INTRODUCTION

An element a of a semigroup is called an idempotent of
if a2 =a. For a semigroup , E() will denote the set of all
idempotents of , that is;

Es) = {af la =a}
A semigroup is a semilattice if for all a, bf , a2 =a and
ab = ba.

A semigroup is called a left [right] zero semigroup if
ab = afab =b] for all a, b£ . A semigroup with zero 0 is called
a zero semigroup if ab = 0 for all a, b £

Let be a semigroup, and let 1 be a symbol not representing
any element of . The notation SO | denotes the semigroup obtained
by extending the binary operation on  to one by defining 11 = 1 and
la =al =a for all a£. . For a semigroup , the notation " de-
notes the following semigroup

1 if  has an identity,
(SSU1 if  has no identity.

Let Dbe a semigroup. A subgroup of is a subsemigroup of

which is also a group under the same operation.

Let Dbe a semigroup with identity 1. Anelement a of s
called a unit of if there exists a'E  such that aal=a'a = 1.
Let Ghbe the set of all units of . Then

G = (af Slaa =a'a=1 for some a'E }



and G is the greatest subgroup of  which has 1 as its identity, and
it is called the group of units of 1

An element a of a semigroup is regular if a = axa for some
x £ . Asemigroup is regular if every element of is regular.

In any semigroup , if a, x & s suchthata = axa, then ax
and xa are idempotents of . Hence, if is a regular semigroup,
then E() ? 9.

Let a be an element of a semigroup , An element x of s
called an inverse of a if a = axa and x = xax. If a is a reqular
element of a semigroup , then a = axa for some x£s, and hence xax is
an inverse of a. Therefore, a semigroup IS regular if and only if
every element of has an inverse. A semigroup is called an
inverse semigroup if every element of has a unique inverse, and
the unique inverse of the element a of is denoted by a \ A semi-
group is an inverse semigroup if and only if is reqular and any
two idempotents of  commute with each other [l, Theorem 1.17],
Hence, if 1S an inverse semigroup, then E() is a semilattice,

For any elements a, b of an inverse semigroup and eg.E(S), the
following hold

e =, (@"S "= aand (ab) ¥=1h Ma "
[l, Lemma 1.18].

If a is an element of an inverse semigroup , then aa ” and
a 1a are idempotents of

Every group is an inverse semigroup and the identity of the
group is its only idempotent.



The relation < defined on an inverse semigroup by

a < if and only if aa " =ab
is a partial order on [2, Lemma 7.2], and this partial order is
called the natural partial order  the inverse semigroup , Me
note that the restriction of the natural partial order <on an in-
verse semigroup to E() is as follows ; Fore, fGE(),

e <f if and only if e =¢ef (= fe).
Then, if is a semilattice, a <b in if and only if a =ab (=ha).

Let X be a set. Let Ac X, Bc Xanda : A->Bbe an onto
map. Then a is a partial transformation of X and we denote A and
B by Aaand Va; respectively. If Aa=Va= ) then ais called the
empty transformation of Xand is denoted by 0. Let T* be the set of
all partial transformations of X (including 0). For a, 3£ T, de-
fine the product a3 as follows If Va A3 = ¢ we definead = 0.
1f va NA3- %?Iet a3 (vala3)a = -*(Va0A3)3 be the composition
map. Obviously, V(a3) =(Van ~ A3) 3. Then T is a semigroup with
zero 0 and it is called the partial transformation semigroup on the
set X

For any set X, Ty is a regular semigroup with zero and iden-
tity,

EOT >=(aG T~ I VaC Aa and a is the identity map on Va}.

An element a G Ty is a ?ne-to-one partial transformation of
Xif ais a one-to-one map from Aaonto Va. Let | be the set of all
one-to-one partial transformation of X. Then under the composition
of maps, | is an inverse subsemigroup of T , which is called the



symmetric inverse semigroup  the set X
E(1") ={a¢ Ix I ais the identity map on Aa} [l, page 29],

An element a £ T is a full transformation of Xif Aa= X
Let. oyy be the set of all full transformations of X Then under the
composition of maps, %y is a subsemigroup of Ty and it is called
the full transformation semigroup on X, For any set X,  is also
. regular semigroup.

Let Xbe a set. The notation denotes the permutation
group on X Then Gy is the group of units of Ty, alsoyof I and of
4

Let 3 and T be semigroups and Ip 4 T be a map. The map
Ip +s a homomorphism from into T if

(ab)p = (aip) (bip)
for all a, b£ , and ppis called an isomorphism if Ip is a homomor-
phism and one-to-one. The semigroups and T are isomorphic if
there is an isomorphism from onto T and we write - T.

A semigroup T is a homomorphic image of a semigroup if
there exists a homomorphism from onto T

A homomorphic image of a regular semigroup is clearly a re-
gular semigroup.

