
Chapter 3

Holom orphic function spaces

In this chapter, we provide some standard results that will be referred to in the 
next chapter. First, we discuss a reproducing kernel, which exists on any Hilbert 
space such that each pointwise evaluation is bounded. After that we consider the 
space of holomorphic functions which are square-integrable with respect to the 
weight a .  We will see that this space also has a reproducing kernel.
D e fin ition  3.1. Let A" be a nonempty set. Let H  be a Hilbert space of functions 
defined on X  such that the pointwise evaluation

- >F,
is continuous for each Z G X .  Then for each 2  G X ,  $ 2  is a bounded linear 
functional on H . So there exists a unique function (f)z G H such that

/ ( * )  =  * . ( / )  =  <**./>

for all /  G H .  Define a function K  : X  X  A' -)  F by
À'(ฆ;, z) =  (f)z{w ) for all พ, Z G Ar.

K  is called the reproducing kernel of H  and H  is said to be a reproducing  
kernel H ilb e rt space.
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Theorem 3.2. L e t  H  be a r eproduc in g  k e r n e l  Hi lber t  space.  T h e n  the  reproducing  

k e rn e l  K  o f  H  h a s  the  f o l l o w i n g  proper t ie s :

( i)  K (พ,  z )  =  K ( z ,  พ )  f o r  all  z ,  พ  G X .

( i l)  F o r  all  z  G X ,

\ F ( z )\2 < K ( z ,  z )  ||-F||2,
a n d  the  c o n s t a n t  K ( z , z )  I S  o p t i m a l  i n  the s e n s e  t h a t  f o r  each  z  G A' there  

ex is t s  a n o n - z e r o  F z G H  f o r  w h ic h  equali ty  holds.

( i n )  G w e n  a n y  z  G X ,  i f  ใpz G H  sa t i s f ies

F { z )  =  (ipz , F )

f o r  all  F  G H .  t h e n  Ip2{พ) = K ( w , z )  f o r  a n y  พ  G A\

Proof . (i) Let z ,  พ  G À”. Then

K ( w , z )  ะ= 0 Z{น0 = &พ{(เ>2) =  (</)w , (t>2).

Similarly. K ( z , พ )  = {</) 2, <1* พ)- Hence K { w , z )  =  K ( z , พ )  for all z . w  G X .

(ii) Let z  G X .  Then

||02||2 = { P z A z )  =  ^ z { P z )  =  4>z{z) =  K { z , z ) .

For any F  G H .

\ F { z ) \ 2 — |<F2(F)|2 = \{(j)z , F ) \ 2 <  ||02||2||F||2.

Hence, \ F { z ) \ 2 < K { z ,  z ) \ \ F \ \ 2 , for all F  G H .

(iii) Let z  G X .  Assume that (j)z G H  satisfies

F { z )  — (02, F ) for all F  G H .
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By th e  d e fin itio n  of th e  rep ro d u c in g  kernel and  (z), we have

F ( z )  = ( K ( - ,  z ) ,  F )  ะ=  (A '(ะ,-),  F )  for all F  G H .

H ence, (1K ( z ,  ■ ) — 0 Z. F ) =  0 for all F  G H .  Th u s  K ( z ,  ■ ) — 4>z =  0. w hich 
im p lies t h a t  4>z(w) = K ( z , พ)  for all พ  G X .

□

Theorem 3.3. L e t  FI be a reproducing  k e r n e l  Hi lber t  space o f  f u n c t i o n s  de f ined  

on  a n o n e m p t y  s e t  X .  L e t  {e„}£T0 be a n y  o r t h o n o r m a l  basis o f  H . T h e n  f o r  all 

z ,  พ G À ',
๐0

y  I e n (z)  e n (w )  I < oc
71=0

a n d
๐0

K { z ,  พ) =  Y en (z)  e n (พ).
71 = 0

Proof.  L et {e„}'^L0 be an  o rth o n o rm a l b asis o f H .  F or any F  G H ,  by P a rse v a l’s 

id en tity ,

ร ุ๊เ  (r,e» ) | 2 = lir||2-

By th e  S chw arz’s in eq u a lity , we have for any / ,  g G H .

