing bacteria by a drug molecule, the relative velocities 

of bacteria and drug molecule must be defined first. Since the velocities of the drug 

molecule and bacteria may be affected by their shapes and sizes, the transportation 

velocity of a rod-shaped particle in a cylindrical pore with the effect of convective 

hindrance introduced by Agasanapura et al. [3] were adapted to show the velocity 

difference. This difference is captured by a term called local lag coefficient and it is 

defined as the ratio of steady state of particle velocity and the fluid velocity in the 

absence of the particle in a cylindrical tube. 

However, directly measuring the velocity of a drug molecule or bacteria is not 

simple. To ease this burden, the particle velocity can be transformed and written in 

terms of relative particle ratio defined as the ratio of known particle radius and tube 

radius instead. The word particle in this Section may refer to a drug molecule or bacteria 

depending on the context of discussion. By using the notations from the previous 

section, the relative particle ratio for drug molecule 
( )drug  and for bacteria 

( )bacteria  are 

defined as  

  
 

 

   

 

2
3

0 000156,

drug drug
drug

w ldrug

capillary capillary

r r
r

r r


 
  
 

     (1) 

and  

  
 

 

   

 

2
3

0 21.

bacteria bacteria
bacteria

w lbacteria

capillary capillary

r r
r

r r


 
  
 

     (2) 
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From the relative particle ratios in Equations 1 and 2, it can be seen that the 

relative drug ratio is much smaller than that of bacteria ( ( ) ( )bacteria drug  ). Since 

   drug bacteria
G G  and 

     particle particle blood
v G v , this implies that the flow velocity of 

drug molecule ( )drugv  is obviously much higher than that of bacteria ( )bacteriav  [3]. Thus, 

chasing and binding done by a drug molecule against bacteria is possible.   

 

2.2 Position Probability Factor 

 The collision of drug molecules and bacteria can be modeled by modifying the 

probabilistic model of ship grounding which focused on traveling through a waterway 

in a straight forward line [4]. In our work, this probability is defined as the ratio of the 

projection area of bacterium to the contact area. Figure 1 shows different scenarios of 

how bacteria and drug molecules contact each other from various angles. However, the 

other human vessels, except capillaries, are not considered for evaluation since the local 

lag coefficient of drug molecule ( )drugG  is equal to local lag coefficient of bacteria 

( )bacteriaG . This means that drug molecule cannot chase bacteria because both have the 

same flow speed as discussed in Section 2.1. Thus, our position probability factor is  

 
 

   

 

( )

2 .
position

bacteriadrug drug
w

capillary

r dr r

r

p

 
 
 
 
 
 

 
 
 
  
 

 
 
 

 

  (3) 

 

2.3 Binding Probability Factor 

 Once a drug molecule collides with bacteria, the drug molecule must bind with 

a disk of receptor, i.e., an active site of PBPs, to inhibit the signal transduction pathways 
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for cell wall synthesis by competing with NAG and NAM, as substrates, used for cell 

wall synthesis. In this study, binding probability from Berg and Purcell’s study [5] must 

be modified because drug molecules can bind only the half of size of bacteria. Since 

the current of drug molecules is unidirectional, they can bind only bacterial receptors 

at one side of bacteria. Then, binding probability in this study is as follows: 

 
 

 

   

( )

( )

1
.

2

receptorreceptor
binding

bacteria receptorreceptor

r N
p

r r N
 
 
 
 

 
 

  
 

 

 (4) 

Where 
 receptor

N  is the number of receptors on the cell surface and 
( )receptorr  is 

the radius of disk of receptor of bacteria. 

 

2.4 Capture Probability Factor 

 During colliding between drug molecule and bacteria, the drug molecule can 

deviate or be deviated by some factors. Thus, Berg and Purcell’s study [5] defined the 

probability of ligands capturing the receptor on cell surface. In this paper, since drug 

molecules can deviate from the straight direction toward the position of bacterial target, 

capture probability must be calculated from the length between bacteria and drug 

molecules that drug molecules can follow bacteria to bind is 
 capillary

l , where 
 capillary

l  is 

the length of capillary and 
( )bacteria

r  is the average radius of prolate spheroidal bacteria. 

Thus, our capture probability factor is as follows: 
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2.5 Orientation Probability Factor 

 In the aspect of chemical reaction, the reaction of particles will occur when 

particles collide with their accurate orientations in space. This implies that accurate 

orientations can increase the probability of collision and rate of reaction. Taroni et al. 

[6] defined the probability of attaching between a binding site of substrate and an active 

site of enzyme is the ratio of the surface area of amino acid binding to the molecule to 

the total surface area. In this paper, since drug molecule must bind a disk of receptor or 

an active site of PBPs with its binding site, i.e. beta-lactam ring of the drug molecule, 

orientation probability must be evaluated. Hence, our orientation probability factor is 

the ratio of binding area of drug molecule to the total surface area of drug molecule, 

i.e., 

 
   

 

 

2 2
12 1 sin .
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p r e
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


  
  
 

   
            

 (6) 

Where z  is the diameter of binding site of drug molecule (beta-lactam ring) and 

   
2

1
drug drug

w le r r
 
  
 

   . 

 

2.6 Total Probability 

 The total probability of drug molecule to interact with bacteria is computed from 

the probabilities of all factors which are position probability, binding probability, 

capture probability, and orientation probability. 

 
         
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total position binding capture orientation

p p p p p     (7) 
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 Each probability in equation (7) can be computed from equations 3-6, 

respectively. 

 

2.7 Duration of Treatment by Dynamic Drug Model 

 From Section 2.1, the relative velocity with respect to those of drug molecule 

and bacteria is defined as 

 
           

.
relative drug bacteria drug bacteria capillary

v v v G G v
 
  
 

      (8) 

 Where ( )drugG  and ( )bacteriaG  are the local lag coefficients of drug molecules and 

bacteria with 
  ( )drug bacteriaG G , respectively. Once the relative velocity of drug 

molecules and bacteria is known, the number of drug molecules within a capillary tube 

at any unit time must be estimated before the computation of mortality rate of bacteria. 

The cross-sectional area of capillary  
2

( )capillaryr  is multiplied to the relative velocity 

to get the flow rate of drug molecules by blood volume. The blood volume can be 

transformed into the mass of drugs by multiplying the blood volume by the function of 

plasma drug concentration C(t) at time t. The obtained result can be interpreted as the 

flow rate of drug mass. To link drug mass with the number of drug molecules, the drug 

mass is divided by the molecular mass of drug molecule M and multiplied by 

Avogadro’s number A. Therefore, the number of drug molecules 
( )drugN  at a given flow 

rate is equal to: 

 

2 ( ) ( ) ( )( )
( ) ( ) ( )

.
drug bacteria capillarycapillary

drug C t A G G vrN
M

 
  (9) 

 To estimate the flow rate of drug molecules in host blood physiology, the 

capillary transit time τ and the circulatory time γ [7,8] when drug molecules chase a 
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bacterium in capillary must be involved. Then, ratio of time that drug molecules travel 

only in capillaries is τ/γ. Furthermore, only drug molecules in free form (not bounded 

with plasma protein) actually binding with the bacteria are taken into account. Thus, 

free drug fraction, denoted by α and defined as the ratio of free (unbound) drug 

molecules to all drug molecules, is also considered. Other parameters to be considered 

are the number of capillaries in human body defined as ( )capillaryN  and the number of 

drug molecules that can kill only one bacterium defined as 
( )killN . The number of 

bacteria killed by drug molecules per second (called bacterial death rate φ(t) can be 

computed by the following equation. 

 

2( ) ( ) ( ) ( ) ( )( )

( )

( )
( ) .

capillary total drug bacteria capillarycapillary

kill

N C t Ap G G vr
t

N M

 




 
 
 




 (10) 

Thus, the bacterial population at time t, denoted as P(t), can be evaluated from 

its dynamical system in the form of the first order linear differential equation with the 

birth-death rate of bacteria itself (denoted as g and μ), and the bacterial death rate due 

to drug previously computed as φ(t) in the following equations. 

        .
d

P t g P t t
dt

     (11) 

First, to solve Equation (11) for evaluating duration of treatment, assume that 

the plasma drug concentration C(t) can become a constant k. Then, the bacterial death 

rate becomes a function of the constant k instead of time t and φ(k) is used instead of 

φ(t). Finally, after solving equation (11), the bacterial population P(t) from equation 

(11) can be written as follows. 

 
( ) ( )

( ) exp(( ) ) (0) .
k k

P t g t P
g g

 


 

 
    

  
 (12) 
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2.8 Combination Therapy and Effect of Drug Resistance 

Antagonist effect can also be found. We will use this principle of proportion [9] 

to apply with our bacterial death rate by multiplying 
 

    
agonist

agonist antagonist



 
, where 

 agonist
  

and 
 antagonist

  are two plasma concentrations of agonist and antagonist drugs, 

respectively. Thus, the bacterial death rate in this case is 
 

      agonist

agonist antagonist

agonist

 
 

 
  

  
. 

 Drug resistance of bacteria can be evaluated by defining the potency of the drug 

resistance as η (0<η<1), then    
1

agonist
   is the effective plasma drug concentration 

for killing bacteria without considering drug resistance. In this study, the potency of the 

drug resistance in our numerical example is 
( )

( ) ( )PBP

N

N N






 , where ( )PBPN  and ( )N   is 

the number of two enzymes: PBPs and beta-lactamase, respectively. Note that beta-

lactamase is a bacterial enzyme destroying beta-lactams, which is one of the 

mechanisms of drug resistance of bacteria. 

Dual effect contains different drug action such as beta-lactams with beta-

lactamase inhibitor for treating in the case of drug resistance. In the case of dual drug 

action, our numerical example uses clavulanic acid as a dual drug for inhibiting beta-

lactamase (beta-lactamase inhibitor). Thus, the effective plasma ceftriaxone 

concentration, that can kill bacteria, is 
  ( )

( ) ( )1

PBP

PBP

N

N N
k 

, where 
( )

k M

k M k M


 

  
 
 



  
  is the 

potency of dual drug action, k and k* are plasma drug and dual drug concentration, M 

and M* are molecular weight of drug and dual drug, respectively.  

Since our numerical example uses clavulanic acid as dual drug inhibiting beta-

lactamase in bacteria [10]. Thus, we construct this probability, named dual action 
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probability and defined as  dual
p . By using the fact that the active site of beta-lactam 

inhibiting enzyme (beta-lactamase) can choose ceftriaxone (beta-lactams) or clavulanic 

acid (beta-lactam analogs) by proportion of both molecules, then we have  

 ( ) ( )

( ) ( )

kVA
dual M

kVA k VA
M M

N k M
p

N N k M k M




  


   

   
 (13) 

 

Where A is the Avogadro’s number, k and k* are plasma drug and dual drug 

concentration, respectively, V is patient’s whole blood volume, N and N* are the number 

of drug molecules and dual drug molecules in patient’s blood, respectively.  
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Table 1.  The parameters used in our numerical example of patient with N. 

meningitidis infection 

Parameters Value Description Source 

 
 drug

G   1 Lag coefficient of drug molecule [3] 

 
 bacteria

G   0.99 Lag coefficient of bacteriaa [3] 

 
 drug

lr   0.8142 Half-length of drug molecule (nm)b c 

 
 drug

wr   0.3552 Half-width of drug molecule (nm)b c 

 z 0.2105 Diameter of binding site of drug molecule (nm)b c,d 

 
 bacteria

lr   1 Half-length of bacteria (μm)a [12] 

 
 bacteria

wr   0.5 Half-width of bacteria (μm)a [12] 

 
 receptor

r   0.1052 Radius of receptor (nm)a [12] 

 
 receptor

N   3,100 Number of receptors of bacteriaa [5] 

 g   0.48 Growth rate of bacteria (/day) [10] 
    0.33 Death rate of bacteria (/day) [8] 
    60 Blood circulatory time (s) [8] 

 
 capillary

r   0.003 Radius of capillary (mm) [7] 

    1 Transit time of capillary (s) [7] 

 
 capillary

l   0.2 Length of capillary (mm) [13] 

 
 capillary

v   0.3 Blood velocity in capillary (mm/s) [7] 

 
 capillary

N   109 Number of capillaries [14] 

 V 5 Whole blood volume (l) [15] 

 K  18.18 Average plasma ceftriazone concentration (μg/ml) [16] 

    0.05 Free drug fraction [16] 

 A  6.02×1023 Avogadro's number [17] 

 M 661.59 Molecular weight of ceftriazone [16] 

 k    2.55 
Average plasma clavulanic acid concentration 

(μg/ml) 
[18] 

*M   199.16 Molecular weight of clavulanic acid [19] 

 

N. meningitides: Neisseria meningitides. aUsing Neisseria meningitidis for our 

numerical example, bUsing ceftriazone for our numerical example, cMeasured by using 

Accelrys Discovery Studio 3.5 client (DS visualizer) program, dCalculated by using a 

program 
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3. Results and Discussion 

 

In this study, our first scenario or assumption is that there are patients’ infected 

N. meningitidis with their different bacterial loads. These patients are treated by 

ceftriaxone, derivatives of 3rd generation cephalosporin. All parameters used in our 

simulation are summarized in Table 1. The plasma concentration of ceftriaxone is 

calculated by using time-weighted average plasma drug concentration with 0.5 g IV* 

(first row) of Table 2 in [11]. The results of monotherapy and combination therapy were 

reported in the following Sections. 

