
Chapter 4

SO(d,  C)-invariant holomorphic 
function spaces

In this chapter, we consider the subspace of the Segal-Bargmann space which is 
invariant under the action of the special complex orthogonal group. Our objective 
is to find an orthonormal basis and the reproducing kernel of this space. This will 
yield a pointwise bound of functions in this pace.

Lem m a 4.1. If  f , g  6 %{c d) are such that / | Rd =  <7 |Rd, then f  — g on c d.
Proof. It suffices to show the following statements:

for any holomorphic functions /  on cd , / | Rd = 0 implies /  =  0 on c d.

We prove this by induction on degree d.  Let P ( d )  denote the above statements. 
Then P (l)  holds by analytic continuation. Assume that P ( d — 1) holds. We will 
show that P ( d )  holds. Let /  € be such that / |Rd = 0. For any X G R,
define / 1 : c d-1 —> c  by

f x { x  1 , . .  • 1 £d— 1 ) =  f { x  1 .. . , x d- u x )
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for all (x 1 .......X(1- 1) G € ๘“ H Thus f  1. G Pl(Cd~l ) and /rlfljd-i = 0. By the
induction hypothesis we have that f  1 = 0. Hence, for any X G R, f x = 0. For any 
น’!----- Xrf-i) G c d_1, define f (11.....111_1) : c  -> c  by

/  (*1 xd_ 1) น) = / (xi........r d_i,x)

for all .r G c . Then / (.,.1....3.d_1) G Ff(C) and for each ./• G R,

f(x 1 ...... x d _ 1)น) / x  น l l ....... l-tl-l) 0 .

So / (1 1  rd_ 1)In =  0. By the induction hypothesis / (.1.1 ,.11) = 0. and hence
/ '(1 1 ....Xd_1) = 0 for all ( £ 1 .......G c d -1 . Therefore, for any (xi.................... r d) G c d

/ น ! !  . . . ,Xd) / (x 1 r,/_ i) น ๔ ) 0.

Hence /  =  0. □

Lem m a 4.2. £๗ /  G H{Cd) be such that

f ( A x ) = / (,r). for all A G SO(d) and all X G Rd.

Then f (Az)  = /น )  for all T G SO(d.C) and all ะ G c .

Proof. Let /  G 4f(Crf) be such that

f (Ax)  = /น )  for all .4 G SO(d) and all X G Rrf.

For any .4 G SO(d), define 0.4 : c d —)• c  by

0 .4(c) =  f{Az)  for all ะ G c d.

Then 0,4 is holomorphic. By the assumption, we have that 0 .4lay = / | Rd. Hence, 
by Lemma 4.1. (5.4 = /  for all .4 G s o  id). So we have that

f (Az)  = f  {ะ) for all .4 G SO(d) and all ะ G c d.

1
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For any Z G ๙ .  define g z , h z : 50(๘, C) —» c  by

9z{A) = f { A z )  and h z ( A )  = / (z)

for all ,4 G 50(๘, C). Then £2 and hz are holomorphic and gz \so(d) — hz\so(d)- 
From[[Hl], Lemma 5, p-111], it follows that g z — hz for all Z G ๙ .  Hence, 
f { A z )  =  f  ( z ) , for all A  G 50(๘, C) and all Z G c . □

D efinition 4.3. Let F  be a holomorphic function oil ๙ .  We say that F is 
50(๘. C)-invariant if

F ( A z )  = F ( z )  for all A  G 50(๘, C) and all z G ๙ .

N otation . Define 77 (๙ )so(-d’c'i to be the set of all 50(๘. C)-invariant holomorphic 
functions on ๙ ,  i.e.,

77(๙ )'so{d’c) = { f  G ?๘(๙) I /  is 50(๘, C)-invariant }.

Then it is a linear subspace of 77(๙). We write

77๙(๙, Ab)50(d’c) = 77(๙ ) so(dlC) ก ๙ (๙ , ^).

T heorem  4.4. 7 7 ๙ (๙ , ^ t )5° (d’c) a closed subspace  o f  FLL2( ๙ , p,t ).

