
Chapter 2

Some properties of com plex  
orthogonal groups

In this chapter, we consider briefly fundamental definitions and some properties 
of the complex orthogonal group and special complex orthogonal group that will 
be used in later chapters.

Let d e  N. Let F be the field R or c. Denote by Md( F) the set of all d  X d  

matrices with entries in F and by G L ( d ,  F) the set of all invertible d  X d  matrices 
with entries in F. Then G L ( d ,  F) is a group under multiplication. We can regard 
Md (พ) as the vector space Frf2, so it has an inherited topology from the usual 
topology on พd2.

Defin ition  2.1. Let (An) be a sequence of d X d  matrices in M d(F). We say that 
(Aj1) converges to a matrix A if and only if each entry of An converges to the 
corresponding entry of A in F, i.e., if (An)ij converges to Aij for all 1 < i, j  < d.

Consider the map ( •, • ) : Fd X Fd —> F given by

(x, y) = Xiyi + ------ h xdyd
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( ( น ,  0 . . . , 0 ) ,  ( น ,  0 . . . , 0 ) )  = 0 ,

but ( น ,  0 . . . ,  0) ^ 0. When F = c, we define a hermitian inner product on c d 
by

(x ,  y )  =  ^ j x iy i for all X, y  G Cf/.
i=1

If we write X G ¥ d as a column matrix, then we have

(x, ใ/) = x l y  for all X, y G M d y i ( ¥ )  =  ¥ d.

From this, we have

(Ax, y ) = (Ax)1 y = x'A'y = (x, Aly) 

for all X, y G ¥ d and all .4 G Md(F).

Lemma 2.2. T h e  b i l inear  f o r m  (-, •) is n o n - d e g e n e r a t e 1 i .e. , (x, y) = 0 f o r  all  

y  G c d i m p l i e s  X = 0.

Proof .  Let X G c rf be such that (x, y) =  0 for all y G cd. Then for all z =  1, . . . ,  d,

xl = (x, ef) -  0.

where {ei , . . . ,  e d} is the standard basis for cd. Hence X = 0. □

D e fin ition  2.3. An invertible d  X d  matrix A  which preserves the bilinear form
(• , • ) ,  i-e.

(Ax, Ay) = (x, y) for all X. y G ¥ d.

is called an orthogonal m atrix . Denote b v  0 { d .  F) the set of all d  X d  orthogonal 
matrices and by S O ( d . ¥ )  the set of all A in 0(๘. F) with det A = 1.

for all X  =  (x i,. . . ,  X d ) ,  y  = (j/i,. . . ,  X d )  G Fd. This map is a symmetric bilinear
form. If F = K, then this defines a positive inner product on R d . However, if
F = c , this is not an inner product because
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Lemma 2.4. L e t  A  G G L ( d .  F). T h e n  .4 is an  or th o g o n a l  m a t r i x  i f  a n d  on ly  i f  

A 1 =  A-1.

Proof .  (=t>) Assume that A  is an orthogonal matrix. Then

( x, y) = { A x , A y )  =  (x , A lA y )

for all X, y  G ¥ d . It follows that I  — A * A ,  and that A 1 = A-1.
(<t=) Assume that A t =  A-1. Then

( A x , A y )  =  ( x . A tA y )  =  ( x , y )

for all x , y  G Frf. Hence, A  is an orthogonal matrix. □

Lemma 2.5. 0(๘. C) a n d  S O ( d ,  C) are c losed subgroups  o f  G L ( d , C ) .

Proof .  First, we will prove that 0(๘, C) is a subgroup of G L ( d .  C). It is clear that 
I  G 0 ( ๘, C). Let A .  B  G O ( d . C ) .  Then A B  G G L ( d X )  and A4 = A ~ \  B f =  B ~ l . 

Moreover,

(AS)4 =  B tA t =  B ^ A - 1 =  (A B ) ~ l and
(A-1)4 = (A4)4 = 4  =  (A -1) - 1.

By Lemma 2.4, we have that A ~ l : A B  G 0(๘, C). Hence, 0 { d .  C) is a subgroup of 
OL(๘, C). Similarly, we have that 50(๘, C) is a subgroup of OL(๘, C). Next, we 
will show that 0(๘, C) is closed in G L ( d , C ) .  Define

T : GL(๘, C) -> M d(C )  bv 'I'(A) = A  A 1

for all A G GL(๘, C). Then 4/ is a continuous function. But

5

0(๘, C) = { A e G L { d X ) I AAJ = /  } = จ - 1{ น } ) -
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Hence. 0 ( d , C) is a closed subgroup of G L ( d ,  C). Denote by

det : M d(C) -> c

the determinant function. Then det is a polynomial function, so it is continuous. 
Moreover,

S O { d .  C) =  0 ( d , C )  ก det_1({l}).