Let a semigroup T be a homomorphic image of a semigroup by
a homomorphism Ip. If is an inverse semigroup, then T = Sp is an
inverse semigroup, for any aé , (alp) = 'aL™ [2, Theorem 7.36],
and moreover, for each f £ E(T), there is e¢ E() such that eip = f



[2, Lemma 7.34], and hence

E(T) = {ep 1eC E()}

Let Dbe a semigroup. Avrelation pon is called left com-
patible if for a, b, ¢c£ , apb implies capch,. Right, compatible is
defined dually. An equivalence relation p on is called a congruence
on if it is both left compatible and right compatible.

Arbitrary intersection of congruences on a semigroup is a
congruence on

Let be a semigroup. If I = {(a, a) laf 1} then i is a
congruence on and we call it the identity congruence on . If

= X , then o is a congruence on we call It the universal
congruence on

If p is a congruence on a semigroup , then the set

slp = {ap | af }
with operation defined by

(ap) (bp) = (ab)p (@, b )
IS a semigroup, and is called the quotient semigroup relative to the
congruence p.

Let p be a congruence on a semigroup . Then the mapping
b -* Slp defined by
dp

ap @t )
IS an onto homomorphism,

Conversely, if p -* T is a homomorphism from a semigroup
into a semigroup T, then the relation p on defined by



aPb if and only if ajj = (a, b0 )
IS a congruence and s/p - Sip.
Let p be a congruence on an inverse semigroup . Then s/p
IS an inverse semigroup and hence for a , (ap) » =a and

E(/p) = {ep lee E()}

A nonempty subset A of a semigroup is called a left ideal
of s if SAC A Avright ideal of a semigroup is defined dually.
An ideal of a semigroup is both a left ideal and a right ideal of

Let be a semigroup. The relation X /JR.an  on are
defined as follows

axXb <A==% 1a
afth <7==A_  as1 = Dbsl,
3 -=erm
The relations £ 1% and3f are called Green' relations on
and they are equivalence relations on . Moreover,® is right com-
patible and is left compatible. For each a 6-S, let
la = (x£ s | xaCa} ;
and R, Ha are defined similarly.
Every X -class and every *,-class of an inverse semigroup
contain exactly one idempotent [1, Theorem 1.17].
In any semigroup A-class of  containing an idempo-
tent e of is a subgroup of  [if Theorem 2.16], and
H, = {af la =ea=a and aa* =e =a"a for some a‘t }



which is the maximum subgroup of  having e as its identity. |If a
semigroup  has an identity 1, then H” the'<26 -class of containing
1, is the group of units of |

Let ¢ be a class of semigroupsand p be a congruence on a
semigroup . Then pis called a ¢ congruence if S/p 0 ¢. Then, a
congruence pon a semigroup is a semilattice congruence on if
slp is a semilattice.

Every semigroup  has a minimum semilattice congruence which

Is the intersection of all semilattice congruences of

Let Y be a semilattice and a semigroup = 0" vsa 106 @
joint union of su?eanpups / of -, is called a semilattice Y of_
semigroups A if a for all a, BE. Y, or equivalently, for
all a, BEY, a0 albe Spimply ab 9

If =0 ais asemilattice Yof semigroups althen the
relation p defined by

apb if and only if a, b6  forsomeaf VY (a bEf ) isa
semilattice congruence on , for each ¢£ Y, is a p-class, and
Slp Y.

Let Dbe a semilattice congruence on a semigroup . Then
Is a semilattice Y of semigroup's where Y = s/p*for each afY,

Is a p-class.

A semilattice of inverse semigroups is an inverse semigroup
[2, Theorem 7.52], Then a semilattice Y of groups is an inverse
semigroup.



A subsemigroup T of a semigroup s called a filter of -if
for any a, £ , ab G T implies a, b G To

A semigroup is said to be factorizable if there exist a
subgroup G of and a set E of idempotents of  such that = GE,

We give general properties of factorizable semigroups in the
first chapter. It is shown that every factorizable semigroup is a
regular semigroup and has a left identity. [t is also proved that
if a semigroup is factorizable as GEL then G is a maximal subgroup
of ; and G becomes the group of units of if also has an identity.
An ideal of a factorizable semigroup is not necessarily factorizable.
Necessary and sufficient conditions of an ideal of a factorizable
semigroup to be factorizable are given in this chapter.

Minimum sem ilattice congruences on factorizable semigroups
are studied in the second chapter. It is shown that in any factori-
zable semigroup  with identity 1, the group of units of is the
class of minimum semilattice congruence of  containing 1. The group
of units of a reqular semigroup with identity need not be a class of
its minimum semilattice congruence, A counter example is given.

In the third chapter, we study semilattice congruences on
factorizable inverse semigroups, A congruence on the set of all
idempotents of a factorizable inverse semigroup is not necessary able
to be extended to a semilattice congruence on . The following are
proved  Let Dbe a factorizable inverse semigroup. Then every
congruence on E( ) can be extended to a semilattice congruence on



if and only if is a semilattice of groups. Moreover, if any such
extension of a given congruence on E() exists, it is unique.

The significant result of this thesis is given in Chapter IV,
It is proved that for any set X, the partial transformation semigroup
on the set X is factorizable if and only if Xis a finite set; and
also, the full transformation semigroup on the set X is factorizable

if and only if Xis a finite set.
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