Proof .  We will show that 7 7 ๙ (๙ , ^f)5°(d’C) is a subspace of 7 7 ๙ (๙ , Pt). Let 
/ ,  (/ G 7 7๙ (๙ ,  p t )s° (d'C'> and a G c . Then /  +  g,  a f  G 77๙ (๙ ,  ^ t). Moreover,

(./' +  #) (Hz) = / (Mz) +  g ( A z )  = f  (z) + ,g(z) = ( /  + p)(z), and 
(q / ) ( .4 z ) =  a f ( A z )  =  a f { z ) =  (a /) (z ) .

for ail T G 5 0 (๘, C) and ail z G ๙ .  Thus /  +  g, a f  G 77 ๙  ( ๙ , //t)so(d’๙  
Hence, 7 7 ๙ ( ๙ ,/it)s°(d’C) is a subspace of 7 7 ๙ ( ๙ ,/it). Next, we will show that
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'HL'2(Cd, ^ ) 5°D,C) i s  closed. Let (/„) be a sequence in 'HL2(Cd, p t)s°(d'C) which is 
convergent to /  in U L 2 (Cd5 Pt). Then by Theorem 3.8 we have that,

I fn(z) -  f{z)  I2 < e|z|2/t|| f n -  /II2 -» 0 as ท -> oo

for all 2  G € ๘. Therefore fn(z) —> f (z)  for all 2  G CL Let ,4 G SO(d, C). For any
2 G CL

/ (,42) ะะะ Urn /71 (.42)
= lim f n(z)ท—>oo
= / (2 ).

Hence, /  G "HL2(CL £if)s°(d-cb This implies that 'HL2(Cd, ^ ) so(<fC) ig a closed 
subspace of HL2(<cd, Pt). □

N otation . Define H(fC)even to be the space of all complex-even holomorphic func
tions on c, i.e.,

H ( c r en = { .9 G H(C) I ฐ( - 2 ) =  ฐ(2) for all 2 G c }.
Form now on. we fix the dimension d > 2 

T heorem  4.5. 77ie map (p: ‘H(Cd)s°(d’c) _^ %(<£yven defined by

<Kf)(x) = f(x ,  0 ,. . .  , 0 )

/or all f  G /H(Cd)so('d,c  ̂ and all X G c, is a linear isomorphism whose inverse is 
given by

ÿ {g)(z) = 9 (\Z m )
for all g G H{C)even and all 2 G eL
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Note that since ,2 h-> sjz is a double-valued function, we have to make a choice 
of the branch we use. However, this is irrelevant in our situation because we are 
interested in complex-even function. We may and will choose the branch with a 
larger argument.

Proof. First, we will show that 0 is well-defined. Let /  G PL(C(l)so{d'1C). It is clear 
that 0 (/) G PL(C). Moreover, for any X G c,

<t>{f) ( -x) =  f { - x , Q ------ 0)

=  /  ( ,4 ( - x ,0 ........0))

=  f ( x ,  0 , . . . , 0 )

where A = diag( —1, —1 ,1 ,1 ,...,1 ) . Thus 0 is well-defined. Next, we will show 
that 0 is a linear map. Let / 1 , / 2  G PL(Cd) so<'d,c'1 and a  G c. Then / 1 +  / 2, a f i  G 
7{(Cd)so(d’c). For any .X G c, we have

0 (/l + / 2) (^) = ( / l + / 2) ( า̂ 0, . . . , 0)
=  f l  (x ,  0 , . . .  .0) +  / 2(x ,0 ........0)

= 0 (./i)(:!') +

and

0 ( t t / i) ( x )  =  (a f  i ) ( x ,0 ........0)

=  a f i ( x ,  0 , . . .  ,0)

=  a( f ){ f  1) (x).