Table 2.  The parameters for evaluating the local lag coefficient  

Description lr  

(μm) 

wr  

(μm) 

r  

(μm) 

    G  
g   

(/day) 

  

(/day) 
N/A N/A 

 

References 

Bacteria            

P. aeruginosa 1 0.275 0.57 3.64 0.019 0.995 0.48 0.33 N/A N/A [12,10] 

Antibiotics lr  

(μm) 

wr  

(μm) 

r  

(μm) 

    

( 10-5) 
G  M      

K 
(μg/ 
ml) 

k 
(μg/ 

ml) 

References 

Penicillins            

Amoxicillin 0.7768 0.3396 0.4474 2.2876 1.49 1 365.4042 0.85 5.6 0.21 [19,21] 

Ampicillin 0.7265 0.4517 0.5292 1.6084 1.76 1 349.4048 0.8 4.8 0.18 [19,21] 

Cephalosporins            

1st generation            

Cephalexin 0.702 0.3237 0.4190 2.1687 1.40 1 347.3889 0.895 16 0.598 [19-22] 

Cefazolin 0.8931 0.304 0.4353 2.9377 1.45 1 454.5072 0.26 188 7.031 [19-22] 

2nd generation            

Cefuroxime 0.8949 0.4559 0.5709 1.9626 1.90 1 424.3852 0.7 51 1.907 [20-22] 

Cefoxitin 0.9067 0.3372 0.4689 2.6893 1.56 1 427.4521 0.27 110 4.114 [20-22] 

3rd generation            

Cefotaxime 0.8388 0.4600 0.5620 1.8235 1.87 1 455.4655 0.64 46 1.720 [20-22] 

Ceftazidime 0.8299 0.6039 0.6715 1.3742 2.24 1 546.5761 0.9 69 2.580 [20-22] 

4th generation            

Cefepime 0.9549 0.4605 0.5872 2.0738 1.96 1 480.5611 0.8 70 2.618 [19-21,23] 

Phagocytes lr  

(μm) 

wr  

(μm) 

r  

(μm) 

    G  N/A N/A N/A N/A References 

Neutrophil  8 8.618 1.25 0.2873 0.95 N/A N/A N/A N/A [24] 

Macrophage 10 5 7.937 4 0.2646 0.94 N/A N/A N/A N/A [24] 

P. aeruginosa: Pseudomonas aeruginosa 
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3.1 Results of Monotherapy, Combination Therapy and Drug Resistance 

Figure 2(a) illustrates the logarithmic plots of different bacterial loads with the 

fixed plasma drug concentration. It is noticeable that the maximal of the initial bacterial 

loads of this figure does not decline, but still increases continuously. This means that 

the given plasma drug concentration cannot diminish or eliminate this initial bacterial 

density. On the contrary, the other bacterial loads below 71 10  copies/ml blood can be 

cleared within 1-7 days. After the patients have received antibacterial drugs, bacterial 

load in each patient gradually declines except for the one that still increases since this 

plasma drug concentration level is not enough to wipe out all bacteria from the patient’s 

blood.  

Figure 2(b) demonstrates the normal plots of various bacterial loads. Those 

initial bacterial loads below 1.5×107 copies/ml blood go down and become zero within 

2-7 days. At the initial bacterial load, 1.5×107 copies/ml blood, there is no way for this 

bacterial load to become zero or be completely eliminated. 

In Figure 2(c), the logarithmic plots of different plasma drug concentrations 

with a fixed initial bacterial load, 107 copies/ml blood are considered. It can be observed 

from these four plots that the time for treatment is about 2-11 days to clear bacteremia 

while the average plasma drug concentration, 10 μg/ml, cannot reduce the bacterial 

density. 
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3.2 Peak and Mean Plasma Drug Concentration 

All antibiotics, such as penicillins and cephalosporins, are complex to compare 

with each numerical result due to their drug dosage and plasma drug concentration. 

However, the peak plasma drug concentration can be available. Our model is based on 

the proportion of mean and peak plasma drug concentration of ceftriaxone. The profile 

of ceftriaxone concentration is given in Table 2 [22]. This section introduces peak 

plasma drug concentration of penicillins and cephalosporins to use them with other 

bacteria, P. aeruginosa for generating numerical results. Furthermore, these following 

variables are used for generating results: lr  and wr  are half of length and width, 

respectively.  
2

3
lwr rr  is the geometric mean. l wr r    and 

 capillary
r r    are the 

particle aspect ratio and the relative particle radius, respectively, and used for finding 

the local lag coefficient. 
   particle fluid

G v v   is the local lag coefficient. 
 fluid

v  and 

 particle
v  are two velocities of fluid and particle, respectively, moving by convection of 

fluid. K and 
 

  
ceftriazone

ceftriazone

k

K
k K   are peak and mean plasma drug concentration, where 

 
123

ceftriazone
K   μg/ml and 

 
4.6

ceftriazone
k   μg/ml are peak and mean plasma 

ceftriaxone concentration, used for calculating k. M and   are the molecular weight 

and free fraction of drug molecules. N/A is non-applicable. Length and width of drug 

molecules are measured by using Accelrys Discovery Studio 3.5 client (DS Visualizer) 

program.  
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3.3 Results of Penicillin Group and Generations of Cephalosporin with P. 

Aeruginosa 

Other cell wall inhibitors, besides ceftriaxone, such as amoxicillin or ampicillin 

in penicillin group and 1st to 4th generation of cephalosporin are considered with the 

growth and death rate of P. aeruginosa, denoted by g  and   in Table 2, which are, 

respectively. Figure 3a-1 and 4a-1, and 5a-c show the numerical results of both 

penicillins and cephalosporins with P. aeruginosa. 

Figure 5d-h shows five the fitting curves for the analysis of penicillin group and 

1st to 4th generation of cephalosporin. First, in Figure 5(d), the orientation probability 

factor from penicillin group to 4th generation goes down, implying that the chance or 

probability of beta-lactamase for destroying beta-lactams in the mechanism of bacterial 

resistance decreases. This can be explained by increasing the steric effect of R-group 

or functional group of beta-lactams and then orientation probability factor decreases. 

Thus, this result confirms that the development of beta-lactams can prevent from 

bacterial resistance. Secondly, in Figure 5(e), the efficacy of dual action is higher by 

upgrading from penicillin group and 1st to 4th generation of cephalosporin. The reason 

is that beta-lactamase in bacteria cannot split many classes of beta-lactams with two 

previous reasons and then beta-lactamase will bind clavulanic acid instead of high beta-

lactams. Finally, beta-lactamase is inactivated by clavulanic acid as beta-lactamase 

inhibitor. This result also confirms that high developmental beta-lactamase inhibitors 

can prevent from bacterial resistance. Other three Figures 5f-h show that the high beta-

lactams can increase bacterial death rate with/without resistance and with dual action. 

In conclusion, bacterial death rate in our model, consisting of the orientation probability 
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factor, and dual action factor in this section, satisfies the low to high potency of 

penicillin and cephalosporin. 

  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

41 

  

(a) (b) 

  

(c) (d) 

 
(e) 

 

Figure 2.  Our estimation results with different values of bacterial load, plasma 

drug concentration, number of post-admission days. (a) The logarithmic plots between 

time post-admission (day) and different initial bacterial loads with fixed plasma drug 

concentration. (b) The normal plots between time post-admission (day) and different 
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initial bacterial loads with fixed plasma drug concentration. (c) The logarithmic plots 

between time post-admission day) and the same initial bacterial load with different 

plasma drug concentrations. (d) The normal plots between time post-admission (day) 

and the same initial bacterial load with different plasma drug concentrations. (e) Our 

results of no drug resistance, drug resistance, and dual therapy. 
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(a) (b) (c) 

   
(d) (e) (f) 

   
(g) (h) (i) 

   
(j) (k) (l) 

 

Figure 3.  (a-l) show the numerical results between bacterial load of Pseudomonas 

aeruginosa and time after antibiotics administration. Amoxicliin in (a-c) and ampicillin 

in (d-f) of penicillin group, cephalexin in (g-i) and cefazolin in (j-l), representing 1st 

generation of cephalosporins were used for these simulations with/without resistance 

and with dual action of clavulanate as beta-lactamase inhibitors. 
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(a) (b) (c) 

   
(d) (e) (f) 

   
(g) (h) (i) 

   
(j) (k) (l) 

 

Figure 4.  (a-l) shows the numerical results between bacterial load of 

Pseudomonas aeruginosa and time after antibiotics administration. Cefuroxime in (a-

c) and cefoxitin in (d-f), representing 2nd generation of cephalosporins, cefotaxime in 

(g-i) and ceftazidime in (j-l), representing 3rd generation of cephalosporins are used for 

these simulations with/without resistance and with dual action of clavulanate as beta-

lactamase inhibitors.  
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(a) (b) (c) 

 
  

(d) (e) (f) 

  
(g) (h) 

 

Figure 5.  (a-c) The numerical results between bacterial load of Pseudomonas 

aeruginosa and Time after antibiotics administration. Cefepime in (a-c), representing 

4th generation of cephalosporins, used for these simulations with/without resistance 

and with dual action of clavulanate as beta-lactamase inhibitors. (d-h) show the curve 

fitting of orientation probability factor, dual action probability and bacterial death rate 

with/ without resistance and dual action. 
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4. Conclusion 

 

In this study, a set of mathematical models of bacteria in patient’s blood after 

antibiotic treatment were focused by using PD, physics and chemistry. The proposed 

models can capture the recuperation behavior and time of patients treated with 

antibiotics for clearing bacteria in patient’s blood. The probability of drug molecule 

binding bacteria was determined by assuming drug molecules to be spherical and 

bacteria to be prolate spheroid. All bacteria have different orientations. Furthermore, 

the mortality rate of bacteria in blood circulation due to drug, the relationship between 

the population of bacteria with respect to time, and the duration of treatment were 

modeled. Finally, we hope that our models will be an alternative choice for evaluating 

the duration of treatment of patient with bacterial infection in blood. 
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Abstract 

The mathematical model of the death rate of malaria parasite due to the 

antimalarial drugs in this paper is established to predict the treatment duration and the 

drug dosage. This model bases on the probabilities, pharmacokinetics and 

pharmacodynamics (PK/PD), biology, medical sciences, theoretical physics and 

chemistry. The death rate of malaria parasite is derived from the flow rate of drug 

molecules with respect to malaria parasite by using the theory of blood convection and 

probabilities. Coupled with the malaria model, the numerical results are generated. In 

conclusion, the numerical result for the treatment duration from our model ranges 

between 1 to 10 days, conforming to the actual clinical data of the patient.  

 

Keywords: Malaria, Death rate, Probability 
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1. Introduction  

 

For several thousand years, humans have been suffered and killed by various 

lethal diseases. Infectious diseases caused by pathogens such as bacteria, virus, 

protozoa (especially malaria) and fungi have resulted in high fatality across the general 

population. In particular, Malarial disease is also one of the most lethal infectious 

diseases in human history (Li, Ruan, & Xiao, 2011). Severity of malarial disease is well 

documented in so many countries, especially in Africa and Asia (CDC, 2016). Malaria 

is the infectious, contagious disease caused by the specific protozoa called Plasmodium. 

There are 5 species of genus Plasmodium that can infect human which are: P. vivax, P. 

ovale, P. malariae, P. falciparum and P. knowlesi. All of them are transmitted by 

female Anopheles mosquitoes (Li, Ruan, & Xiao, 2011). Thus, in order to treat the 

patients with malarial infection, several physicians have tried to administer various 

antimalarial drugs and then use clinical trials to collect the data on the duration of 

treatments of the certain drugs. Furthermore, each patient blood must be sent to 

laboratory to evaluate the pathogen density and the treatment has to be monitored 

continuously before calling off the intravenous or oral drug administration. Therefore, 

the effective mathematical model to predict the termination time of the treatment is the 

main focus of this study.  

The pathophysiology of malaria in human body consists of two cycles: sexual 

and asexual cycles. After a female Anopheles mosquito bites and releases sporozoites 

in her saliva into human bloodstream, sporozoites will travel via bloodstream and enter 

the liver. Once there, the germ will invade the hepatocytes or liver cells, replicate itself 
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and leave the liver cells to infect healthy red blood cells (RBCs). This intracellular 

malaria parasite in infected red blood cell (iRBC) then develops into various stages: 

early to late trophozoite and early to late schizont sequentially. During the late schizont 

stage, the intracellular parasites which are called merozoite will be released through the 

ruptured membrane of the iRBC (Li, Ruan, & Xiao, 2011). They will spread throughout 

the bloodstream and infect new healthy RBCs. This process is known as the asexual 

cycle. While the parasites are in the iRBCs, they need to extract heme from hemoglobin 

in cytoplasm of the RBCs and convert it into hemozoin or malarial pigment. The 

process is vital to the parasites since heme is water-soluble and toxic to them while 

water-insoluble hemozoin is not. Thus, one of the methods to get rid of the parasite is 

to inhibit this process. Our study will focus only on the anti-malarial drugs which target 

the hemozoin formulation or heme degradation inhibition (ter Kuile et al., 1993; 

Wilairatana & Looareesuwan, 1996). 

There has been a mathematical model pertaining the population of the normal 

within-host malaria parasites according to Austin, White, Anderson (1998). However, 

their model did not take into account of the effect of the drug treatment. In this paper, 

we will incorporate the consequence of the drug to the population of the malaria 

parasites. The main idea is that blood flow will transfer the drug molecules to bind 

iRBCs, and therefore eliminate the iRBCs (see Figure 1). Nevertheless, to translate this 

real situation into mathematical models, there must be some assumptions and 

hypotheses with the fundamental of physics, chemistry, microbiology and 

pharmacology that we have to adapt. The following assumptions and hypotheses were 

made: (i) the collision or binding rate between drug molecule and iRBC depends on the 

relative velocity between both of them, (ii) probability of binding or capturing between 
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drug molecule and iRBC depends on five probability factors, derived from theoretical 

physics and chemistry, (iii) the drug is effective in the sense that for the right condition 

one drug molecule can annihilate one iRBC, and (iv) the level of the plasma drug is 

constant and time-independent. Hence, the formulation of this mathematical model 

bases on various scientific disciplines. For instance, the relative velocity and convective 

rate, which are used to construct the flow rate of drug for eliminating malaria parasite, 

base on physics. Conversion of plasma into drug molecules uses the knowledges from 

chemistry and pharmacology. Moreover, the mathematical model of within-host 

malaria is derived from pathology of malaria. Thus, the death rate of malaria parasite 

should be more accurate. 

First, the shape of drug molecules is assumed to be spherical instead of the 

prolate spheroid as shown in Figure 1 and we will estimate an average radius of the 

drug molecule as in the followings. Define ( )drug

wr  and ( )drug

lr  to be the half width and 

half length of the prolate spheroidal shape of drug molecule. Next, we evaluate an 

average radius of this drug molecule (Pabst & Gregorová, 2007), by calculating the 

geometric mean of ( )drug

wr  and ( )drug

lr  . Thus, the average radius of drug molecule in 

(Brinkman, 1949; Pabst & Gregorová, 2007), called Stokes radius and denoted by 

( )stoker , can be derived from its prolate volume 
( )prolateV  in terms of ( )drug

wr  and ( )drug

lr  as 

follows: 

   

  

( ) ( )

3 2
( ) ( ) ( )

1/3
2

( ) ( ) ( )

,

4 4
,

3 3

.

sphere prolate

stoke drug drug

l w

stoke drug drug

l w

V V

r r r

r r r

 





  
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Similar to the case of a particle diffused in the certain fluid such as oil, we model 

the diffusion of drug molecule and iRBC in the bloodstream accordingly. Therefore, as 

illustrated in Figure 1, the average radius of drug molecule, defined as 

  
1/3

2( )
( ) ( )

drug
drug drug

l wr r r , can be written in the similar form as 
( )stoker . 

