
INTRODUCTION

An e le m e n t a  o f  a sem ig ro u p  ร i s  c a l l e d  an  id e m p o te n t o f  ร 
i f  a 2 = a .  F o r a sem ig ro u p  ร , E (ร) w i l l  d e n o te  th e  s e t  o f  a l l  
id e m p o te n ts  o f  ร , t h a t  i s ;

E(s) = {a £  ร I a = a } .
A sem ig ro u p  ร i s  a  s e m i l a t t i c e  i f  f o r  a l l  a ,  b £  ร , a 2 = a and 
ab = b a .

A sem ig ro u p  ร i s  c a l l e d  a l e f t  [ r i g h t ]  z e ro  sem ig ro u p  i f  
ab = a [a b  = b] f o r  a l l  a ,  b £  ร . A sem ig ro u p  ร w ith  z e ro  0 i s  c a l l e d  
a z e ro  sem ig ro u p  i f  ab  = 0 f o r  a l l  a ,  b £  ร .

L e t  ร be a se m ig ro u p , and  l e t  1 be a sym bol n o t  r e p r e s e n t i n g  
any e le m e n t o f  ร . The n o t a t i o n  S O I  d e n o te s  th e  sem ig ro u p  o b ta in e d  
by e x te n d in g  th e  b in a r y  o p e r a t io n  on ร to  one by d e f in in g  11 = 1 and  
l a  = a l  = a f o r  a l l  a  £ . ร .  F o r a sem ig ro u p  ร , th e  n o t a t i o n  ร^ d e ­
n o te s  th e  f o l lo w in g  sem ig ro u p  ะ

1 ( s i f ร h a s  an i d e n t i t y ,
ร

I s  U  1 i f ร h a s  no i d e n t i t y .
L e t ร be  a se m ig ro u p . A su b g ro u p  o f  ร i s  a su b se m ig ro u p  o f  

ร w hich  i s  a l s o  a  g ro u p  u n d e r th e  same o p e r a t io n .
L e t ร be a sem ig ro u p  w ith  i d e n t i t y  1 . An e le m e n t a o f  ร i s  

c a l l e d  a u n i t  o f  ร i f  t h e r e  e x i s t s  a ' É  ร such  t h a t  a a 1 = a ' a  = 1 . 
L e t G be th e  s e t  o f  a l l  u n i t s  o f  ร . Then

G = ( a £  S I a a '  = a ' a  = 1 f o r  some a ' É  ร}
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and G i s  th e  g r e a t e s t  su b g ro u p  o f  ร w h ich  h a s  1 a s  i t s  i d e n t i t y ,  and 
i t  i s  c a l l e d  th e  g roup  o f  u n i t s  o f  ร 1

An e le m e n t a o f  a  sem ig ro u p  ร i s  r e g u l a r  i f  a = ax a  f o r  some 
X £  ร . A se m ig ro u p  ร i s  r e g u l a r  i f  e v e ry  e le m e n t o f ร i s  r e g u l a r .

In  any sem ig ro u p  ร ,  i f  a ,  X  É  s  su c h  t h a t  a =  a x a , th e n  ax 
and xa a r e  id e m p o te n ts  o f  ร . H ence, i f  ร i s  a r e g u l a r  se m ig ro u p , 
th e n  E (ร) ? <p .

L e t a be an e le m e n t o f  a sem ig ro u p  ร , An e le m e n t X o f  ร i s  
c a l l e d  an in v e r s e  o f  a i f  a = ax a  and X = x a x . I f  a i s  a r e g u l a r  
e le m e n t o f  a sem ig ro u p  ร , th e n  a = axa  f o r  some x £ s ,  and h en ce  xax  i s  
an in v e r s e  o f  a .  T h e r e f o r e ,  a sem ig ro u p  ร IS r e g u l a r  i f  and o n ly  i f  
e v e ry  e le m e n t o f  ร h a s  an in v e r s e .  A sem ig ro u p  ร i s  c a l l e d  an 
in v e r s e  sem ig ro u p  i f  e v e ry  e le m e n t o f  ร h a s  a u n iq u e  i n v e r s e ,  and 
th e  u n iq u e  in v e r s e  o f  th e  e le m e n t a o f  ร i s  d e n o te d  by a \  A se m i­
g ro u p  ร i s  an  in v e r s e  sem ig ro u p  i f  and o n ly  i f  ร i s  r e g u l a r  and any 
tw o id e m p o te n ts  o f  ร commute w ith  e a c h  o th e r  [ l ,  Theorem  1 .1 7 ] ,
H ence, i f  ร i s  an in v e r s e  s e m ig ro u p , th e n  E (ร) i s  a s e m i l a t t i c e ,
F o r any e le m e n ts  a ,  b o f  an  in v e r s e  sem ig ro u p  ร and e g . E ( S ) ,  th e  
f o l lo w in g  h o ld  ะ

e ^ =  e ,  (a  "S ^ =  a and  (ab) "*” = b ^a ^
[ l ,  Lemma 1 .1 8 ]  .