Y  I (fXn) (en,g) I < WfWWuW-

T ak ing  /  =  (pz and  g = 0 W we get
๐ 0 ๐0

Y  \ en { z ) e n ( w ) \  =  Y K ^ X n )  { e n A w )  1 <  พ(เ>zแแ0น7II <  oc.
77,=0 77,-0

๐0

Now th in k  of th e  p a r tia l sum  of e n ( z ) e n (w )  as a fu n c tio n s of พ  wi t h  ะ fixed.
71 = 0
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Then the series is orthogonal and

X IM ; z )  ̂ ทิแ2 = X  IK̂> e«)eJ2ท=0 ท=0

= x K ^ e">i2M 2

^  ; I > '̂ท) I
71=0

=  ||0z||2 < oo.
oo 00

Hence, X en(z)ën is absolutely convergent in H 1 which implies that y y  en(z)êF
n=0 71=0is convergent in H .  For any F  £  H .  we have that for all z  6 Ar

FW  = ( 0 „ F )
OO

— ^ ] i ^ z i  6ท) (eJJ, F1) 
n= 0  ๐0

= y^ e„(2 )(en,F )
71 = 0

OO

= XI (e«(2)e«-F)
71 — 0 

OO

7̂1 (■ '̂) ̂ 717 •
71 — 0

OO

By Theorem 3.2(iii), ŝ e n { z ) e n {w)  =  K ( z ,  พ )  for all z ,  พ  E X .
ท=0

z ,  พ  G À"
K (z ,  w )  =  ^  e n ( z ) e n (w) .

ท=0

Hence, for all

□

Next, we review some basic concepts of a holomorphic function space. All of 
these results appeared in [H2].

Defin ition  3.4. Let d be a positive integer and บ a nonempty open set in c d. A 
function f  : บ - *  c  is holomorphic if /  is continuous and holomorphic in each
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variable with the other variables fixed. Let TL (บ )  be the space of holomorphic 
functions on บ.

Defin ition  3.5. Let a  be a continuous strictlv-positive function on a nonempty 
open set บ  in c d. Denote by T L L 2 ( U , a )  the space of L2-holomorphic functions 
with respect to the weight a .  In other words,

m 2 (บ,  a ) =  ^ F e H ( U ) \  j  \ F ( z ) \ 2 a ( z )  d z  <  oo I  .

Theorem 3.6. ( i )  T L L 2 (U,  a )  i s  a c l o s e d  s u b s p a c e  o f  L 2 (บ,  a ) ,  which,  i m p l i e s

t h a t  i t  i s  a H i l b e r t  spac e .

(ท )  T h e  p o i n t w i s e  e v a l u a t i o n  (j)z \ F  eE F ( z )  is  c o n t i n u o u s  f o r  e a c h  Z E บ .  

H e n c e , T I L 2 ( บ ,  a )  I S  a r e p r o d u c i n g  k e r n e l  H i l b e r t  space .

D e fin ition  3.7. The Segal-Bargmann space is the holomorphic function space 
T L L 2 ( C d , /i() 1 where

tM (ะ) =  (IT

Here. \ z |2 = |- i |2 + • ■ ■ + \ zd\2 and t  is a positive number.

Theorem 3.8. T h e  r e p r o d u c i n g  k e r n e l  o f  T L L 2 ( C d . Pt )  Is g i v e n  by

K ( z ,  พ )  =  e {w’z ) / t .

H e n c e ,  w e  h a v e  t h e  p o i n t w i s e  b o u n d

\ F ( z ) \ 2 <  e lz|2/t| | F | | 2

f o r  a n y  F  E T L L 2 ( C d , f i t ) -
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