
Chapter I I I

ERRORS IN SYSTEM IDENTIFICATION

3.1 In tro d u c tio n

There are  many p o ss ib le  e r ro r  so u rces5 in  p r a c t ic a l  experim ental 
process fo r  the de term ination  of the impulse response of a l in e a r  system. 
The block diagram of a p r a c t ic a l  experim ental p rocess i s  i l l u s t r a t e d  in  
Fig. 6.

Fig. 6 A p r a c t i c a l  experim ental process

For the d is c re te  c ro s s -c o rre la t io n  technique described  in  the 
previous c h ap te r, the e rro rs  may be conven ien tly  grouped in to  two p a r t s ,  
these  depend on whether they are  of sy stem atic  o r random o r ig in 1^ .

3 .1 .1  System atic e rro r

The sources of sy stem atic  e r ro r  a re  summarised as fo llow s:
(a) the a u to c o rre la t io n  fu n c tio n  of the b .m .l .s .  inpu t s ig n a l;
(b) the number of the sampling p o in ts  in  the ou tput measurement which 

depends on the time d e r iv a tiv e s  of the system impulse response;
(c) the d .c . b ia s  in  the b .m .l .s .  inpu t s ig n a l;
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(d) the in pu t and the ou tpu t tra n sd u ce rs .

3 .1 .2  Random e rro rs

Random e rro rs  a re  due to u n c o n tro lla b le  f lu c tu a tio n s  in  the system 
and test-equ ipm en t environm ents. There a re  two cases of random e rro rs  
to  be considered . These e rro rs  a re  d is tin g u ish e d  by th e i r  power spectrum 
r e la t iv e  to  the  system frequency response and a re  summarised as fo llow s:
(a) the random no ise  whose power spectrum  i s  uniform  throughout the band

w idth of the system frequency response;
(b) the d r i f t  which i s  occurred  in  the ou tput s ig n a l i s  the low -order 

polynom ial of the time t  w ith  unknown c o e f f ic ie n ts .

3.2 Technique fo r  E rro r Reduction

The e r ro r  a n a ly se s11* >15 are  in troduced  th a t the sy stem atic  e rro rs  
can be made su ita b ly  sm all by a p p ro p ria te ly  choosing the b .m .l .s .  leng th  
N and tim e -b it  in te rv a l  At. The output measurement should be sampled 
a f t e r  apply ing the  b .m .l .s .  inpu t s ig n a l a t  le a s t  one period  which 
should be a t  l e a s t  f iv e  tim es the dominant time co n stan t of th e  system 
impulse response.

The a u to c o rre la t io n  fu n c tio n  of the  b .m .l .s .  causes th e  e rro rs  
due to the d e r iv a tiv e  terms of the impulse response and the d .c . o f f s e t  
in  the a u to c o rre la t io n  fu n c tio n . This d .c .  o f f s e t  i s  in v e rse ly  propor
t io n a l  to  N, but the mean square e rro rs  due to  wide-band n o is e 14 a re  
p ro p o rtio n a l to  N. Thus, the e r ro r  due to  the d .c . o f f s e t  in  the au to 
c o r re la t io n  fu n c tio n  cannot be made s u ita b ly  sm all by choosing the  
la rg e  value of N. A c o rre c tio n  to  th is  e r ro r  w i l l  be described  in  the
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next s e c tio n . The methods of m inim ising the  o th e r e rro rs  a re  a lso  
d iscu ssed  in  S ection  3 .4 and Section  3 .5 .

3 .3 E rro r due to  D .c. O ffse t in  A u to co rre la tio n  Function

The d .c . o f f s e t  in  the a u to c o rre la t io n  fu n c tio n  of the  b .m .l .s .  
i s  the term - a 2/N in  Eqns. (6) and (11). This causes the e r ro r  expres
sion  ^  At5EIg(jAt) in  Eqn. (35) and the e r ro r  expression  At IE z r  g(jA t N J=0 mN j «0 r «0

+■ Ât) in  Eqn. (40). The method fo r the  determ ination  of the impulse 
response when the  d .c . o f f s e t  in  the a u to c o rre la t io n  func tio n  i s  reduced 
i s  de rived .

