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CHAPTER 1

INTRODUCTION

This chapter introduces the concept of small area estimation, multivariate small

area estimation, problem in small area estimation and outline of this thesis.
1.1 Small Area Estimation

Survey data are now widely used in practice, which does not only provide the es-
timation for the total population but also for subpopulations (also known as domains).
Domains can be defined by geographic areas or socio-demographic groups or other sub-
populations. For example, a geographic domain (area) includes a state or province, school
district, municipality, metropolitan area and country, and socio-demographic domain may
be defined by an age-sex-race group within a large geographic area [34]. In the context
of sample surveys, we refer to domain or area estimators that are obtained based only
on the domain-specific sample data as “direct”. A direct (domain) estimator maybe use
the known auxiliary information related to the variable of interest. A direct estimator
is effective when the domain-specific sample sizes are large. However, in practice, when
the domain-specific sample sizes are not large enough (known as small area) to provide
a sufficiently precise direct estimator. In such situations, small area estimation (SAE)
methods can be used to get precise estimates of the parameter of interest from related
areas. It is necessary to use “indirect” (domain) estimators that “borrow strength” from
the sample of other areas through appropriate linking models. For example, synthetic es-
timators are indirect estimators that are used under the assumption that small areas have
the same characteristics as larger areas, and composite estimators are weighted averages
of direct estimators and synthetic estimators. Indirect estimators provide better precision
than direct estimators. However, both of these estimators suffer from design-bias, which

does not necessarily decrease as the sample size increases.



Some SAE techniques make use of mixed models by incorporating random effects.
There are two main kinds of mixed models which are used in small area estimation.
The first type is the unit level model that can be used when the information at the
unit level is available. The second type is the area-level model. The area-level models
are developed using direct area-specific estimates available from a survey dataset and
area-level covariates available from a census or administrative dataset. In 1979, Fay and
Herriot [15] introduced a basic area-level model to obtain estimates for mean per capita
income for small areas (with a population less than 1,000) in the USA. In the Fay-Herriot
model, the direct survey estimates of a single response variable in each area are linear
regression on area-specific covariates obtained from census data. The Fay-Herriot model is
one of the most popular methods used in Small area estimation because of its flexibility in
combining and explaining different sources of information. Moreover, it does not require
unit-level data. Various extensions of the basic area-level model have been proposed to
handle correlated sampling errors, the spatial dependence of the model errors, time series

and cross-sectional data [34].

1.2 Multivarite Small Area Estimation

Statisticians use the Fay-Herriot model for one variable or separately for each vari-
able. However, in some surveys, it may be desirable to consider two or more correlated
response variables together. In such cases, the multivariate Fay-Herriot model (see [9]
and [14]) can be used to incorporate the correlation among the response variables. When
multiple dependent variables are correlated, multivariate Fay-Herriot models may pro-
duce better results than univariate Fay-Herriot models, but these models have not been

received much attention.

Several applications of multivariate Fay-Herriot models have been introduced in the
literature. For example, Datta et al. [10] applied a multivariate Fay-Herriot model to
obtain hierarchical Bayes estimates of median income of four-person families for the US
states; Gonzalez and Manteiga et al. [16] studied a class of multivariate Fay-Herriot model

with a common random effect for all the components of the target vector; Benavent and



Morales [1] studied a class of multivariate Fay-Herriot model with one random effect per
components of the target vector and allowing for different covariance patterns between
the components of the vector of random effects; Nesa [30] used a multivariate Fay-Herriot
model to get improved estimates of health indicator; and Ubaidillah et al. [40] used a mul-
tivariate Fay-Herriot model to estimated household consumption per capita expenditure

(HCPE) on food and HCPE of non-food in Indonesia.

