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E1uqP_.a, *PS_AJ�GAhu- L�hl_�G .1LaAhu J1�al_1- �o1_�:1 P_@

.1_

q11_�qA*> aq�aS�LA*> , � _A:P_Pla S_PP6 P6 h>1 S_P"�"AGAhu

h>�h hqP _�L.PJGu *>Pa1L SPaAhAo1 ALh1:1_a �_1 _1G�hAo1Gu

S_AJ1X �.oAaP_ , �aahX S_P6X E1L: qA"PPLhPL- S?X.X- jN TTX

h?2 T`Q#H2K Q7 }M/BM; T`Q#�#BHBiv i?�i irQ `�M/QKHv +?Qb2M TQbBiBp2 BMi2;2`b �`2

`2H�iBp2Hv T`BK2 Bb QM2 Q7 i?2 KQbi BKTQ`i�Mi T`Q#H2K BM T`Q#�#BHBiv i?2Q`v �M/ �M�HviB+

MmK#2` i?2Q`vX AM i?Bb T`QD2+i- r2 bim/v BMimBiBp2Hv 7QHFHQ`2 T`QQ7- T`Q#�#BHBbiB+ MmK#2`

i?2Q`2iB+�H T`QQ7 �M/ �M�HviB+ MmK#2` i?2Q`2iB+�H T`QQ7X 6m`i?2`KQ`2- r2 ;Bp2 � `B;Q`Qmb

T`QQ7 mM/2` i?2 M�im`�H /2MbBiv K2�bm`2X

.2T�`iK2Mi, J�i?2K�iB+b �M/ *QK@

Tmi2` a+B2M+2

aim/2MiǶb aB;M�im`2 X X X X X X X X X X X X X X X X X X X X X X X X X

6B2H/ Q7 aim/v, J�i?2K�iB+b �/pBbQ`Ƕb aB;M�im`2 X X X X X X X X X X X X X X X X X X X X X X X X X

�+�/2KB+ u2�`, kyRN

Warwick wrwpmich
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�+FMQrH2/;2K2Mib

A rQmH/ HBF2 iQ 2tT`2bb Kv bBM+2`2 i?�MFb Q7 ;`�iBim/2 iQ Kv �/pBbQ`- �bbBbi�Mi S`Q72bbQ`

E2M; qB#QQMiQM- S?X.X 7Q` ?Bb pBi�H bmTTQ`i �M/ p�Hm�#H2 bmTTQ`i i?`Qm;?Qmi i?2 +Qm`b2 Q7

i?Bb T`QD2+iX JQ`2Qp2`- A rQmH/ �HbQ HBF2 iQ i?�MF iQ Kv T`QD2+i +QKKBii22b- S`Q72bbQ` S�Bb�M

L�FK�?�+?�H�bBMi- S?X.X �M/ �bbBbi�Mi S`Q72bbQ` a�K`m�K "�mT`�/Bbi- S?X.X 7Q` i?2B` F22M

BMi2`2bi �M/ �/pB+2 r?B+? K�F2b i?Bb T`QD2+i KQ`2 +QKTH2i2X

JQ`2Qp2`- A 722H p2`v i?�MF7mH iQ �HH Q7 Kv i2�+?2`b r?Q i�m;?i K2 �HH i?2 T`2+BQmb i?BM;bX

A H�biHv rBb? iQ 2tT`2bb Kv i?�MF7mHM2bb iQ Kv 7`B2M/b �M/ Kv 7�KBHv 7Q` i?2B` 2M+Qm`�;2K2MiX

h?Bb T`QD2+i Bb 7mM/2/ #v i?2 >QMQ`b S`Q;`�K Q7 6�+mHiv Q7 a+B2M+2- *?mH�HQM;FQ`M lMB@

p2`bBivX



*PLh1Lha

S�;2

�#bi`�+i Uh?�BV X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Bp

�#bi`�+i U1M;HBb?V X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X p

�+FMQrH2/;2K2Mib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X pB

*QMi2Mib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X pBB

R AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R

k S`2HBKBM�`B2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8

kXR aQK2 #�+F;`QmM/ QM _2�H �M�HvbBb X X X X X X X X X X X X X X X X X X X X X X X X X 8

kXk aQK2 #�+F;`QmM/ QM �M�HviB+ MmK#2` i?2Q`v X X X X X X X X X X X X X X X X X X X Ry

kXj aQK2 #�+F;`QmM/ QM S`Q#�#BHBiv h?2Q`v X X X X X X X X X X X X X X X X X X X X X X Rk

j S`Q#�#BHBbiB+ T`QQ7 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9

jXR h?2 /2MbBiv K2�bm`2 Bb MQi � T`Q#�#BHBiv K2�bm`2X X X X X X X X X X X X X X X X X R9

jXk h?2`2 Bb MQ T`Q/m+i T`Q#�#BHBiv K2�bm`2 µ⊗ QM σ(M × M) r?2M M ⊆ P (N)

bm+? i?�i aN× bN ∈ M×M �M/ µ⊗(aN× bN) = 1

ab
7Q` �HH a, b ∈ NX X X X X X X R3

jXj J�BM T`QQ7 Q7 i?2 bi�i2K2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR

9 �M�HviB+ LmK#2` h?2Q`2iB+�H S`QQ7 X X X X X X X X X X X X X X X X X X X X X X X X kj

9XR J�BM T`QQ7 #v �M�HviB+ MmK#2` i?2Q`2iB+�H �TT`Q�+? X X X X X X X X X X X X X X X kj

_272`2M+2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kd

"BQ;`�T?v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jk



*?�Ti2` A

ALh_P.l*hAPL

AM R39N- .B`B+?H2i T`Qp2/ BM (9) i?�i i?2 T`Q#�#BHBiv i?�i irQ M�im`�H MmK#2`b- +?Qb2M

`�M/QKHv- �`2 `2H�iBp2Hv T`BK2 Bb 2[m�H iQ 6

π2
X

AM R338- :2;2M#�m2` b?Qr2/ BM (8) i?�i i?2 T`Q#�#BHBiv i?�i � M�im`�H MmK#2`- +?Qb2M

`�M/QKHv- Bb b[m�`2@7`22 Bb 6

π2
X

h?2b2 b?Qr i?�i i?2 T`Q#�#BHBiB2b Q7 i?2b2 irQ 2p2Mib �`2 +QBM+B/2X AM i?2 HBi2`�im`2- i?2`2

�`2 � MmK#2` Q7 7QHFHQ`2 T`QQ7b Q7 i?2b2 `2bmHibX q2 T`2b2Mi bQK2 Q7 i?2b2 T`QQ7b BM i?Bb +?�Ti2`X

6B`bi H2i mb }t bQK2 MQi�iBQMbX

G2i

P (k | n) = P ({n ∈ N | k | n}) #2 i?2 T`Q#�#BHBiv i?�i � `�M/QKHv +?Qb2M M�im`�H MmK#2`

n +�M #2 /BpB/2/ #v � }t2/ +?Qb2M M�im`�H MmK#2` k-

P ((a, b) = n) = P ({(a, b) ∈ N×N | (a, b) = n}) i?2 T`Q#�#BHBiv i?�i i?2 ;`2�i2bi +QKKQM

/BpBbQ` Q7 `�M/QKHv +?Qb2M M�im`�H MmK#2`b a, b Bb 2[m�H iQ � }t2/ M�im`�H MmK#2` n-

Sq(a) i?2 ;`2�i2bi BMi2;2` bm+? i?�i Bib b[m�`2 +�M /BpB/2 �-

P (Sq(a) = n) = P ({a ∈ N | Sq(a) = n}) i?2 T`Q#�#BHBiv i?�i i?2 H�`;2bi b[m�`2 7�+iQ` Q7

a Bb � }t2/ M�im`�H MmK#2` nX

A7 a ∈ {a ∈ N| Sq(x) = 1}- i?2M a Bb +�HH2/ b[m�`2@7`22X G2i aN #2 i?2 b2i Q7 TQbBiBp2 KmHiBTH2b

Q7 a r?2M a ∈ NX

>2`2 �`2 bQK2 +QKKQM 7QHFHQ`2 T`QQ7b Q7 i?2 �#Qp2 irQ `2bmHibX

6B`bi 7QHFHQ`2 T`QQ7 Q7 � .B`B+?H2iǶb i?2Q`2KX G2i α #2 i?2 T`Q#�#BHBiv i?�i � ;Bp2M

`�M/QKHv +?Qb2M TQbBiBp2 BMi2;2`b a �M/ b �`2 `2H�iBp2Hv T`BK2X

G2i An = {(a, b) ∈ N× N | (a, b) = n}X LQi2 i?�i

An = {(a, b) ∈ N× N | n | a ∧ n | b ∧
(
a

n
,
b

n

)
= 1}.
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aBM+2 i?`22 2p2Mib �`2 Kmim�HHv BM/2T2M/2Mi- P (n | a) =
1

n
�M/ i?2 T`Q#�#BHBiv i?�i a

n
- b
n

�`2

+QT`BK2 Bb 2[m�H iQ α-

P (An) = P (n | a) · P (n | b) · P
((

a

n
,
b

n

)
= 1

)
=

1

n
· 1
n
· α =

α

n2
.

aBM+2 P Bb � T`Q#�#BHBiv K2�bm`2- i?2 bmK Q7 i?2b2 T`Q#�#BHBiB2b Bb 2[m�H iQ RX aQ

α =
1

∞∑

i=1

1

n2

=
6

π2
.

6B`bi 7QHFHQ`2 T`QQ7 Q7 � :2;2M#�m2`Ƕb i?2Q`2KX G2i β #2 i?2 T`Q#�#BHBiv i?�i � ;Bp2M

`�M/QKHv +?Qb2M TQbBiBp2 BMi2;2`b b Bb b[m�`2@7`22X

G2i Bn = {b ∈ N | Sq(b) = n}X LQi2 i?�i

Bn = {b ∈ N | n2 | b ∧ Sq

(
b

n2

)
= 1}.

aBM+2 irQ 2p2Mib �`2 Kmim�HHv BM/2T2M/2Mi- P (n2 | b) =
b

n2
�M/ i?2 T`Q#�#BHBiv i?�i b

n2
Bb

b[m�`2@7`22 Bb 2[m�H iQ β-

P (Bn) = P (n2 | b) · P
(
Sq

(
b

n2

)
= 1

)
=

1

n2
· β =

β

n2

aBM+2 P Bb � T`Q#�#BHBiv K2�bm`2- i?2 bmK Q7 i?2b2 T`Q#�#BHBiB2b Bb 2[m�H iQ RX aQ

β =
1

∞∑

i=1

1

n2

=
6

π2
.

a2+QM/ 7QHFHQ`2 T`QQ7 Q7 � .B`B+?H2iǶb i?2Q`2KX

G2i a, b #2 M�im`�H MmK#2`b bm+? i?�i i?2v �`2 `2H�iBp2Hv T`BK2X aBM+2 a, b �`2 `2H�iBp2Hv T`BK2-

i?2`2 Bb MQ T`BK2 MmK#2` p bm+? i?�i p | a �M/ p | bX h?2`27Q`2 (a, b) = 1 B7 �M/ QMHv B7

(2 % | a Q` 2 % | b) �M/ (3 % | a Q` 3 % | b) �M/ ... ). LQi2 i?�i i?2b2 2p2Mib �`2 Kmim�HHv BM/2T2M/2MiX

>2M+2-

P ((a, b) = 1) = P ((2 % | a ∨ 2 % | b) ∧ (3 % | a ∨ 3 % | b) ∧ ... )

= P (2 % | a ∨ 2 % | b) · P (3 % | a ∨ 3 % | b) · ...