Thus S O ( d ,  C) is a closed subgroup of G L ( d ,  C). □

D e fin ition  2.6. The set of all d  X  d  complex orthogonal matrices is called the 
complex orthogonal group 0 ( d , C) and the set, of all d  X  d  complex orthogonal 
matrices with determinant one is called the special complex orthogonal group 
S O ( d ,  C). The set of d  X  d  real orthogonal matrices is called the (real)orthogonal 
group 0 ( d ) .  The set of d  X  d  real orthogonal matrices with determinant one is 
called the special (real)orthogonal group S O ( d ) .  Then 0 ( d )  and S O ( d ) are 
subgroups of 0 ( d ,  C), and hence of G L ( d , C ) .  Moreover, they are closed sub
groups of G L ( d ,  C). Geometrically, an element of 0 ( d )  is either a rotation, or a 
combination of rotation and reflection. An element of S O ( d )  is just a rotation.

Lemma 2.7. E v e r y  e l e m e n t  A  o f  0 ( 2 )  I S  o f  one  o f  the two f o r m s

A  =

A  =

cos 6 

- sin 9
cos 9 

sin 9

sin 9^

cos 9 J

.sin 9
— cos 9 J

or

I f  A  I S  o f  the  f i r s t  f o r m ,  t h e n  det A  — 1, %.e. .4 G S O ( 2): i f  .4 is o f  the seco nd  

f o r m ,  t h e n  det .4 =  — 1.



Proof .  Let .4 = 

then

1 a 1','

Ve ฯ
G 0(2). Then .4_1 = A 1 and det(.4) ะะ: ±1. If detH = 1,

1 d - 1, ' \
=  A ~ l =  A 1 =

( a c

\ - C a J Kb d /
Thus a =  d  and c — —b, i.e.,

.4 O f t ' '

\ - b

Since A 1 A  = /, a 2 + b2 =  1. So a G [-1.1], Hence there exists 9 G [0, 27โ] such 
that a =  cos9. i.e., b = sin#. Then

A  =
 ̂ cos# . n \sin #

sin # cos # J
1. we have

.4 = cos # sin# N
^sin# - cos # j

Nota tion .

5r(d, C) :ะะะ { Z G c d I (2 , z) = r} for all r G c  and
5r(d) := { X G R d I (x,x) ะ:: r} for all r  G R+ บ {0}.

Lemma 2.8. F o r  each d  > 2, S O ( d )  ac ts  t r a n s i t iv e ly  on  S r (d) f o r  all r  G R+. 

Proof .  Let r  G R+. For all .4 G 50(d), X G S r (d). we have

(Ær, Æc) = (x, /4b4x) ะ= (x, x) ะ:: r.

This show that 50(d) acts on 5r(d) by left-multiplication. Next, we will show 
that this is a transitive action. First we will show that 50(d) acts transitively
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on S \ ( d ) .  Let ข be a unit vector of R d . If ข and Cl are linearly dependent, then 
ข = Q-e 1 where I a I = 1. If บ and e 1 are linearly independent, let

ei = / l , and / 2 = ข -  (ข, £1).

Then f l  T / 2 and span{ £1, ข} = span} / 1, / 2 }. By Gram-Schmidt orthogonaliza-
tion process, there exists an orthonormal basis B 0 =  { / 1, / 2 , / 3 ....... fd  } of Rd. Let
p  be a matrix transition from the basis J30 to the standard basis. Then P  G S O [ d )  

and P v  =  [ข]ร0. So

p -1 ^  A  0 ^
0 /,

P v  =  e 1
d- 2/

where .4 =
/  a _  ะ n \cos 6 -  sin 0

sin 6 cos 6
is a matrix which rotates [ข] B o  to [e 1] B o  in the

{ /1, / 2 }-plane. Therefore

p -1 4 0 ^

0 Id- 2
P  G S O { d ) .

Hence. S O ( d )  acts transitively on S l i d ) .  If r  ^ 1. then

4 0 \
p ~ l P v  =  \/r £1.

0 I,d—2/

Hence. S O { d )  acts transitively on ร1,. (d) for any r  G R+. □
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