Let A be th e  system s te a d y -s ta te  gain and defined  as

A = J  g (s)d s  (44)

For the d is c re te  method, the  system s te a d y -s ta te  gain can be 
w r it te n  in  the form

A = A tJE g (jA t) (45)

To ev a lu a te  the  e r ro r  expression  ^  A t2T g(jA t) in  Eqn. (3 5 ),N j - o
a l l  d e r iv a tiv e  terms of the impulse response a re  f i r s t  n e g le c te d . Thus, 
Eqn. (35) becomes

0xy(iA t) = -- ^ +1- A tg ( iA t) - | A fo r  i  = 0

= — — — A tg (iA t)--  A otherw ise (46)

Applying T rapezo idal ru le  to  Eqns. (44) and (45 ), and the impulse 
response decays to  zero w ith in  time period  NAt, we ob ta in
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A = A t[ ig (0 )+ 2 ? g ( jA t)]  (47)

Taking the  summation over one period  on both s id es  of Eqn. (46),
we have

N-l
:E 0j xy (jA t) = a2 (N+l) 

N A t [ i g ( 0 ) + ^ g ( j A t ) ] ~ 2AN

(48)

This i s  the  e r ro r  due to  the d .c .  o f f s e t  in  the  a u to c o rre la tio n  
fu n c tio n  of the b .m .l .s .  From Eqn. (4 6 ), the  d is c re te  impulse response 
of the system can be determ ined as

g(iA t) = a2 (N+l) At K y  (iA t)+ j £  0xy ( j  At) 1 fo r  1 = 0

= a2 ( N + l ) A t t 0x y ( i A t ) + M 0x y ( j A t ) l 0 t h e r w i s e  <49)

Fo" the new method in  c o r re la t io n  technique described  in  Section  
2 .5 , the  system s te a d y -s ta te  gain i s

A = g( j  At+-At) (50)xn 0 r *=o m

In the same manner, the e r ro r  due to  the d .c . o f f s e t  in  the auto
c o r re la t io n  of the b .m .l .s .  can be evaluated  as

1 N - l  T f l - 1
-  2T ±  0
m j -0 r-0 xy

(jAt+^At) (51)

To avoid the  e r ro r  due to  the d .c . o f f s e t  in  the  a u to c o rre la t io n  
fu n c tio n  of the  b .m . l . s . ,  the  method of s h if t in g  the a u to c o rre la tio n  
fu n c tio n  w il l  be used. ( See a lso  Appendix B. ) Let the in p u t, denoted 
by x ( t )  in  F ig. 7a, be a b .m .l .s .  whose two s ta te s  a re  +a and -a  and
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x ( t)  denote the b .m .l .s .  whose two s t a t e  a re  +a and 0 as shown in  F ig . 7b.

+ a

t a )  x(t) o

- a

<b)
+ a

x d ) t

F ig . 7 A ty p ic a l  waveform of x ( t)  and the  corresponding 
waveform of x ( t)

From E q n . (12 ), th e  sy s te m  o u tp u t  due to  th e  in p u t  s i g n a l  x ( t )  i s  

y (iAt+^At) = At Z lg (jA t)x (iA t4 ~ A t-jA t) (52)

The c r o s s - c o r r e l a t i o n  b e tw een  th e  o u tp u t  y ( t )  and Lae b . m . l . s .

x ( t )  i s

0_y (iA t) = A t ë  g (jA t)0 x_ (iA t-jA t)  (53)

where 0 _ (iA t) i s  the  c ro s s -c o rre la t io n  between x ( t )  and x ( t ) . ( See a lso
X X

A ppend ix  B. )
T h u s , we h av e

0 (iA t) = &2f f i ^ A t  Z g ( j A t ) 6 (iA t-jA t) (54)xy 2N j - 0  r

w h ere  6 ( iA t)  i s  th e  u n i t  r e c t a n g u l a r  p u l s e  o f  p u ls e  w id th  A t.

The above e q u a t io n  can  be r e w r i t t e n ,  i n  th e  s i m i l a r  way a s  th e
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d e r iv a tio n  of Eqn. (24 ), as

fo r  i  = 0V 14t) '

= ^ เ ^  At [g(iA t) + g : 2 z j ( 2j + 1 ) I g (2J> ( iA t)] otherw ise (55)

This method may be used fo r the de term in ation  of the impulse r e s 
ponse by the new method of c o r re la t io n  technique described  in  Section  2 .5 .

3 .4  E rro r due to  D eriv a tiv e  Terms

The e r ro r  due to  the  d e r iv a tiv e  terms of the system impulse r e s 
ponse occurs in  the  de term in ation  of the  impulse response because the 
d is c re te  a u to c o rre la t io n  of the inpu t s ig n a l i s  a rec ta n g u la r  p u lse .
Since the  sampled p o in ts  of the  c ro s s -c o rre la t io n  func tio n  $Xy ( t)  obtained 
by th e  d is c re te  c ro s s -c o rre la t io n  method o r the new method of c o r re la t io n  
technique a re  uniform ly spaced, the  d i f f i c u l ty  of red uction  the e r ro r  due 
to  the  d e r iv a tiv e  terms can be overcome by the  use of d i g i t a l  computer.
The method of removal the d e r iv a tiv e  terms of the impulse response i s  
p resen ted  below.