=
∏

T T`BK2
(p % | a ∨ p % | b) =

∏

T T`BK2
(1 − P (p | a ∧ p | b))

=
∏

p prime

(
1− 1

p2

)



j

"v i?2 B/2MiBiv
∏

T T`BK2

(
1− 1

pn

)
=

1

ζ(n)
-

P ((a, b) = 1) =
∏

T T`BK2

(
1− 1

p2

)
=

1

ζ(2)
=

6

π2

a2+QM/ 7QHFHQ`2 T`QQ7 Q7 � :2;2M#�m2`Ƕb i?2Q`2K

G2i n #2 � M�im`�H MmK#2` bm+? i?�i n Bb b[m�`2@7`22X aBM+2 n Bb b[m�`2@7`22- i?2`2 Bb MQ T`BK2

p bm+? i?�i p2| nX h?2`27Q`2- Sq(n) = 1 B7 �M/ QMHv B7 ((22 % | n) �M/ (32 % | n)�M/... ). LQi2 i?�i

i?2b2 2p2Mib �`2 Kmim�HHv BM/2T2M/2MiX

P (Sq(n) = 1) = P (22 % | n) ∧ P (32 % | n) ∧ ... )

= P ((22 % | n) · P ((32 % | n) · ...

=
∏

T T`BK2
(p2 % | n) =

∏

p prime

(1 − P (p2| n))

=
∏

T T`BK2

(
1− 1

p2

)

"v i?2 B/2MiBiv
∏

T T`BK2

(
1− 1

pn

)
=

1

ζ(n)
-

P (Sq(n) = 1) =
∏

T T`BK2

(
1− 1

p2

)
=

1

ζ(2)
=

6

π2
.
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AM i?2b2 T`QQ7b- r2 BMimBiBp2Hv mb2 i?�i P (k | n) = 1

k
r?2M n ∈ NX h?2 [m2biBQM iQ �bF Bb

i?�i, >Qr QM2 /2}M2 i?2 T`Q#�#BHBiv Q7 � bm#b2i Q7 NX h?�i Bb P (A) = ? 7Q` A ⊆ NX A7 r2 +�M

/2}M2 bm+? P (A)- i?2M r2 b?QmH/ �bF, Ab i?Bb P � T`Q#�#BHBiv K2�bm`2 QM N\ Ai im`Mb Qmi i?�i

i?2 `2�bQM�#H2 P i?�i r2 b?QmH/ /2}M2 rBHH #2 i?2 bQ@+�HH2/ i?2 M�im`�H /2MbBiv K2�bm`2 QM N

�M/ mM7Q`imM�i2Hv i?Bb /2MbBiv K2�bm`2 Bb MQi � T`Q#�#BHBiv K2�bm`2X q2 rBHH /Bb+mbb i?2b2 BM

*?�Ti2` jX LQr +QK2 iQ i?2 b2+QM/ [m2biBQMX .Q2b i?2`2 2tBbib � T`Q#�#BHBiv K2�bm`2 P QM N

bm+? i?�i P (k | n) = 1

k
r?2M n ∈ N\ h?2 �Mbr2` Bb M2;�iBp2X q2 rBHH 2tTHQ`2 i?Bb BM *?�Ti2`

jX AM i?2 M2ti +?�Ti2`- r2 T`QpB/2 bQK2 #�bB+ /2}MBiBQMb �M/ i?2Q`2Kb BM MmK#2` i?2Q`v- `2�H

�M�HvbBb- T`Q#�#BHBiv i?2Q`v �M/ �M�HviB+ MmK#2` i?2Q`vX �7i2` *?�Ti2` j- }M�HHv BM *?�Ti2` 9-

r2 ;Bp2 �M �M�HviB+ MmK#2` i?2Q`2iB+�H T`QQ7 Q7 .B`B+?H2iǶb `2bmHiX



*?�Ti2` AA

S_1GAJAL�_A1a

AM i?Bb +?�Ti2`- `2H2p�Mi +QM+2Tib �`2 ;Bp2M BM Q`/2` iQ T`Qp2 Qm` K�BM `2bmHibX h?2b2

BM+Hm/2 2H2K2Mi�`v /2}MBiBQMb �M/ i?2Q`2Kb BM �M�HvbBb- �M�HviB+ MmK#2` i?2Q`v �M/ T`Q#�#BHBiv

MmK#2` i?2Q`vX

kXR aQK2 #�+F;`QmM/ QM _2�H �M�HvbBb

h?Bb b2+iBQM +Qp2`b #�bB+ /2}MBiBQMb �M/ i?2Q`2Kb BM `2�H �M�HvbBbX q2 bi�i2 i?2b2 i?2Q`2Kb

rBi?Qmi T`QQ7bX �HH Q7 i?2b2 7�+ib �M/ i?2B` T`QQ7b +�M #2 7QmM/ BM (3)- (Ry) �M/ (Rj)X

.2}MBiBQM kXRXRX � b2[m2M+2 (xn) +QMp2`;2b iQ � `2�H MmK#2` x B7 7Q` �HH ε > 0- i?2M i?2`2

2tBbib N bm+? i?�i |xn−x| < ε 7Q` �HH M�im`�H MmK#2` n ≥ N X h?2 b2[m2M+2 (xn) Bb b�B/ iQ i2M/

iQ Q` +QMp2`;2 iQ x- r`Bii2M xn → x Q` HBK
n→∞

xn = xX avK#QHB+�HHv- i?Bb Bb,

HBK
n→∞

xn = x ⇐⇒ ∀ε > 0 ∃n ∈ N ∀n ≥ N, |xn − x| < ε.

q2 +�HH2/ � (xn) +QMp2`;2Mi b2[m2M+2X Pi?2`rBb2- (xn) Bb +�HH2/ � /Bp2`;2Mi b2[m2M+2X

.2}MBiBQM kXRXkX G2i (xn) #2 � b2[m2M+2 BM R ∪ {−∞,∞}X h?2 HBKBi bmT2`BQ` Q7 xn- r?B+?

/2MQi2/ HBK bmT
n→∞

xn Q` HBK
n→∞

xn- Bb /2}M2/ #v

HBK bmT
n→∞

xn = HBK
n→∞

(
bmT
k≥n

xk

)
= BM7

n∈N

(
bmT
k≥n

xk

)
.

aBKBH�`Hv- i?2 HBKBi BM72`BQ` Q7 xn- r?B+? Bb r`Bii2M #v HBK BM7
n→∞

xn Q` HBK
n→∞

xn- Bb /2}M2/ #v

HBK BM7
n→∞

xn = HBK
n→∞

(
BM7
k≥n

xk

)
= bmT

n∈N

(
bmT
k≥n

xk

)
.

.2}MBiBQM kXRXjX G2i ∅ %= A ⊆ R ∪ {−∞,∞}X q2 +�HH2/ x ∈ R ∪ {−∞,∞} � HBKBi TQBMi Q`

� +Hmbi2` TQBMi Q` �M �++mKmH�iBQM TQBMi Q7 A B7 2p2`v M2B;?#Qm`?QQ/ Q7 x +QMi�BMb � TQBMi

BM A\{x}X *QMi`�`BHv- y Bb +�HH2/ �M BbQH�iBQM TQBMi B7 Bi Bb MQi � HBKBi TQBMiX



e

.2}MBiBQM kXRX9X G2i A ⊆ R- H2i f #2 � `2�H@p�Hm2/ 7mM+iBQM bm+? i?�i Bib /QK�BM BM+Hm/2b

AX G2i a, L ∈ R ∪ {−∞,∞} r?2`2 a Bb � HBKBi TQBMi Q7 AX q2 b�v i?�i L Bb � HBKBi Q7 f

r?2M x → a B7 7Q` �HH ε > 0- i?2`2 2tBbib � δ > 0 bm+? i?�i 7Q` �HH x ∈ A rBi? 0 < |x − a| < δ-

|f(x)− L| < εX h?2 HBKBi +�M #2 r`Bii2M �b HBK
x→a

f(x) = LX

hQ r`Bi2 bvK#QHB+�HHv-

HBK
x→a

f(x) = L ⇐⇒ ∀ε > 0 ∃δ > 0 ∀x ∈ A 0 < |x− a| < δ → |f(x)− L| < ε.

.2}MBiBQM kXRX8X G2i f #2 � `2�H@p�Hm2/ 7mM+iBQM bm+? i?�i Bib /QK�BM BM+Hm/2b AX G2i x ∈ A

�M/ a ∈ R ∪ {−∞,∞} r?2`2 a Bb � HBKBi TQBMi Q7 AX 6Q` 2�+? M2B;?#Qm`?QQ/ Bε(a) r?2M ε > 0

/2}M2

HBK bmT
x→a

f(x) = HBK
r→0+

bmT{f(x) | x ∈ A ∩Bε(r)} B7 a ∈ R.

HBK BM7
x→a

f(x) = HBK
r→0+

BM7{f(x) | x ∈ A ∩Bε(r)} B7 a ∈ R.

HBK bmT
x→a

f(x) = HBK
r→∞

bmT{f(x) | x ∈ A ∩Bε(r)} B7 a = ±∞.

HBK BM7
x→a

f(x) = HBK
r→∞

BM7{f(x) | x ∈ A ∩Bε(r)} B7 a = ±∞.