Before formulating the death rate of the malaria parasite due to drug, it is 

important to note the pathogenesis of the malaria and how the antimalarial drug 

mechanism works. The purpose of heme degradation in Plasmodium sp. is to eliminate 

heme by converting water-soluble and toxic heme into water-insoluble and nontoxic 

substances, called hemozoin or malarial pigment, enabling to excrete (de Villiers & 

Egan, 2009). This study focuses on chloroquine, mefloquine and halofantrine as 

antimalarial drugs with the mechanism of heme degradation inhibition by binding iron 

(Fe(II)) in Fe(II)-protoporphyrin IX (Fe(II)PPIX or heme). On the other hand, we also 

use artesunate of artimisinin group as antimalarial drugs with mechanism of heme 

degradation inhibition without binding Fe(II)PPIX. Mechanism of artesunate has not 

yet been clearly understood but there are strong evidents that either intraparasitic 

ferrous heme and free ferrous iron will convert artesunate into free radicals by cleaving 

the artesunate's peroxide bridge. Afterward, these intraparasitic free radicals would 

eliminate the parasite by destroying the lipid layer of the parasitic cell membrane, 

vacuole sac and other parasitic structures such as parasitic enzymes. As parasitic 

enzymes converting water-soluble toxic hemes (Fe(II)-protoporphyrin IX 

(Fe(II)PPIX)) into excretable hemozoins (heme crystals (Fe(III)PPIX)) which occurs in 

vacuole sac are destroyed, the heme degradation are inhibited. When vacuole sac 
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ruptures, free radicals are released and therefore destroy the parasites (ter Kuile et al., 

1993; Wilairatana & Looareesuwan, 1996). 

 

 

Figure 1.  The transportation of the drug molecule to an intracellular parasite 

within infected red blood cell (iRBC) by convection of bloodstream (see parameters in 

Section 2). 

 

2. Materials and Methods 

 

This section reviews the contents in each subsection that will be used to 

formulate the death rate of the malaria parasites due to drug. First, we discuss the 

relative velocity between drug molecule and iRBC, based on theoretical physics, which 

we use to find the specific blood volume that contains particular drug mass used to kill 

the parasite. Second, five probabilistic binding factors between drug molecule and 
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iRBC that we will use to determine the effective drug molecules will be discussed. Five 

probability factors are as follows (i) position probability factor used to determining a 

binding chance by position alignment between drug and iRBC, (ii) binding probability 

factor of the drug molecule and intracellular parasite, but not the iRBC's cytoplasm, 

(iii) capture probability factor which is the ability of drug to transport and does not 

deviate from target, (iv) orientation probability factor which is the probability of local 

collision between the drug and iron molecules in heme, (v) population probability factor 

is the ability of the drug molecule to attach only to iRBC, but not the normal RBC. 

Since five probability factors are sequentially continuous and independent, they can be 

multiplied to give the total probability factor. In order to use the total probability factor 

to evaluate the effective of the drug molecules, we need to compute mass of the drug. 

To do so, we have to convert the specific blood volume derived from the relative 

velocity into drug mass by using the plasma drug concentration and taking into account 

of the parameters of chemistry, such as Avogadro's number and molecular mass as well. 

Consequently, we are able to calculate the total drug molecules within all capillaries 

and venules of human host. Note that this death rate of the malaria parasites due to the 

drug is the same as the death rate of the iRBC's since we consider only the blood 

schizonticides. Finally, by subtracting the dynamic population of iRBCs in normal 

malaria model with our death rate due to the drug, we then simulate numerical results 

for predicting the duration of treatment as shown in Figure 2. 
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 

Normal RBCs : /

Infected RBCs : /  

Merozoites : /

x

y

m

dx dt x xm

y
dy dt xm y k

x y

dm dt gy m xm

 

  

 

   

 
    

 

  

Malarial model 
with antimalarial drugs

Dynamic drug model
-Relative velocity
-Probability factors
1. Position
2. Binding
3. Capture
4. Orientation
5. Population

Malarial death rate
due to drug

Malarial model

Convert by 
assumption

Subtract 
dynamic population of iRBCs

Generate numerical results

Predict duration of treatment
 

Figure 2.  Algorithm for formulating the death rate of the malaria parasites due to 

drug by using five probability factors and the relative velocity between drug molecule 

and parasite, and predicting the duration of treatment. 

 

2.1 Relative velocity between drug molecule and infected red blood cell 

 According to the principal of velocity in physics, since iRBC is larger than drug 

molecule, the velocity of iRBC is slower than drug molecule, i.e. 
( ) ( )iRBC drugv v  

(Agasanapura, Baltus, & Chellam, 2011), where 
( )iRBCv  and 

( )drugv  are the velocities of 

iRBC and drug molecule, respectively. Define 
( ) ( ) ( )relative drug iRBCv v v   to be the relative 

velocity of drugs with respect to the velocity of iRBC. After t  units time, the length 

vasculature containing drug molecule is 
( )relativetv . Since 

( )iRBCv  and 
( )drugv  can be 

obtained from using a term called local lag coefficient (denoted by G ) (Agasanapura, 
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Baltus, & Chellam, 2011), 
   ( ) iRBC bloodiRBCv G v  and 

   ( ) drug blooddrugv G v , where 

 drug
G  and 

 iRBC
G  are two local lag coefficients of drug and iRBC, respectively. Note 

that 
   drug iRBC

G G . Hence, the relative velocity is 

            
.

relative drug iRBC drug iRBC blood
v v v G G v     

 

2.2 Position probability factor 

 The collision of drug molecules and iRBCs can be modeled by modifying the 

probabilistic model of ship grounding in (Mazaheri, 2009), traveling straight-forward 

through a waterway in straight-line. In this study, iRBCs, assumed to be stationary with 

respect to drug, act as obstacles or shoals and wait to bind with drug molecules. While 

the width of waterway represents the diameter of vasculature. We generalize this 

phenomenon from one-dimension (1D) to 2D. By our assumptions, iRBC's shape is 

spherical as shown in Figure 1. Since positions of both drug molecules and iRBC have 

been already aligned, position probability factor is defined as 

 

    

 

2
( ) 2

( )

2
,

drugiRBC drugiRBC
position

vessel

r r
r r

p
r r





  
  
 
   

where 
 vessel

r  is a radius of human blood vessel in cross-sectional view. 
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2.3 Binding probability factor 

 In 2007, Preetam Ghosh had done his doctoral dissertation concerning the 

Stochastic Models for In-silico Event-based Biological Network Simulation (Preetam, 

2007). They used some probability theory to calculate the chance of binding between 

protein molecule and DNA. This suggests that the probability of collision between 

protein molecule and DNA during time t  is 
 binding V

V
p  , where V  is a collision 

volume. In this work, after an antimalarial drug molecule enters iRBC with position 

probability factor, it must also enter an intracellular parasite to bind heme and inhibit 

heme degradation. Consequently, we define the total volume of iRBC and a volume of 

an intracellular parasite as 
 iRBC

V  and 
 parasite

V , respectively. Note that 
 parasite

V  is the 

collision volume analogous to V  in (Preetam, 2007). Hence, for the antimalarial drug 

molecule to attach and eliminate the parasite, the binding probability factor should be 

defined as 

 
 

 
.

parasite
binding

iRBC

V V
p

V V


 

 

 Remark that the binding probability factor and the parasite volume fraction in 

(Ye et al., 2013), used in our numerical simulation, are the same. 

 

2.4 Capture probability factor 

 Before determining the position and binding probability factors, the 

transportation of drug molecule can deviate from the target which is the iRBC. By the 

principal of physics, the longer distance between drug molecule and iRBC, the less 
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chance of them binding together. Hence, the capture probability in (Berg & Purcell, 

1977) defined as 

 
 

 
,

iRBC
capture

iRBC

r
p

r l


  

is used and taken into account of this situation, where l  is a length of human blood 

vessel. 

 

2.5 Orientation probability factor 

 As the principal of chemistry, two substrates must bind together with correct 

orientation with the binding sites (Taroni, Jones, & Thornton, 2000). Thus, the 

orientation probability factor, defined as the probability of binding site of substrate 

attaching to an active site of enzyme, is the ratio of the binding area to the total surface 

area of drug molecule and denoted by 

    
 

 

2 2
1/ 2 1 sin ,

4

drug
orientation drug w

w drug

l

rz
p r e

er


 

   
    

     

is used and taken into account of this situation. The binding area (
2

4
z ) is the circular 

area with diameter z , and the total surface area of drug molecule which is of the prolate 

spheroid shape, is 
  

 

  
2

12 1 sin
drug

w

drug

l

drug r

w er
r e  , where e  is the eccentricity of the 

ellipse. 
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2.6 Population probability factor 

 Since both normal RBCs and iRBCs can be attached by drug molecule, the 

population probability factor, denoted by 

   

   
,

population y t
p

x t y t



 

is used to evaluate the probability related to iRBCs only, where  x t  and  y t  are the 

populations of normal RBCs and iRBCs at time t , respectively. 

 

2.7 Total probability 

 We have five probability factors involved in calculating the binding chance 

between drug molecule and iRBC. Again, they are position, binding, capture, 

orientation and population probability factors. As all of them are independent, the total 

probability factor can be defined as 

           
.

total position binding capture orientation population
p p p p p p      

 

2.8 Mathematical model of malaria 

 Our study uses the mathematical model of malaria in (Austin, White, & 

Anderson, 1998). This model contains three dynamic populations: infected red blood 

cells (iRBCs), populations normal or uninfected red blood cells and extracellular 

parasites or merozoites, denoted by  y y t ,  x x t  and  m m t , respectively. The 

model is given by 
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/ ,

/ ,

/ ,

x

y

m

dx dt x xm

dy dt xm y

dm dt gy m xm

 

 

 

   

 

    

where x , 
y  and m  are the natural death rate of uninfected RBCs, infected RBCs 

and merozoites,   is the production rate of normal RBCs,   is the infectivity of 

merozoites and g  is the number of merozoites released per infected RBCs (see their 

values of all parameters in Table 2). 

 

2.9 Dynamic drug model 

 Our model to formulate the death rate of the malaria parasite in this paper has 

taken into account of both capillaries and venules. The death rate can be modeled in the 

following steps: (i) evaluate the number of drug molecules attaching parasites per unit 

time (ii) use the assumption that the drug is effective in the sense that for the right 

condition one drug molecule can annihilate one iRBC's cell. First, we compute the 

amount of drug from the knowledge of the plasma drug concentration in the specific 

blood volume. This specific blood volume is similar to the collision volume which is 

explained in the binding probability factor of the previous section. The blood volume 

must be considered in all the number of vessels, denoted by 
 vessel

N . Thus, if the cross-

sectional area of a vessel is 
  

2
vessel

r  and the length that blood volume sweeps with 

time t  is 
 relative

v t , then the total blood volume is 
      

2
vessel vessel relative

r N v t . Therefore, 

drug mass in this particular volume at time t  is can be calculated by multiplying plasma 

drug concentration at time t , denoted by  C t . We can convert this drug mass into the 
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number of drug molecules by divided by molecular mass of the drug M , and 

multiplying with Avogadro's number A . Since parasite elimination process occurs in 

all vessels, the total number of drug molecules at time t , denoted by 
( )drugN , is 

    
2

( ) ( ) /
vessel relativedrugN r C t Av t M . Now will take into account of the probabilistic 

chance of the binding will result in the effectiveness of the elimination process of the 

parasites as follows: (a) Obtain the interval of time that drug molecules can follow 

parasites by using the proportion of time in vessels, called transit time and denoted by 

τ, and the circulatory time, denoted by ρ. (b) Obtain the drug molecules that have not 

bounded to any target by using the free fraction of drug, denoted by α. (c) multiply with 

the total probability factor as before. (d) divide by the total blood volume of patient, 

denoted by V(blood). Finally, convert 
( )drugN  into the rate by dividing by t. 

 The death rate of the malaria parasites in this paper can be formulated as shown 

in Figure 3 with parameters in Table 2. Note that the death rate is also considered in 

both capillaries and venules.  

Hence, the death rate of the malaria parasites will be defined as: 

      

 

2
( )( )

( ) .

vessel vessel relativetotal

blood

N r C t Ap v
t

MV

 


 

 

 Moreover, since antimalarial drug molecules can follow infected red blood cells 

in both capillaries and venules, the total death rate of the malaria parasites is defined 

as: 

     
( ) ( ) ( ).

total capillary venule
t t t    
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 Note that by one of our assumptions, the anti-malarial drug intravenous route 

administration maintains the constant plasma drug concentration. Consequently, it 

makes the flow rate of drug molecule depend only on the constant drug concentration 

k. Therefore, the flow rate of drug molecule ( )k , which is time-independent, is used 

instead of ( )t . Before generating numerical results, dynamic variables x and y in the 

population probability factor are extracted from  
( )

total
k . If we define 

       
( ) / ( ),

total population totalx y
k k p k

y


 
    

   

then, the death rate of malaria parasite is 
   ( )
total y

k k
x y


 

   
 

. This shows us that 

there is no the death rate of malaria parasite when there is no parasitaemia, i.e. 

 
( ) 0

total
k   as 0y  . This conforms the real situation. 