1.3 Adjusted Method for Estimation of Variance Components

An important problem in the analysis of Fay-Herriot models is the estimation of the
variance components. The standard methods for estimation of variance components have
been considered in the literature. The methods include the Prasad-Rao simple method-of-
moments [32], the Fay-Herriot method-of-moments [15], the profile maximum likelihood
method [17] and the residual maximum likelihood method [31]. The estimators are all
consistent, under certain regularity conditions. However, in some cases, all of the methods
could produce zero estimates of variance components. Li and Lahiri [27] and Morris and
Tang [29] proposed the adjusted maximum likelihood methods. These methods produce
a strictly positive estimates of variance components. Later on, Yoshimiri and Lahiri [41]
developed the adjusted maximum likelihood methods to obtain new adjusted maximum
likelihood methods. In this thesis, we consider the variance components estimation meth-
ods for the multivariate Fay-Herriot model, such as the profile maximum likelihood and
the residual maximum likelihood methods. These methods could produce zero estimates
of variance components for some components. Then we propose the adjusted maximum

likelihood method for the multivariate Fay-Herriot model.

1.4 Outline of the Thesis

In Chapter 2, we list all fundamental concepts of matrix algebra, matrix analysis,
random vectors and matrices, mathematical statistics, mathematical analysis, and the
concept of small area estimation. The concept of small area estimation include the Fay-
Herriot model, empirical best linear unbiased prediction (EBLUP), variance components

estimation and uncertainty of EBLUP.



In Chapter 3, we first review the multivariate Fay-Herriot model and variance com-
ponents estimation for multivariate Fay-Herriot model, including the profile maximum
likelihood (PML) method, residual maximum likelihood (REML) method and adjusted
maximum likelihood method of Li and Lahiri (AML.LL) [27]. In this chapter, we pro-
pose an extension of the adjusted maximum likelihood (AML) method for multivariate
Fay-Herriot model. Moreover, we derive the properties, including biases and consistency

of the obtained estimators and compare the obtained estimators in simulation.

In Chapter 4, we present the uncertainty of EBLUP and prediction interval. The
uncertainty of EBLUP follow Benavent and Morales [1], Datta et al. [8], and Datta and
Lahiri [11]. We compare the uncertainty of EBLUP based on the PML, REML, and two
AML estimators both in theory and simulation. The prediction interval include the Cox’s
empirical Bayes prediction interval in [5], traditional prediction interval, and parametric
bootstrap prediction interval in [4]. We compare the prediction interval using EBLUP

based on the PML, REML, and two AML estimators in terms of simulation.

In Chapter 5, we present a data analysis for the average household income and
average household expenditure in Thailand data set. We apply the AML.LL and AML
methods for this data set. The positiveness of the AML.LL and AML estimators play
a vital role since, for this data set, the PML and REML methods could be zero. We
observe that AML methods produce EBLUP’s which generally put more weight on the
direct survey estimates than the corresponding EBLUP’s that use the PML and REML

methods.

Finally, we give conclusions and future work of this thesis in Chapter 6.
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CHAPTER II

PRELIMINARIES

In this chapter, we provide definitions and some theorems associated with matrix
algebra, matrix analysis, random vector and matrices, mathematical statistic, mathemat-

ical analysis, and small area estimation which will be used in Chapter 3.
2.1 Matrix Algebra and Analysis

Since any linear model can be represented by a matrix form, knowledge in matrix
algebra is needed in studying a linear model. In this section, we review some well-known
definitions and theorems of matrix algebra and analysis needed in this study. More

intensive reviews of these topics are provided in [2], [19], [35] and [37].

In this thesis, an n x n identity matrix, n zero vector and n X n zero matrix are

denoted by I,,, 0,, and 0,,x,, respectively.
2.1.1 Transpose

Definition 2.1. The transpose of a matrix A = (a;;) is obtained by interchanging the

rows and columns of A, denoted by A’, that is A" = (a;;)" = (a;i).

Theorem 2.2. If A and B are both m x n matrices and C is an n X p matrix, then

(i) (AY) =A,
(i) (A+B) =A'+B,
(i) (AC) = C'A.

Definition 2.3. A square matrix A is called symmetric if A’ = A, or equivalently

(aij) = (aji).



2.1.2 Rank

Definition 2.4. A set of vectors x1,Xas,...,X, is said to be linearly independent if
c1X1 +caXg + -+ X, =0

implies that ¢; = 0 for all . Conversely, if x1,X2,...,X, are not linearly independent,

they are said to be linearly dependent.

Definition 2.5. Let A be an m X n matrix, the rank of A is defined as

rank(A) = number of linearly independent columns of A

= number of linearly independent rows of A.

It is clear that

rank(A) < min(m,n).