*H2�`Hv- 7Q` �HH a ∈ R ∪ {−∞,∞}-

HBK BM7
x→a

f(x) ≤ HBK bmT
x→a

f(x)

h?2Q`2K kXRXeX G2i f #2 � `2�H@p�Hm2/ 7mM+iBQM bm+? i?�i Bib /QK�BM BM+Hm/2b AX G2i x ∈ A

�M/ a ∈ R ∪ {−∞,∞} r?2`2 a Bb � HBKBi TQBMi Q7 AX h?2M- HBK
x→a

f(x) 2tBbib BM R ∪ {−∞,∞} B7

�M/ QMHv B7

HBK bmT
x→a

f(x) = HBK
x→a

f(x) = HBK BM7
x→a

f(x)

.2}MBiBQM kXRXdX G2i (An | n ∈ N) #2 � b2[m2M+2 Q7 bm#b2ib Q7 � b2i XX

A7 (An | n ∈ N) Bb �M BM+`2�bBM; b2[m2M+2 i?�i Bb An ⊆ An+1 7Q` �HH n ∈ N- r2 /2}M2

HBK
n→∞

An =
⋃

n ∈ N
An = {x ∈ X | x ∈ An 7Q` bQK2 n ∈ N}

A7 (An | n ∈ N) Bb � /2+`2�bBM; b2[m2M+2 i?�i Bb An ⊇ An+1 7Q` �HH n ∈ N- r2 /2}M2

HBK
n→∞

An =
⋂

n ∈ N
An = {x ∈ X | x ∈ An 7Q` �HH n ∈ N..}



d

.2}MBiBQM kXRX3X h?2 HBKBi BM72`BQ` �M/ HBKBi bmT2`BQ` Q7 � b2[m2M+2 Q7 bm#b2ib (An | n ∈ N) Q7

� b2i X �`2 /2}M2/ #v

HBK bmT
n→∞

An =
⋃

n∈N

⋂

k≤N
Ak

HBK BM7
n→∞

An =
⋂

n∈N

⋃

k≤N
Ak

h?2Q`2K kXRXNX G2i (An | n ∈ N) #2 � b2[m2M+2 Q7 bm#b2ib Q7 � b2i XXh?2M

RX HBK BM7
n→∞

An = {x ∈ X | x ∈ An 7Q` �HH #mi }MBi2Hv K�Mv n ∈ N}X

kX HBK bmT
n→∞

An = {x ∈ X | x ∈ An 7Q` BM}MBi2Hv K�Mv n ∈ N}X

jX HBK BM7
n→∞

An ⊆ HBK bmT
n→∞

AnX

.2}MBiBQM kXRXRyX G2i (An | n ∈ N) #2 � b2[m2M+2 Q7 bm#b2ib Q7 � b2i XX q2 b�v i?�i i?2

b2[m2M+2 (An) +QMp2`;2b B7 �M/ QMHv B7

HBK bmT
n→∞

An = HBK
n→∞

An = HBK BM7
n→∞

An

a2p2`�H i?2Q`2Kb QM BM}MBi2 T`Q/m+i

.2}MBiBQM kXRXRRX G2i (bn) #2 � b2[m2M+2 Q7 +QKTH2t MmK#2`bX q2 b�v i?�i
∞∏

n=1

bn +QMp2`;2b

B7 i?2`2 2tBbib m ∈ N bm+? i?�i (bn) �`2 MQMx2`Q 7Q` �HH n ≥ m �M/ i?2 HBKBi Q7 i?2 T�`iB�H

T`Q/m+ib
n∏

k=m

bk-

HBK
n→∞

n∏

k=m

bk = HBK
n→∞

(bm · bm+1 · ... · bn)

+QMp2`;2b iQ � MQMx2`Q +QKTH2t MmK#2` p i?�i Bb

∞∏

n=1

bn = b1 · b2 · ... · bm−1 · p

h?2 BM}MBi2 T`Q/m+i
∞∏

n=1

bn /Bp2`;2b B7 Bi /Q2b MQi +QMp2`;2- BM Qi?2` rQ`/- 2t�+iHv QM2 Q7 i?2b2

2p2Mib Q++m`, i?2`2 �`2 BM}MBi2Hv K�Mv x2`Q- HBK
n→∞

n∏

k=m

bk /Bp2`;2b Q` i?2 HBKBi +QMp2`;2b iQ x2`Q

r?B+? Bb +�HH2/ /Bp2`;2b iQ x2`QX

h?2Q`2K kXRXRkX �M BM}MBi2 T`Q/m+i
∞∏

n=1

an +QMp2`;2b B7 �M/ QMHv B7 an → 0 �M/ i?2 b2`B2b
∞∑

k=m+1

HQ;(1 + an) = L +QMp2`;2bX JQ`2Qp2`-
∞∏

n=1

an = (1 + a1)...(1 + am) eL



3

G2i ζ(z) =
∞∑

k=1

1

kz
X

h?2Q`2K kXRXRjX 6Q` �HH z ∈ C rBi? Re(z) > 1-

ζ(z) =
∞∏

p T`BK2

(
1− 1

pz

)−1

=
∞∏

p T`BK2

pz

pz − 1
.

AM T�`iB+mH�`-
π2

6
=

∞∏

p T`BK2

(
1− 1

p2

)−1

=
∞∏

p T`BK2

p2

p2 − 1
.

h?2Q`2K kXRXR9X 6Q` �HH z ∈ C rBi? Re(z) > 1-

1

ζ(z)
=

∞∏

p T`BK2

(
1− 1

pz

)
=

∞∑

n=1

µ(n)

nz
.

r?2M µ(n) Bb � Jƺ#Bmb 7mM+iBQMX

a2p2`�H i?2Q`2Kb QM J2�bm`2 h?2Q`v

.2}MBiBQM kXRXR8X G2i M #2 � +QHH2+iBQM Q7 bm#b2ib Q7 �M �`#Bi`�`v b2i XX q2 rBHH +�HH M �

σ@�H;2#`� Q` σ@}2H/ B7 M b�iBb}2/ i?2 7QHHQrBM; T`QT2`iB2b

RX X ∈ MX

kX A7 � ∈ M- i?2M Ac ∈ MX

jX A7 Ai ∈ M 7Q` �HH i ∈ N-
∞⋃

i=1

Ai ∈ MX

h?2 T�B` (X,M) Bb +�HH2/ � K2�bm`�#H2 bT�+2X � b2i A Bb K2�bm`�#H2 Q` A K2�bm`�#H2 B7

A ∈ MX

.2}MBiBQM kXRXReX G2i M #2 � +QHH2+iBQM Q7 bm#b2ib Q7 �M �`#Bi`�`v b2i XX � K2�bm`2 µ QM

(X,M) Bb � � MQMM2;�iBp2 2ti2M/2/ `2�H@p�Hm2/ 7mM+iBQM B7 Bi b�iBb}2b i?2 7QHHQrBM; +QM/BiBQMb,

RX µ(∅) = 0X

kX U*QmMi�#H2 �//BiBp2 S`QT2`ivV A7 Ai ∈ M 7Q` �HH i ∈ N �M/ Ai ∩ Aj 4 ∅ 7Q` �HH B %= D i?�i

Bb i?2v �`2 T�B`rBb2 /BbDQBMi- i?2M µ Bb }MBi2Hv �//BiBp2 i?�i Bb

µ(
∞⋃

i=1

Ai) =
∞∑

i=1

µ(Ai).

q2 rBHH +�HH � i`BTH2i (X,M, µ) K2�bm`�#H2 bT�+2X



N

h?2Q`2K kXRXRdX G2i µ #2 � K2�bm`2 QM � σ@�H;2#`� M Q7 bm#b2ib Q7 � b2i X �M/ H2i (An | n ∈ N)

#2 � b2[m2M+2 BM MX

RX A7 An ⊆ An+1 7Q` �HH n ∈ N- i?2M HBK
n→∞

µ(An) = µ( HBK
n→∞

An).

kX A7 An ⊇ An+1 7Q` �HH n ∈ N �M/ µ(A1) < ∞- i?2M HBK
n→∞

µ(An) = µ( HBK
n→∞

An).

.2}MBiBQM kXRXR3X RX � µ #2 � K2�bm`2 QM � σ@�H;2#`� M Q7 bm#b2ib Q7 � b2i X Bb +�HH2/ �

}MBi2 K2�bm`2 B7 µ(X) < ∞ �M/ (X, M, µ) Bb +�HH2/ � }MBi2 K2�bm`2 bT�+2X

kX � µ #2 � K2�bm`2 QM � σ@�H;2#`� M Q7 bm#b2ib Q7 � b2i X Bb +�HH2/ � σ@}MBi2 K2�bm`2 B7

i?2`2 2tBbib � b2[m2M+2 (An | n ∈ N) BM rBi?
⋃

n∈N
An = X �M/ µ(An) < ∞ 7Q` �HH n ∈ NX AM i?Bb

+�b2- (X, M, µ) Bb +�HH2/ � σ@}MBi2 K2�bm`2 bT�+2X

.2}MBiBQM kXRXRNX :Bp2M irQ K2�bm`2 bT�+2b (X, M, µ1) �M/ (Y, N, µ2)X *QMbB/2` i?2

T`Q/m+i K2�bm`�#H2 bT�+2 (X × Y, σ(M×N))X � K2�bm`2 µ QM M×N bm+? i?�i

µ(A) = µ1(A1) · µ2(A2) for A = A1 ×A2 ∈ M×N

Bb +�HH2/ � T`Q/m+i K2�bm`2 Q7 µ1, µ2 �M/ Bi Bb /2MQi2/ µ1 × µ2X h?2 K2�bm`2 bT�+2 (X ×

Y, σ(M×N), µ1 × µ2) Bb +�HH2/ � T`Q/m+i K2�bm`2 bT�+2 Q7 (X, M, µ1) �M/ (Y, N, µ2)X

.2}MBiBQM kXRXkyX :Bp2M irQ b2ib X �M/ Y X G2i A ⊆ X × Y �M/ H2i f #2 �M 2ti2M/2/ `2�H@

p�Hm2/ 7mM+iBQM QM AX

RX 6Q` 2�+? x ∈ X- A(x, ·) := {y ∈ Y | (x, y) ∈ A} Bb i?2 t@b2+iBQM Q7 �X 6Q` 2�+? y ∈ Y -

A(·, y) := {x ∈ X | (x, y) ∈ A} Bb i?2 v@b2+iBQM Q7 �X

kX 6Q` 2�+? x ∈ X- f(x, ·) QM A(x, ·) Bb i?2 t@b2+iBQM Q7 f X 6Q` 2�+? y ∈ Y - f(·, y) QM A(·, y) Bb

i?2 v@b2+iBQM Q7 f X

h?2Q`2K kXRXkRX :Bp2M i?2 T`Q/m+i K2�bm`�#H2 bT�+2 (X × Y,σ(M × N)) Q7 i?2 K2�bm`�#H2

bT�+2b (X, M) �M/ (Y, N) �M/ f Bb �M 2ti2M/2/ `2�H@p�Hm2/ 7mM+iBQM QM AX

RX A7 A ∈ σ(M×N)- i?2M A(x, ·) ∈ N 7Q` 2�+? x ∈ X �M/ A(·, y) ∈ M 7Q` 2�+? y ∈ Y.

kX A7 f Bb σ(M × N)@K2�bm`�#H2 7mM+iBQM QM E ∈ σ(M × N)- i?2M f(x, ·) Bb � N@K2�bm`�#H2

7mM+iBQM QM A(x, ·) ∈ N 7Q` 2p2`v 2�+? x ∈ X �M/ f(·, y) Bb � M@K2�bm`�#H2 7mM+iBQM QM

