3
31 (Fuzzy Theory Concept)
1965  “Zadeh"
(Vagueness) (Linguistic)
[24]
(Fuzziness) (Probability) '
(Deterministic plausibility)
2500 MW”
2500 MW
(Likelihood)
(Non-deterministic) Stochastic
(Randomness)
“ 4000 ”

4000



(Fuzziness) (Randomness)
(Subjective)
(Objective) (Statistic)
1]
(Modeling) (Statistical model)
(Membership)
(Membership function)
(Probability density
function: pf) (Membership function) [6]
* pdf (likelihood) X
X
] pdf 1
1
] (Integrate) ' pdf (Cumulative
probability)
J ( a-cut)
pdf
3.2 (Fuzzy set theory)
(Classical crisp set) (Object)

(Universe of discourse)

(Crisp)
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(Crisp set)
(Characteristic function)
A(Crisp set) ( AX)) 0
f
1 XGA
| = > 1
1V x) 1 _— (31)
A X

xGA x[EA

(Fuzzy set)
(Generalization)

A - )
A= {X, (XKX) X6} (32)
(-() (Membership function) A (-()
X A (-()
e (<) : —>MIM={01} M
(Membership space) A (A)

o (<) : > MIMd 9+, sup(M) = 00 A

M=[0,1]



31() (Crisp) A
A
MA MX(X)
A A
1
xeu xevu
- >
x1 x2 x3 x1 x2
() ()
31 (Crisp set)
31 (Crisp) A
o

A—{(x.0la(x))IxE a}
(Characteristic function)

fo IX<5H

MaM HV _;H >
32() A
A= { (X, -(x))lxeu}

(Membership function)

MX <= ey

43
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320 ) A
(Subjective)
HA (X) HK (X)
A A
R 1

x. U x€U
> =
e 5 6 B 5 6
(M) ()
32 (Crisp set) 1
(x)
A A
321 1 (Representation of fuzzy set)
“Support $ (Crisp set) X
l4.(x) > 0 3.3
supp(A) = { XG  I[i~() > 0} (33)

~

(Empty fuzzy set) supp(A)
X
= { X x2,..4[L} (Discrete) A

A= {(x, *~(x,) 1(x2,nx(x2)),..., (xnfl~(xn)) } (3.4)
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“Support ”
“Support ” A
A=N+H +2 +  +7 =1 (35)
y
+ Union lij = Mx(Xj) > 0
Xj (xj6 ) - IL; X
) X (Continuous)
7/mN = 36)
{ Union A
322 a -Cut a- Level
a -cut  a- levelset A A(Crisp set)
A a
Aa = { xEU|U~(x) > a, a E (0,1]] } (37)
a E(01] a -cut A
Level st A
A-={al(~(x)=a ,3xEU} (39)

3.7 a < (3 Ap (Z Aa



46

3.2.3 Convex (Convexity)
Convex ot-cut Convex
HX(AX, + (1-A)X2) > min( (J,~(Xj) 1 p,~(X2)) (3.9)
x,, X2E , XG(0,1] 39 2
x1x2 A 2 (x)
X X2
(Height of fuzzy
set)
Height(A) — sup [3.2(x) (3.10)
X
3.10 Normalize
Height(A) = 1 33() Convex Normalized
330 ) Normalized ~ * Convex 33()

Convex Normalized

LI (x) f-lg (x)
A

1

A

Q) Q)

3.3 Convex Normalized
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324 Extension (Extension Principle)
Extension Zadeh[1978a]
(Crisp
mathematical concepts)
(Mapping) f fi(x,x2L1...xn) (Crisp)
(Crisp) V (Fuzzy subset)
Vv
(Nonfuzzy elements)
f: —V A 35
Extension
f(A) = MMy
X X2 X3 X (3.11)
I -+|M2-+ M'??+,,.+\]
fix) f(x2)  f(x3)
X y V. f (many-to-one
mapping)
HIOW) - mex (hat ) (3-12)
fx)=y
b y (Cartesian Product)
= ULX 2X..X Aj A2,..., An 1,
2.,.... f (X,,X2,..., Xn) (crisp) y
(Crisp) V y=f(X,x2,...,xn) Extension f(X,x2,. .., xn)