I f  a i s  an  e le m e n t o f  an  in v e r s e  sem ig ro u p  ร , th e n  aa  ^ and 
a 1a a r e  id e m p o te n ts  o f  ร .

Every group i s  an in v erse  semigroup and the id e n t ity  o f the  
group i s  i t s  on ly  idem potent.
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The r e l a t i o n  < d e f in e d  on an  in v e r s e  sem ig ro u p  ร by 
a < ๖  i f  and  o n ly  i f  aa  ^ = ab

i s  a p a r t i a l  o r d e r  on ร [2 , Lemma 7 .2 ] ,  and t h i s  p a r t i a l  o r d e r  i s  
c a l l e d  th e  n a t u r a l  p a r t i a l  o r d e r  ๐ท th e  in v e r s e  sem ig ro u p  ร,, Vie 
n o te  t h a t  th e  r e s t r i c t i o n  o f  th e  n a t u r a l  p a r t i a l  o r d e r  < on an  i n ­
v e r s e  sem ig ro u p  ร t o  E (ร) i s  a s  fo l lo w s  ; F o r e ,  f  G  E (ร ) ,  

e < f  i f  and o n ly  i f  e = e f  (= f e ) .
T hen , i f  ร i s  a  s e m i l a t t i c e ,  a < b in  ร i f  and  o n ly  i f  a = ab  ( = b a ) .

L e t X be a s e t .  L e t A c  X, B c  X and a : A -> B be an  o n to
map. Then a i s  a p a r t i a l  t r a n s f o r m a t io n  o f  X, and  we d e n o te  A and 
B by Aa and Va; r e s p e c t i v e l y .  I f  Aa = Va = ชุ), th e n  a i s  c a l l e d  th e  
em pty t r a n s f o r m a t io n  o f  X and i s  d e n o te d  by 0 . L e t T^ be th e  s e t  o f  
a l l  p a r t i a l  t r a n s f o r m a t io n s  o f  X ( in c lu d in g  0 ) .  F o r a, 3 £  T , d e ­
f i n e  th e  p r o d u c t  a3 a s  f o l lo w s  ะ I f  Va ท  A3 = <j>, we d e f in e  a3 = 0.
I f  Va n A3 ? <)>, l e t  a3 ะ (Va n A3)a  ̂ -* (Va 0 A3) 3 be th e  c o m p o s i t io n
map. O b v io u s ly , V (a3) = (V an  A3) 3. Then T^ i s  a sem ig ro u p  w i th
z e ro  0 and i t  i s  c a l l e d  th e  p a r t i a l  t r a n s f o r m a t io n  sem ig ro u p  on th e  
s e t  X.

F o r any s e t  X, T i s  a  r e g u l a r  sem ig ro u p  w i th  z e ro  and  id e n -  X
t i t y ,

EOT > = (a G T  ̂ I Va Ç Aa and a i s  t h e  i d e n t i t y  map on Va}.
An e le m e n t a G T„ i s  a o n e - to - o n e  p a r t i a l  t r a n s f o r m a t io n  o fX ะ| '

X i f  a i s  a o n e - to -o n e  map from  Aa onto Va. L e t I  be th e  s e t  o f  a l l  
o n e - to - o n e  p a r t i a l  t r a n s f o r m a t io n  o f  X. Then u n d e r t h e  c o m p o s i t io n  
o f  m aps, I  i s  an  in v e r s e  su b sem ig ro u p  o f  T , w h ich  i s  c a l l e d  th e
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sy m m etric  in v e r s e  sem ig ro u p  ๐ท th e  s e t  X;
E (1^) = {a ç  I x I a  i s  th e  i d e n t i t y  map on Aa} [ l ,  p ag e  2 9 ],

An e le m e n t a £  T i s  a f u l l  t r a n s f o r m a t io n  o f  X i f  Aa = X.
Let. cy  be th e  s e t  o f  a l l  f u l l  t r a n s f o r m a t io n s  o f  X. Then u n d er th e  X
c o m p o s it io n  o f  m aps, %  i s  a su b sem ig ro u p  o f  T and i t  i s  c a l l e dX X
th e  f u l l  t r a n s f o r m a t io n  se m ig ro u p  on X, F o r any s e t  X, ช ุ i s  a l s o  
a  r e g u l a r  se m ig ro u p .