A(·, y) ∈ M 7Q` 2p2`v 2�+? y ∈ Y X



Ry

h?2Q`2K kXRXkkX :Bp2M i?2 T`Q/m+i K2�bm`�#H2 bT�+2 (X×Y, σ(M×N), µ×ν) Q7 irQ σ−}MBi2

K2�bm`�#H2 bT�+2b (X, M, µ)- (Y, N, ν) �M/ 7Q` 2p2`v A ∈ σ(M×N)X h?2M-

RX ν(A(x, ·)) Bb � N@K2�bm`�#H2 7mM+iBQM QM ∈ N 7Q` 2p2`v 2�+? x ∈ XX

kX µ(A(·, y)) Bb � M@K2�bm`�#H2 7mM+iBQM QM ∈ M 7Q` 2p2`v 2�+? y ∈ Y X

kXk aQK2 #�+F;`QmM/ QM �M�HviB+ MmK#2` i?2Q`v

"�bB+ /2}MBiBQMb �M/ `2H2p�Mi i?2Q`2Kb �`2 T`QpB/2/ BM i?Bb b2+iBQMX 6Q` i?2B` T`QQ7b �M/ 7m`i?2`

/2i�BHb- i?2v �`2 �p�BH�#H2 BM (R) �M/ (Rk)X

.2}MBiBQM kXkXRX �M �`Bi?K2iB+ 7mM+iBQM Bb � 7mM+iBQM r?Qb2 /QK�BM Bb i?2 M�im`�H MmK#2`bX

.2}MBiBQM kXkXkX h?2 Jƺ#Bmb 7mM+iBQM µ Bb /2}M2/ #v

µ(n) =






1 B7 n 4 R

(−1)k B7 n Bb � T`Q/m+i Q7 k /BbiBM+i T`BK2b UF ≥ yV

0 B7 p2|n 7Q` bQK2 T`BK2 p.

.2}MBiBQM kXkXjX h?2 1mH2` iQiB2Mi 7mM+iBQM Q` 1mH2`Ƕb T?B 7mM+iBQM φ(n) Bb i?2 [m�MiBiv

Q7 M�im`�H MmK#2`b MQi 2t+22/BM; i?�M n r?B+? �`2 `2H�iBp2Hv T`BK2 iQ n i?�i Bb

φ(n) =
n∑

k=1

1

h?2Q`2K kXkX9X A7 n ≥ 1- r2 Q#i�BM

n =
∑

d|n

φ(d)

h?2Q`2K kXkX8X A7 n ≥ 1- r2 ?�p2

φ(n) =
∑

d|n

µ(d)
n

d

.2}MBiBQM kXkXeX A7 g(x) > 0 7Q` �HH t ≥ a- r2 /2}M2

f(x) = O(g(x))

i?�i f(x) Bb #B; Q? Q7 g(x) Bb f(x)

g(x)
B7 #QmM/2/c BM Qi?2` rQ`/- i?2`2 2tBbib M > 0 bm+? i?�i

|f(x)| ≤ Mg(x) 7Q` �HH x ≥ a



RR

.2}MBiBQM kXkXdX A7

HBK
x→∞

f(x)

g(x)
= 1

r2 +�HH2/ i?�i f(x) Bb �M �bvKTiQiB+ iQ g(x)X avK#QHB+�HHv-

f(x) ∼ g(x) �b x → ∞

.2}MBiBQM kXkX3X �M �p2`�;2/ Q`/2` Q7 �M �`Bi?K2iB+ 7mM+iBQM f(n) Bb g(n) B7

HBK
n→∞

1

n

n∑

k=1

f(k)

g(n)
= 1.

hQ }M/ i?2 �p2`�;2 Q7 �M �`Bi?K2iB+ 7mM+iBQM f(n) r2 +�M }M/ #v +QMbB/2`BM; �M �`#Bi`�`v

TQbBiBp2 `2�H MmK#2` x BMbi2�/ r?B+? Bb BM i?2 7Q`K

∑

n≤x

f(n)

h?2Q`2K kXkXNX 6Q` x > 1 r2 ?�p2

∑

n≤x

φ(n) =
3

π2
x2 +O(x HQ;x).

h?2Q`2K kXkXRy U.Bp2`;2M+2 Q7 i?2 bmK Q7 i?2 `2+BT`Q+�Hb Q7 i?2 T`BK2bVX 6Q` x ≥ 2 r2 ?�p2

∑

p T`BK2 ≤x

1

p
= HQ;(HQ;(x)) + c+O

(
1

HQ;x

)
.

r?2M c = γ −
∑

T T`BK2

(
HQ; p

p− 1
− 1

p

)
�M/ γ Bb �M 1mH2`@J�b+?2`QMB +QMbi�MiX A7 x i2M/b iQ

BM}MBiv- i?2 bmK Q7 i?2 `2+BT`Q+�Hb Q7 i?2 T`BK2b rBHH /Bp2`;2X

h?2Q`2K kXkXRR UJ2`i2MbǶ }`bi i?2Q`2KVX 6Q` x ≥ 2- r2 ?�p2

∑

p T`BK2 ≤x

HQ; p
p

= HQ;x+O(1)

h?2Q`2K kXkXRk UJ2`i2MbǶ b2+QM/ i?2Q`2KVX 6Q` x ≥ 2 �M/ γ Bb �M 1mH2`@J�b+?2`QMB +QMbi�MiX

h?mb-
∏

p T`BK2 ≤x

(
1− 1

p

)
=

e−γ

HQ;x

(
1 +O(

1

HQ;x )
)



Rk

*Q`QHH�`v kXkXRj UJ2`i2MbǶ i?B`/ i?2Q`2KVX

HBK
n→∞

HQ;n
∏

p T`BK2 ≤n

(
1− 1

p

)
= e−γ

r?2M γ Bb �M 1mH2`@J�b+?2`QMB +QMbi�MiX

h?2Q`2K kXkXR9 US`BK2 LmK#2` h?2Q`2KVX G2i π(x) #2 i?2 MmK#2` Q7 T`BK2b MQi 2t+22/BM;

i?�M t Bb �bvKTiQiB+ x

HQ;x X avK#QHB+�HHv-

π(x) ∼ x

HQ;x

h?2Q`2K kXkXR8X G2i pn #2 i?2 Mi? T`BK2bX h?2M-

pn ∼ n HQ;n

kXj aQK2 #�+F;`QmM/ QM S`Q#�#BHBiv h?2Q`v

h?Bb b2+iBQM +Qp2`b #�bB+ /2}MBiBQMb �M/ i?2Q`2Kb r?Qb2 /2i�BHb �M/ T`QQ7b +�M #2 7QmM/ BM (k)-

(RR)X

.2}MBiBQM kXjXRX G2i F #2 � +QHH2+iBQM Q7 bm#b2ib Q7 � b�KTH2 bT�+2 ΩX q2 rBHH +�HH F � σ@

�H;2#`� Q` σ@}2H/ B7 F b�iBb}2b i?2 7QHHQrBM; T`QT2`iB2b

RX Ω ∈ FX

kX A7 � ∈ F- i?2M Ac ∈ FX

jX A7 Ai ∈ F 7Q` �HH i ∈ F-
∞⋃

i=1

Ai ∈ FX

q2 rBHH +�HH � K2K#2` BM F 2p2Mi Q` � K2�bm`�#H2 b2iX

.2}MBiBQM kXjXkX amTTQb2 i?�i F #2 � σ@�H;2#`� QM � b�KTH2 bT�+2 ΩX amTTQb2 i?�i

P , F → (y-R) Bb bm+? i?�i

RX SUΩV 4 RX

kX A7 Ai ∈ F 7Q` �HH i ∈ N �M/ Ai ∩ Aj 4 ∅ 7Q` �HH B %= D-

P (
∞⋃

i=1

Ai) =
∞∑

i=1

P (Ai)

q2 rBHH +�HH P � T`Q#�#BHBiv K2�bm`2 �M/ i?2 b2+QM/ T`QT2`iv Bb +�HH2/ i?2 +QmMi�#Hv �//B@

iBp2 T`QT2`ivX q2 rBHH +�HH � i`BTH2i UΩ- F- SV � T`Q#�#BHBiv bT�+2X



Rj

.2}MBiBQM kXjXjX A7 A1, A2, ..., An �`2 Kmim�HHv BM/2T2M/2Mi- i?2M 2p2`v k ≥ n �M/ 2p2`v

k@2H2K2Mi MQM2KTiv bm#b2ib Q7 2p2Mib B1, A2, ..., Bn Q7 A1, A2, ..., An-

P

(
k⋂

i=1

Bi

)
=

k∏

i=1

P (Bi).

h?2Q`2K kXjX9X A7 A1, A2, ..., An �`2 BM/2T2M/2Mi- Ac
1 , A

c
2 , ..., A

c
n �`2 �HbQ Kmim�HHv BM/2T2M/2MiX

h?2Q`2K kXjX8 UAM+HmbBQM@1t+HmbBQM S`BM+BTH2VX *QMbB/2` A1, A2, ..., AnX G2i |A| /2MQi2 i?2

MmK#2` Q7 2H2K2Mib Q7 � b2i AX h?2M-

P

(
n⋃

i=1

Ai

)
=

n∑

i=1

|Ai|−
∑∑

1≤i,j≤n

|Ai ∩Aj |+
∑∑

1≤i,j,k≤n

|Ai ∩Aj ∩Ak|

+ ...+ (−1)n−1
∑

...
∑

1≤q1<q2<...<qk≤n

|Aq1 ∩Aq2 ∩ ... ∩Aqn |+ (−1)k−1|A1 ∩A2 ∩ ... ∩Ak|

h?2Q`2K kXjXe U6B`bi "Q`2H@*�Mi2HHB G2KK�VX G2i {An}∞n=1 #2 � b2[m2M+2 Q7 2p2Mib BM � T`Q#@

�#BHBiv bT�+2 rBi? � T`Q#�#BHBiv K2�bm`2 P (·)X A7
∞∑

n=1

P (An) +QMp2`;2b-

P (HBK bmT
n→∞

(An)) = 0

h?2Q`2K kXjXd Ua2+QM/ "Q`2H@*�Mi2HHB G2KK�VX G2i {An}∞n=1 #2 � b2[m2M+2 Q7 Kmim�HHv BM/2@

T2M/2Mi 2p2Mib BM � T`Q#�#BHBiv bT�+2 rBi? � T`Q#�#BHBiv K2�bm`2 P (·)X h?2M-

P (HBK bmT
n→∞

(An)) =






0 B7
∞∑

n=1

P (An) +QMp2`;2b-

1 Qi?2`rBb2X



*?�Ti2` AAA

S_P"�"AGAahA* S_PP6

h?Bb +?�Ti2` T`2b2Mib Qm` K�BM `2bmHi rBi? T`Q#�#BHBbiB+ �TT`Q�+?X 6B`bi r2 /2}M2 i?2