 Finally, the mathematical model of within-host malaria parasite after 

antimalarial drug administration becomes 

 

/ ,

/ ,

/ .

x

y

m

dx dt x xm

y
dy dt xm y k

x y

dm dt gy m xm

 

  

 

   

 
   

 

  
 

  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

66 

Relative velocity v(relative)  

 ↓ ×π(r(vessel))2 

Blood flow with drug 

in one vessel 

π(r(vessel))2v(relative)  

 ↓ ×N(vessel)  

Blood flow with drug 

in all vessels 

π(r(vessel))2N(vessel)v(relative)   

 ↓ ×(τ/ρ)  

Blood flow with drug 

in capillaries/venules 

πτ(r(vessel))2N(vessel)v(relative)/ρ  

 ↓ ×C(t) 

Flow rate of time-

dependent drug 

concentration 

 

πτ(r(vessel))2N(vessel)C(t)v(relative)/ρ 

 

 ↓ C(t)⟶k 

Flow rate of constant 

drug concentration 

πτ(r(vessel))2N(vessel)kv(relative)/ρ  

 ↓ ×(A/M) 

Flow rate of drug 

molecule 

πτ(r(vessel))2N(vessel)Akv(relative)/ρM  

 ↓ ×𝜶 

Flow rate of drug 

molecule in free form 
π𝜶τ(r(vessel))2N(vessel)Akv(relative)/ρM  

 ↓ ×p(total) 

Effective flow rate of 

drug molecule 
π𝜶τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρM  

 ↓ drug⟶parasite 

Death rate of malaria 

parasite (cell/day) 
π𝜶τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρM  

 ↓ ÷V(blood) 

Death rate of malaria 

parasite density 

(cells/(µl.day)) 

 

π𝜶τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρMV(blood) 

 

 

Figure 3.  This diagram shows formulation of the death rate of malaria parasite. 
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3. Results and Discussion 

 

This section illustrates the numerical results for the antimalarial drugs: 

artesunate, chloroquine, mefloquine and halofantrine in the cases of monotherapy, drug 

resistance and combination therapy. These numerical results use parameters given in 

Table 1 and 2. The first subsection of monotherapy shows the numerical results of 

artesunate, chloroquine, mefloquine and halofantrine. Furthermore, we are using the 

patient's clinical data from White (2011) to compare with our numerical results, shown 

in Figure 4. The second subsection of drug resistance illustrates the numerical results 

of the four drugs, stated in the previous subsection with resistance shown in Figure 5. 

The third subsection of combination therapy illustrates the numerical results of 

chloroquine, mefloquine and halofantrine with their resistance and artemisinin-based 

combination therapy or ACT shown in Figure 5.  

 

Table 1.  Parameters of chloroquine, mefloquine, halofantrine and artesunate. 

Notations rl (nm) rw (nm) M α k (ng/ml) References 

Chloroquine 0.7856 0.35525 319.8721 0.45 120  (Karbwang et al., 

1992; White, 1992) 

Mefloquine 0.6333 0.33765 378.3122 0.02 500-638  (White, 1992) 

Halofantrine 0.86655 0.427 500.4237 0.02 1000  (Veenendaal et al., 

1991; White, 1992) 

Artesunate 0.7619 0.37065 384.4208 0.38 110-310  (Ashton et al., 1998; 

Morris et al., 2011) 
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Table 2.  Parameters for numerical simulations in case of malarial infection. 

Symbols Value Variables References 

G(drug) 1 lag coefficient of drug in capillary and 

venule 

(Agasanapura, Baltus, & 

Chellam, 2011) 

G(iRBC)
 

0.6,0.9 lag coefficient of iRBC in capillary and 

venule, respectively. 

(Agasanapura, Baltus, & 

Chellam, 2011) 

x(0) 5×106 initial normal density of normal RBCs 

(cells/𝜇l) 

(Li, Ruan, & Xiao, 2011) 

Ʌ 4.15×104 production rate of RBCs (cells/𝜇l/day) (Li, Ruan, & Xiao, 2011) 

r(RBC) 3.9 radius of RBC (𝜇m)  (Ye et al., 2013) 

r(iRBC) 3.9 radius of iRBC (𝜇m)  (Ye et al., 2013) 

V(iRBC) 86-116 volume of iRBC (𝜇m3) (Ye et al., 2013) 

δ(iRBC) 0.03-0.8 parasite volume fraction (Ye et al., 2013) 

g 12 product rate of merozoites (/day) (Li, Ruan, & Xiao, 2011) 

β 2×10-9 infective rate (𝜇l/cell.day) (Li, Ruan, & Xiao, 2011) 

μx 8.3×10-3 decay rate of RBCs (/day)  (Li, Ruan, & Xiao, 2011) 

μy 1 decay rate of iRBCs (/day)  (Li, Ruan, & Xiao, 2011) 

μm 48 decay rate of merozoites (/day)  (Li, Ruan, & Xiao, 2011) 

m(0) 104 initial density of merozoites (cells/𝜇l)  (Austin, White, & Anderson, 

1998; Li, Ruan, & Xiao, 2011) 

ρ 60 blood circulatory time (s) (Dilsizian, & Pohost, 2010) 

r(capillary) 3 radius of capillary (𝜇m)   (Khurana, 2006) 

r(venule) 10 radius of venule (𝜇m)   (Khurana, 2006) 

τ 1 transit time (s) of capillary and venule (Khurana, 2006) 

l 200,50-500 Length (𝜇m) of capillary and venule, 

respectively. 

(Radivoj, & Krstic, 1997) 

v(blood) 0.3,4 blood velocity (mm/s) in capillary and 

venule, respectively. 

(Khurana, 2006; Vosse van de, 

& van Dongen, 1998) 

N 109,107
 

number of capillaries and venule, 

respectively. 

(Pollak, 2005) 

V(blood) 5 whole blood volume (liters) (Higgins et al., 2009) 

X(t0) 105 parasite density in blood at t0 (Ali et al., 2008; White, 2011) 

A 6.02×1023 Avogadro's number (Staver, & Lumpe, 1993) 

ε 40-50 Ratio of drug efflux in case of resistant 

parasite to susceptible parasite 

(Krogstad et al., 1988) 
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3.1 Monotherapy 

Since most parameters of Plasmodium sp. such as physical structures (length, 

width, etc.) and biological data (growth, death, infective and merozoite-releasing rate) 

are quite similar, this study will treat all Plasmodium sp. as the same. To conform our 

numerical results with the real situation, we use the parasite clearance curves from 

White (2011), which represent as the real world. Figure 1 in White (2011) shows two 

parasite clearance curves of P. falciparum with the same treatment consisting of time 

on pre-treatment and parasite density. Figure 4 in White (2011) shows normalized 

parasite clearance curves of P. falciparum consisting of parasitemia versus time in 

patients with artesunate therapy in Western Cambodia and Western Thailand. 

Figure 4(a), 4(b), 4(c) and 4(d) are numerical results of artesunate, chloroquine, 

mefloquine and halofantrine, respectively. These four Figures consist of parasite 

density versus time post-admission or days of treatment. After numerical simulating, 

the duration of treatment and the clearance of parasite time of chloroquine, mefloquine, 

halofantrine and artesunate are quite the same. First, although each the therapeutic level 

of plasma drug concentration of four drugs are different, treatment durations from our 

results are within range 1 to 10 days as shown in Figure 4(a)-4(d) which are near the 

real world by comparing with Figure 1 and 4 in White (2011). Second, all descending 

graphs of four drugs are linear and similar to the real information of Figure 1 in White 

(2011). Observe that although their average plasma drug concentrations in Figure 4(a)-

4(d) are widely different, the duration of the treatment from numerical results are within 

range 1 to 10 days. The reason is that most physicians intend to finish the treatment for 

the malarial infection within a week to prevent patients from turning into severe or 

complicated malaria. Observe that clearance of parasite time of mefloquine and 
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halofantrine shown in Figure 4(c) and 4(d) are longer than chloroquine shown in Figure 

4(b) despite the fact that mefloquine and halofantrine are more recent drugs than 

chloroquine. In fact, there is evident of chloroquine-resistance in Plasmodium. Thus, 

this study also includes numerical results in the case of drug resistance in the next 

subsection. 
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(a) (b) 

  
(c) (d) 

 

Figure 4.  Our numerical results from artesunate, chloroquine, mefloquine and 

halofantrine, shown in Figure 4(a), 4(b), 4(c) and 4(d), respectively. 

 

3.2 Drug resistance 

There are many ways that the malaria parasites can develop the drug resistance. 

There are strong evidences that the malaria parasite can increase the drug efflux from 

their cells (Sinha, Medhi, & Sehgal, 2014). However, resistance of Plasmodium sp. 

occurs only for some certain drugs. For instance, chloroquine-resistant P. vivax are 

found to exists only in a few countries such as Papua New Guinea, Indonesia, Burma 
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(Myanmar), India, and Central and South America (CDC, 2016). At present, there has 

been no evidence of chloroquine resistance in P. ovale, P. malariae and P. knowlesi 

(CDC, 2016). Furthermore, P. falciparum also resists other non-quinoline groups, such 

as mefloquine and halofantrine (de Villiers & Egan, 2009). This study uses the drug 

efflux mechanism to generate numerical result. Thus, an additional assumption that all 

Plasmodium species resist all drugs in this study except artemisinin is needed. Thus, 

we consider the case of drug resistance by taking into account of the ratio of drug efflux 

in case of resistant parasite to susceptible parasite, denoted by ε (see this value in Table 

2). This parameter ε can be applied by dividing with the death rate of malaria parasite, 

then the death rate of malaria parasite with drug resistance is 
 ky

x y





 
 

 
. Note that 

after incorporating the death rate of malaria parasite with the parameter of drug 

resistance ε, treatment durations of all Figure 5(a), 5(c) and 5(e) are elongated more 

than normal cases. This shows us that the parameter of resistance conforms with the 

real situation. This implies that drug resistance can affect the duration of treatment. 

 

3.3 Combination therapy 

This study also considers the combination therapy of chloroquine, mefloquine 

and halofantrine with artesunate, called the artemisinin-based combination therapy or 

ACT. Before generating the numerical results, the death rate of the malaria parasites 

due to the combination therapy is formulated by the partial summation of the death rates 

in each drug in the combination. Then, the death rate of the malaria parasites in case of 

ACT is 

       
drug

artesunateky
k

x y






  
     

, where 
   drug

k  is the death rate of the 
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malaria parasites used chloroquine, mefloquine or halofantrine, and 
   artesunate

k  is the 

death rate of the malaria parasites used artesunate. Hence, after numerical simulation, 

the duration of treatment or clearance of the parasite time in Figure 5(b), 5(d) and 5(f) 

are shortened when compare with Figure 5(a), 5(c) and 5(e) in case of chloroquine, 

mefloquine or halofantrine, respectively. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

 

Figure 5.  Numerical results of chloroquine, mefloquine and halofantrine with 

their resistance and artesunate-based combination therapy (ACT). 
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4. Conclusions 

 

The numerical results from our model illustrate that the duration of treatment or 

the period time needed to eliminate the infected red blood cells is 1-10 days, which 

conform to the patients' clinical data. Thus, the assumptions in this study which 

incorporate the pathophysiology of malaria within the host to construct five probability 

factors under theories of physics and chemistry for estimating the effective drugs, 

pharmacokinetics and pharmacodynamics for converting plasma drug concentration to 

the population of malaria parasite, are compatible with the real-world situation. 

Furthermore, this method is quite simple and effective to predict the duration of 

treatment by using only parasite density from patient's blood at one certain time without 

continuous monitoring of patient's blood since other parameters are already available. 

Finally, we hope that our model could be used to estimate the antimalarial drug dosage 

for the patient's treatment. 
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Abstract 

  This paper focuses on the mathematical model of the death rate of malaria 

parasite due to chloroquine, mefloquine, halofantrine and artesunate together with the 

immune response in order to determine the treatment period. The basic knowledge of 

probabilities, pharmacology, microbiology, medicines, physics and chemistry are used 

to support this model and hypotheses. One of the hypotheses is the convective theory 

used for calculating and converting the flow rate of drug molecules with respect to 

malaria parasite into the death rate of malaria parasite. Other instruments are five 

probability factors, which the authors use to determine the efficiency of the drugs 

parasites. Applied this model of death rate with normal malaria model and take into 

account of the immune response, the treatment durations result in the ranges between 1 

to 15 days and are compatible with the real clinical data.  

 

Keywords:  Malaria, death rate, probability 
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1. Introduction  

 

Malaria is a dangerous infectious disease due to transmission of Plasmodium 

parasites by biting of female Anopheles mosquitoes.1 In 2015, there were malaria 

dissemination in 91 countries and WHO estimated that there were 212 million cases of 

malaria worldwide (within a range of 148 to 304 million). There are 429,000 people, 

who are died from malaria (within a range of 235,000 to 639,000).2 Since the treatment 

of patients with malarial infection needs the advance methods for laboratory 

investigation that rarely exists in those developing countries, mathematical models can 

help to solve some of this problem. For example, the laboratory investigation needs to 

record the parasite density every day during the treatment period in order to determine 

when the treatment should be terminated, while the mathematical model in this study 

predicts the day that the parasite density will be cleared from bloodstream with just one 

blood sampling. Hence, the objective of this paper is to predict the treatment duration 

for the patient infected by malaria with immune response by constructing the 

mathematical model of the death rate of malaria. The numerical results are shown to be 

comparable to the actual treatment duration. 

Before establishing the mathematical model, the pathogenesis of malaria and 

the mechanism of action of antimalarial drug are taken into account. The pathogenesis 

of malaria consists of two main cycles: sexual and asexual cycles. First, the sexual cycle 

needs to be reviewed. After a female Anopheles mosquito bites the patient infected 

malaria, a malarial agent called gametocyte is released from this patient and enters to 

the mosquito's stomach. When both male and female gametocytes (or 
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microgametocytes and macrogametocytes, respectively) meet together, a zygote occurs 

by their reproductive process. Afterward, a zygote gradually develops into oocyst 

containing sporozoites. At the end of this sexual cycle, sporozoites are released from 

oocyst and enter into a human host bloodstream soon after this mosquito bites the 

human host. Second, the asexual cycle begins when the parasites are already in the 

human. After sporozoites come into a human host blood, they travel along blood 

circulation to invade liver cells. When sporozoites mature and convert into schizonts, 

liver cells are ruptured and release schizonts. Then, these schizonts will spread into 

blood system to infect healthy red blood cells (RBCs). They grow and develop into 

various stages within the infected red blood cells (iRBCs): early and late trophozoites, 

early and late schizonts, respectively. Finally, malaria parasites in the late schizonts, 

called merozoites, are mature, they are released into host blood and re-infect normal 

RBCs or normal liver cells again and again.3 

The pathogenesis of malaria is different in each species. P. falciparum has two 

main phases in stage of intracellular parasites while P. malariae, P. ovale, P. vivax and 

P. knowlesi have only one phase. After extracellular parasites of P. falciparum infect 

normal RBCs, they can circulate in blood system freely. This situation and iRBCs in 

this phase are called circulating process and circulating iRBCs, respectively. If they 

survive from drugs or other factors, then they will fully grow and attach an intraluminal 

wall of capillaries and post-capillary venules of specific vital organs: brain, lungs, heart, 

kidneys and liver.4,5 This situation and iRBCs in this phase are called sequestration 

process and sequestered iRBCs (Figure 1(a)). Thus, antimalarial drug has to spend time 

following the circulating iRBCs, but not the sequestered iRBCs which takes less time 

for the drug to kill. 
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During the entire lifetime of malaria parasites in the phase of iRBCs, they 

consume hemoglobin in the RBC's cytoplasm. However, they have to protect 

themselves from toxic and water-soluble hemes from digested hemoglobin by changing 

them into malarial pigment, known as non-toxic and water-insoluble hemozoin. Hence, 

the mechanism of antimalarial drugs killing parasites is to inhibit this conversion.6,7 

There are many antimalarial drugs involved with this inhibition such as chloroquine, 

artesunate, halofantrine and mefloquine. Remark that the route of mefloquine is oral. 