From Eqns. (35) and (39 ), we may w rite

g fo r  i  = 0(iA t) -  K ( iA t ) - g  g “ > (0)

■  K<» 4 t) " f j  S“ J'  (» 4t) 0 therw lse (56)

When the va lue  of m = 1, and K(-At) denotes the  f i r s t  expressionm
in  the r ig h t  hand s id e  of Eqn. (35 ), then  Eqn. (56) re p re se n ts  Eqn. (35).
When the value of m > 1, and K(^At) denotes g (jAt+^At) evalua ted  bym e m
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Eqns. (4 0 ), (4 1 ), (42) and (43 ), then Eqn. (56) re p re se n ts  Eqn. (39).
As a f i r s t  approxim ation, the c o e f f ic ie n ts  of the d e r iv a tiv e  terms are
n e g lig ib le .  The f i r s t  approxim ate impulse response denoted by g (^At)1 m
i s  eq u iv a len t to  K (^A t). The s e r ie s  exp ressio n  of the  d e r iv a tiv e  termsm
can be c a lc u la te d  from the  value  of the f i r s t  approxim ate impulse re s 
ponse. ( See Appendix c .  )

Thus, fo r  the case 2 ^ i  < mN-3 as an example, the second appro
xim ate impulse response i s

g 2(mAt) = K(mAt)+0- 1010417g 1(^At)-O. 0534722{g 1 ( i^ A t)+ g  1 ( ^ At) }

+0.0029514{g l ( — A t)+ g ,(— At)} (57)1 m * m

In  g e n e ra l, th e  n+1 th . approxim ate impulse response can be 
expressed  in  term of the  ท th . approxim ate impulse response as

( 0 )

ê . ( A A t)  n +1 m

K (0)+0.435162g ( 0 ) - 0 .8004541g (^At)+0.6470756g_(^At)ท ท m ท m

-0 .40 6789g_A t)+ 0 .148358g  (^At)-0.0233519g (^At) (58)ท m ท m ท m

K(-At)-0.0387153g (0)+0.0715278g (^At) m ท ท m

- 0 . 0239583g_(^At)-0.0118056g (^At)+0.0025148g (^At) (59)ท m ท m ท m

g (-A t) = K(^At)+0.1010417g (~;A t)-0.0534722(g ( ^ At)+g ( i ^ A t )  }"  ‘ ‘ ™ m n m  n m  n m

(60)

n + 1 m

+ 0 .0029514{g_ ( ^ At)+g (i±?At) } ท m ท m

gn+1 (nf r^ A t)  = K(î!f ::^At)-0.0446181gn (2^::-1At)+0.0951389gn (ÎÎ ::^At)

-0.059375g (î— ■-At)+0.0118056g_ ( S ^ A t )  ท m ท m
mN-4 

’ท ' m

-0.0029514g ( H ^ A t)ท m ( 6 1 )
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g Æ ^ A t )  = K(— 1At)-0.1220486g (5 ^A t)+ 0 .3 6 3 1 9 4 4 g  ( ^ ^ At) n+1 m m ท m ท. m

-0.3989583g (5— A t)+0. 1965278g ; Æ ^ A t )  ท m ท m

-0.0387153g (-~  At)ท m (62)

i s  the good approxim ate value of the system impulse response.
This process can a lso  be ap p lied  to  remove the d e r iv a tiv e  terms 

of the im pulse response when the  s h if te d  a u to c o rre la t io n  func tio n  i s  
used

3.5 E rro r due to  Polynom ial D r if t  in  Output * 63 64

The e r ro r  due to  the polynom ial d r i f t  in  the output s ig n a l i s  one 
of the random e rro rs  described  in  Section  3 .1 .2 . When the polynom ial 
d r i f t  in  the ou tpu t s ig n a l i s  considered , the ou tput s ig n a l can be 
expressed as

Applying T rapezo idal ru le  as in  Eqn. (47) to  Eqn. (64), we ob ta in

(63)

where d i s  the c o e f f ic ie n t  of the time v a r ia b le  of power j .

Let A be the system s te a d y -s ta te  gain  and defined  as

(64)

( 6 5 )
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A technique fo r  determ ining the  param eters d_. o f the polynomial 
d r i f t  terms hinges on the f a c t  th a t  the  in te g ra l  of a b .m .l .s .  taken over 
one complete period  i s  known, aAt. The in te g ra l  of the measured output 
s ig n a l over one complete period  can be expressed as

P u > *  -  /ร ( ร ) dร / x ( t ) d t+ 2 :  / 1. 1 d j t h t

-  AaAt+d0T+ £  dj [ พ ™ ! i k h พ พ พ ! ]  (66)

where i  = 0 ,1 ,2 , ...........
For a b .m . l . s . ,  T = NAt, thus Eqn. (66) becomes

1 1 N+Ï-1 m-1 r+1/2zA t z z  z z  y Ci A t+ - At) = AaAt+d nNAtm —โโ. ; Tri m u
1t ) J . 1 ( 67,

I t  can be seen th a t ,  fo r  i  = 0 , 1 , 2 , . . . . ,k , Eqn. (67) provides k+1 
sim ultaneous l in e a r  eq u a tio n s . I f  q i s  the  h ig h est o rder o f the polyno
m ial d r i f t  to  be e lim in a te d , the  param eters d_. , where j  = 0 , 1 , 2 , . . . . ,q , 
can be solved from q+1 sim ultaneous equations ob tained  by s u b s t i tu t in g  
i  = 0 , l , 2 , . . . . , q  in to  Eqn. (67). The value  of q may be chosen to  meet 
the accuracy in  the  e s tim a tio n  of the  impulse response.