/2MbBiv K2�bm`2 QM NX h?2M- r2 b?Qr i?�i i?2 /2MbBiv K2�bm`2 Bb MQi � T`Q#�#BHBiv K2�bm`2X

jXR h?2 /2MbBiv K2�bm`2 Bb MQi � T`Q#�#BHBiv K2�bm`2X

"27Q`2 r2 ;Bp2 � T`QQ7 i?�i i?2 /2MbBiv K2�bm`2 Bb MQi � K2�bm`2- r2 ;Bp2 � /2}MBiBQM Q7 i?2

/2MbBiv K2�bm`2 r?B+? Bb mb2/ BMimBiBp2Hv �b � T`Q#�#BHBiv K2�bm`2 BM K�Mv 7QHFHQ`2 T`QQ7bX

.2}MBiBQM jXRXRX G2i Nn #2 &R- k- XXX- n' �M/ A #2 � bm#b2i Q7 N �M/ |A| /2MQi2b Bib +�`/BM�HBivX

A7

D(A) = HBK
n→∞

|A ∩ Nn|
n

UjXRV

2tBbib- i?2M D(A) Bb +�HH2/ i?2 /2MbBiv K2�bm`2X h?Bb [m�MiBiv `2T`2b2Mib i?2 TQbbB#BHBiv Q7

i?2 Q++m``2M+2 Q7 AX

h?2Q`2K jXRXkX D(kN) =
1

k
r?2M k Bb � M�im`�H MmK#2`X

S`QQ7X G2i n #2 � `�M/QKHv +?Qb2M M�im`�H MmK#2` �M/ k #2 � M�im`�H MmK#2`X "v i?2 .BpBbBQM

�H;Q`Bi?K-

n = kqn + r

r?2M qn Bb � [mQiB2Mi Q7 n /BpB/2/ #v k �M/ r Bb � M�im`�H MmK#2` bm+? i?�i 0 ≤ r < k

*QMbB/2` Q++m``2M+2b Q7 i?2 2p2Mi- i?2M r2 ?�p2 Q++m``2M+2b �`2 qn r?B+? 2[m�H iQ n− r

k
�M/

�HH TQbbB#BHBiB2b �`2 2[m�H iQ nX

"v i?2 K2�bm`2- i?2 T`Q#�#BHBiv Bb

D(kN) = HBK
n→∞

n−r
k

n
=

1

k

�b r2 /2bB`2/X



R8

"v h?2Q`2K jXRXk- D(kN) =
1

k
r?2M k Bb � M�im`�H MmK#2`X A7 a �M/ b �`2 +QT`BK2

M�im`�H MmK#2`b- i?2M aN ∩ bN = abN �M/

D(aN ∩ bN) = D(aN) ·D(bN) UjXkV

�M/ #v mbBM; BM/m+iBQM- i?2 1[m�iBQM jXk �HbQ ?QH/b 7Q` �Mv }MBi2 +QHH2+iBQM Q7 a1N, a2N, ..., akN

r?2M a1, a2, ..., ak �`2 T�B`rBb2 +QT`BK2X

6QHHQrBM; i?2 B/2� BM (j)- r2 ?�p2 i?2 7QHHQrBM; Q#b2`p�iBQMX

h?2Q`2K jXRXjX A7 D(·) Bb � T`Q#�#BHBiv K2�bm`2- i?2M i?2 b2+QM/ "Q`2H@*�Mi2HHB G2KK� 7�BHbX

>2M+2- D(·) Bb MQi � K2�bm`2X

S`QQ7X G2i pk #2 i?2 Fi? T`BK2 �M/ pkN #2 i?2 +QHH2+iBQM Q7 KmHiBTH2b Q7 pkX aBM+2 pj �M/

pk �`2 Q#pBQmbHv +QT`BK2- p1, p2, ..., pm, ..., pk �`2 T�B`rBb2 +QT`BK2 �M/ r2 +�M BKTHv i?�i

p1, p2, ..., pm, ..., pk �`2 Kmim�HHv +QT`BK2 bQ p1N, p2N, ..., pkN �`2 Kmim�HHv BM/2T2M/2MiX

Ai Bb Q#pBQmb i?�i D(pkN) =
1

pk
X "v h?2Q`2K kXkXRy- D(pkN) /Bp2`;2bX AM i?2 Qi?2` K2i?Q/-

iQ /2i2`KBM2 i?2 MmK#2` Q7 ;`Qri? �bvKTiQiB+�HHv- r2 mb2 h?2Q`2K kXkXR9US`BK2 LmK#2` h?2@

Q`2KV �M/ h?2Q`2K kXkXR8X h?2M- pk Bb �TT`QtBK�i2Hv k HQ; kX

∞∑

k=1

D(pkN) ≈ 1

2
+

∞∑

k=2

1

k HQ; k .

Ai Bb 2�bv iQ b?Qr i?�i f(x) =
1

x HQ;x Bb +QMiBMmQmb- /2+`2�bBM; �M/ TQbBiBp2 QM [2,∞)Xh?2M- r2

+�M �TTHv i?2 AMi2;`�H h2bi rBi? i?2 b2`B2bX

h?2 `2H�i2/ BKT`QT2` BMi2;`�H Bb

∫ ∞

2

1

x HQ;xdx = HQ;(HQ;x)
∣∣∣
∞

2
= ∞

aBM+2 i?2 BKT`QT2` BMi2;`�H /Bp2`;2b- bQ /Q2b i?2 BM}MBi2 b2`B2bX

"v h?2Q`2K kXjXd Ui?2 b2+QM/ "Q`2H@*�Mi2HHB H2KK�V- D(HBK bmT
k→∞

(pkN)) = 1X

>Qr2p2`- HBK bmT
k→∞

pkN = ∩∞
k=1 ∪∞

j=k (pjN) = ∅ #2+�mb2 ∩∞
k=1 ∪∞

j=k (pjN) +QMbBbib Q7 BMi2;2`b

/BpBbB#H2 #v BM}MBi2Hv K�Mv T`BK2 pkX aBM+2 D(·) Bb � T`Q#�#BHBiv K2�bm`2- D(HBK bmT
k→∞

(pkN)) = 0

+QMi`�/B+iBM; rBi? i?2 M2+2bb�`v +QM/BiBQM Q7 i?2 H2KK�X



Re

h?2Q`2K jXRX9X G2i D #2 i?2 +H�bb Q7 2p2Mib i?�i ?�p2 � /2MbBiv mM/2` i?2 /2MbBiv K2�bm`2

D(·)X h?2M-

RX N ∈ D.

kX D Bb +HQb2/ mM/2` +QKTH2K2Mi�iBQMX

jX D Bb MQi +HQb2/ mM/2` +QmMi�#H2 mMBQMbX

S`QQ7X Ai Bb 2�bv iQ b?Qr i?2 }`bi �M/ i?2 b2+QM/ bi�i2K2Mib #v i?2 /2}MBiBQM Q7 i?2 K2�bm`2X

LQr r2 M22/ iQ }M/ i?2 +QmMi2`2t�KTH2 i?�i B7 A1, A2, ..., Ak ∈ D #mi ∪∞
j=1Aj /∈ DX AM Qi?2`

rQ`/- i?2 ;Q�H Bb iQ }M/ A1, A2, ..., Ak bm+? i?�i i?2`2 /2MbBiB2b mM/2` i?2 /2MbBiv K2�bm`2 2tBbi

r?BH2 ∪∞
j=1Aj /∈ D /Q2b MQiX

6B`biHv- +QMbi`m+i � b2[m2M+2 Q7 2p2Mib rBi? /2MbBiv y 7Q` 2�+? k ∈ N- H2i

A2k−1 = {m ∈ N | 22k−2 < m ≤ 22k−1}

A2k = {2m ∈ N | 22k−1 < 2m ≤ 22k}

h?2M- |A2k−1| = |A2k| = 22k−2 �M/ D(Ak) = 0 7Q` 2�+? k ∈ NX G2i A = ∪∞
k=1AkX *QMbB/2` i?2

`�iBQb

r22n−1 =
|A ∩ N22n−1 |

22n−1
�M/ r22n =

|A ∩ N22n |
22n

.

6Q` n ≥ 2-

|A ∩ N22n−1 | = |A1 ∪A2 ∪ ... ∪A2n−1|

= 1 + 1 + 4 + 4 + 22n−4 + 22n−4 + 22n−2

=
2

3
(4n−1 − 1) + 4n−1

>2M+2- HBK
n→∞

r22n−1 =
5

6
. "v i?2 b�K2 K2i?Q/- HBK

n→∞
r22n =

2

3
. *QMb2[m2MiHv- A /∈ D #2+�mb2

A /Q2b MQi ?�p2 � /2MbBiv mM/2` D(·) #2+�mb2 i?2 b2[m2M+2 Q7 `�iBQ rn =
|A ∩ Nn|

n
?�b irQ

bm#b2[m2M+2b r22n−1 �M/ r22n i2M/BM; iQ /BbiBM+i HBKBibX



Rd

h?2Q`2K jXRX8X G2i D #2 i?2 +H�bb Q7 2p2Mib i?�i ?�p2 � /2MbBiv mM/2` i?2 /2MbBiv K2�bm`2

D(·)X h?2M-

RX D(N) = 1 �M/ D(·) ≥ 0 QM D

kX D(·) Bb MQi +QmMi�#Hv �//BiBp2X

S`QQ7X Ai Bb 2tTHB+Bi iQ b?Qr i?2 }`bi T�`i Q7 i?2 i?2Q`2K #v i?2 /2}MBiBQM Q7 i?2 K2�bm`2X hQ

T`Qp2 i?2 b2+QM/- r2 ;Bp2 irQ +QmMi2`2t�KTH2bX h?2 }`bi Bb i?2 2t�KTH2 r2 ;�p2 QM h?2Q`2K

jXRX9Xj r?B+? b?Qr i?�i D(·) +�MMQi ;Bp2 � K2�bm`2 iQ A = ∪∞
k=1AkX h?2 Qi?2` Bb i?2 b2[m2M+2

Q7 Kmim�HHv 2t+HmbBp2 bBM;H2iQMb ;2M2`�i2/ 7`QK N r?B+? +�M #2 p2`B}2/ i?�i 2�+? bBM;H2iQM ?�b

/2MbBiv x2`Q r?BH2 i?2 +QmMi�#H2 mMBQM Q7 i?2 b2[m2M+2 Bb N ?�pBM; /2MbBiv RX



R3

jXk h?2`2 Bb MQ T`Q/m+i T`Q#�#BHBiv K2�bm`2 µ⊗ QM σ(M × M) r?2M

M ⊆ P (N) bm+? i?�i aN × bN ∈ M×M �M/ µ⊗(aN × bN) = 1

ab
7Q` �HH

a, b ∈ NX

AMBiB�HHv- r2 T`Qp2 i?2 bi�i2K2Mi BM QM2@/BK2MbBQM BM h?2Q`2K jXkXR �M/ i?2M r2 2ti2M/ i?Bb BM

irQ@/BK2MbBQM BM h?2Q`2K jXkXkX

h?2Q`2K jXkXRX PM � ;Bp2M T`Q#�#BHBiv K2�bm`2 bT�+2 (N, M, µ)- i?2`2 Bb MQ T`Q#�#BHBiv K2�bm`2