However, the authors will treat mefloquine via the intravenous route, which is also the 

same as chloroquine so that both of them can be correspondingly compared their results.  

Although the mechanism of artesunate is still unclear, the authors will treat artesunate 

as quinolines to generate numerical simulation. 

The following assumptions and hypotheses were made: (i) the rate of collision 

between an iRBC and a drug molecule is determined by the relative velocity between 

both of them, based on the convective velocity in physics (see the subsection 1 in 

Material and Methods), (ii) probability of binding and capturing between both of them 

are calculated by five probability factors, based on the effective collision with the 

proper orientation of the collision theory in molecular chemistry, (iii) the drug is 

effective in the sense that for the right condition one drug molecule can annihilate or 

kill one iRBC, and (iv) the drug concentration in plasma is steady and time-independent 

since the rate of drug administration with normal saline solution via intravenous route 

is almost constant. This situation illustrates in Figure 1(b). 
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Sequestered iRBCs

Circulating iRBCs

Luminal wall of capillaries or venules
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(a) (b) 

 

Figure 1.  (a) Circulating and sequestered iRBCs in P. falciparum. (b) The 

transportation of the drug molecule to an intracellular parasite within an iRBC by  

convection of bloodstream (see parameters and values in Table 1 and 2). 

 

The assumption of equality between two volumes of prolate spheroid and  

sphere, represented as the structure of drug molecules, has to be concerned for 

calculating probability conveniently. To use spherical shape as drug structure, there is 

the principal conversion from prolate spheroid to sphere by calculating the geometric 

mean of the width and length of prolate spheroid, based on the equality of two volumes 

of prolate spheroid and sphere.8  

First, define ( )drug

wr  and ( )drug

lr  to be the half width and half length of the structure 

of drug molecule, considered as prolate spheroid. Then, the volume of prolate spheroid, 

defined as 
( )prolateV , is  

2
( ) ( ) ( )4

3

prolate drug drug

w lV r r . Similarly, the volume of sphere, 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

86 

defined as 
( )sphereV , is  

3
( ) ( )4

3

sphere drugV r . Thus, from the assumption of equality 

( ) ( )prolate sphereV V , the average radius of drug molecule is called Stokes radius8,9 and 

denoted by   
1/3

2( )
( ) ( ) ( )

drug
stoke drug drug

w lr r r r  . 

 

2. Materials and Methods  

 

 In this section, the authors try to calculate the relative velocity when the drug 

molecules follow malaria parasites along blood circulation. The scope of this study is 

to process the values of various parameters under proper assumptions. For example, the 

authors treat the mechanism of drug action as the collision rate between a drug molecule 

and a parasite, which is derived from the relative velocity of the convection of 

bloodstream without involving the Brownian movement. Furthermore, the death rate of 

malaria parasite is derived from five probability factors and the flow rate of drug 

molecules by using this relative velocity. Remark that only the active drug molecules 

using with the relative velocity will be used to formulate the death rate of malarial 

parasite, which will be subtracted from the mathematical models of malaria. The reason 

is that after binding parasites, the active drug molecules are ready to kill parasites and 

afterward will be converted into an inactive form, which will be excreted out of host 

body. Therefore, pharmacokinetics and pharmacodynamics, which occur after binding 

between drug molecules and parasites, are not relevant to the mathematical models. 

However, if some drugs have complex mechanism of pharmacokinetics such as 
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inhibiting of protein synthesis by binding at DNA or RNA of parasite, the probability 

of collision would be affected.  First, the relative velocity between a drug molecule and 

an iRBC is used to determine the specific blood volume that contains the amount of 

particular drug. Second, the amount of this particular drug that can effectively kill a 

parasite has to be calculated by taking into account of the five probability factors of 

binding between a drug molecule and an iRBC. Five probability factors are formulated 

as follows (i) position probability factor determined by binding chance in the sense of 

position alignment between a drug molecule and an iRBC, (ii) binding probability 

factor of binding between a drug molecule and an intracellular parasite, but not the 

cytoplasmic iRBC, (iii) capture probability factor or chance of drug traveling that does 

not deviate from an iRBC, (iv) orientation probability factor or the probability of 

attachment between an active site of drug and iron molecules in heme, (v) population 

probability factor is the ratio of the drug molecule to only one iRBC, but not the normal 

RBC or immune effectors. Then, the total probability factor can be approximately 

estimated by the multiplying all of them and will result in the effective of the drug 

molecules. Before using the total probability, drug mass is needed to be computed. First, 

the specific blood volume, derived from the relative velocity, has to be changed into 

drug mass by multiplying drug concentration in plasma and the parameters of 

chemistry, such as Avogadro's number and molecular mass, which are used to convert 

the amount drug mass into the number of drug molecule. Furthermore, the total of drug 

molecules in human host occurs in all capillaries and venules of human host. Remark 

that this paper will focus only on schizonticides with chloroquine, mefloquine, 

halofantrine and artesunate. Finally, after converting the flow rate of drug molecules 

into the death rate of malaria parasite, this death rate is subtracted from the dynamic 
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population of iRBCs of malaria model in normal state and then simulates numerical 

results to predict treatment duration in cases of P. non-falciparum and P. falciparum, 

shown in Figure 2 and 3, respectively. Thus, all processes in these subsections are 

explained as follows. 

 

2.1 Relative velocity between a drug molecule and an infected red blood cell 

 According to the fundamental of the relative velocity in physics, since a drug 

molecule is smaller than an iRBC, the velocity of drug molecule is faster than an iRBC, 

i.e. 
( ) ( )drug iRBCv v , where 

( )drugv  and 
( )iRBCv  are two velocities of a drug molecule and 

an iRBC, respectively. Denote 
( ) ( ) ( )relative drug iRBCv v v   as the relative velocity of drug 

with respect to the velocity of iRBC. Since 
( )iRBCv  and 

( )drugv  can be determined by 

multiplying between each local lag coefficient of them (denoted by 
 drug

G and 
 iRBC

G

as two local lag coefficients of a drug and an iRBC, respectively) and the flow rate of 

blood (denoted by 
 blood

v ). Then, 
   ( ) iRBC bloodiRBCv G v  and

   ( ) drug blooddrugv G v , where 

 drug
G  and 

 iRBC
G  are two local lag coefficients of a drug and an iRBC, respectively 

(see also Figure 1(b)).10 
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Figure 2.  Algorithm for modeling the death rate of the malaria parasites in case 

of P. non-falciparum due to chloroquine, mefloquine, halofantrine and artesunate with 

immune response. Five probability factors and the relative velocity between a drug 

molecule and a parasite are used in order to predict the treatment duration. 
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Figure 3.  Algorithm for modeling the death rate of the malaria parasites in case  

of P. falciparum due to chloroquine, mefloquine, halofantrine and artesunate with the  

immune response. Five probability factors and the relative velocity between a drug  

molecule and a parasite are used in order to predict the treatment duration 

 

2.2 Position probability factor 

Our situation in this paper that drug molecules move along blood vessels to bind 

with iRBCs is comparable to the straight-forward traveling of ships to collide with 

shoals or obstacles in water channels. The collision between drug molecules and iRBCs 

will occur if both of them are aligned in appropriate or correct position. Hence, the 

probabilistic model of ship grounding11 is used to find the effective drug molecules 
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which are potential to kill iRBCs. Nevertheless, since our situation is concerned in two-

dimension (2D), the probabilistic model11 is needed to be generalized from 1D to 2D 

before using in our model. Thus, the modified probability is defined to be the position 

probability factor in this paper by 

 

    

 

2
( ) 2

( )

2

drugiRBC drugiRBC
position

vessel

r r
r r

p
r r





  
  
 
 

, 

where 
 iRBC

r  and 
 vessel

r are two radii of an iRBC and a human blood vessel in cross-

sectional view, respectively. 

 

2.3 Binding probability factor 

 The total volume of iRBCs, denoted by 
 iRBC

V , contains two volumes. One of 

them is the volume of an intracellular parasite, denoted by 
 parasite

V . The drug molecules 

must bind the volume 
 parasite

V to kill this parasite. The chance of binding between drug 

molecules and a parasite within iRBCs by using the modified probability,12 called the 

binding probability factor and defined as  

 
 

 
.

parasite
binding

iRBC

V
p

V
  

Note that our binding probability factor is the parasite volume fraction.13 
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2.4 Capture probability factor 

 Before the events of position and binding between a drug molecule and an 

iRBC, a drug molecule can deviate from the iRBC during traveling. Based on physics, 

the longer distance between them, the less probability of binding together between 

them. Therefore, the capture probability14 will be used to determine this probability in 

this situation, which is defined as 

 
 

 
,

iRBC
capture

iRBC

r
p

r l



 

where l  is the length of blood vessel of human host. 

 

2.5 Orientation probability factor 

 In view of chemistry, a product of chemical reaction occurs when each binding 

site of the substrates bind together with correct orientation. Thus, this probability is 

defined as the orientation probability factor,15 which is the ratio of the binding area to 

the total surface area of a drug molecule and denoted by  

    
 

 

2 2
1/ 2 1 sin .

4

drug
orientation drug w

w drug

l

rz
p r e

er


 

   
    

   

 

 Remark that the binding area of a drug molecule (
2

4
z ) is circular with the 

diameter z. Since our hypothesis is that the structure of drug molecule is a prolate 

spheroid, the total surface area of a drug molecule is 

  
 

  
2

12 1 sin
drug

w

drug

l

drug r

w er
r e   
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where e  is the eccentricity of the ellipse. 

 

2.6 Population probability factor 

 Since a drug molecule can attach RBCs, iRBCs and immune effectors, drug 

molecules have to avoid normal RBCs and immune effectors. Thus, in case of P. non-

falciparum, the probability in this situation, defined as the population probability factor, 

is  

   

     
population y t

p
x t y t E t


 

. 

In both cases of circulating and sequestration processes, there are two population 

probability factors of P. falciparum, which are  

   

       
,

population c

c

c s

y t
p

x t y t y t E t


  
 and 

 

   

       
population s

s

c s

y t
p

x t y t y t E t


  
, respectively.  

 

2.7 Total probability 

 To find the total probability of five probability factors, the authors will assume 

that they are independent in each other. Then, the total probability can be derived by 

multiplying them together, which is 

           
.

total position binding capture orientation population
p p p p p p       
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2.8 Mathematical model of malaria 

 In 2011, Yilong et al.1 had constructed the mathematical model of the within-

host dynamics of malaria infection with immune response as shown in Figure 4(a). 

Since this paper studies both P. falciparum and P. non-falciparum, the authors modify 

the following two models, which are derived from Yilong et al..1 with Bichara et al.16 

and then adapt to the P. falciparum's model with immune response as shown in Figure 

4(a) and 4(b). Remark that the immune effectors, defined as E, represent the immune 

effect, which concerns only the white blood cells and does not include the RBCs (see 

Yilong et al.1 in details). Thus, these two models are used together with our death rates 

to generate numerical results to predict treatment duration. 
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Figure 4.  The mathematical model of within-host malaria parasite with immune  

response1 in cases of (a) P. non-falciparum and (b) P. falciparum from Yilong et  

al.1with Bichara et al.16 with our modification, respectively. All variables, parameters  
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and values can be seen in Table 1 and 2. 

 

2.9 Dynamic drug model 

 The steps for constructing the death rate of malaria parasite are the following (i) 

find the number of drug molecules binding parasites per unit time (ii) assume that the 

effective drug killing parasites satisfied the correct condition in the sense that one iRBC 

can be annihilated per one drug molecule. First, in the scope of one blood vessel, if the 

length that blood volume sweeps with time t  is 
 relative

v t with its the cross-sectional area 

of a vessel is 
  

2
vessel

r , then the specific blood volume in one vessel is 

    
2

vessel relative
r v t . Second, change this specific blood volume into drug mass by 

multiplying plasma drug concentration C(t) and convert the amount of this drug mass 

into the number of drug molecules again by multiplying Avocado’s number A and 

dividing by the molecular mass of this drug M. Afterward, the authors interpolate this 

flow rate of drug molecules into all blood vessels of the whole human body. Thus, the 

flow rate of drug molecules, denoted by N(drug), is 

    
2

( ) ( ) /
vessel relativedrugN r C t Av t M . Since there are a few effects with 

hemodynamics of human host, two probabilistic chances of the binding of drug 

molecules and parasites in view of blood circulation have to be taken into account as 

follows: (a) find the period of time that drug molecules can follow parasites by 

determining the ratio of time in blood vessels, called transit time and denoted by τ, and 

the circulatory time, denoted by ρ. (b) use the ratio of only unbounded drug molecules 
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to all drug molecules, i.e. the free fraction of drug, denoted by α. (c) multiply both of 

them with the total probability factor as before. (d) divide by the total blood volume of 

patient, denoted by V(blood). Finally, change 
( )drugN  into the rate by dividing by t. Then, 

the death rate of the malaria parasites is defined as 

      

 

2
( )( )

( )

vessel vessel relativetotal

blood

N r C t Ap v
t

MV

 


   

 (see also Figure 5). 

 Since this death rate is considered in both capillaries and venules, the two death 

rates in cases of both capillaries and venules are needed to be constructed separately. 

