
CHAPTER I I I

SEMILATTICE CONGRUENCES AND FACTORIZABLE INVERSE SEMIGROUPS

L e t ร be a f a c t o r i z a b l e  in v e r s e  se m ig ro u p . I t  i s  shown in  
t h i s  c h a p te r  t h a t  e v e ry  c o n g ru e n c e  on E (ร) can  be e x te n d e d  to  a sem i 
l a t t i c e  co n g ru e n c e  on ร i f  and  o n ly  i f  ร i s  a s e m i l a t t i c e  o f  g ro u p s . 
M o reo v er, i t  i s  a l s o  shown t h a t  i f  any su c h  e x te n s io n  o f  a g iv e n  c o n ­
g ru e n c e  on E (ร) e x i s t s ,  th e n  i t  i s  u n iq u e .

The f o l lo w in g  th e o re m  w hich  h a s  b een  p ro v e d  by Chen and H sieh  
in  [3] shows v a r io u s  p r o p e r t i e s  o f  a f a c t o r i z a b l e  in v e r s e  se m ig ro u p .

3 .1  Theorem  [3 ] .  L e t ร be an in v e r s e  se m ig ro u p . I f  ร i s  f a c t o r i z a ­
b l e  a s  GE, th e n  th e  f o l lo w in g  h o ld  :

(1) ร = EG.
(2) ร h a s  an i d e n t i t y  1 w h ich  i s  th e  i d e n t i t y  o f  G.
(3) G i s  th e  g ro u p  o f  u n i t s  o f  ร .
(4) F o r any g ,  h 0  G and  e ,  f  G E ( ร ) , ge = h f  im p l ie s  e = f .
(5) E = E (S ) ,  th e  s e t  o f  a l l  id e m p o te n ts  o f  ร .

A hom om orphic im age o f  a s e m i l a t t i c e  i s  c l e a r l y  a s e m i l a t t i c e  
T h e r e f o r e ,  e v e ry  co n g ru e n c e  on a s e m i l a t t i c e  ร i s  a s e m i l a t t i c e  co n ­
g ru e n c e  on ร .

L e t an in v e r s e  sem ig ro u p  ร be f a c t o r i z a b l e  a s  GE ( ร ) .  Then 
e v e ry  c o n g ru e n c e  on E (ร) i s  a s e m i l a t t i c e  c o n g ru e n c e  on  E (ร ) .  A 
f o l lo w in g  i n t e r e s t i n g  p ro b le m  i s  r a i s e d  t o  be s o lv e d  ะ Can e v e ry  
co n g ru e n c e  en  E (ร) b e  e x te n d e d  t o  a s e m i l a t t i c e  c o n g ru e n c e  on ร ?



25

The an sw er i s  "No" a s  shown in  th e  f o l lo w in g  exam ple :

E xam ple . L e t  X = {a , b } , and I  be th e  sy m m etric  in v e r s e  sem ig ro u p  
on th e  s e t  X. L e t 0 and 1 be th e  z e ro  and th e  i d e n t i t y  o f  I  ; r e s ­
p e c t i v e l y ,  and  l e t  a , 0เ 2 1 a 3 , ซ. ,̂ be  o n e - to - o n e  p a r t i a l  t r a n s ­
fo rm a tio n s  on X d e f in e d  by Aa = Va^ = {a} , Aa2 = Va2 = {b},
Aa  ̂ = {a } , Va3 = {b }, Aa4 = {b }, Va4 = {a} and Aa5 = Va,_ = {a , b} 
such th a t aa^ = b , ba^ = a . Then 1^ = {o , 1, a^, น2 , น3 , น4 » 
and the m u lt ip lic a t iv e  ta b le  i s  as fo llo w s ะ