So 0(/i + / 2) = 0(/i) + 0(02) and 0 (o /i) =  a0 (/i) . Hence, 0 is linear map. 
Define 0; : T H C r"  ^ (Cd)5° (๔’C) by

■ 0( g ) i z ) =  9 ( y ( h t ))
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for all 5 G U{C)even and all 2 G c d. Then for each g G ท (C)even. we have 
xp(g) G H(Cd) and

(9 )(Az) = g [y /(Az,Az)  )

=  9 ( y / { z , z )  )

= Tp(g)(z )

for all A G SO(d, C) and 2  G c d. Thus Ip is well-defined. To show that xp is a 
linear map, let .91,52 £ H(C)even and 0 G c .  Then gi +  52, /?5 i G 'H(C)even. For 
any z e c d,

1l>{9l +  92 ) ( z ) =  (.5! +  52) ( y ( 2 , z)  )

=  0 1  (V (2^ )  ) + 9 2  ( \ /(* ,z )  )
= Ip{9i)(z) + ฬ 5 2 H2 )

and

■ 0(p9i)(z)= (Pgi) ( \ / ( z ,z) )

=  091 ( V ( z ’z ) )
= Pÿ(gi){z).

Thus Ip(5 1 +  5 2 ) = '0(51 + 5 2 ) and ip{0gi) = 0ip(g\). Hence, -Ip is a linear map. 
Claim that (p o 'Ip — idW(c)everc and 'Ip o (p = idW(Cd)S0 (d,c). To prove the claim, let 
5 G H{C)even. Then for all X G c ,

(poip(g)(x) = (p{ip{g)){x)
= Ip(g)(x, 0 , . . . ,  0 )
=  5 ( \ / (  ( x , 0 , . . . , 0 ) , ( x , 0 , . . . , 0 )  ) )

= g(x)-
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So <!> O il> =  id * (C)e„en. Let /  G n ( C d)s o (d’c ) . Then for any X G R d.

1pO(f)(f)(x) = î/>(<£(/))(x)
</>(/) ( \/(x , m) )

/  ■ ,o )
-- / (x), by Lemma 2.8.

Hence, i f  o <£(/)|Kd =  / | Rd. By Lemma 4.1, t/> ๐ </>(/) =  / .  So i f  ๐ (f) =  idW(Cd)SO(<i,c).

□

C orollary 4.6. For each /  G %(Cd)s๐^ ’c) a n d  each r  G c .  i f  X, y G ร,.(๘, C), 
t h e n  / (x) =  f ( y ) .

Proof .  Let /  G 7 i(C d)so^ ’c -) and r  G c .  By Theorem 4.5, there exists a function 
g G n { C ) even such that

/ (z) =  g ( y / ( z , z )  )  for all 2 G € ๘.

Hence, for all X,y G ร,.(๘, C),

Denote by Bd the Borel <7-algebra in c d and by B the Borel (7-algebra in c .  Define 
<F: (Cd , B d 1iat ) —> (C. B )  to be the branch of y j ( z ,  z )  with a larger argument. For 
each E  e  B ,  define

/ (x) = g ( y / { x , x )  ) = g ( V ( F y )  )  = f{y)

A (E) = to (* - l {E)).

Then A is a measure on (C, B) and for any measurable function g,
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U L 2{ c, X)even = n {  C)even ก I 2( c, A).

It is easy to see that it is a closed subspace of PIL2(C. A).

T heorem  4.7. PLL2{Cd. /at)SO(๘’'C) and'HL2(c, x)even are unitarily equivalent. 
Proof. From Theorem 4.5 we have that the function

๙  n{cy:ven -> '๙ ๙ )

is a linear isomorphism. We consider the restriction of 'Ip to the space "HL2(c, A)evcn. 
Let ฐ G C)ei'en and 1/' G ?■ {(๙)s°(d’C) be such that /  = Ip(g). Thus

[  \g\2d^ = [ 1 g 0 $ ( ๙ 2 htfz) dz
J c  ๙$- 1 (C)

= เฬ \ / ( T T )  ) j2 ht (•ะ) rf2J cd
= / เฬ ฟ  (~)|2 ht{z) dzJ c d

\ f {z)\2 tk{z) dz.
J o 1

So we have, 1 ๙ ๙ (0 )  = l l / l lo o v , ) - Hence. /  G 7iL2{Cd\ ๙ SO(
g G PLL2(C, X)even. This shows that i/; is a unitary map from TLL2{C, x y ven onto
H L 2 { C d , H t ) s o { d 'C) . □
T heorem  4.8. The set { x2n } ๙ 0 forms an orthogonal basis for H L2(C.X)even. 