L e t X be a s e t .  The n o t a t i o n  d e n o te s  th e  p e r m u ta t io n
g ro u p  on X. Then G i s  t h e  g ro u p  o f  u n i t s  o f  T , a l s o  o f  I  and  o fX X X
<]'- V

L e t 3 and  T be sem ig ro u p s  and Ip ะ ร -y T be a map. The map 
Ip IS  a homomorphism from  ร i n t o  T i f

(ab) Ip = (aip) (bip)
f o r  a l l  a ,  b £  ร , and Ip i s  c a l l e d  an iso m o rp h ism  i f  Ip i s  a homomor­
ph ism  and o n e - to - o n e .  The se m ig ro u p s  ร and T a r e  iso m o rp h ic  i f  
t h e r e  i s  an iso m o rp h ism  from  ร o n to  T and  we w r i t e  ร -  T.

A sem ig ro u p  T i s  a hom om orphic im age o f  a sem ig ro u p  ร i f  
t h e r e  e x i s t s  a homomorphism from  ร o n to  T.

A hom om orphic im age o f  a r e g u l a r  sem ig ro u p  i s  c l e a r l y  a r e ­
g u la r  se m ig ro u p .

L e t a sem ig ro u p  T be a hom om orphic im age o f  a sem ig ro u p  ร by 
a homomorphism Ip. I f  ร i s  an in v e r s e  se m ig ro u p , th e n  T = Sip i s  an  
in v e r s e  se m ig ro u p , f o r  any a é  ร , (alp) = 'aL’*''P [2 , Theorem  7 .3 6 ] ,  
and m o re o v e r, f o r  e a c h  f  £  E (T ) , t h e r e  i s  e ç  E (ร) su c h  t h a t  eip = f
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[2 , Lemma 7 . 34 ] ,  and h en ce
E(T) = {eip I e Ç  E (ร )} ,

L e t ร be a se m ig ro u p . A r e l a t i o n  p on ร i s  c a l l e d  l e f t  com­
p a t i b l e  i f  f o r  a ,  b ,  c £  ร , apb im p l ie s  capcb,. R ight, c o m p a tib le  i s  
d e f in e d  d u a l l y .  An e q u iv a le n c e  r e l a t i o n  p on ร i s  c a l l e d  a c o n g ru e n c e  
on ร i f  i t  i s  b o th  l e f t  c o m p a tib le  and r i g h t  c o m p a t ib le .

A r b i t r a r y  i n t e r s e c t i o n  o f  c o n g ru e n c e s  on a sem ig ro u p  ร i s  a 
co n g ru e n c e  on ร.

L e t ร be a se m ig ro u p . I f  i  = { (a ,  a) I a  £  ร} , th e n  i  i s  a 
c o n g ru en ce  on ร and we c a l l  i t  t h e  i d e n t i t y  c o n g ru e n c e  on ร . I f  
พ = ร X ร , th e n  0) i s  a c o n g ru e n c e  on ร we c a l l  I t  th e  u n i v e r s a l  
co n g ru e n c e  on ร .

I f  p i s  a co n g ru e n c e  on a sem ig ro u p  ร , th e n  t h e  s e t  
s /p  = {ap I a £  ร} 

w ith  o p e r a t io n  d e f in e d  by
(ap) (bp) = (ab )p  ( a ,  b ร)

i s  a  s e m ig ro u p , and i s  c a l l e d  th e  q u o t i e n t  sem ig ro u p  r e l a t i v e  t o  th e  
c o n g ru e n c e  p .

L e t p be a co n g ru en ce  on a sem ig ro u p  ร . Then th e  m apping 
Ip ะ ร-*► S /p  d e f in e d  by

a\p = ap (a  £  ร)
i s  an  o n to  homom orphism .

C o n v e rs e ly , i f  Ip ะ ร-*- T i s  a homomorphism from  a sem ig ro u p  
ร i n t o  a sem ig ro u p  T, th e n  th e  r e l a t i o n  p on ร d e f in e d  by
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aPb i f  and  o n ly  i f  aijj = ( a ,  b 0  ร)

i s  a co n g ru e n c e  ๐ท ร and s /p  -  Sip.
L e t p be a co n g ru e n c e  on an in v e r s e  sem ig ro u p  ร . Then s /p  

i s  an in v e r s e  sem ig ro u p  and h en ce  f o r  a ร,  (ap) ^ = a and
E ( ร /p ) = {ep I e e  E (ร) }.