The p e rm u ta t io n  g ro u p  on X, i s  { l ,  a^} and
E (I^ )  = {o,  1 , a , a  }. S in c e  X i s  f i n i t e ,  1^ i s  f a c t o r i z a b l e
[3 , C o r o l la r y  o f  Theorem  3 .1 ]  and so by Theorem  3 .1 ,  I  = G E (I
L e t i  , . b e  th e  i d e n t i t y  c o n g ru e n c e  on E ( I „ ) .  S uppose i  . E ( I  ) X E (I  )
be  e x te n d e d  to  a s e m i l a t t i c e  c o n g ru e n c e  p on I ĉ B ecause

a4a3 = a2' a3a4 = a i  an  ̂ p i s  a s e m ila t t ic e  congruence on 1^, i t  
fo llo w s th at a 2p = (น4น3) p = ( a ^ a  4 ) p = a^p. But น2 £  E (IX '̂

) .

can
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T hen (« 1 , 0เ2 > £  p ท ( E d x ) X E ( I Xท .  s in c e  p ก  ( E d x ) *  E ( I Xท  = i  ,
X

a , = a w h ich  i s  a c o n t r a d i c t i o n .  #
1 2

The f i r s t  th e o re m  o f  t h i s  c h a p te r  shows n e c e s s a r y  and  s u f f i c i e n t  
c o n d i t io n s  o f  a f a c t o r i z a b l e  in v e r s e  sem ig ro u p  ร su c h  t h a t  e v e ry  co n ­
g ru e n c e  on E (ร) can  be e x te n d e d  to  a s e m i l a t t i c e  c o n g ru e n c e  on ร . The 
f o l lo w in g  lemmaiare r e q u i r e d  ะ

3 .2  Lemma. L e t p be  a s e m i l a t t i c e  c o n g ru e n c e  on a f a c t o r i z a b l e  se m i­
g ro u p  ร w h ich  f a c t o r s  a s  GE (ร) . Then f o r  any g £  G, e £  E(S) 1 
(g e )p  = ep = ( e g )p .  H ence, s /p  = { e p /e  Ç E  (ร )} .

P ro o f  ะ L e t g £  G and e G E ( ร ) . S in c e  p i s  a s e m i l a t t i c e  
c o n g ru e n c e  on ร and  G i s  a su b g ro u p  o f  ร , G i s  c o n ta in e d  in  a s i n g l e  
p - c l a s s  o f  ร . Then G c  fp  w here f  i s  th e  i d e n t i t y  o f  G„ By Lemma 1 .1 ,  
f  i s  a l e f t  i d e n t i t y  o f  ร , so  fe  = e .  T h e re fo re  
(g e)p  = (g p ) (e p ) = ( f p ) ( e p )  = ( f e ) p  = ep and 
(eg )p  = epgp = gpep = (g e )p  = e p . #

L e t an in v e r s e  sem ig ro u p  ร be f a c t o r i z a b l e  a s  
Theorem  3 . 1 ( 4 ) ,  f o r  e a c h  x £  ร / t h e r e  e x i s t s  a u n iq u e  
t h a t  X = ge f o r  some g 6 G, su ch  e w i l l  be d e n o te d  by 
map X -> (x £  ร) i s  a map from  ร o n to  E (ร) and  e f  =

GE( ร ) . By 
e G  E (ร) such 

. Then the  
f  f o r  a l l

f  €  E (ร ) .

3 .3  Lemma. L e t ร be a f a c t o r i z a b l e  in v e r s e  sem ig ro u p  a s  G E (S ). I f  
Ge = eG f o r  a l l  e G E ( ร ) , th e n  f o r  a l l  X,  Y s  ร / e x e y  = e /■ Pa r ~ 
t i c u l a r ,  e^2 = e x f o r  a l l  X G ร.
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Proof ะ Let X, Y  s  s  ° Then X = ge^ and y = he^ f o r  some
g? h G  G. Then xy = g e ^ h e ^ . By a s s u m p tio n , Ge^ = e^G, so e^h  = h J
f o r  some h" 0  G. Hence xy = g h 'e ^ e ^  = g h '( e ^ e ^ ) . B ut g h J 0  G and
e e 0  E (ร),, By Theorem  3 .1 ( 4 ) ,  e e = e X y X y xy