µ QM M ⊆ P (N) bm+? i?�i kN ∈ M �M/ µ(kN) = 1

k
7Q` �HH k ∈ NX

S`QQ7X 6Q` i?2 b�F2 Q7 +QMi`�/B+iBQM- �bbmK2 i?�i i?2`2 Bb � T`Q#�#BHBiv K2�bm`2 µ bm+? i?�i

kN ∈ M ⊆ P (N) �M/ µ(kN) = 1

k
7Q` �HH k ∈ NX h?2M- r2 b?Qr i?�i � ;`QmT Q7 KmHiBTH2b Q7 }MBi2

/BbiBM+i T`BK2b �`2 Kmim�HHv BM/2T2M/2MiX

G2i a �M/ b �`2 +QT`BK2 M�im`�H MmK#2`b- i?2M aN ∩ bN = abN �M/

µ(aN ∩ bN) = µ(abN)

=
1

ab

= µ(aN) · µ(bN)

>2M+2- aN �M/ bN �`2 BM/2T2M/2MiX L2ti- �bbmK2 i?�i i?2`2 �`2 k T`BK2b i?�i Bb MQi 2t+22/BM;

i?�M }t2/ n r?2M n ∈ NX LQr r2 ?�p2-

⋂

T T`BK2≤n

pN = p1N ∩ p2N ∩ ... ∩ pk−1N ∩ pkN

= (p1N ∩ p2N) ∩ ... ∩ (pk−1N ∩ pkN)

= p1p2N ∩ p3p4N ∩ ... ∩ pk−1pkN

"v K�i+?BM; � T�B` Q7 T`BK2b BM/m+iBp2Hv- r2 Q#i�BM

⋂

p T`BK2≤n

pN =




∏

p T`BK2≤n

p



N

>2M+2- p1N, p2N, ..., pk−1N, pkN �`2 Kmim�HHv BM/2T2M/2MiX



RN

"v h?2Q`2K kXjX9- (p1N)c, (p2N)c, ..., (pk−1N)c, (pkN)c �`2 �HbQ Kmim�HHv BM/2T2M/2MiX >2M+2-

µ




⋂

p T`BK2≤n

(pN)c


 =
∏

p T`BK2≤n

(
1− 1

p

)

HBK bmT
n→∞

µ




⋂

p T`BK2≤n

(pN)c


 = HBK bmT
n→∞

∏

T T`BK2≤M

(
1− 1

p

)

*QMbB/2` i?2 H27i ?�M/ bB/2- bBM+2 µ Bb � T`Q#�#BHBiv K2�bm`2- +QMb2[m2MiHv-

HBK bmT
n→∞

µ




⋂

p T`BK2≤n

(pN)c


 = µ








⋃

p T`BK2≤n

pN




c



= 1− µ




⋃

p T`BK2≤n

pN





= 1−
∞∑

p T`BK2≤n

1

p

aBM+2
∞∑

p T`BK2≤n

1

p
/Bp2`;2b iQ BM}MBiv- #v h?2Q`2K kXkXRy-

HBK bmT
n→∞

∏

p T`BK2≤n

(
1− 1

p

)
= −∞

h?�i Bb

HBK
n→∞

∏

p T`BK2≤n

(
1− 1

p

)
= −∞

aBM+2 HBK
n→∞

HQ;(n) = ∞-

HBK
n→∞

HQ;(n)
∏

p T`BK2≤n

(
1− 1

p

)
= −∞

J2�Mr?BH2- #v i?2 J2`i2MbǶ i?B`/ i?2Q`2K-

HBK
n→∞

HQ;(n)
∏

T T`BK2≤M

(
1− 1

p

)
= e−γ

r?2`2 γ Bb i?2 1mH2`@J�b+?2`QMB +QMbi�MiX h?Bb `2bmHi vB2H/ i?2 /2bB`2/ +QMi`�/B+iBQMX



ky

h?2Q`2K jXkXkX PM � ;Bp2M T`Q/m+i K2�bm`2 bT�+2 (N×N, σ(M×M), µ⊗)- i?2`2 Bb MQ T`Q/m+i

T`Q#�#BHBiv K2�bm`2 µ⊗ QM M ⊆ P (N) bm+? i?�i aN× bN ∈ M×M �M/ µ⊗(aN× bN) = 1

ab
7Q`

�HH a, b ∈ NX

S`QQ7X G2i mb ;Bp2 � T`QQ7 #v +QMi`�/B+iBQMX amTTQb2 i?�i i?2`2 Bb � T`Q/m+i T`Q#�#BHBiv K2�bm`2

µ⊗ QM � ;Bp2M T`Q/m+i K2�bm`2 bT�+2 UN × N- σ(M × M)- µ⊗V r?2M M ⊆ P (N) bm+? i?�i

aN× bN ∈ M×M �M/ µ(aN× bN) = 1

ab
7Q` �HH a, b ∈ N �M/ H2i A ∈ σ(M×M))X

h?2M- µ⊗(aN× N) = 1

a
X

aBM+2 i?2`2 2tBbib � b2[m2M+2 (nN | n ∈ N) BM P (N) bm+? i?�i
⋃

n∈N
(nN) = N �M/ µ(nN) < ∞ 7Q`

2p2`v n ∈ N- UN- M- µV Bb � σ@}MBi2 K2�bm`2 bT�+2 �M/ aN×N ∈ M ⊆ P (N×N)- #v h?2Q`2K

kXRXkk �M/ i?2 /2}MBiBQM � T`Q/m+i K2�bm`2-

µ(aN) = µ(aN) · µ(N) = µ⊗(aN, n)

Bb K2�bm`�#H2 QM N r?2M n ∈ NX

aBM+2 /QK(µ) = /QK(µ⊗) �M/ µ(aN) = µ⊗(aN, n)- µ(·) = µ⊗(A(·, n))- BM �//BiBQM- µ⊗(A(·, n))

Bb � T`Q#�#BHBiv K2�bm`2 QM M ⊆ P (N) +QMi`�/B+iBM; h?2Q`2K jXkXR �b r2 /2bB`2/X



kR

jXj J�BM T`QQ7 Q7 i?2 bi�i2K2Mi

AM i?Bb b2+iBQM- r2 +�M +QM+Hm/2 i?�i r2 +�MMQi /2}M2 � T`Q#�#BHBiv K2�bm`2 b�iBb7vBM; i?2

+QM/BiBQMb bQ r2 M22/ iQ T`Qp2 i?2 bi�i2K2Mi rBi?Qmi T`QT2`iB2b Q7 � T`Q#�#BHBiv K2�bm`2 iQ

+QKTH2i2 i?2 Q#D2+iBp2X

h?2Q`2K jXjXRX h?2 T`Q#�#BHBiv i?�i irQ M�im`�H MmK#2`b- +?Qb2M `�M/QKHv- �`2 `2H�iBp2Hv

T`BK2 Bb 2[m�H iQ 6

π2
X

S`QQ7X G2i N #2 � }t2/ M�im`�H MmK#2` �M/ i?2`2 �`2 #v k /BbiBM+i T`BK2b p1, p2, ..., pk r?B+?

H2bb i?�M Q` 2[m�H iQ N X G2i a, b #2 `�M/QKHv +?Qb2M M�im`�H MmK#2`b MQi 2t+22/BM; i?�M N

�M/ n #2 � }t2/ M�im`�H MmK#2`X q2 ?�p2 /QM2 i?�i D(aA) =
1

a
r?2M a ∈ NX *QMbB/2` �M

2p2Mi (a, b) = RX h?2 2p2Mi (a, b) = R B7 �M/ QMHv B7 i?2`2 Bb � T`BK2 p bm+? i?�i p | a �M/ p | b cBM

Qi?2` rQ`/- i?2`2 �`2 �i H2�bi m /BbiBM+i T`BK2b p1, p2, ..., pm bm+? i?�i p1p2...pm | (a, b) r?2M

1 ≤ m ≤ kX 6Q` 2�+? T`BK2 p- i?2 2p2Mi i?�i p | a �M/ p | b ?�b T`Q#�#BHBiv 1

p2
�M/ H2i Sm /2MQi2

i?2 T`Q#�#BHBiB2b Q7 2p2Mib i?�i �i H2�bi K /BbiBM+i T`BK2b +�M /BpB/2 (a, b)X h?2M-

Sm =
∑

...
∑

p1<p2<...<pm

1

(p1p2...pm)2

"v h?2Q`2K kXjX8 UAM+HmbBQM@1t+HmbBQM S`BM+BTH2V- r2 Q#i�BM

P ((a, b) > 1) = P ((a, b) +�M #2 /BpB/2/ #v �i H2�bi R T`BK2) − P ((a, b) +�M #2 /BpB/2/ #v �i

H2�bi k T`BK2bV Y XXX + (−1)k−1P ((a, b) +�M #2 /BpB/2/ #v �i H2�bi k T`BK2b)

=
k∑

i=1

N

(pi)2
−
∑∑

1≤i,j≤k

N

(pipj)2
+ ...+ (−1)k−1

∑
...
∑

p1<p2<...<pk

N

(p1p2...pk)2

= NS1 − NS2 + ... + (−1)k−1NSk



kk

h?2`27Q`2-

D((a, b) = 1) = HBK
N→∞

|(p21 % | N) ∧ P ((p22 % | N) ∧ ... ∧ P ((p2k % | N)|
N

= 1− HBK
N→∞

|Sq(N) > 1|
N

= HBK
N→∞

N − |(p21 % | N) ∨ P ((p22 % | N) ∨ P ((p2k % | N)|
N

= HBK
N→∞

N − NS1 + NS2 + ... + (−1)k−1NSk

N

= HBK
N→∞

1 − S1 + S2 + ... + (−1)k−1Sk.

"v h?2Q`2K kXRXR9- B7 r2 /2MQi2 BM i?Bb T`QQ7 i?�i µ(n) Bb � Jƺ#Bmb 7mM+iBQM- i?mb-

D((a, b) = 1) = HBK
N→∞

N∑

n=1

µ(n)

n2
=

1

ζ(2)
=

6

π2

>2M+2- i?2 /2MbBiv Q7 i?2 2p2Mi- BM Qi?2` rQ`/ i?2 T`Q#�#BHBiv Q7 i?2 2p2Mi- Bb 6

π2
X

aBKBH�`Hv- r2 Q#i�BM *Q`QHH�`v jXjXk �M/ r2 +�M b?Qr i?�i i?2 T`Q#�#BHBiB2b Q7 i?2 2p2Mib

BM h?2Q`2K jXjXR �M/ *Q`QHH�`v jXjXk �`2 +QBM+B/2X

*Q`QHH�`v jXjXkX h?2 T`Q#�#BHBiv i?�i � M�im`�H MmK#2`- +?Qb2M `�M/QKHv- Bb b[m�`2@7`22 Bb 6

π2



*?�Ti2` Ao

�L�GuhA* LlJ"1_ h>1P_1hA*�G

S_PP6

AM i?Bb +?�Ti2`- �M �M�HviB+ MmK#2` i?2Q`2iB+�H �TT`Q�+? 7Q` � T`QQ7 Q7 i?2 bi�i2K2Mi rBHH

#2 T`2b2Mi2/X S`QT2`iB2b Q7 �`Bi?K2iB+ 7mM+iBQMb �M/ �p2`�;2 Q`/2` �`2 +`m+B�H iQTB+b 7Q` Qm`

T`QQ7X AM i?Bb +?�Ti2`- r2 7QHHQr i?2 �`;mK2Mi BM (R)X

9XR J�BM T`QQ7 #v �M�HviB+ MmK#2` i?2Q`2iB+�H �TT`Q�+?