A nonem pty s u b s e t  A o f  a sem ig ro u p  ร i s  c a l l e d  a l e f t  i d e a l  
o f  s  i f  SA Ç  A. A r i g h t  i d e a l  o f  a sem ig ro u p  ร i s  d e f in e d  d u a l l y .  
An i d e a l  o f  a sem ig ro u p  ร i s  b o th  a l e f t  i d e a l  and a r i g h t  i d e a l  o f  
ร.

L e t ร be a se m ig ro u p . The r e l a t i o n  X  / JR. an  on ร a r e  
d e f in e d  a s  fo l lo w s  ะ

a X b  < ^ = =%> ร 1 a  = ร-ฯว .

a f t b  < ^ = = ^ . a s 1  = b s 1 .

3e -=erm
The r e l a t i o n s  £ 1%  an  d 3 f  a r e  c a l l e d  G re e n ' ร r e l a t i o n s  on ร , 

and th e y  a r e  e q u iv a le n c e  r e l a t i o n s  on ร . M o r e o v e r ,^  i s  r i g h t  com­
p a t i b l e  and i s  l e f t  c o m p a t ib le .  F o r e a c h  a 6 - S ,  l e t

La = ( x £  s  I xaC a} ;
and  R , Ha a r e  d e f in e d  s i m i l a r l y .

E v ery  X  - c l a s s  and  e v e ry  ^ , - c l a s s  o f  an in v e r s e  se m ig ro u p  ร 
c o n ta in  e x a c t l y  one id e m p o te n t [1 , Theorem  1 .1 7 ] .

In  any  sem ig ro u p  ร , ^  - c l a s s  o f  ร c o n ta in in g  an idem po­
t e n t  e o f  ร i s  a su b g ro u p  o f  ร [ i f  Theorem  2 .1 6 ] ,  and
H = {a £  ร I ae  = e a  = a and  aa* = e = a " a  f o r  some a ‘£  ร} e
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w hich  i s  t h e  maximum su b g ro u p  o f  ร h a v in g  e a s  i t s  i d e n t i t y .  I f  a 
sem ig ro u p  ร h as  an  i d e n t i t y  1, th e n  H^, the'<26 - c l a s s  o f  ร c o n ta in in g  
1 , i s  t h e  g ro u p  o f  u n i t s  o f  ร,

L e t c  be a  c l a s s  o f  sem ig roups and p be a c o n g ru e n c e  on a 
sem ig ro u p  ร. Then p i s  c a l l e d  a c  co n g ru e n c e  i f  s/p  0  c .  T hen , a 
co n g ru e n c e  p on a  sem ig ro u p  ร i s  a s e m i l a t t i c e  c o n g ru e n c e  on ร i f  
s/p  i s  a s e m i l a t t i c e .

E v e ry  sem ig ro u p  ร h a s  a minimum s e m i l a t t i c e  c o n g ru e n c e  w hich  
i s  th e  i n t e r s e c t i o n  o f  a l l  s e m i l a t t i c e  c o n g ru e n c e s  o f  ร .

Let Y be a s e m ila tt ic e  and a semigroup ร = 0̂  YSct 106 a
jo in t  union of subgroups ร of ร, ร i s  c a lle d  a s e m ila t t ic e  Y of_ 

sem i a  ~
semigroups ร^ i f  ร ร a  ̂ fo r  a l l  a ,  B £. Y; o r e q u iv a le n tly , fo r  
a l l  a, B £  Y, a 0  รa1 b e  Sp imply ab 9  ร .

I f  ร = 0บ  รa i s  a s e m ila tt ic e  Y of semigroups รa 1 then  the  
r e la t io n  p defined  by

apb i f  and only i f  a, b 6  ร fo r  some a £  Y (a, b £  ร) i s  a 
s e m ila tt ic e  congruence on ร, fo r  each et £  Y, ร i s  a p -c la s s , and 
S/p ร Y.

L e t ว be a  s e m i l a t t i c e  c o n g ru e n c e  on a sem ig ro u p  ร . Then ร 
i s  a s e m i l a t t i c e  Y o f  s e m ig ro u p 's  w here Y = s / p ^ f o r  e a c h  a £ Y ,  ร 
i s  a p - c l a s s .