Therefore, the total death rate of the malaria parasites is defined as  

     
( ) ( ) ( ).

total capillary venule
t t t    

By one of the assumptions satisfied in our situation, the antimalarial treatment 

by intravenous route of drug administration maintains the constant level of drug 

concentration in plasma. First, if drug concentration does not depend on time, then the 

drug concentration constant k  will be used instead of C(t). Second, the variables of the 

population of x(t), y(t) and E(t) in population probability factor have to be extracted 

from the death rate before simulating the results in order to determine the dynamic of 

malaria parasites conveniently. Hence, define 

       
( ) / ( ),

total population totalx y E
k k p k

y


  
    

 
  

where the death rate of malaria parasite in other form is given by

 

 

   ( )
total y

k k
x y E


 

   
  
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Thus, when iRBCs are totally killed, i.e. 0y  , the death rate tends to zero, i.e. 

 
( ) 0

total
k  . This statement conforms the real situation. Hence, P. non-falciparum's 

model with antimalarial drug and immune response is  

 1

1

2

2

1 2

1 2

,

,
1

,
1

.
1 1

x

y

m

E

dx
x xm

dt

p yEdy y
xm y k

dt y x y E

p mEdm
ry m

dt m

k yE k mEdE
E

dt y m

 

  






 

   

 
    

   

  


   
 

 

 

In case of P. falciparum, there are two phases of iRBCs in P. falciparum. The 

authors will illustrate the formulation of death rate of malaria parasite in case of P. 

falciparum in circulating process and P. non-falciparum at once because both of them 

have almost the same pathophysiology. The algorithm of modeling this death rate in 

both cases can be concluded as follows: (i) find the quantity of drug molecules attaching 

circulating iRBCs in case of P. falciparum or total iRBCs in case of P. non-falciparum 

per unit time, (ii) assume that drug molecules in the sense for the correct condition that 

one iRBC can be annihilated by only one drug molecule (see also Figure 6). 

For the population probability factor in case of P. falciparum, since the 

circulating and sequestered processes in the phase of intracellular parasites of P. 

falciparum are different in the sense of pathophysiology, the formulation of death rate 

of malaria parasite is separated into two parts. One death rate in the circulating process 

is almost the same as the case of P. non-falciparum, i.e. two population probability 

factors of them are different as follows: 
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 population c
c

c s

y
p

x y y E


  
,  

 
,

population s
s

c s

y
p

x y y E


  
  and  

 
,

population y
p

x y E


 
  

 

are three population probability factors in case of circulating and sequestered processes 

in P. falciparum, and P. non-falciparum, respectively.  
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Relative velocity v(relative)  

 ↓ ×π(r(vessel))2 

Blood flow with drug in 

one vessel 

π(r(vessel))2v(relative)  

 ↓ ×N(vessel) 

Blood flow with drug in all 

vessels 

π(r(vessel))2N(vessel)v(relative)  

 ↓ ×(τ/ρ) 

Blood flow with drug in 

capillaries/venules 

πτ(r(vessel))2N(vessel)v(relative)/ρ  

 ↓ ×C(t) 

Flow rate of time-

dependent drug 

concentration 

 

πτ(r(vessel))2N(vessel)C(t)v(relative)/ρ 

 

 ↓ C(t)⟶k 

Flow rate of constant drug 

concentration 

πτ(r(vessel))2N(vessel)kv(relative)/ρ  

 ↓ ×(A/M) 

Flow rate of drug molecule πτ(r(vessel))2N(vessel)Akv(relative)/ρM  

 ↓ ×𝜶 

Flow rate of drug molecule 

in free form 
π𝜶τ(r(vessel))2N(vessel)Akv(relative)/ρM  

 ↓ ×p(total) 

Effective flow rate of drug 

molecule 
π𝜶τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρM  

 ↓ convert drug 

to parasite 

Death rate of malaria 

parasite (cell/day) 
π𝜶τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρM  

 ↓ ÷V(blood) 

Death rate of malaria 

parasite density 

(cells/(µl.day)) 

 

π𝜶τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρMV(bl

ood) 

 

 

Figure 5.  This diagram shows formulation of the death rate of malaria parasite  

density, where 
 population y

p
x y E


 

 in  total
p . 
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The first difference between the circulating and sequestered processes is that 

sequestered iRBCs attach with the luminal wall of blood vessels, i.e.  
0

iRBC

sv  . Thus, 

the relative velocity between drug molecules and sequestered iRBCs is  

   
.

relative drug

s sv v  

The second difference is that sequestration process occurs only in specific vital 

organs of human host, which are brain, heart, left and right lungs, liver and left and right 

kidneys.4,5 Therefore, the death rate of malaria parasite in sequestration process is 

determined only in blood vessels of specific vital organs.  

Define 
 
 capillary

vital
N  and 

 
 venule

vital
N  as the number of total capillaries and total venules 

of all specific vital organs, respectively. To determine both 
 
 capillary

vital
N  and 

 
 venule

vital
N , the 

authors assume that the number of blood vessels of an organ is directly proportional to 

this organ’s weight. Thus, if 
 vital

W  and 
 body

W are defined as the two weights of all 

specific vital organs and whole body, respectively, then    vital body
W W , 

 
   capillary capillary

vital
N N  and 

 
   venule venule

vital
N N  are equal, i.e. 

 

 

 
 

 

 
 

 
.

capillary venulevital
vital vital

body capillary venule

N NW

W N N
   

 

Since the percentage of kidneys, lungs, liver, heart and brain to whole body 

weight 0.49%, 1.72%, 2.09%, 0.51% and 1.98%, respectively17, the total percentage of 

all specific vital organs, defined as  , is  

 

 
1.98 0.51 2.09 1.72 0.49% 6.79%.

vital

body

W

W
         
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Incorporating   with 
   total

s t , then two death rates of P. falciparum in 

circulating and sequestration process are  

 
      

 
   

2 ( )

2 ( )

( )
( ) ,

( )
( ) .

vessel total
drug iRBC blood

c

vessel total
drug blood

s

N r C t Ap
t G G v

M

N r C t Ap
t G v

M

 



 




  

 
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Relative velocity v(relative)  

 ↓ ×π(r(vessel))2 

Blood flow with drug 

in one vessel 

π(r(vessel))2v(relative)  

 ↓ ×N(vessel) 

Blood flow with drug 

in all vessels 

π(r(vessel))2N(vessel)v(relative)  

 ↓ ×(τ/ρ) 

Blood flow with drug 

in capillaries/venules 

πτ(r(vessel))2N(vessel)v(relative)/ρ  

 ↓ ×k 

Flow rate of drug mass πτ(r(vessel))2N(vessel)kv(relative)/ρ  

 ↓ ×(A/M) 

Flow rate of drug 

molecule 

πτ(r(vessel))2N(vessel)Akv(relative)/ρM  

 ↓ ×𝜎 

Flow rate of drug 

molecule in free form 
π𝜎τ(r(vessel))2N(vessel)Akv(relative)/ρM  

 ↓ ×p(total) 

Effective flow rate of 

drug molecule 
π𝜎τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρM  

 ↓ convert 

drug to 

parasite 

Death rate of malaria 

parasite (cell/day) 
π𝜶τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρM  

 ↓ ÷V(blood) 

Death rate of malaria 

parasite density 

(cells/(µl.day)) 

 

π𝜶τ(r(vessel))2N(vessel)Ap(total)kv(relative)/ρMV(blood) 
 

   

 

Figure 6.  This diagram shows the first step formulation of the death rate of  

circulating iRBCs, where 
 population c
c

c s

y
p

x y y E


  
 in 

 total

cp . 
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Both death rates are considered in only capillaries and venules, then 

     

     

( ) ( ) ( ),

( ) ( ) ( ).

total capillary venule

c c c

total capillary venule

s s s

k k k

k k k

  

  
 

 

Before coupling these two death rates in the mathematical model of P. 

falciparum, both of them have to be formulated in terms of the standard variables such 

that x, yc, ys and E in the dynamic system as the following steps: (i) since both two 

population probability factors in cases of circulating and sequestered iRBCs are 

 population c
c

c s

y
p

x y y E


  
and 

 population s
s

c s

y
p

x y y E


  
, 

 

(ii) define 

           

           

/ ,

( ) / ,

total population totalc s
c c c c

c

total population totalc s
s s s s

s

x y y E
k k p k

y

x y y E
k k k p k

y





   
    

 

   
    

 

 

 

(iii) subtract both 
       c

c s

total y

c cx y y E
k k

  
   and 

       s

c s

total y

s sx y y E
k k

  
   from 

the dynamic variables cy and sy in the mathematical model of P. falciparum. Thus, the 

mathematical model of P. falciparum with antimalarial drugs and immune response is  
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   

   

 

 

1

1

1

1

2

2

1 2

1 2

,

,
1

,
1

,
1

,
1 1

x

c c c
c c c c

c c s

s s s
c c s s s s

s c s

s s m

c s

E

c s

dx
x xm

dt

dy p y E y
xm y k

dt y x y y E

dy p y E y
y y k

dt y x y y E

p mEdm
r y m

dt m

k y y E k mEdE
E

dt y y m

 

   


   


 



 

   

 
      

    

 
      

    

  



   

  

 

 

where all parameters and values are in Table 1 and 2. 
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Table 1.  Parameters for numerical simulations in case of malarial infection. 

Symbols Value Variables Ref. 

G(drug) 1 lag coefficient of a drug in capillary and venule 10 

G(iRBC) 0.6,0.9 lag coefficient of an iRBC in capillary and venule, 

respectively. 

10 

x(0) 5×106 initial normal density of normal RBCs (cells/𝜇l) 1 

Ʌ 4.15×104 production rate of RBCs (cells/𝜇l/day) 1 

r(RBC) 3.9 radius of RBC (𝜇m) 13 

r(iRBC) 3.9 radius of iRBC (𝜇m) 13 

V(iRBC) 86-116 volume of iRBC (𝜇m3) 13 

δ(iRBC) 0.03-0.8 parasite volume fraction 13 

g 12 product rate of merozoites (/day) 1 

β 2×10-9 infective rate (𝜇l/cell.day) 1 

μx 8.3×10-3 decay rate of RBCs (/day) 1 

μy 1 decay rate of iRBCs (/day) 1 

μc 0.42 decay rate of circulating iRBCs (/day) 16 

μs 0.08 decay rate of sequestered iRBCs (/day) 16 

γc
 

1.03 transition rate from circulating to sequestered 

iRBCs (/day) 

16 

γs
 

0.74 transition rate from sequestered iRBCs to 

merozoites (/day) 

16 

p1 10-8 removal rate of all iRBCs by immune system 1 

p2 10-8 removal rate of merozoites by immune system 1 

k1 2.5×10-5 proliferation rate of immune effectors by all iRBCs 1 

k2 4.69×10-5 proliferation rate of immune effectors by 

merozoites 

1 

𝜃1 5×10-4 1/𝜃1half saturation constant for yc(t) and ys(t) 1 

𝜃2 6.67×10-4 1/𝜃2half saturation constant for m(t) 1 

μm 48 decay rate of merozoites (/day) 1 

m(0) 104 initial density of merozoites (cells/𝜇l) 1 

E(0) 10-4 initial density of immune effectors (cells/𝜇l) 1 

ρ 60 blood circulatory time (s) 18 

r(capillary) 3 radius of capillary (𝜇m) 19 

r(venule) 10 radius of venule(𝜇m) 19 

τ 1 transit time (s) of capillary and venule 19 

l 200,50-500 Length (𝜇m) of capillary and venule, respectively. 20 

v(blood) 0.3,4 blood velocity (mm/s) in capillary and venule, 

respectively. 

19,21 

N 109,107
 

number of capillaries and venule, respectively. 22 

V(blood) 5 whole blood volume (liters) 23 

X(t0) 105 parasite density in blood a tt0 24,25 

A 6.02×1023 Avogadro's number 26 

ε 40-50 Ratio of drug efflux in case of resistant parasite to 

susceptible parasite 

27 
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Table 2.  Parameters of chloroquine, mefloquine, halofantrine and artesunate 

(see all parameters in Table 1).  

Notations rl(nm) rw(nm) M α k (ng/ml) Ref. 

Chloroquine 0.7856 0.35525 319.8721 0.45 120 28 

Mefloquine 0.6333 0.33765 378.3122 0.02 500-638 29 

Halofantrine 0.86655 0.427 500.4237 0.02 1000 29,30 

Artesunate 0.7619 0.37065 384.4208 0.38 110-310 31,32 

  

 

3. Results and Discussion 

 

This section describes the results of the numerical simulation from using 

artesunate, chloroquine, mefloquine and halofantrine. They represent the antimalarial 

drugs for three cases: single drug treatment or monotherapy, drug resistance and 

artemisinin-based combination therapy or ACT. 

In case of single drug treatment, the treatment durations for clearing parasite of 

all chloroquine, mefloquine, halofantrine and artesunate in case of P. non-falciparum 

are the same pattern (straight line in log-linear axis). These patterns and treatment 

durations in Figure 7(a), 7(b), 7(c) and 7(d) are also similar to Figure 1 and 4 in White25 

Furthermore, in case of P. falciparum, the numerical results from artesunate, 

chloroquine, mefloquine and halofantrine in Figure 8(a), 8(b), 8(c) and 8(d), 

respectively, also show that their patterns are also straight line in log-linear axis as well. 

In case of drug resistance, Plasmodium sp. occurs only for some certain drugs. 

Chloroquine-resistant P. vivax are found in Papua New Guinea, Indonesia, Burma 
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(Myanmar), India, and Central and South America but not P. ovale, P. malariae and P. 

knowlesi.3 P. falciparum also resists other non-quinoline groups, such as mefloquine 

and halofantrine.33 Consequently, in order to obtain our numerical results, the only drug 

efflux will be considered for our mechanism of drug resistance (see Sinha et al. 34 in 

details), which can be formulated in mathematical formula. Thus, an assumption that 

all Plasmodium sp. resist all drugs except artemisinin is added in this study for 

numerical analysis. In the process of calculation, the efficacy of drug resistance is 

defined as the ratio of drug efflux in case of resistant parasite to susceptible parasite, 

denoted by ε (see this value in Table 1), and applied by dividing with the death rate of 

malaria parasite. Thus, the death rates of malaria parasite with drug resistance are 

 cc

c s

ky

x y y E





 
 

   
, 

 ss

c s

ky

x y y E





 
 

   
, and 

 ky

x y E





 
 

  
 in cases of 

P. falciparum  with circulating and sequestration process, and other Plasmodium sp., 

respectively (see also Table 3). According to the simulation, those patterns of results 

from chloroquine, mefloquine and halofantrine are unchanged but their durations are 

longer than the results without drug resistance, as shown in Figure 9(a), 9(c) and 9(e) 

in case of P. non-falciparum, and Figure 10(a), 10(c) and 10(e) in case of P. falciparum, 

respectively. Thus, this parameter of resistance conforms with the real patient's data 

that it can affect treatment duration. 