.2}MBiBQM 9XRXRX � H�iiB+2 TQBMi Bb � TQBMi BM � *�`i2bB�M +QQ`/BM�i2 bvbi2K bm+? i?�i #Qi?

2p2`v +QQ`/BM�i2b Q7 i?2 TQBMi Bb �M BMi2;2`X

_2K�`FX AM i?Bb +?�Ti2`- r2 �`2 BMi2`2bi2/ BM H�iiB+2 TQBMib r?B+? �HH +QQ`/BM�i2b �`2 TQbBiBp2

BMi2;2`b QMHvX

.2}MBiBQM 9XRXkX hrQ H�iiB+2 TQBMib A �M/ B �`2 +�HH2/ iQ #2 Kmim�HHv pBbB#H2 B7 i?2`2 �`2

MQ H�iiB+2 TQBMib 2t+Hm/BM; i?2 2M/TQBMib A �M/ B +QMi�BMBM; BM i?2 HBM2 b2;K2Mi r?B+? DQBM irQ

2M/TQBMibX

1t�KTH2 9XRXjX UR-kV �M/ Uy-yV �`2 Kmim�HHv pBbB#H2 #mi UR-RV �M/ Uj-jV �`2 MQi Kmim�HHv

BMpBbB#H2X

h?2Q`2K 9XRX9X hrQ H�iiB+2 TQBMib (a, b) �M/ (c, d) �`2 Kmim�HHv pBbB#H2 B7- �M/ QMHv B7- a − c

�M/ b− d �`2 `2H�iBp2Hv T`BK2X

S`QQ7X P#pBQmbHv- (a, b) �M/ (c, d) �`2 Kmim�HHv pBbB#H2 B7 �M/ QMHv B7 (a− c, b− d) Bb pBbB#H2 7`QK

i?2 Q`B;BMX h?mb- Bi Bb bm{+B2Mi iQ T`Qp2 i?�i (a, b) Bb pBbB#H2 7`QK i?2 Q`B;BM B7 �M/ QMHv B7 a �M/

b �`2 `2H�iBp2Hv T`BK2X amTTQb2 i?�i (a, b) Bb pBbB#H2 7`QK i?2 Q`B;BM r2 Kmbi b?Qr i?�i (a, b) = 1

bQ r2 T`QQ7 #v +QMi`�/B+iBQM #v �bbmKBM; i?�i (a, b) = d r?2`2 d > 1X



k9

h?2M- a = da′, b = db′ r?2M a′, b′ �`2 M�im`�H MmK#2`bX >2M+2- i?2 HBM2 b2;K2Mi +QMM2+iBM; i?2

Q`B;BM �M/ (a, b) i?`Qm;? (a′, b′)X h?Bb +QMi`�/B+ib i?2 �bbmKTiBQM i?�i i?2 H�iiB+2 TQBMi (a, b) Bb

pBbB#H2 7`QK i?2 Q`B;BMX *QMp2`b2Hv- bmTTQb2 i?�i (a, b) = 1X A7 i?2`2 Bb � H�iiB+2 TQBMi a′, b′ QM

i?2 HBM2 b2;K2Mi +QMM2+iBM; i?2 Q`B;BM �M/ U�-#V- i?2M

a′ = ta, b′ = tb r?2`2 0 < t < 1.

q2 Q#i�BM i?�i t Bb `�iBQM�H i?�i Bb t =
r

s
r?2M r, s �`2 M�im`�H MmK#2`b �M/ r, s �`2 `2H�iBp2Hv

T`BK2X >2M+2-

sa′ = ar, sb′ = br.

bQ s|ar �M/ s|brX aBM+2 (r, s) = 1- s|a �M/ s|b bQ s = 1 i?�i Bb t = 1 #2+�mb2 r Bb � M�im`�H MmK#2`

�M/ (a, b) = 1X h?Bb +QMi`�/B+ib i?2 +QM/BiBQM 0 < t < 1X

*QMb2[m2MiHv- i?2 H�iiB+2 TQBMi (a, b) Bb pBbB#H2 7`QK i?2 Q`B;BMX

hQ T`QQ7 Qm` bi�i2K2Mi- #v h?2Q`2K 9XRX9- r2 M22/ iQ }M/ i?2 [m�MiBiv Q7 H�iiB+2 TQBMib

/Bbi`B#mi2/ BM i?2 TH�M2X *QMbB/2` � b[m�`2 `2;BQM rBi? 2ti`2K2Hv H�`;2 x@ �M/ y@ +QQ`/BM�i2b r

BM i?2 xy@TH�M2 rBi? i?2 +QM/BiBQM

1 ≤ x ≤ r, 1 ≤ y ≤ r.

G2i N(r) /2MQi2 i?2 [m�MiBiv Q7 �HH H�iiB+2 TQBMib BM i?2 b[m�`2 �M/ H2i N ′(r) /2MQi2 Q7 i?2

[m�MiBiv Q7 H�iiB+2 TQBMib r?B+? �`2 pBbB#H2 7`QK i?2 Q`B;BMX h?2 [mQiB2Mi N ′(r)

N(r)
i2HHb i?2 `�iBQ

Q7 H�iiB+2 TQBMib BM i?2 b[m�`2 r?B+? �`2 pBbB#H2 7`QK i?2 Q`B;BMX h?2 M2ti i?2Q`2K b?Qrb i?�i

i?2 `�iBQ i2M/b iQ � HBKBi �b r i2M/b iQ BM}MBiv r?B+? Bb +�HH2/ i?2 /2MbBiv Q7 i?2 H�iiB+2 TQBMib

r?B+? �`2 pBbB#H2 7`QK i?2 Q`B;BMX

h?2Q`2K 9XRX8X h?2 /2MbBiv Q7 i?2 b2i Q7 H�iiB+2 TQBMib r?B+? �`2 pBbB#H2 7`QK i?2 Q`B;BM Bb 6

π2
X

S`QQ7X q2 rBHH b?Qr i?�i

HBK
r→∞

N ′(r)

N(r)
=

6

π2



k8

6B`biHv- +QMbB/2` i?2 [m�MiBiv Q7 N ′(r)X h?2`2 Bb QM2 H�iiB+2 TQBMi M2�`2bi i?2 Q`B;BM Bb �HH pBbB#H2

7`QK i?2 Q`B;BMX "v i?2 bvKK2i`v Ub22 6B;m`2 9XRV- N ′(r) Bb 2[m�H iQ R THmb k iBK2b i?2 MmK#2`

Q7 pBbB#H2 TQBMib BM i?2 `2;BQM

{(x, y)| 2 ≤ x ≤ r, 1 ≤ y ≤ x, }

Ui?2 b?�/2/ `2;BQM BM 6B;m`2 9XRV- >2M+2-

N ′(r) = 1 +
∑

2≤n≤r

∑

1≤m<n

1

= 2
∑

1≤m<n

φ(n)− 1.

"v h?2Q`2K kXkXN- r2 Q#i�BM

N ′(r) =
6

π2
r2 +O(1) +O(r HQ; r)

=
6

π2
r2 +O(r HQ; r).

y

R

R

k

k `

6B;m`2 9XR

J2�Mr?BH2- i?2 iQi�H [m�MiBiv Q7 H�iiB+2 TQBMib BM i?2 b[m�`2 Bb

N(r) = ([r])2 = (r +O(1))2 = r2 + 2rO(1) + (O(1))2

= r2 +O(r).

>2M+2-

HBK
r→∞

N ′(r)

N(r)
= HBK

r→∞

6

π2
r2 +O(r HQ; r)
r2 +O(r)

=
6

π2



ke

LQr r2 +�M +QM+Hm/2 i?�i B7 irQ M�im`�H MmK#2`b a �M/ b �`2 +?Qb2M `�M/QKHv- i?2

T`Q#�#BHBiv Q7 i?2 2p2Mi Bb 6

π2
X 6m`i?2`KQ`2- #v i?2 b�K2 K2i?Q/- i?2 T`Q#�#BHBiv Q7 i?2 2p2Mi

i?�i irQ `�M/QKHv +?Qb2M BMi2;2`b �`2 `2H�iBp2Hv T`BK2 Bb 2[m�H iQ 6

π2
�b BM *Q`QHH�`v 9XRXeX

*Q`QHH�`v 9XRXeX A7 irQ BMi2;2`b a �M/ b �`2 +?Qb2M `�M/QKHv- i?2 T`Q#�#BHBiv Q7 i?2 2p2Mi Bb
6

π2
X



_272`2M+2b

(R) �TQbiQH- hXJX AMi`Q/m+iBQM iQ �M�HviB+ LmK#2` h?2Q`vX L2r uQ`F, aT`BM;2`- RNdeX

(k) "BHHBM;bH2v- SX S`Q#�#BHBiv �M/ J2�bm`2X j`/ 2/BiBQMX L2r uQ`F, qBH2v- RNN8X

(j) *?2M- uX SX PM S`BK2b- .2MbBiv J2�bm`2b- �M/ ai�iBbiB+�H AM/2T2M/2M+2X h?2 *QHH2;2

J�i?2K�iB+b CQm`M�H je Ua2Ti2K#2` kyy8V, k39@k33X

(9) .B`B+?H2i- SX :X GX ɂ#2` /B2 "2biBKKmM; /2` KBiiH2`2M q2`i?2 BM /2` w�?H2Mi?2Q`B2X

�#?�M/HmM;2M /2` EƺMB;HB+? S`2mbbBb+?2M �F�/2KB2 /2` qBbb2M+?�7i2M

j3 UR39NV, eN@3jX

(8) :2;2M#�m2`- GX �bvKTiQBb+?2 :2b2ix2 /2` w�+?H2Mi?2Q`B2X .2MFb+?`B7i2M �F�/X qBbbX