If rank(A) = n, where n < m, then A is said to be a full rank matrix.

2.1.3 Inverse

Definition 2.6. If A is a full-rank square matrix, then A is nonsingular. A nonsingular

matrix A has a unique inverse, denoted by A~!, such that

AAT=ATTA =1

Theorem 2.7. If A and B are nonsingular, then

() (A=A

(ii) A’ is nonsingular and its inverse can be found as (A’)~! = (A71),

(iii) (AB)"! =B~ 1AL



2.1.4 Determinant

Definition 2.8. The determinant of an n xn matrix A is a scalar function of A defined

as the sum of all n! possible products of n elements such that

(i) each product contains one element from every row and every column of A.

(ii) the factors in each product are written so that the column subscripts appear in
order of magnitude and each product is then preceded by a plus or minus sign
according to whether the number of inversions in the row subscripts is even or odd.

(An inversion occurs whenever a larger number precedes a smaller one.)

The determinant of A is denoted by |A| or det(A).
Theorem 2.9. (i) If D = diag(di,ds,...,dy), |D| =[]\, di.
(ii) The determinant of a triangular matrix is the product of the diagonal elements.
(iii) If A is singular matrix, |A| = 0.
(iv) If A is nonsingular matrix, |A| # 0.
(v) If A is positive definite matrix, |A| > 0.

(vi) [A'] =]A].

1

1 — _—
N

(vii) If A is nonsingular matrix, |A~

Theorem 2.10. If A and B are both n x n matrices, then the determinant of the product

is the product of the determinants:

(i) [AB| = |A|B],
(ii) [AB|=[BA],

(iii) |AZ%| = |AJ2.



Definition 2.11. Let A be an n X n matrix. The minor, M;;, ¢,7 = 1,...,n of the
element a;;, is the determinant of the matrix obtained by deleting the ith row vector and

jth column vector of A.

Definition 2.12. Let A be an n x n matrix. The cofactor, Cj;, 7,5 = 1,...,n of the

element a;j, is defined by

Cij = (=1)"™ My,
where M;; is the minor of a;;.

Theorem 2.13. Let A be an n x n matrix. If we multiply the elements in any row (or

column) of A by their cofactors, then the sum of the resulting products is |A|. That is,

(i) If we expand along row i,

n
|A| = ainCit + anCip + -+ + inCin = Y _ aiCi.
k=1

(ii) If we expand along column j,

n
|A| = a1;C1; + azjCoj + -+ +ay;Crj = Y _ arjChj.
k=1
Corollary 2.14. If the elements in the ith row (or column) of an n x n matrix A are
multiplied by the cofactors of a different row (or column), then the sum of the resulting
products is zero. That is,
(i) If we use the elements of row ¢ and the cofactors of row j,
n
Zaikcjk =0, 1#].
k=1

(ii) If we use the elements of column i and the cofactors of column j,

n
Zakickj =0, i#J.
k=1
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Definition 2.15. If every element in an n X n matrix A is replaced by its cofactor, the
resulting matrix is called the matrix of cofactors and is denoted M. The transpose
of the matrix of cofactors, My, is called the adjoint of A and is denoted adj(A). Thus,
the elements of adj(A) are

adj(A);; = Cji.

Theorem 2.16. If |A| # 0, then

A~ = _——adj(A).

2.1.5 Trace

Definition 2.17. The trace of an n x n matrix A = (a;;) is a scalar defined as the sum

of the diagonal elements of A:
n
tT(A) = Z Aij.
i=1

Theorem 2.18. If A and B are both n X n matrices, C is an n X p matrix, and D is a

p X n matrix, then

(i) tr(A £B) =tr(A) £ tr(B),
(ii) tr(cA) =c tr(A), if ¢ is scalar,
(iii) tr(A’) =tr(A),

(iv) tr(CD) = tr(DC).

2.1.6 Positive Definite Matrices

Definition 2.19. The symmetric matrix A is said to be positive definite matrix if for
all possible y except y = 0,

y'Ay > 0.
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Similarly, A is said to be positive semidefinite matrix if for all y,

y'Ay >0

and there is at least one y # 0 such that y’Ay = 0.