  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

108 

  
(a) (b) 

  

  

  
(c) (d) 

  

Figure 7.  Comparison between real patient’s data of Figure 1 and 4 in White25  

and our numerical results from (a) artesunate, (b) chloroquine, (c) mefloquine and (d)  

halofantrine in case of P. non-falciparum. 
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(a) (b) 

  

  
(c) (d) 

 

Figure 8.  Our numerical results from artesunate, chloroquine, mefloquine and  

halofantrine in case of P. falciparum, shown in Figure 8(a), 8(b), 8(c) and 8(d),  

respectively. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 9.  Numerical results of chloroquine, mefloquine and halofantrine with  

drug resistance and artesunate-based combination therapy (ACT) in case of P. non- 

falciparum. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 10.  Numerical results of chloroquine, mefloquine and halofantrine with  

drug resistance and artesunate-based combination therapy (ACT) in case of P.  

falciparum. 
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In case of monotherapy with resistance and combination with artemisinin (or 

ACT), the death rate of the malaria parasites in this case is modeled by the partial 

summation of the death rates in each drug and artesunate with its resistance. In view of 

calculation, the death rates of the malaria parasite are 

       
drug

artesunatecc
c

c s

ky
k

x y y E






  
       

, 

        ,

drug

artesunatess
s

c s

ky
k

x y y E






  
       

  and  

        ,

drug

artesunateky
k

x y E






  
      

  

 

in cases of P. falciparum with circulating and sequestration process, and P. non-

falciparum, respectively (see also Table 3). After generating the results, all treatment 

durations in case of P. non-falciparum in Figure 9(b), 9(d) and 9(f), and P. falciparum 

in Figure 10(b), 10(d) and 10(f), are shortened with respect to monotherapy. This 

confirms that ACT is more effective than monotherapy. Thus, the suggestion is that 

artesunate should be used in case of drug resistance. 
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Table 3.  The death rates of malaria parasite in cases of general drug, drug with  

resistance, artesunate and artemisinin-based combination therapy, and population  

probability factors. 

Species Plasmodium falciparum Other P. species 

Process Circulating Sequestration - 

Population 

probability 

factor 

 population

cp  or 

c

c s

y

x y y E  
 

 population

sp  or 

s

c s

y

x y y E  
 

 population
p  or  

y

x y E 
 

Death rates of the malaria parasites
 

Drug      population drug

c cp k

 

     population drug

s sp k

 

     population drug
p k  

Drug with 

resistance 

     population drug

c cp k


 

     population drug

s sp k


 

     population drug
p k


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4. Conclusion 

 

The numerical results from the mathematical model of the within-host malaria  

parasite with antimalarial drugs taking with the immune response of both Plasmodium 

falciparum and other Plasmodium species illustrate that all treatment durations are 

within 1-15 days in cases of all artesunate, chloroquine, mefloquine and halofantrine. 

Furthermore, treatment duration or the period time to kill both circulating and 

sequestered iRBCs in these results are 2-12 days, which conform to the patients' clinical 

data. However, in order to use this research, all of above conditions in this study must 

be met. The weak points in this study are concerning too many assumptions are needed. 

Therefore, the improvement for this research is to reduce these conditions or 

assumptions to make the model conforming to the actual results. Finally, our 

mathematical models of malaria parasite with antimalarial drugs together with the 

immune response under hypotheses used with pharmacology, theoretical physics and 

chemistry are reasonably comparable to the real clinical data from laboratory results 

and therefore meet our objective to mathematically predict the duration of treatment. 
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CHAPTER 5 

CONCLUSION AND DISCUSSION 

5.1 Main Concepts and Analysis of the Dissertation 

In general, there are several existing methods used to predict the treatment 

duration for a patient with infection. For example, physicians can use the statistical data 

from the laboratory to predict the treatment duration. Usually, the time to stop the drug 

administration is the day that patient recovers from the symptoms such as fever, etc. 

Moreover, statistic prediction is easier to apply than the mathematical models since 

there is no need to use the complex methods such as solving the system of differential 

equations, coding the mathematical computation program, etc. However, the 

disadvantage of prediction by using statistics method is that there must be enough data. 

Thus, if there is the new pathogen, which has never been dealt with before, then statistic 

method cannot be applied. In contrast, although the new pathogen is unknown, the 

prediction of treatment duration from the mathematical models can always be 

determined by the measurement of some certain parameters such as the width and 

length of pathogen, the natural growth and death rate, which are theoretically enough 

to calculate the duration of treatment. 

In this dissertation, the death rate in the form of the mathematical model can be 

applied with not only to bacteria or malaria, but also other pathogens in patient's blood 

such as protozoa, virus (in case of viremia), fungi, etc. The reason is that our model 

uses the relative velocity from the convection of blood, which is always available. 

The results from our model about the treatment durations and patterns from the 

numerical results of bacteria and malaria with and without immune response in this 
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research are compatible to the real-world situation. Nevertheless, there are some 

comments and suggestions of using the mathematical model to formulate the death rate 

of pathogen in this dissertation, detailed in the next sections. 

We prepared the mathematical model to predict the duration of treatment. Our 

models are determined by the measurement of some certain parameters such as the 

width and length of pathogen, the natural growth and death rate of pathogens. 

Furthermore, our method should be flexible enough if we need to apply it to unknown 

pathogen by adjusting the appropriate parameters. 

 

5.2 The Differences of Results between Bacteria and Malaria 

Before discussing the numerical results, note that the horizontal and vertical 

axes in the graph respectively represent the log-linear scale and the time of treatment. 

This implies that the straight line decreases in the graph near the exponential decay. 

Our numerical simulation shows that the graphs of numerical results in case of bacteria 

decrease exponentially while the two cases of P. non-falciparum and malaria with 

immune response are log-linear straight. This situation can be explained by noting that 

there is the population probability factor in cases of P. non-falciparum and malaria with 

immune response but not in the case of bacteria. The purpose of population probability 

factor is to modify the death rate of pathogens in order to make the model compatible 

the actual results. Consequently, if the density of pathogens is almost zero, then the 

death rate of pathogens should be very small. Thus, the population probability factor 

will make the difference in the model between bacteria and malaria. 
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5.3 Numerical Results in Case of Malaria 

5.3.1 Monotherapy with or without Immune Response 

 The numerical results in case of malaria with immune response are quite similar 

to the case of malaria without immune response until the population of the immune 

effectors increase substantially. Figure 1(a)-1(f) show the treatment durations of 

patients treated by antimalarial drug halofantrine and the numerical results of the 

malarial case with immune response. First, the treatment durations in Figure 1(a) with 

the initial density of immune effectors of  0E =104/μL blood. Then, as the density of 

immune effectors are increased to  0E =104, 106, 107, 108, 109 and 1010/μL blood in 

Figure 1(a), 1(b), 1(c), 1(d), 1(e) and 1(f), respectively, the parasite densities decrease 

dramatically and the treatment durations shorten. Observe that after the immune 

effectors increase, the parasite densities (or iRBCs, denoted as  y t ) decrease faster and 

the treatment durations are shorter. This phenomenon indicates the effect of the immune 

response and the drug to the malarial parasites. Thus, this conforms to the real-world 

situation that the immune effect can help the drug to get rid of the malarial parasites. 

Note that the other drugs in this work, artesunate, chloroquine and mefloquine, have 

also the same characteristic. Hence, this concludes that the antimalarial drug 

administration with the help immune effect can better treat the patients with malaria 

infection. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 1. Figure 1(a)-1(f) show the numerical results between the parasite density 

and days of treatment with the initial density of immune effectors  0E = 104, 106, 107, 

108, 109 and 1010/μL blood in Figure 1(a), 1(b), 1(c), 1(d), 1(e) and 1(f), respectively. 
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5.3.2 Differences between Monotherapy and Drug Resistance with Immune 

Response in both of them 

Figure 2(a)-2(d) illustrate the relation between the parasite density  y t  and t  

with various density of initial immune effectors  0E . When the density of initial 

immune effectors  0E  increase, the parasite density  y t  decrease faster. This 

situation can be explained pathologically by the effects of the immune effectors on the 

parasites. Hence, this situation conforms with the real clinical data. Therefore, the 

immune response can shorten the treatment duration provided the patients have enough 

the immune effectors  E t . 
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(a) (b) 

  
(c) (d) 

 

Figure 2. Figure 2(a) and 2(b) show the numerical results between the parasite 

density and days of treatment with the initial density of immune effectors  0E =104, 

106, 107, 108, 109 and 1010/μL blood in black-white and color version, respectively. 

Figure 2(c) and 2(d) represent the same situations as in Figure 2(a) and 2(b) with drug 

resistance added on. 
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5.4 Connection of the Results from Researches between Three Articles 

Our first article is concerning the case of bacteria. Since the mathematical model 

of bacteria requires only one differential equation, which involves the natural growth 

and death rates, this case represents the simplest type of death rate of pathogens [2]. 

The principle of the relative velocity is based on the physics principles. Furthermore, 

the numerical results in this case show that the treatment durations are conforming to 

the treatment durations from the actual patient’s data [11]. However, the graph patterns 

from numerical simulations are quite different from the real patient’s data. The reason 

is that the simplicity of one differential equation of bacteria might not be enough to give 

the specific characteristics of the graph pattern of the real patient’s data. Moreover, the 

death rate of pathogens in this study should also be applicable to other type of pathogens 

as well. This leads us to the results of other two articles, which deal with malaria instead 

of bacteria. 

Our second article deals with the malaria parasites except Plasmodium 

falciparum. This case is more complex than the case of bacteria since it consists of three 

main types of populations as follows: 1) normal red blood cells (RBCs), 2) infected red 

blood cells (iRBCs), and 3) extracellular parasites or merozoites [3]. In this case, we 

use three differential equations in order to formulate the death rate of the malaria 

parasite. As a result from the numerical simulations, we find that the numerical results 

are more compatible to the actual patient’s data than the case of bacteria model. The 

correlation can be described as follows: 1) the duration of treatment is 2-12 days, and 

2) the pattern of graph is the log-linear type. The reason can be explained from the 

consequences of more differential equations that we use. Remark that the mechanisms 

of drug action in the cases of bacteria and malaria parasite are also different. In 
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particular, the binding probability factor in the death rate of bacteria is the chance of 

binding between a drug molecule and enzyme, while the binding probability factor in 

the death rate of malaria parasite is the chance of binding between a drug molecule and 

the numerous ferric ion from hemoglobin. Although the binding probability factors in 

the cases of bacteria and malaria are different, the durations of treatment are still 

comparable to the actual treatment durations in both cases. Hence, the difference of the 

mechanism of drug has been taken care of by using the different models. 

Before we introduce the third article, we recall the pathogen of Plasmodium 

falciparum. In case of Plasmodium falciparum, iRBCs are divided into two main types: 

circulating and sequestered iRBCs. Note that the behavior of circulating iRBCs is the 

same as the iRBCs from other Plasmodium species while the behavior of sequestered 

iRBCs is quite different. The first characteristic of the sequestered iRBCs is that they 

are fixed at the luminal walls of capillaries and venules. In particular, they do not float 

around in the bloodstream. Thus, their relative velocity does not need to be included in 

the equations, and the drug molecules can move quickly to bind the sequestered iRBCs 

[6]. The second characteristic of sequestered iRBCs is that the sequestration process 

occurs specially only in vital organs: brain, heart, lungs, liver and kidneys [7, 8]. 

Although the binding between drug molecules and iRBCs in the case of Plasmodium 

falciparum is probably faster than the case of P. malariae, P. vivax, P. ovale and P. 

knowlesi, the durations of treatment in case of Plasmodium falciparum are longer than 

the case of P. malariae, P. vivax, P. ovale and P. knowlesi. Our results still conform to 

the real-world situation that Plasmodium falciparum is more violent than other 

Plasmodium species, i.e. the lifespan of Plasmodium falciparum is longer and it is 

harder to get rid of the P. malariae, P. vivax, P. ovale and P. knowlesi. 
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In our third article, we consider the case of all Plasmodium species with immune 

response. There are some additional modifications in this case as follows: 1) we add 

some more mathematical terms to the differential equations of iRBCs and merozoites, 

and 2) there is one more additional differential equation to describe the immune 

effectors. The numerical results show that the immune system does have some effects 

in the population of the malaria parasite. Mathematically, the immune system will 

shorten the treatment durations which is also compatible to the real-world situation. 

 

5.5 Limitation of the Research 

There are few limitations of the applications of our results as follows:  

1) The pathogens must mainly reside in patient's blood circulation. If pathogens 

are mainly in other places such as certain organs (brain, lungs, heart, stomach, liver, 

kidneys, colons, skin, etc.), gastrointestinal tract, respiratory tract or reproductive tract, 

then our method of using the relative velocity cannot be applied. However, there have 

been other several methods that can be applied in this situation such as Brownian 

motion, the rate of mass action, etc. These methods, including the relative velocity, are 

used to model the mechanism of binding between drug molecules and pathogens into 

the mathematical framework (see the explanations below). Remark that the calculation 

of binding probability factor between a drug molecule and a pathogen by using the 

Brownian motion and the rate of mass action have to take into account for the 

movement in all directions while our method of the relative velocity involves the 

movement in single direction along the bloodstream. Thus, the method of the relative 
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velocity is simpler to compute when the calculation involves other factors such as 

probability factors. 

2) The mechanism of binding between a drug molecule and a pathogen must 

occur mainly through the physical collision. If the mechanism of drug action is too 

complex, then the probability factors in our model may not be accurate enough, and 

therefore make it more difficult to incorporate with the relative velocity. For instance, 

the structure of drug molecules can change in several steps during the chemical reaction 

before the binding can take place. Consequently, the parameters of the drug molecules 

such as the structure, the shape, the area of active of the binding site need to be 

continuously adjusted as well. 

3) All parameters of pathogens and drug molecules must be available. This is 

necessary otherwise the results cannot be simulated in order to make a prediction. Note 

that the parameters of human blood circulation system in this dissertation can be applied 

to other pathogens as well since the model will use the same human related parameters. 

