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APPENDIX

Scal ing  Theory

A .1 G enera l i zed  Homogeneous Functions

We s h a l l  see in the  next  s e c t i o n  , A.2 , t h a t  t h e  s c a l i n g  
th e o ry  s t a t e s  not  t h a t  thermodynamic p o t e n t i a l s  a re  homogeneous of 
t h e  form

f ( Ax , Ay > = f (X , y)

but  r a t h e r  t h a t  they are  of somewhat more genera l  form

f ( Ax , A )  = A f (x ,y)  (A .l )

where a and b a re  a r b i t r a r y  numbers. Functions f ( x , y )  t h a t  s a t i s f y  
e q u a t io ns  of t he  form of Eq. (A . l)  a re  sometimes c a l l e d  g e n e r a l i z e d  
homogeneous fu n c t i o n s .

A .2 S ca l ing  Theory (82)

To be s p e c i f i c  , l e t  US assume t h a t  we have a system fo r  
which t h e  a p p r o p r i a t e  f r e e  energy i s  a fu n c t io n  of two independent  
thermodynamic v a r i a b l e s  ( e . g . ,  E(s,M).  A(T,M) , G(T,H). At t he
c r i t i c a l  po in t  of t h e  system , t h e s e  v a r i a b l e s  have the  v a lu es  Tc , 
Hc , Hc , and so on. We in t roduce  the  r e l a t i v e  v a r i a b l e s

h = H - H_
Hc
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t  = T - T_ (A.2)
Tc

ท = H - M_
Mc

we denote  the  f r e e  energy by F (h , t )  and fo rm ula te  t h e  s p e c i f i c  
h ea t  C(t)  a t  H = 0 , the  spontaneous p o l a r i z a t i o n  (o r  o rder  pa ram ete r '
ท( t )  , below the  c r i t i c a l  p o in t  5 the  g en e ra l i z e d  s u c e p t i b i l i t y  , x ( t> ,  
above i t  and the  f i e l d  dependent  p o l a r i z a t i o n  mc (h) , a t  T = Tc , by 
t h e  fo l lowing  equa t ions  ะ

CCT) = -T 3  F (O, t  ) - “T / 1 j l l  (0, t  ) (A.3>
Te “ Q t “ จ t “

n ( t ) ะ: lim -  "3 F (o,t:> , fo r
h-* 0 9  h

X ( t  ) — - ( i l  <h, t>) , fo r
3 ha h = 0

(A. 3)

( A . 5)

and ทc (h) = - 9 F (h ,0)
9 h

(A.6)

The t h e o r e t i c a l  and exper imenta l  i n v e s t i g a t i o n s  on t h e  behav iour  of 
t h e s e  fu n c t io n s  near  t h e  c r i t i c a l  po in t  r e v e a l  t h a t  they  a re  a l l  
governed by simple power laws 5 p o s s ib ly  compl ica ted  by loga r i thm s  , 
i .  e.

c ( t ) r*j I t  I ( or  j t  I In I t  I ) ,  w i t h  X  >/ 0 ( A . 7)
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X(t) ^  | t r *  ( o r ( t l l n | t | )  , with  X >

ทc ( t )  ^ 1 t  1^ , with

1 ร

p > 0 ( t  < 0)

and ท1, ( t )  ^ 1 h 1 with £ > 0.

The c o n s t a n t s  ck , j5 , 2f and ร appearing
termed c r i t i c a l  i n d i c e s .

0 , ( t  > 0) (A.8)

(A.9) 

(A .10)

in the s  formulae are

According to  a wea l th  of t h e o r e t i c a l  and exper im enta l  
ev idence  , t h e  thermodynamics of the  c r i t i c a l  reg ion  fo l lows 
s imple  s c a l i n g  laws.  These may be summarized by the  s t a tem en t  t h a t  
v a lu e  of t he  f r e e  energy F ( h , t )  i s  i n v a r i a n t  under t r a n s f o r m a t io n s  
h AS h , t  -* Ar t  and F âV  fo r  c e r t a i n  ind ice s  ร and r  and 
a r b i t r a r y  p o s i t i v e  A , i . e .

F ( A h ,} t )  = A F ( h , t )  . f o r  p o s i t i v e  ^  

or  F ( h , t )  ะะ Â  F( Ah, At)  . (A .11)

From Eqs. (A.3 - A.5) , we ob ta in

2F-1: ร tC (h , t ) = /\ c ( A h  , A t ) (A.12)

ร rX (h , t ) XII ( A h , At) (A.13)

ร-» ร rท( h , t ) = À ท ( A h  , > t ) (A .14)

We now c on s ide r  t he  s p e c i a l  cases  h = 0 , A - l  t (  
A = I h j ^  t o  o b t i an

, and t  = 0



1 2 3

C (0 , t ) | t | - t 3 r - 1Wr c ( 0 ,-1 ) (A.15)

X (0 , t ) 1 t r “ , s " i w r  X  (Oji ) (A.16)

ท( 0 , t )  = f t | - f5 - 1Wr ท (0 , -1 ) (A.17)

n (h ,û )  = 1 {1! - ‘•ร-15'ร  ท ( + 1 , 0) (A .18»

From Eq. (A.15 - A .18* , by comparing with  Eq. *:a .7 - A .10» ,
r e s p e c t i v e l y  , we f i n d

cL 2r -  1

'■ซว II

r

_ ■ ร - 1

y

r

2s - 1

ê>

r

ร -  1

¥e see  t h a t  t h e r e  a re

ร

only two independent  c r i t c a l exponents and
t h a t  t h e  s c a l i n g  r e l a t i o n s

cC + 2 p  + T ะะ 2 (A.19a)

ร -1 1 + ท  JB (A.19b)
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A. 3 E v a lu a t ion  of C r i t i c a l  Ind ices  of t he  C o e f f i c i c i e n t s  
Temperature Dependent

According t o  Eq. (4 .6)  ,

F -  Fn0 = - Aa (A.6)
2B

The s p e c i f i c  hea t  , c  5 should have a weak power - law d ivergence  
a t  Tc , in c o n t r a s t  t o  the  d i s c o n t i n u i t y  of t he  Ginzburg -  Landau 
t h e o r y .  This d ivergence  can be wri then  as

p
c  " with  <*• ~ 0. (A.20)

Since  , -  T 3* F
จ โ*

= -T  _1 ร,2 F ( 0, t  )fr*
where t  = T -  T_ , Thus 

Tc

F_ -  F__ />/ I T_ -  T I 2 (A.21)

and Eq. (4. ) , t h e  o rder  parameter

I ใfc* _A_
B

(4 .5)

ท ( l f ) T - T1 y 2
/\-/ (A.22)
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we assume t h a t
A _ -  A !

«rE-11EH (A.23a)

B B 1

c /

Tc

f  T - T ไ (A.23b)

S u b s t i t u t i n g Eq. (A.23)

๐ ! 

i n to

, c /
Tc

Eqs. (4 .6)  and (4 .5)  , we ob t i an

F _ p 'V 1 7 2 ©1 - © ,  T - T I 1 2 (A.24)ร ท o

7J/ 1

c

1 ) / 2  Tc - T J 2 (A .25)

By comparing terms Eqs. (A.24 — A.25) with Eqs (A.21rj1 .22),  we f i n d

20, - = 2 - ๙ (A.26a)

0 » -  * 8 ะะ 2j3 (A.26b)

Exper im en ta l ly  found t h a t  (83) , ๙  -  0 and p  ~  1/3 , and
s u b s t i t u t i n g  in Eq. (A.26) , we ob t i an

e 1 — 4/3
ร2 = 2/3
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