N e x t, l e t  X 0  ร . From th e  above p r o o f ,  e x e x = e x 2- But 
E ( ร ) ,  so  e x e x = e . Hence e ^2 = e x “ #

3 .4  T heorem . L e t ร be a  f a c t o r i z a b l e  in v e r s e  sem ig ro u p  a s  GE( ร ) .  
Then any co n g ru e n c e  on E (ร) can  be e x te n d e d  t o  a s e m i l a t t i c e  c o n ­
g ru e n c e  on ร i f  and  o n ly  i f  eG = Ge f o r  a l l  e 0  E ( ร ) .

P ro o f  ร Assume t h a t  any s e m i l a t t i c e  c o n g ru e n c e  on E (ร) can
be e x te n d e d  to  a s e m i l a t t i c e  co n g ru e n c e  on ร . To show eG = Ge f o r
a l l  e 0  E ( ร ) ,  l e t  e 0  E ( ร ) .  L e t X 0  Ge. Then X = ge f o r  some g G G.
By Theorem  3 .1 ( 1 ) ,  X = f h  f o r  some h 0  G, f  0  E ( ร ) . Thus ge = f h .
L e t i  be th e  i d e n t i t y  c o n g ru e n c e  on E ( ร ) .  By a s s u m p tio n , t h e r e  E (ร)
e x i s t s  a s e m i l a t t i c e  congruence, p on  ร su c h  t h a t
p n  (E (ร) X E (ร )) = i  . . By Lemma 3 .2 ,  (g e )p  = ep and ( fh )p  = f p .E (ร)
T h e re fo re  ep = (g e)p  = ( fh )p  = f p .  I t  f o l lo w s  t h a t
(e ,  f ) 0  p ก  (E (ร) X E ( ร ) ) .  B ut p 0  ( E (ร) X E (ร )) = i E ( s ) f  so  e = f .  
Thus X = fh  = e h  0  eG. T h is  p ro v e s  Ge Ç  eG. s i m i l a r l y ,  we can  show 
t h a t  eG Ç Ge. Hence eG = Ge.

C o n v e rs e ly , assum e t h a t  f o r  any  e 0  E ( ร ) , eG = Ge. L e t p be 
a c o n g ru e n c e  on E ( ร ) . L e t p be th e  r e l a t i o n  on  ร d e f in e d  a s  fo l lo w s

xpy i f  and o n ly  i f e pe .X y
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B ecause  p i s  an  e q u iv a le n c e  r e l a t i o n  ๐ท E ( ร ) , i t  i s  c l e a r l y  s e e n  
t h a t  p i s  an  e q u iv a le n c e  r e l a t i o n  on ร . To show p i s  c o m p a t ib le ,  
l e t  X,  y , z £  ร s u c h  t h a t  x py . Then e ^ p e ^ . B ecause  p i s  a co n ­

g ru e n c e  on E (ร) and  e z 0  E ( s ) ,  ezexpezey and  exezPeyez " S in c e
Ge = eG f o r  a l l  e £, E ( ร ) , by Lemma 3 .3 ,  we have e e = e ,z X zx
e e  = e_ , e e = e _ and e e_ = e Hence e_ pe_ and e pe _ . z y zy  X z xz y z yz zx zy  xz yz
T h e re fo re  zxpzy  and  x zp y z .

Hence p i s  a c o n g ru e n c e  on ร .
B ecause e^  = f  f o r  a l l  f  £  E ( ร ) ,  i t  f o l lo w s  t h a t  f o r  any  f ,  

f ' S  E ( ร ) ,  ( f ,  f 1) 6  p i f  and  o n ly  i f  ( f ,  f ' )  = ( e f , e f 1) £  p.
Hence p n  (E (ร)  X E ( ร ) )  = p .