 

5.6 Suggestion and Future Research 

The pathogens, used in our model, must satisfy our hypotheses as follows: 

1) Pathogens must reside mainly in patient’s blood circulation. 

2) The binding mechanism between a drug molecule and a pathogen is not too 

complex to translate it into the mathematical forms. 

3) The numerical data for each parameter must be available in order to generate 

the numerical results. 
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In order to apply our method to predict the treatment duration for other 

pathogens, we must take into account of the different mechanism. For instance, in case 

of HIV virus, there must be some certain parameters which have to be modified before 

formulating its death rate. For example, the binding action between drug molecule and 

HIV is different since HIV's shape is not spheroid. Currently, some antiviral drugs need 

to bind the HIV's DNA of a helical shape. Thus, the binding probability factor in the 

case of HIV is different from the one in our model. 

In present, for the case of malaria, there are evidences that there are actually 

more than two main stages of iRBCs (circulating and sequestered iRBCs). In particular, 

there are 4 stages, consisting of early trophozoite, late trophozoite, early schizont and 

late schizont. Therefore, the mechanism of drug action in each stage of iRBCs must be 

separated into each stage of iRBCs and take into account in each of differential equation 

related to the population of iRBCs. For instance, most antimalarial drugs such as 

chloroquine can attack only iRBCs in the stage of schizont, while artemisinin and 

artesunate can attack every stage of iRBCs. Therefore, further modification of our 

model should lead to more accurate prediction of the treatment duration. 
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5.7 Conclusion and Discussion 

Nowadays, there are a lot of patients suffering from pathogen infection in many 

developing countries. Some developing countries do not have the technological 

advances or resources to detect the density of pathogens in patient’s blood. 

Consequently, the mathematical model in this dissertation may help physicians detect 

the density of pathogens and therefore determine the drug dosage for the patient with 

relatively low cost. 

Finally, we hope that this dissertation illustrates how mathematical model can 

work and have benefit in the medical area. 
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APPENDIX 

 

APPENDIX A 

NUMERICAL METHOD 

 
A.1 Background Information 

 

There are various numerical methods for solving the differential equations such 

as Euler method, Runge-Kutta method, etc. In 1768, Leonhard Euler established the 

oldest and simplest method, called Euler method, to numerically approximate the 

solutions with certain initial conditions [12]. The Euler method is originated from the 

finite difference method [13]. The finite difference method is the basic concept of 

solving the differential equations with initial conditions, also called an initial value 

problem, on the interval 0 Nt t t  , which are 

      0 0, , .x t F x t t x t x    

To approximate a continuous solution by using a discrete solution. In particular, 

both sequences of x and t, which are 0 1 2, , ,...X X X  and 0 1 2, , ,...t t t , are constructed from 

the discrete model of differential equation. Afterward, we divide the sequence 

0 1 2, , ,...t t t  with an equal interval h, called the step size. That is, 1n nt t h   . Next, we 

use the iterative process to evaluate 1 2 3, , ,...X X X  from 0 1 2, , ,...X X X , respectively. 

Consequently, the numerical solutions are obtained. Note that the iterative process can 

be terminated by defining 0Nt t
N

h


  [13]. 
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To apply this numerical method to our research, we have the system of 

differential equations which is the initial value problems. Since each mathematical 

model of malaria is multi-variables system, we need to modify each variable in order 

to apply the numerical method [13] (see the section of system of equations in details). 

In this dissertation, we use the computational program to numerically solve the 

system of differential equations. Furthermore, this program can provide the best 

appropriate step size to optimize the numerical results. 

 

A.2 Numerical Methods for Solving Initial Value Problems in the System of 

Differential Equations 

 

 There are various numerical methods to approximate the solutions of 

differential equations such as Euler method or Runge-Kutta method [13]. However, 

both methods require an initial condition in order to numerically solve the problem [13]. 

Hence, this section will describe how, we will apply two methods of Euler and Runge-

Kutta in this work.  

 

A.2.1 The initial value problem 

 The initial value problem is the problem of solving a differential equation, 

defined as  

    , ,X t F X t t   
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with unknown  X X t  subject to a condition  0 0X t X  [12]. Note that an initial 

condition is defined as  0 0X t X , where 0t  and  0X t  are given. This initial 

condition is necessary in order to use the Euler method and Runge-Kutta method since 

both methods start from this initial condition before continuing the iteration process 

with certain step size. 

 

Table 1. Table 1 shows the initial density or conditions of six variables, x(0), y(0), 

yc(0), ys(0), m(0), and E(0) in cases of P. non-falciparum, P. falciparum, P. non-

falciparum with immune response, and P. falciparum with immune response, where x, 

y, yc, ys, m, and E are the density of normal RBCs, infected RBCs (iRBCs), circulating 

iRBCs, sequestered iRBCs, and immune effectors, respectively [5]. 

Case The Initial Density (cells/μL) 

x(0) y(0) yc(0) ys(0) m(0) E(0) 

P. non-falciparum  

4.9×106 

105 - -  

104 

 

10-4 P. falciparum - 5×104 

P. non-falciparum with immune response 105 - - 

P. falciparum with immune response - 5×104 

 

This research uses these initial densities in Table 1 in order to generate the 

numerical results in each of the two articles (see Chapter 3 and 4). These initial 

conditions of all six variables can be adjusted in order to analyze the numerical results 

in various cases. We can also whether these results are compatible with the actual 

results. For instance, if y(0) are very large, then antimalarial drug will not have the 

effect on the density. Similarly, if E(0) are very low, then the immune response becomes 

useless (see details in Chapter 5). 
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A.2.2 Euler method 

 Euler method is the simplest numerical method for the initial value problems 

[12]. The key of Euler method is the iteration process. First, we note that  

     
1

,X t X t h X t
h

       

which is called a forwarding difference approximation and h  is called the step size [13]. 

Hence, if we define     ,nX t F X t t  , then by using the Euler method, we will get  

  1 , , 0,1,..., 1.n n n n nX X hF X t t n N      

 The process of applying the Euler method to find the numerical solution is 

therefore as follows: 

1. Define the system  ,
dX

F X t
dt

  with the initial values  0 0X t X .  

2. Define two sequences 0 1 2, , ,...X X X  at discrete times 0 1 2 ... ...nt t t t       

3. Create the step size by dividing the interval  0 , Nt t  with N  segments, denoted 

by 0Nt t
h

N


   

4. Compute 0 1 2, , ,..., NX X X X   
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In particular, we have 

,

,

,

,

, ,  or 

n

n n

n c n

c n n

n n s n

s n n

n n

n n

n

x
x x

x y
y y

X y y
y m

m m
m E

E

 
     

       
       
       
        

      

 in cases of P. non-

falciparum, P. falciparum, P. non-falciparum with immune response, and P. falciparum 

with immune response, respectively. After we obtain the numerical solution, we can 

plot graph to determine the treatment durations by locating the intersection point 

between the graphs. 

 

A.2.3 Systems of equations 

 Since our mathematical models for each type of malarial parasites are the 

systems of equations, these models need to be adjusted in order to satisfying the Euler 

method.  

 In case of P. non-falciparum, we apply the Euler method to the system of 

equation given in [2] as follows: 

 

 

 

1

1

1

,

,

.

n n x n n n

n
n n n n y n

n n

n n n m n n n

x x h x x m

y
y y h x m y k

x y

m m h gy m x m

 

  

 







    

  
        

   

 

 In case of P. non-falciparum with immune response, we apply the Euler method 

to the system of equations given in [3] as follows: 
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 1

1
1

1

2
1

2

1 2
1

1 2

,

,
1

,
1

.
1 1

n n x n n n

n n
n n n n y n

n

n n
n n n m n

n

n n n n
n n E n

n n

x x h x x m

p y E
y y h x m y

y

p m E
m m h ry m

m

k y E k m E
E E h E

y m

 

 






 









    

 
    

 

 
    

 

 
     

  

 

 In case P. falciparum with immune response, we apply the Euler method to the 

modified system of equation given in [3, 6] as follows: 

 

 

 

 

1

1 ,

, 1 , ,

1 ,

1 ,

, 1 , , ,

1 ,

2
1 ,

2

1 , ,

1

,

,
1

,
1

,
1

n n x n n n

c n n

c n c n n n c c c n

c n

s n n

s n s n c c n s s s n

s n

n n
n n s s n m n

n

c n s n n

n n E n

x x h x x m

p y E
y y h x m y

y

p y E
y y h y y

y

p m E
m m h r y m

m

k y y E
E E h E

 

  


  


 














    

 
       

 
       

 
    

 


   

 
2

21 , ,

.
11

n n

nc n s n

k m E

my y 

 
 

   

 

 However, the drawback of using the Euler method is that it is more prone to 

truncation error. 

 

A.2.4 Runge-Kutta method 

 In 1900, Carl Runge and Wilhelm Kutta developed a method to numerically 

approximate the solutions of differential equations, called Runge-Kutta method. The 

key idea to this method is to bypass the computation of the higher-order derivatives in 
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the Taylor method [14]. Thus, Runge-Kutta method is supposed to have less errors. The 

general recursion form of Runge-Kutta method is  

 1 , , .n n n nX X hF X t h    

There are two types of Runge-Kutta method, which are 2nd and 4th order. The 

2nd order Runge-Kutta method (or the modified Euler method) is given by 

   1 1 1, , ,
2

n n n n n n

h
X X F X t F X t  

   
 

 

where  1 ,n n n nX X hf X t   . However, the 4th order Runge-Kutta method is more 

popular and more accurate than the 2nd order Runge-Kutta method since the 4th order 

Runge-Kutta method involves more parameters than the 2nd type. In particular, the 4th 

order method is given by  

 1 1 2 3 42 2 ,
6

n n

h
X X k k k k       

where  

  

 

 

  

1

2 1

3 2

4 3

, ,

, ,
2 2

, ,
2 2

, .

n n n

n n n

n n n

n n n

k F X t t

h h
k F X t k t

h h
k F X t k t

k F X t hk t h



 
   

 

 
   

 

  

 

Note that the Euler method is the special case of the 1st order Runge-Kutta 

method is [12]. 
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In the case of malaria with and without immune response, there are at least three 

variables in the system of differential equations. Thus, in order to apply the Runge-

Kutta method to the mathematical model of malarial parasites, the recursion process 

need to be modified as in the case of Euler method. First, in case of P. non-falciparum 

without immune response as in the 2nd article, there are three variables of dynamic 

populations, which represent normal RBCs, iRBCs, and merozoites, denoted by x, y  

and m. Therefore, the Runge-Kutta equations in this case are given by 

 

 

 

1

1

1

, , , ,

, , , ,

, , , ,

n n n n

n n n n

n n n n

k F t x y m

l G t x y m

j H t x y m







 

2 1 1 1

2 1 1 1

2 1 1 1

1 1 1 1
, , , ,

2 2 2 2

1 1 1 1
, , , ,

2 2 2 2

1 1 1 1
, , , ,

2 2 2 2

n n n n

n n n n

n n n n

k F t h x hk y hl m hj

l G t h x hk y hl m hj

j H t h x hk y hl m hj

 
     

 

 
     

 

 
     

 

 

3 2 2 2

3 2 2 2

3 2 2 2

1 1 1 1
, , , ,

2 2 2 2

1 1 1 1
, , , ,

2 2 2 2

1 1 1 1
, , , ,

2 2 2 2

n n n n

n n n n

n n n n

k F t h x hk y hl m hj

l G t h x hk y hl m hj

j H t h x hk y hl m hj

 
     

 

 
     

 

 
     

 

 

 

 

 

4 3 3 3

4 3 3 3

4 3 3 3

, , , ,

, , , ,

, , , ,

n n n n

n n n n

n n n n

k F t h x hk y hl m hj

l G t h x hk y hl m hj

j H t h x hk y hl m hj

    

    

    

 

 

 

 

1 2 3 4

1 2 3 4

1 2 3 4

1
2 2 ,

6

1
2 2 ,

6

1
2 2 ,

6

k k k k k

l l l l l

j j j j j

   

   

   

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

141 

 

   

 

1

1

1

1

,

,

,

,

, , ,

, , ,

, , .

n n

n n

n n

n n

x

y

m

x x hk

y y hl

m m hj

t t h

F x y m x xm

y
G x y m xm y k

x y

H x y m gy m xm

 

  

 









 

 

 

 

   

 
    

 

  

 

 

The other malarial cases as in the 3rd article, which are P. non-falciparum with 

immune response and P. falciparum with immune response, can also benefit from the 

Runge-Kutta method by extending to four and five-dimensional system of differential 

equations, respectively. Therefore, the Runge-Kutta method should be the better choice 

for numerically approximating the solutions rather than the Euler method. 

 

A.2.5 Determination of Treatment Duration 

 We note that the treatment duration can be determined by applying the 

numerical method such as the Euler method or Runge-Kutta method to our model 

consisting of the system of differential equations. However, there are still other ways 

to determine the treatment durations. The first one is to locate the intersection point 

between the graphs of parasite density and the time of treatment. For instance, if the 

parasite density is considered clear at 100=1 cells/𝜇L blood and the point of intersection 

is  ,1nt , then nt  will represent the treatment duration in this case. The second method 

is to plot the linear graph between the parasite density in logarithmic scale and time. 

Afterward, we can solve the time such that the parasite density is considered clear. For 
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instance, if  1 1,t y  and  2 2,t y  are the results from the numerical solution, and the 

graphs of results are assumed to be log-linear straight, then the treatment solution can 

be computed as 0
2

2 0

log log

log log

n
n

y y
t t

y y

 
  

 
 or 0

1

1 0

log log

log log

ny y
t

y y

 
 

 
. The third method is to 

generate the sequences between nt  and nX . If it happens that 1 0ny    and 0ny   are 

between the time 1nt   and nt , then the treatment duration is therefore between 1nt   and 

nt . 

 

A.3 Conclusion 

  

In conclusion, we can apply the numerical methods, such as Euler method or 

Runge-Kutta method, to the mathematical models of malarial parasite in cases of P. 

non-falciparum, and both P. non-falciparum with immune response and P. falciparum 

with immune response in this research. However, the Euler method and the Runge-

Kutta method may not be the best method for this research. For instance, the 

computation may take too much time and in danger of having runtime error. 

Furthermore, the Euler method may be outdated to evaluate such numerical solution 

since the accuracy of the Euler method is quite low. 
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