- Aj,A21... An B = f(A) B
(Fuzzy image) Aj,A2,... An () B
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= {(y,J.9(y)) Ty="f(x,,x2,....xn),(x,, x2,..xnGU} (313

MS(y) = SUP mint Ma, (Xj), IX2(x2),..., Mad(x)]  (3.14)
(*1 X2.....XL) eu
y:f(X,,x2,...,x,,)
3.2 f 1={-1,0,1} 2={-2,2}
V= {2—123} f(x,x2)=x*+x2 A A2 1 2
=(0.5/-1)+ (0.1/0)+ (0.9/1)  A2=(0.4/-2) + (0.1/2)

Extension f(A,A2)

X Ma, X2 A2 Ma, xa2 (xI'x2) y=f(x,x2)= xj!+x2
1 05 2 04 min(05,0.4) 1
1 05 2 10 min(0.5,L.0) 3

0 ol 2 04 min(0.1,04) 2

0 0l 2 10 min(0.1,1.0) 2

1 09 2 04 min(0.9,0.4) 1

1 09 2 10 min(0.9,1.0) 3

(1-2) (12 (12 (12
y=-1  y=3 314

MB(y = -1) = sup [min(MA xi— »MA x2=~2)) >
min(MA (x, =1) IMa, x2  2))]
= supt min(0.5,0.4), min(0.9 104)] = 04
MB(y = -2) = sup[min(MA (X, = o), Ma2(x2= - 2))]
= sup [min(0.1,0.4) ] = 01
MB(y=2) = sup[min(MAL(x, = o), Ma, (x2=2))]
= sup [min(0.1, 1)] = 01
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MB(y=13) = sup[min(flAl(x1=-1), f}A (x2=2)),
min(MA (x1=1)"  2(X = 2))]

= sup [min(0.5, 1), min(0.9, 1)] = 09
( B) Extension 3.13
314
§=(0.1/-2) + (0.4/-1)+ (0.1/2) + (0.9/3)
325 (Interval Arithmetic)
(Interval)
(Mathematical operation)
(Interval analysis)
(Interval arithmetic)
1
(Closed interval)
(Interval of confidence) x€[al,a2]
al < a2 X al
a2
@ al)
A=Tlal a2]
(x)
A—Jala2] —{xlal x<a} (3.15)
al a2 (finite) X
x =[x, x]
() () (*) () \)
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(*) () A=[al,@2] B=[1!,2]
9 Xe [ala2]  yE[bIb2] Xy E [al+ bl @2+ b2]

A(+)B=Tal,a2](+)[bl,b2]=althl ,a2+h? ] (3.16)

A()B=[al ,a2](-) [bl ,b2]=Tal-b2,a2-bl ] (3.17)

A (Image: A): XE [ala2] AA=[-a,-al]

A(+)A = [al 2] (+) [-a2,-al] =[al-a2 ,a2-al] 70 (3.18)e
() (). A=[al, a2] B=[ !, 2]

A()B= [min(albl,alb2 a2bl a2b2) Imax (albl ,alb2 1azbl ,a2b2)]  (3.19)
AB cz9i+ 3.20
A()B = [al ,a2] () [bl ,b2] = [albl ,a2b2] (3.20)
ABCISR 0f£B
A()B=[min(all 1, allb2,a2/bl,a2/b2), max (al/bl ,al/b2 ,arivi ,a2/h2)] (3.21)
ABCI9i+ 0£8B

A()B=[al a2 ()[bl, 2] = [allb2  a2/bl] (3.22)
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A(Inverse :a'l):  xGalaz2] CI +,0¢£ [ala2]

a'=[la2, Ual]
A()A'l= [allaz ,a2/al ]~ 0 (3.23)
Max (V) Min(A) : AB d
A(V)B=TlalVbl,a2Vv 2] (3.24)
AA)B=[alA 1,a2A 2] (3.25)
31
(Commutativity) (Associativity)
31
(*) ()
A(+)B=B () A()B=B()A
A®B) () C=AHBMHC  (A()B()C=A()B()C)
AH0=0(t)A=A A()1=1()A=A
Af)A= AHAND A()A1=A()A N1
Va,b,cc:5? Va,b,CCl +
3.3 A=[1.23456],B=[2.45,6.26],