Proof. For each ท G N บ {0}, define 1gท: c —> c by

gn(x) = x2n for all X G c.
It is clear that gn G ๙ ๙ .  Claim that {gท}๙ 0 is an orthogonal subset of 
'HL2{C,X)even. To prove the claim, let a be a positive real number. Define

D 17:= { 2 G ๙  I 1๙ < a for all j  = 1.......d } and
x\ < a }.D la := { X G c
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Next, let

Ma{j, k) = [  x2jx2k e~x2̂ (7Tt)~l dx
oJ j  e 2 i B U - k ) r 2 j + 2 k + l e - r * / t ( 1r t y l  d r  d 9

It follows that

(i-) Ma(j,k) = 0 if J ^  k,

(ii.) Ma(k, k) —Ï t2k(2k)\ as a —> oo

In other words,

For any m, ท G N บ {0},

J x2jx2k dfjLt(z) = S]kt2k(2k)\.

J e
9 m-g^dX = (gm - %) ๐ $(z) m{z) dz

J cd
= j d 9m (\/C ริโริ)) ๘71 ( 7 ผ ิ)  Ht(z) dz 

=  [  (z , z ) m (z , z ) n H t ( z ) ๘2Jcd
= J  {z\ +  • • • +  2rf)m {z\ H-------h 2 rf)n 9 t{z) dz

= J  ( E ร?'1 - - - ร?Y E ~ifcl - - - ฟ  ้*พdz
c d \ j i + - - - + j d = r n  /  \ f c H ----- \ - k d - n  )

E  / ฬ * ๆ ^ - ' *EjiH--- \rid=m feiH-- hfcd=ท
= E E M<tO’1 ’ kl) • • • kd)-■/ๆ H---hiw=m fci H-- \-k̂ =ทj  H ----- \ - j d = m  fcH ----- hfc<i=n

Thus it follows from (i) that

[  gm -%dX = 0, if m ±  ท. 
J c
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If ท = m, we have

[  \9n\2 d x =  ^ 2  Ma(ki ,k1) - - - M a(kd,kd) 
fcH---h hd=ท

= t2/ci (2/ci)! - - - t2kd(2kd)\
fclH---- h k d= ท

= t2n Y 1  (2 /ci)! - - - (2kd)\.
k l  H------ \ - k d = n

Thus for any ท 6 N บ {0},

ll9»lll«(C,A) = <2" E (2*.)! • • • (2*„)!. (4.1)
fciH---hfc</= ท

Hence, {gVîj-̂ Lo is an orthogonal subset of 'HL2{c . A)ewe". Next, we will show 
that {gท}ท๊L0 is an orthogonal basis of "HL2(C, A)CTe". Let ฐ € Ti(C)even. Then

oo
g(x) =  E “" X71 for each X € c ,  where an € c  for all ท G N บ {0}. But

n= 0g(x) = g(—x), so an — 0 for each odd positive integer ท. Thus 

Since this power series converges uniformly on the set D a , we have

\9 { \ / { z , z ) ) I2 M z )  d z

/
o o  OO

J ^ a 271 (2 , 2 )" ] P a 2m(z , 2 )m /it(z ) dz
^  n = 0  m =0

ท OO 0 0= / E E  0271๘2̂(2:, z ) n (z ,  z ) m Ht ( z )  d z
D(J 71— 0 771=0

=  E E  ®2n®2m J  ( 2 2 H--------h Z^)" (Zi H-------- b z d )m Ht ( z )  d z

f  E f -ฟ ้, E f
0,7 jH ---- t-jd=n fcH-----\-kd= m

= E E 2̂n̂2m
ท—0 m =0

๘2

E E «..«ะ E E JD
7 1 = 0  771= 0  j i H  /c iH  f / c d =771 a

*22 la 2 n | 2 X ]  Ma(k i , k i ) -“ Ma(kd,kd)
ท—0 All H-----h kd=n

( n ~ k i \ 2  . . . 1 id  ÿ k d Ÿ  e  1 1 JZ1 ) \zd zd ) (nty uz
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Next, using the monotone convergence theorem, we have