Definition 2.20. The symmetric matrix A is said to be negative definite matrix if for
all possible y except y = 0,

y'Ay < 0.

Similarly, A is said to be negative semidefinite matrix if for all y,

YAy <0

and there is at least one y # 0 such that y’Ay = 0.

Theorem 2.21. Let P be a nonsingular matrix.

(i) If A is positive definite, then P’ AP is positive definite.
(ii) If A is positive semidefinite, then P’ AP is positive semidefinite.

Corollary 2.22. Let A be an n x n positive definite matrix and let B be an m x n matrix

of rank m < n. Then BAB' is positive definite.

Corollary 2.23. Let A be an n x n positive definite matrix and let B be an m x n
matrix of rank m > n or if rank(B) = r, where < m and r < n. Then BAB' is positive

semidefinite.

Theorem 2.24. A symmetric matrix A is positive definite if and only if there exists a

nonsingular matrix P such that

A = PP

Corollary 2.25. Any positive definite matrix is nonsingular.
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Theorem 2.26. Let A be an m X n matrix.

(i) If rank(A) = n, then A’A is positive definite.
(ii) If rank(A) < n, then A’A is positive semidefinite.
Theorem 2.27. If A is positive definite matrix, then A~ is positive definite matrix.

Theorem 2.28. If A is positive definite matrix, then there exists a unique A/2 is positive

definite matrix such that (A1/2)2 = A.

2.1.7 Eigenvalues and Eigenvectors

Definition 2.29. For every square matrix A, a scalar A and a nonzero vector x can be
found such that

Ax = )x,

where A is an eigenvalue of A and x is an eigenvector of A.

Theorem 2.30. If A is symmetric matrix, then the eigenvalues A1, Ao, ..., A, of A are

real.

Notation 2.31. If the eigenvalues of A are real, then we index them from largest to
smallest as follows:

A < <A <AL

In this case, we sometimes use the notation Apax and Ay, to denote A\ and A, respec-

tively.

Theorem 2.32. If ) is an eigenvalue of n X n matrix A with corresponding eigenvector

X, then

(i) e\ is an eigenvalue of cA and x is the corresponding eigenvector,
(i) A* is an eigenvalue of A* and x is the corresponding eigenvector,

iii) 1/X is an eigenvalue of A~! and x is the corresponding eigenvector.
g
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Corollary 2.33. If A is an n X n positive definite matrix, then

)\min(Ail) = A;;X(A)
and
)‘maX(A_l) = )\I:liln(A)'
Theorem 2.34. Let A be an n x n matrix with eigenvalues A1, Ag, ..., An.

(i) If A is positive definite, then \; > 0 for i = 1,2,...,n.
(ii) If A is positive semidefinite, then A\; > 0 for ¢ = 1,2,...,n. The number of
eigenvalues \; for which \; > 0 is the rank of A.

Theorem 2.35. If A is an n X n matrix with eigenvalues A1, Ag, ..., Ay, then

() 1Al =T~
=1

n

(ii) tr(A) = Z Ai-

i=1
Corollary 2.36. If A is an n X n matrix, then

Amin(A) tr(I) < tr(A) < Apax(A) tr(I).
Theorem 2.37. If A and B are both n x n symmetric matrices, then
)\min(A) + )\min(B) S )\min(A + B) S )\maX(A + B) S )\max(A) + )\max(B)-

Theorem 2.38. If A and B are both n x n matrices or if A is n X p matrix and B is
p X n matrix, then the non-zero eigenvalues of AB are the same as those of BA. If x is

an eigenvector of AB, then Bx is an eigenvector of BA.

Theorem 2.39. Let A and B be n x n matrices. If A and B are positive semidefinite,
then

Amin(A) tr(B) < tr(AB) < Apax(A) tr(B).
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Theorem 2.40. Let A and B be n x n matrices. If A and B are positive semidefinite,
then

Amin(A))\min(B) S Amin(lA]3) S )\max(AB) S )\max(A))\max(B)-

2.1.8 Idempotent
Definition 2.41. A square matrix A is said to be idempotent if
A?=A.
Theorem 2.42. If A is singular, symmetric, and idempotent matrix, then A is positive

semidefinite.