C=[-312 564],D=[402,-127],E =[2 4],F =[-4,6] G=[6,-2]

A(+)B =[1.23,4.56 ] (+) [2.45,6.26 ] = [ 1.23+2.45 54.56 + 6.26 ] = [ 368 , 10.82 ]
A()C =[1.234.56]()[-3.12,5.64]=123-564456 +312]=[-4.41,768 ]
C = [5.64,3.12]
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C(+)C = [-3.12,5.64] (+) [5.64,-3.12] =[-8.76,8.76] = 0
(A(+)B) ()¢ = [368,1082] () [-3.12,5.64]=[-1.96,13.94]
A()B = [1.23,4.56]()[2.45,6.26 ] = [3.0135,28.5456 ]

A()B = [123,456]()[2.45,6.26]=[123/626 1456/ 245 ]
= [0.1965, 1.8612]
A'l= [1/456 11/ 123]=1]0.2193,0.8130]
A()A'l= [1.23,4.56] ()[0.2193,0.8130]1=[0.2697,3.7073] 1

E(AF = [2,4] (A) [-46]=[2 A-4,4 A 6]=[-4,4]
E(V)F = [2V-4,4V 6]=[2,6]

3.26 (Fuzzy Number)
Convex  Normalized
(Membership function) (Piecewise continuous)
OC-cut (Closed interval) [!-(.)  —>[0,1]

(Interval)

3.4 ”
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34() 13 34()
15 13%  [125,135] 34(f))
(Triangular fuzzy number) ! 13" 34()
(Trapezoidal fuzzy number) ! 1.28
1.32 12
A A
T ® 1 - —2
k. =
1:3 1.25 1.35
(n) @)
A A
1 1
o :
12 1.3 1.4 1.2 128 132 14
() ()
3.4
(Bell-shaped) 35(0) ()

" (Large number) " " (Small number) 35() ()
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Q) (V)
A A
1 / 1 \
g - g "
() ()
35 ()
321 . (Fuzzy Arithmetic)
Normal  Convex
(Piecewise continuous) a-cut (Aa)
A J:~() 1 A B
a :0(1E [0, 1] Aa = [al(a"\ a2(a) ]
A Ba = [bl<a>, b2<a)] B
(Interval)
, a-cut

(Arithmetic operation)

Aa — [al<a), a2(a)] A a (aef0,lj)



(*) (+)
() () Extension A(*B A B

[*(*) @)= P m( Mgy) )

X,y E min(A) max(V)

a-Cut 326 320 328

(A(*)B)a = Aa( Ba :Va G]lo,i]

a,,az2e [01] a, >a? A Cl Aa2
3.28 a-cut A B

Aa(+)Ba=[a“ +b* a* +h"]
Aa(-)Ba=[ar-b* ar-h*]

Aa (-)Ba =[min(a“ -b"X max(a“ «j*)]
Aa()Ba = [min(e" /b”), max(e /b)) ;0 £ Ba

331 332 i 1 2

55

(3-26)

(3-27)

(3.29)

(3.29)

(3.30)

(331)

(332)



3.4

(Operation)

B A(+)B A(-)B
B 9+ A()B  A()B
(Image) (Inverse)

A(+)A—0 A(JAL=1

A []] 3l5II B

>
lov]i

A(+H)B

5

85"

11

Y
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4 TH  BA A B
< /
-1 0 1 2 3 4 5 6
3.7
3.1 B(—A
n 1I5II
A B
Ap % 5 A(")B
1 )
// // "
B “5 a2 4 s ® Y wm 175 27
3107t 3.8 maguszniedanavilad
38 A(-)B
n 17'5||

>
o
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A H
1
// 5
0 0.417 0.7 1125 7 2 3 4 5 6
31 3.9 msmsseniadunuilad
39 A(/)B
" 0I7II
A B
3.2.8 (Fuzzy Equation)
(Coefficient)
( )
A+ X—B A B X
X=B-A
2 A=[a, ] B=[ 1, 2]
1 1 X=[x, x2] A+ X=B X