[  \fj\2 dX =  [  \g ๐ $ ( c ) |2 fj,t {z) dzJ c J c d
= J im  J  \g{V(z-z))\2 dt(z) dz

๐๐
=  J i m  Y  l° 2n |2 Y  MA h ,  A: 1 ) - - - M A h ,  h )

ท= 0  A- X H-------h k , i —ท

= f > 2 » | 2 Y.๙ ฯ 2*1)!) •••((2*'(2พ!)
n = 0  fcH----- h kci—n

=  Y  ( M 2t2n Y  (2A'i )! ••- ( 2k , i)\).
n = 0  fcxH----- \ - k j= n

Therefore, if ฐ is square-integrable with respect to À. then

Y  ( l ° 2n |2 2̂ri X ]  (2 À4 )! - - - (2kd)].) = I  \gI2 d\  < 00.
ท = 0  k l -  f k d = n  ' ■

Define a sequence (F,1) to be

Fn(x) : = Y a^mX2m
m = 0

for any X £ c .  Then (Fn) is a Cauchy sequence in L2{c . A). To see this, notice 
that, for ไท > ท,

F/n — Fn | |l 2(C,A) I  IFm -  FnI2 d\

Y  a 2A- ( •ะ - -  )A: lk{z) dz

= Y  Ifl2*i2 *2* ร  (2Aq)! - - - (2kd)\ —>• 0 as ไท,ท—> oc.
/c ะ=ท+ 1 /c 1 H h/c  ̂=/c

Thus (Fn) converges in F2(C. A) to some function h. and hence it has a subsequence 
which converges pointwise almost everywhere to h . But (Fr1) converges pointwise 
to g, so we have that h = g a.e.[A], Therefore h =  g in L2(C, A). so (Fn) converges
to g in L2(C.A). Thus g £ span{.(/ท I ท £ N}. This show that {a:2"}^=0 forms an 
orthogonal basis for HL2{c , A). □
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C o ro lla ry  4.9. The following set
2 n ร วc

( i2" £*,+...+*,=» (2*i)!---(2*ฟ ! ) 1'2 ) „ =0’
forms an orthonormal basis for PLL2(C, x y ve".

Proof. This follows from Theorem 4.8 and identity (4.1). □

C o ro lla ry  4.10. The following set
_______________(ะ1ะ1_______________r
(  2 ะ * 1+...+ *๙= „  (2 fc ,)! • .  • (2Arrf)! ) 1/2 J „ = 0 '

forms an orthonormal basis for ?7L2(Cf/. fj.t)s°(d'cK

Proof. This follows from Theorem 4.7 and Corollary 4.9. □

It is easy to see that a closed subspace of a reproducing kernel Hilbert space is 
also a reproducing kernel Hilbert space. Thus 'HL2(C<y, has a reproducing
kernel.

C o ro lla ry  4.11. The reproducing kernel for the space PLL2(€ ๘, / i t ) s o ( d ’C ) I S  given 
by

Aน ...'}  = ê (ะ , ะ ) ', (บ;. บ ’ )7
b y 2” T.„,+.. .^ ,,OW'■■■ tim e

Hence we have the pointwise bound

A(~)|2 ร  t l(-> ะ)!2  ท
f y f  t 2 n  J 2 k i + - + k d =ะ • - - ( 2 k d ) \

for any F G PLL2{cdๅ p.t)so<'d,c'>.

I l l ’ l l5

Proof. This follows from Theorem 3.3 and Corollary 4.10 □
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