To show p i s  a  s e m i l a t t i c e  co n g ru e n c e  on ร ,  l e t  X,  y £  s .
S in c e  ร i s  an in v e r s e  sem ig ro u p  and  e ^ ,  E ( ร ) ,  exey = eyex °

T hus, by Lemma 3 . 3 , e  = e e  = e e  = e  . A lso , by Lemma 3 ,3 ,xy X y y X yx
e 2 = e „* p i s  r e f l e x i v e  on E (ร ) ,  so  e pe and  e v 2p e v “ ThusX X xy yx X X
xypyx and x 2px.

Hence th e  th e o re m  i s  c o m p le te ly  p ro v e d . #

3 .5  C o r o l l a r y . L e t ร be a f a c t o r i z a b l e  in v e r s e  se m ig ro u p . I f  t h e  
i d e n t i t y  co n g ru e n c e  on E (ร) can  be e x te n d e d  t o  a s e m i l a t t i c e  c o n ­
g ru e n c e  on ร , th e n  e v e ry  co n g ru e n c e  on E (ร) can  be e x te n d e d  to  a 
s e m i l a t t i c e  co n g ru e n c e  on ร.

P ro o f  ะ L e t ร be f a c t o r i z a b l e  a s  GE( ร ) ,  From th e  f i r s t  
p a r t  o f  th e  p ro o f  o f  Theorem  3 .4 ,  i t  i s  shown t h a t  i f  t h e  i d e n t i t y  
c o n g ru e n c e  on E (ร) c a n  be e x te n d e d  to  a s e m i l a t t i c e  c o n g ru e n c e  on ร ,



e 0  E ( ร ) ,  then every congruence ๐ท E ( s )  can be extended to  a semi­
l a t t i c e  congruence on ร.

T herefore , the  c o ro lla ry  i s  proved. #

The Green ร r e la t io n s  cL and Jx on any semigroup ร a re  r ig h t  
com patible and l e f t  com patible; re s p e c tiv e ly . Then, i f  3 ? - f t  on a 
semigroup ร , th e n ie  - %  i s  a congruence on ร.

Let ร be an in v erse  semigroup. Then everyoC -class o f ร and 
every ^  - c la s s  of ร contains exac tly  one idem potent. Then 
ร = e 0 E (g)Le = e ^ E (S )Re ^ i c h  are  d i s jo in t  union* Suppose th a t

fo r a l l  e £  E (ร ) . Then ̂ - ^ =  K  i s  a congruence on ร, and 
moreover, ร = e £^E (g)He which i s  a d i s jo in t  union o f groups.

I t  has been proved by Chen and Hsieh in  [3] th a t  i f  an inverse  
semigroup i s  fa c to r iz a b le  as GE(ร), then Lg = Ge and R  ̂ = eG fo r a l l  
e £  E (ร).

Suppose th a t  ร i s  a f a c to r iz a b le  in v erse  semigroup which fa c ­
to rs  as GE(ร), and assume th a t ^ J  i s  a congruence on So To show 
Ge = eG fo r a l l  e £  E (ร ), l e t  e £  E (ร). Since G = H where 1 i s  the 
id e n t i ty  o f ร, g t f i  fo r  a l l  g f  G. Because^C i s  a congruence on ร, 
g è ^ e  and egjÇe fo r a l l  g £  G. Hence Ge c  H and eG Ç Hg , But 
Ge = Lg2  Hg and eG = Re 2  Hg . Therefore Ge = H6 = eG. This proves 
th a t  i f  ร « i s  a congruence on ร, then Ge = eG fo r  a l l  e £  E (ร) and 
Hg = Ge fo r a l l  e £  E (ร ) .

T herefore , we have
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3.6 Lemma. Let ร be an in v erse  semigroup which fa c to rs  as GE(S). 
Then is  a congruence on ร i f  and only i f  = Ge = eG fo r a l l
e £  E (ร ).