3.33

la, + X1,a2+x2]= [b],b2] (3.33)
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2
a,tx,=b1 a2+x2=0h2 2 X,=h 1—a,
x2=Dh2-a2 X X
X2 (X,<x2) b,—a < 2- a2
X=[ l—at)h2—a?] a-cut

a-cut (a Glo,])

1 Aa=[a“.a“],Ba=[b", “] Xa=[x“Xx“] a-cut A

B ' a-cut  Aa+Xa=Ba
(] b“'a“<b“'a“ Vae[o,
' a<[3 b*-a“<hf—af< N —gh< “—3“
a'CUt Xa :[ 13 _a“ ’b“ _a“]
X
a-cut
3.3 (Fuzzy Logic and Fuzzy Inference System)
(Two-
valued logic) [2-4]
(Fuzzy Inference System: FIS)"
(Neural

network)
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SLUUMSINONY

uuu

3.10 FIS
4]
1
2.
3 1
(Fuzzy system)
4,
B.
(Linguistic variable)"
(Speed)
(Fast)" " (Moderate) " ()" P
311
3" " =0, 100 ]
40 / I r'sllrw
’ 5
r mod erate

70 / I | "fast



Hslow “modcra(e ufast

Speed
(km/hr)

0 40 55 70 100

3I11 n n

331 (Logical operations)

(Boolean logic)

1It) 0()

1 [0,1] AND,OR  NOT A

(AANDB),(AORB)  (NOTA) MIN , MAX  (1-A)
(Truth Table) 3.2
32
A B AND OR NOT
AandB  Min(A,B)  AorB Max(A,B)  notA

0 0 0 0 0 0 1

0 1 0 0 1 1 1

1 0 0 0 1 1 0

1 1 1 1 1 1 0

(L-A)

1
1
0
0

61
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33.2

32
312
2
0 1
A A
A
B B
AorB
Aand B not A
not A
/" N\ _AandB AorB
AND OR NOT
min(A,B) max(A,B) (1-A)
3.12
(Fuzzy Inference System: FIS)
[34] FIS
(Data classification)
(Decision analysis) FIS
Fuzzy-rule-based (Fuzzy expert system)

FIS



FIS 5 [34]
Fuzzification
(AND, OR NOT) "If-then"

(Aggregation)
Defuzzification

Fuzzification

fuRe;iult:f

Speed
(knv/hr)

o

100
313 Fuzzification
3.13 non
" = [0, 100]

0 1. h 0.7

63
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2. (AND, OR NOT) "If-then"
" If-then"
“If X is A theny is B" "X A y B"
A B (Linguistic value)
X y IIX AII
" (Antecedent)" "y B" " (Consequent)"
AND  OR Min  Max
3.14 2
2
Max 2 2" :
=[0,100]
Ky A
R 1 9
1
B
0.5 opoin
-------- >
0 y=170 100 i
314 "If-then"
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3.14 Fuzzification (
0.7 02 10
! =" 0.2 0.7 02
Max 2 0.7

3.15 11} n " [ 1]
3.15
AND 2 ( 0.7)
" = n 3
0 7 ( ) " "
1 n 2
4 (Aggregation)
4 3
Max
v oA 1 v

3.16 3.16 FIS 3



Result from Rule 1 Result from Rule 2 Result from

Rule 3

N

3.16

Defuzzification

31

'4

Result

b

(Aggregation)

Defuzzification
(Centroid)

| WY

Result from
defuzzification

3.17 Defuzzification

(Crisp number)
FIS

from aggregation

4
Defiizzificztion
3.17

66
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FIS 3.18
| .
1. "Input 1= x(1)" and/o rl “input2=y@)" then R:::‘enfl
2. 1f pput1=x@" andlor  "Input2=y()" then R::::tzo'
{
" _ " " = " Result of
m. If- "Input 1= x(m) and/or Input 2 = y(m) the rule m

3.18 FIS —m 1

318
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