9N UR338V, j3@dyX

(e) >�`/v- :X >X- �M/ q`B;?i- 1XJX �M AMi`Q/m+iBQM iQ i?2 i?2Q`v Q7 MmK#2`bX

9i? 2/BiBQMX GQM/QM, Pt7Q`/ lMBp2`bBiv S`2bb- RNd8X

(d) CQM2b- :X �X 6/π2 X J�i?2K�iB+b J�;�xBM2X ee U.2+2K#2` RNNjV, kNy@kN3X

(3) CmM;?2MM- >X .X � +Qm`b2 BM _2�H �M�HvbBbX "Q+� _�MiQM, h�vHQ` �M/ 6`�M+Bb

:`QmT- kyR8X

(N) E�+- JX ai�iBbiB+�H AM/2T2M/2M+2 BM T`Q#�#BHBiv- �M�HvbBb �M/ LmK#2` h?2Q`vX

LQ RkX L2r uQ`F, J�i?2K�iB+�H �bbQ+B�iBQM Q7 �K2`B+�- RN8NX

(Ry) GQv�- SX �K�xBM; �M/ �2bi?2iB+ �bT2+ib Q7 �M�HvbBbX L2r uQ`F, aT`BM;2`- kyRdX

(RR) JBHH2`- aX CX h?2 S`Q#�#BHBiv GB72b�p2`X qQQ/biQ+F, S`BM+2iQM lMBp2`bBiv S`2bb- kyRdX

(Rk) h2M2#�mK-:X AMi`Q/m+iBQM iQ �M�HviB+ �M/ S`Q#�#BHBbiB+ LmK#2` h?2Q`vX

S`QpB/2M+2, �K2`B+�M J�i?2K�iB+�H aQ+B2iv- kyR8X

(Rj) u2?- CX _2�H �M�HvbBb, h?2Q`v Q7 J2�bm`2 �M/ AMi2;`�iBQMX j`/ 2/BiBQMX

>�+F2Mb�+F, qQ`H/ a+B2MiB}+- kyR9X
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h?2 S`QD2+i S`QTQb�H Q7 *Qm`b2 kjyRjNN S`QD2+i S`QTQb�H
�+�/2KB+ u2�` kyRN

S`QD2+i hBiH2 Uh?�BV ïìóĉÿĎÝîŤìĊęøĆéÖčö×ĂÜÖćøĀćÙüćöîŠćÝąđðŨîìĊęÝĈîüîîĆïÿĂÜÝĈîüîđðŨî

ÝĈîüîđÞóćąÿĆöóĆìíŤÖĆî

S`QD2+i hBiH2 U1M;HBb?V � `B;Q`Qmb T`QQ7 Q7 i?2 T`Q#�#BHBiv i?�i irQ `�M/QKHv +?Qb2M

TQbBiBp2 BMi2;2`b �`2 `2H�iBp2Hv T`BK2

S`QD2+i �/pBbQ` �bbiX S`Q7X E2M; qB#QQMiQM

"v q22`�rB+? ar�bT�MB+? A. 8Njj89ddkj

J�i?2K�iB+b- .2T�`iK2Mi Q7 J�i?2K�iB+b �M/ *QKTmi2`

a+B2M+2- 6�+mHiv Q7 a+B2M+2- *?mH�HQM;FQ`M lMBp2`bBiv

"�+F;`QmM/ �M/ _�iBQM�H2

AM R39N- S2i2` :mbi�p G2D2mM2 .B`B+?H2i T`Qp2 i?�i � T`QQ7 i?�i T`Q#�#BHBiv i?�i irQ

BMi2;2`b- +?Qb2M `�M/QKHv- �`2 `2H�iBp2Hv T`BK2 Bb 2[m�H iQ 6

π2
BM (R)X

h?Bb `2bmHi Q7 .B`B+?H2i �HbQ K2MiBQM2/ BM i?2 +H�bbB+ #QQF (j) QM i?2 i?2Q`v Q7 MmK#2`b

#v >�`/v �M/ q`B;?i �M/ BM i?2 #QQFb Q7 (8)-(e) �M/ BM i?2 �`iB+H2 (9)X h?2 [m2biBQM r2 b?QmH/

�bF Bb ǳq?�i Bb i?2 BMi2`T`2i�iBQM Q7 i?2 T?`�b2 ǵq?�i Bb i?2 T`Q#�#BHBiv i?�i irQ TQbBiBp2

BMi2;2`b- +?Qb2M `�M/QKHv- �`2 `2H�iBp2Hv T`BK2Ƕ \ǴX



q?2M r2 i�HF2/ �#Qmi i?2 T`Q#�#BHBiv Q7 �M 2p2Mi i?�i � `�M/QKHv +?Qb2M M�im`�H MmK#2`

M Bb /BpBbB#H2 #v � M�im`�H MmK#2` F- i?�i Bb r2 M22/ iQ FMQr i?2 b�KTH2 bT�+2 �M/ i?2 T`Q#�#BHBiv

K2�bm`2 �bbB;M2/ iQ i?2 b2i Q7 �HH 2p2MibX AM 7�+i- Bi im`Mb Qmi i?�i i?2 T`Q#�#BHBiv +QMbB/2`2/ BM

i?2 .B`B+?H2iǶb `2bmHi Bb MQi U+QmMi�#Hv �//BiBp2V K2�bm`2 QM N × N Ub22 BM (R)VX

>2M+2- r2 b?QmH/ ;Bp2 � T`2+Bb2 K2�MBM; Q7 i?2 .B`B+?H2iǶb `2bmHiX

P#D2+iBp2b

:Bp2 � T`2+Bb2 K2�MBM; Q7 i?2 bi�i2K2Mi Ǵi?2 T`Q#�#BHBiv i?�i irQ TQbBiBp2 BMi2;2`b- +?Q@

b2M `�M/QKHv- �`2 `2H�iBp2Hv T`BK2ǴX �HbQ ;Bp2 irQ `B;Q`Qmb T`QQ7b Q7 i?Bb bi�i2K2Mi mbBM; i?2

T`Q#�#BHBbiB+ K2i?Q/ �M/ mbBM; �M�HviB+@MmK#2`@i?2Q`v K2i?Q/X

a+QT2

q2 bim/v i?2 bQ@+�HH2/ /2MbBiv K2�bm`2 QM i?2 b2i Q7 �HH M�im`�H MmK#2`b �M/ T`Qp2 i?�i

i?2 /2MbBiv K2�bm`2 Q7 i?2 2p2Mi i?�i irQ TQbBiBp2 BMi2;2`b- +?Qb2M `�M/QKHv- �`2 `2H�iBp2Hv T`BK2

Bb 2[m�H iQ 6
π2 X

S`QD2+i �+iBpBiB2b

RX aim/v `2H2p�Mi `2b2�`+?2b 7`QK (k)- (9) �M/ Qi?2` `2H�i2/ `2b2�`+?2bX

kX _2pB2r i?2 `2H�i2/ FMQrH2/;2 7Q` Qm` T`QD2+iX

jX :Bp2 � `2�bQM r?v r2 +�MMQi +QMbi`m+i � T`Q#�#BHBiv K2�bm`2 QM N × N b�iBb7vBM;

i?�i i?2 T`Q#�#BHBiv i?�i irQ `�M/QKHv +?Qb2M M�im`�H MmK#2`b U�-#V Bb /BpBbB#H2 #v � M�im`�H

MmK#2` F Bb 1

k2
X

9X S`Qp2 i?2 i?2Q`2KX

8X q`Bi2 � `2TQ`i �M/ T`2b2Mi � T`QD2+iX



a+?2/mH2/ QT2`�iBQMb

S`Q+2/m`2b �m;mbi kyRN @ �T`BH kyky
�m; a2T P+i LQp .2+ C�M 62# J�` �T`

RX aim/v `2H2p�Mi
`2b2�`+?2b 7`QK
(k)- (9) �M/ Qi?2`
`2H�i2/ `2b2�`+?2bX
kX _2pB2r i?2
`2H�i2/ FMQrH2/;2
7Q` Qm` T`QD2+iX
jX :Bp2 � `2�bQM
r?v r2 +�MMQi
+QMbi`m+i �
K2�bm`2
T`Q#�#BHBiv
QM N × N
b�iBb7vBM; i?�i
� T`Q#�#BHBiv
i?�i irQ
`�M/QKHv +?Qb2M
M�im`�H MmK#2`b
�-# Bb /BpBbB#H2
#v � M�im`�H
MmK#2` F Bb 1

k2 X
9X S`Qp2 i?2
i?2Q`2KX
8X q`Bi2 �
`2TQ`i �M/
T`2b2Mi
� T`QD2+iX

"2M2}ib

h?2 `2bmHi KB;?i H2�/ iQ mM/2`bi�M/ i?2 .B`B+?H2iǶb `2bmHi �M/ i?2 +QM+2Ti Q7 i?2 M�im`�H

/2MbBiv K2�bm`2 KQ`2 X



1[mBTK2Mi

RX *QKTmi2`

kX S�T2`

jX S`BMi2`

9X ai�iBQM2`v

8X qQ`/ T`Q+2bbBM; bQ7ir�`2

"m/;2i

RX h2ti#QQF 8yyy "�?i

_272`2M+2b

(R) *?2M- uX SX PM S`BK2b- .2MbBiv J2�bm`2b- �M/ ai�iBbiB+�H AM/2T2M/2M+2X h?2 *QHH2;2

J�i?2K�iB+b CQm`M�H je Ua2Ti2K#2` kyy8V, k39@k33X

(k) .B`B+?H2i- SX :X GX ɂ#2` /B2 "2biBKKmM; /2` KBiiH2`2M q2`i?2 BM /2` w�?H2Mi?2Q`B2X

�#?�M/HmM;2M /2` EƺMB;HB+? S`2mbbBb+?2M �F�/2KB2 /2` qBbb2M+?�7i2M

R39N UR39NV, eN@3jX

(j) >�`/v- :X >X- �M/ q`B;?i- 1XJX �M AMi`Q/m+iBQM iQ i?2 i?2Q`v Q7 MmK#2`bX

GQM/QM, Pt7Q`/ lMBp2`bBiv S`2bb- RNeyX

(9) CQM2b- :X �X 6/π2 X J�i?2K�iB+b J�;�xBM2X ee U.2+2K#2` RNNjV, kNy@kN3X

(8) E�+- JX ai�iBbiB+�H AM/2T2M/2M+2 BM T`Q#�#BHBiv- �M�HvbBb �M/ LmK#2` h?2Q`vX

LQ RkX L2r uQ`F, J�i?2K�iB+�H �bbQ+B�iBQM Q7 �K2`B+�- RN8NX

(e) GQv�- SX �K�xBM; �M/ �2bi?2iB+ �bT2+ib Q7 �M�HvbBbX aT`BM;2`@o2`H�;-

kyRdX



"BQ;`�T?v

J`X q22`�rB+? ar�bT�MB+?

A. 8Njj89ddkj

"`�M+? Q7 J�i?2K�iB+b

.2T�`iK2Mi Q7 J�i?2K�iB+b �M/ *QKTmi2` a+B2M+2

6�+mHiv Q7 a+B2M+2 *?mH�HQM;FQ`M lMBp2`bBiv
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