From Lemma 3.6 and Theorem 3 .4 , the  fo llow ing p ro p o s itio n  
i s  d i r e c t ly  obtained i

3.7 P ro p o s itio n . Let ร be a fa c to r iz a b le  in verse  semigroup. Then 
every congruence on E (ร) can be extended to  a s e m ila t t ic e  congruence 
on ร i f  and only i f  the Green1ร r e l a t i o n ^  on ร i s  a congruence on ร.

3 G y . T herefore, a semigroup ร i s  a s e m ila tt ic e  of groups i f  and 
only i f  ร has a s e m ila t t ic e  congruence p such th a t  each p -c la s s  forms 
a subgroup of ร.

et G Y, G0, i s  a maximal subgroup of ร, G = H fo r a l l  a G Y. Let
a a ea

a , b, c £  ร such th a t  a f t  b . Then th e re  e x is t  a , 3 G Y such th a t  a, 
b £ G 0 and c Q Gg. Thus ac , be, ca , cb G G^g and hence a c ^ b c  and 
c a %  cb. T herefo reไ& is  a congruence on ร and fo r  each a 0  Y, Ga 
i s  an %  -c la s s  o f ร.

We show in  the next theorem th a t  a f a c to r iz a b le  in v erse  semi­
group ร has the fo llow ing p ro p erty  ะ Every congruence on E (ร) can

R ecall th a t  a semigroup ร i s  sa id  to  be a s e m ila t t ic e  of 
f th e re  e x is ts  a s e m ila t t ic e , Y such th a t  ร = บ.Ga IS  a

fo r  a l l  a,

be extended to  a se m ila tt ic e  congruence on ร i f  and only i f  ร i s  a
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s e m i l a t t i c e  o f  g ro u p s .

3 .8  Theorem . L e t ร be a  f a c t o r i z a b l e  in v e r s e  sem ig ro u p 1. Then e v e ry  
c o n g ru en ce  on E (ร) can  be e x te n d e d  to  a s e m i l a t t i c e  c o n g ru e n c e  on  ร 
i f  and o n ly  i f  ร i s  a  s e m i l a t t i c e  o f  g ro u p s .

P ro o f  : B ecause  ร i s  a f a c t o r i z a b l e  in v e r s e  s e m ig ro u p .
ร = GE(ร) w here  G i s  th e  g ro u p  o f  u n i t s  o f  ร .

Assume t h a t  e v e ry  c o n g ru e n c e  on E (ร) can  be  e x te n d e d  to  a 
s e m i l a t t i c e  co n g ru e n c e  on ร . By P r o p o s i t i o n  3 .7 ,  ^6 i s  a c o n g ru e n c e  
on ร . By Lemma 3 .6 ,  = Ge = eG f o r  a l l  e G ร . B ecause

ร = e and  Ge = f ° r  a11 e £  E (ร) > e v e r y ^ - c l a s s  o f  ร i s  a
su b g ro u p  o f  ร . To s h o w ^ C is  a s e m i l a t t i c e  c o n g ru e n c e  on ร , l e t  a 
b 0  ร . Then a 0  f o r  some e ,  £ g  E (ร) . S in c e  E 15 a
su b g ro u p  o f  ร and  a 0  H^, a ^ £  แคู. Thus a ^ C a 2 . B ecause  a ^  e , 
b 'X 'f  a n d 'J C is  a c o n g ru e n c e  on ร , i t  fo llo w s- t h a t  ab  e f  and 
b a  % ,f e „  Bum e f  = f e .  Then ab  ไ3 £ b a . T h is  p ro v e s  ^ i s  a s e m i l a t t i c e  
co n g ru en ce  on ร and  e a c h ^ - c l a s s  i s  a su b g ro u p  o f  ร . H ence, ร i s  
a s e m i l a t t i c e  o f  g ro u p s .