A s e m i l a t t i c e  o f  in v e r s e  se m ig ro u p s  i s  an in v e r s e  sem ig ro u p  
[2 , Theorem  7 .5 2 ] ,  Then a s e m i l a t t i c e  Y o f  g ro u p s  i s  an in v e r s e
se m ig ro u p .
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A su b se m ig ro u p  T o f  a sem ig ro u p  ร I S  c a l l e d  a f i l t e r  o f  ร- i f  
f o r  any a , ๖ £  ร , ab  G T im p l ie s  a ,  b G To

A se m ig ro u p  ร i s  s a id  t o  be f a c t o r i z a b l e  i f  t h e r e  e x i s t  a 
su b g ro u p  G o f  ร and  a s e t  E o f  id e m p o te n ts  o f  ร su c h  t h a t  ร = GE,

We g iv e  g e n e r a l  p r o p e r t i e s  o f  f a c t o r i z a b l e  se m ig ro u p s  in  th e  
f i r s t  c h a p te r .  I t  i s  shown t h a t  e v e ry  f a c t o r i z a b l e  sem ig ro u p  i s  a 
r e g u l a r  sem ig ro u p  and h a s  a l e f t  i d e n t i t y .  I t  i s  a l s o  p ro v e d  t h a t  
i f  a se m ig ro u p  ร i s  f a c t o r i z a b l e  a s  GE1 th e n  G i s  a m axim al su b g ro u p  
o f  ร ; and  G becom es th e  g ro u p  o f  u n i t s  o f  ร i f  ร a l s o  h a s  an i d e n t i t y .  
An i d e a l  o f  a  f a c t o r i z a b l e  sem ig ro u p  i s  n o t  n e c e s s a r i l y  f a c t o r i z a b l e .  
N e c e ssa ry  and s u f f i c i e n t  c o n d i t i o n s  o f  an  i d e a l  o f  a f a c t o r i z a b l e  
sem ig ro u p  t o  be f a c t o r i z a b l e  a r e  g iv e n  in  t h i s  c h a p te r .

Minimum s e m i l a t t i c e  c o n g ru e n c e s  on f a c t o r i z a b l e  sem ig ro u p s  
a r e  s tu d ie d  in  t h e  seco n d  c h a p te r .  I t  i s  shown t h a t  i n  any f a c t o r i ­
z a b le  sem ig ro u p  ร w i th  i d e n t i t y  1 , th e  g ro u p  o f  u n i t s  o f  ร i s  th e  
c l a s s  o f  minimum s e m i l a t t i c e  c o n g ru e n c e  o f  ร c o n ta in in g  1 . The g ro u p  
o f  u n i t s  o f  a r e g u l a r  sem ig ro u p  w i th  i d e n t i t y  n eed  n o t  be a c l a s s  o f  
i t s  minimum s e m i l a t t i c e  c o n g ru e n c e , A c o u n te r  exam ple i s  g iv e n .

In  t h e  t h i r d  c h a p t e r ,  we s tu d y  s e m i l a t t i c e  c o n g ru e n c e s  on 
f a c t o r i z a b l e  in v e r s e  se m ig ro u p s , A co n g ru e n c e  on th e  s e t  o f  a l l  
id e m p o te n ts  o f  a f a c t o r i z a b l e  in v e r s e  sem ig ro u p  ร i s  n o t  n e c e s s a r y  a b le  
t o  be e x te n d e d  t o  a s e m i l a t t i c e  c o n g ru e n c e  on ร . The f o l lo w in g  a re  
p ro v e d  ะ L e t ร be a f a c t o r i z a b l e  in v e r s e  se m ig ro u p . Then e v e ry  
co n g ru e n c e  on E (ร) c a n  be e x te n d e d  t o  a s e m i l a t t i c e  c o n g ru e n c e  on ร



i f  and o n ly  i f  ร i s  a s e m i l a t t i c e  o f  g ro u p s . M o reo v er, i f  any  su c h  
e x te n s io n  o f  a g iv e n  co n g ru en ce  on E (ร) e x i s t s ,  i t  i s  u n iq u e .

9

The s i g n i f i c a n t  r e s u l t  o f  t h i s  t h e s i s  i s  g iv e n  i n  C h a p te r  IV . 
I t  i s  p ro v e d  t h a t  f o r  any  s e t  X, th e  p a r t i a l  t r a n s f o r m a t io n  sem ig ro u p  
on th e  s e t  X i s  f a c t o r i z a b l e  i f  and o n ly  i f  X i s  a f i n i t e  s e t ;  and 
a l s o ,  t h e  f u l l  t r a n s f o r m a t io n  sem ig ro u p  on th e  s e t  X i s  f a c t o r i z a b l e  
i f  and o n ly  i f  X i s  a f i n i t e  s e t .
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