Consider th e  case when q = 2 fo r  an example of a low -order poly
nomial d g + d 1t+d2t 2 . Thus, fo r  i  = 0 ,1 ,2 , we have

h k f  f h O A t U ^ A t )  .  N A t ( > o)+® f e L 2 (A t)2d 1

+ พ i i !ะ!L3( 41) 3 d 2 ( 68)
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(69)

(2H +2)3 -0 ,+2 )3 (A0  3dz (70)

I f  the value of N, At and the  summations in  the l e f t  hand side  of 
Eqns. (6B) , (69) and (70) a re  known, the values of ^ + d0, d i ,  and d2 

can be evalua ted  by so lv ing  th ese  th re e  sim ultaneous equa tio ns. The new 
output s ig n a l can be obtained  by su b tra c tin g  the output polynom ial d r i f t  
from Eqn, (63) as

The c ro s s -c o rre la t io n  between the  inpu t s ig n a l and the  above output 
s ig n a l i s

From Eqns. (36 ), (3 8 ), and (64 ), then Eqn. (72) can be re w rit te n  as

(71)

0 (iAt+^-At)xy m

(72)

Aa2_Aa2 
" ¥  “ N2 fo r  i  = 0

fo r i  i= 0 (73)

where g^(iAt+^At) i s  p rev io u sly  defined  and expressed by Eqn. (39).
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Thus 5 we have

m-1 (75)

(74)

(76)

+g (iAt-At4~At) e m otherw ise (77)

From the s e t  of the above eq u a tio n s , i t  i s  seen th a t  the e rro r  
due to  the system s te a d y -s ta te  ga in , A , i s  included in  the values of

response decays to  zero w ith in  the time period  NAt and the c o e f f ic ie n ts  
of the d e r iv a tiv e  terms a re  f i r s t  n e g le c te d , then the  f i r s t  approximate 
impulse response i s

gi(iA t+^A t) = g (iA t+^A t)-g {(N-l)At4~At} fo r l  = 0, i  = 0 ,1 , . . . N - l  m e m e m

Now apply ing the i t e r a t io n  method fo r de term in ation  of the impulse
response , the  s tep  by s tep  i s  described  as fo llo w sะ
1 S t. Step C alcu la te  the value of A fro r the p rev ious approximate

impulse response by using  Eqn. (65).
2 nd. Step C alcu la te  g (-A t) which i s  eq u iv a len t to  K(^At) in  Eqn. (56)e m m

by using  Eqns. (74 ), (75 ), (7 6 ), and (77).

-  8e ( is t+ i s t ) Otherwise (78)
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3 rd . Step Remove the  e r ro r  due to  the  d e r iv a tiv e  terms of the  impulse
response by u sing  Eqns. (58 ), (5 9 ), (60 ), (61 ), and (62).

4 th . Step Compare the new approxim ate values of the impulse response
w ith  the  former approximate values p o in t by p o in t. I f  one 
of the d iffe re n c e s  between the corresponding p o in ts  i s  not 
in  the  allowed range, the 1 S t. to  the 3 rd . s tep  must be 
rep ea ted  again .

I t  i s  s u i ta b le  to  use d i g i t a l  computer to  e s tim a te  the  d is c re te  
impulse response from the  d is c re te  c ro s s -c o rre la t io n  func tio n  by apply
ing th is  i t e r a t io n  process to reduce the  e rro rs  described  in  the p re 
vious s e c tio n s .

This process i s  app lied  to  the o rd in ary  d is c re te  c ro s s -c o rre la tio n  
method when ffi = 1, and i s  app lied  to  the  new method of c o r re la t io n  tech 
nique when m > 1.

When the sy stem atic  e r ro r  due to  the  d .c . b ia s  in  the b .m .l .s .  
in pu t s ig n a l i s  considered , the  s te a d y -s ta te  ou tput i s

where c i s  the d .c . b ia s  in  the  b .m .l .s .  in pu t s ig n a l and A i s  the system 
s te a d y -s ta te  gain .

I t  can be seen th a t  the value of cA is  e lim in a ted  a t  the  same time
as do.

(79)
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