C o n v e rs e ly , i f  ร i s  a s e m i l a t t i c e  o f  g ro u p s , th e n  i s  a co n ­
g ru e n c e  on ร , and h e n c e , by P r o p o s i t i o n  3 .7 ,  e v e ry  c o n g ru e n c e  on 
E (ร) can  be e x te n d e d  to  a s e m i l a t t i c e  co n g ru e n c e  on ร . #

R e c a l l  t h a t  in  any  sem ig ro u p  ร , t h e  minimum s e m i l a t t i c e  c o n ­
g ru e n c e  on ร a lw ay s e x i s t s  and i t  i s  th e  i n t e r s e c t i o n  o f  a l l  se m i­
l a t t i c e  c o n g ru e n c e s  on ร .
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3 .9  P r o p o s i t i o n . L e t ร be a f a c t o r i z a b l e  in v e r s e  se m ig ro u p . I f  
th e  i d e n t i t y  co n g ru e n c e  on E (ร) c an  be e x te n d e d  to  a s e m i l a t t i c e  
co n g ru e n c e  on ร , th e n  th e  e x te n s io n  i s  t h e  minimum s e m i l a t t i c e  co n ­
g ru e n c e  on ร.

P ro o f  ะ L e t ร be f a c t o r i z a b l e  a s  GE( ร ) .  L e t p be a se m i­
l a t t i c e  c o n g ru e n c e  on  ร w h ich  i s  an  e x te n s io n  o f  i  , w here  :E ( ร )  E ( ร )

i s  th e  i d e n t i t y  co n g ru e n c e  on E (ร ) .  L e t ท be th e  minimum s e m i l a t ­
t i c e  co n g ru e n c e  on ร . Then t] Ç  p.

L e t (x , y) g  p . B ecause ร = GE(S), X = ge and  y = h f  f o r  
some g , h £  G, e ,  f  £ E ( ร ) .  By Lemma 3 .2 ,  xp = ep and yp = fp  and 
so (e , f) £  p . B ecause  e ,  f  £ e (ร) and p ท (E(s) X E(S)) = i g ,5 ^ ,
(e , f )  £  and h en ce  e = f .  Thus (e , f )  & ท. B ut xn = en andE (ร)
yn = fn  by Lemma 3 .2 .  Hence (x , y) 6  ท.

T h e re fo re  ท = p . #

We end t h i s  c h a p te r  by show ing  t h a t  f o r  any f a c t o r i z a b l e  
in v e r s e  sem ig ro u p  ร , f o r  any g iv e n  co n g ru e n c e  p on E ( ร ) ,  i f  a sem i­
l a t t i c e  co n g ru e n c e  on ร e x te n d in g  p e x i s t s ,  th e n  th e  e x te n s io n  i s  
u n iq u e .

3 .1 0  T heorem . L e t ร be a f a c t o r i z a b l e  in v e r s e  sem ig ro u p  a s  GE( ร ) ,  
and p be a co n g ru e n c e  on E ( ร ) .  I f  p can  be e x te n d e d  t o  a s e m i l a t t i c e  
c o n g ru e n c e  on ร , th e n  th e  e x te n s io n  i s  u n iq u e .

P ro o f  : L e t p and p be s e m i l a t t i c e  c o n g ru e n c e s  on ร w h ich
a re  e x te n s io n s  o f  p . To show p = p , l e t  (x , y ) £  p . B ecause
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S = GE ( ร ) ,  X = çe and y = h f f o r  some g , h £ G ,  e, f  6 E ( S ) .  By 

Lemma 3 .2 ,  X3 = e p , yp = f p ,  xp = ep and  yp = f p .  Then (e, f ) £  P 
s in c e  (x , y) e  p . B u t P O ( E( s )  X E ( s ) )  = P, and so  (e, f)  £  p . 
S in c e  p = p n  ( E( s )  X E ( s ) ) ,  (e , f  ) £  p . B ut xp = ep and yp = f p . 
Hence (x , y) £  p . T h e re fo re  p ç  p . s i m i l a r l y ,  we c an  show t h a t  

c  p . T h u s , p = p .
H ence, th e  th eo rem  i s  c o m p le te ly  p ro v e d . #
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