Theorem 2.43. If A is an n X n symmetric idempotent matrix of rank » < n, then A

has r eigenvalues equal to 1 and n — r eigenvalues equal to 0.

Theorem 2.44. If A is an n X n symmetric idempotent matrix of rank r < n, then

tr(A) = rank(A) = r.

Theorem 2.45. If A is an n x n idempotent matrix and P is an n X n nonsingular

matrix, then

(i) I— A is idempotent,
(i) AO—A)=0and I-A)A =0,

(iii) P~'AP is idempotent.
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2.1.9 Kronecker Product

Definition 2.46. Let A and B be m x n and p x ¢ matrices. The Kronecker product
of A with B, denoted by A ® B, is defined as

anB a2B -+ a1,B

(I21B (I22B L ¢ 1) B
A®B= S

amlB amgB L amnB

where A = [a;jli=1,...m j=1,..n-

Theorem 2.47. Let A and B be both m x n matrices, C be a p X ¢ matrix and « be a

real number. Then

(i) A® (aB) = (aA)® B = a(A®B),
(i) (A®C)=A"aC,

(i) (A+B)®C=A®C+B&C,
(iv) C® (A+B)=C®A +C®B.

Theorem 2.48. Let A be an m x n matrix, B be a p x k matrix, C be an n X k matrix

and D be a k x ¢ matrix. Then

(A ® B)(C ® D) = (AC ® BD).
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2.1.10 Derivatives of Function of Vectors and Matrices

Definition 2.49. Let y = f(x) be a function of n variables of the vector x = (1,22, ..., 2,)".

The vector of the derivatives of the functions f is defined as

F oy
8$1
Oy
9y _ | o
ox :
Oy
L Oz,
Theorem 2.50. Let y = a’x = x’a, where 8’ = (a1, a2,...,a,) is a vector of constants.

Then
Jdy _ d(a’x) OJ(x'a)

=, —= a.

ox  Ox ox

Theorem 2.51. Let y = x’Ax, where A is a symmetric matrix of constants. Then

dy  O(x'Ax)

Theorem 2.52. Let x, y and z be vectors of length m, n and r, respectively, such that

z is a function of y, which is in turn a function of x. Then the chain rule for vectors is

02 _ o0y
ox Oy ox’

Definition 2.53. Let y = f(X) be a function of n x n variables of the matrix X. The

matrix of the derivatives of the function f is defined as

oy oy . oy ]
8$11 6112 611n
oy Oy ... Oy
8y _ 8$21 811722 8I2n
Oy %y .. Oy
L 8$n1 axn2 Bz,m .
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Theorem 2.54. Let X be an n X n positive definite matrix and A is an n X n matrix of

constants. Then

B - o

Theorem 2.55. Let X be an n X n positive definite matrix. Then

0
X log |X| = 2X ! — diag(X™1).
Theorem 2.56. Let X be an n x n positive definite matrix. Let A be a p X n matrix

and B be an n x m matrix such that AXB is nonsingular. Then

0
— log|AXB| = B(AXB) 'A.
S log[AXB| = B(AXB)
Theorem 2.57. Let X be an n X n nonsingular matrix that are functions of a scalar x.
Then
0 _,0X

fall, o (20 sy u
ox ox

Theorem 2.58. Let X be an n x n positive definite matrix that are functions of a scalar

x. Then
5 A

Definition 2.59. Let x = (21,22, ...,2,) and y = (y1,%2,...,¥n) be vectors of length
m and n, respectively, where each element y; is a function of x, saying that y is a function

of x. The derivative of the vector y with respect to vector x is the m x n matrix defined

as B i
9yr  Oya . Oyn
85(31 81‘1 8xl
9 Oy Oy2 . Oyn
l o 81122 8(E2 8(172
ox . . .
Oy1 0y2 .. OYn
L 0T, 0Ty 0Ty,
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2.1.11 Matrix Analysis

Definition 2.60. A vector norm on R” is a function || - || : R™ — R that satisfies the

following properties:

(i) [Ix|| > 0 for x € R™,
(i) [x+yl < [}x]| + [lyll for x,y € R",

(ili) [Jox]| = |a|||x]| for « € R,x € R™.

For example, a useful class of vector norms are the p—norms defined by

n 1/p
Ixllp = (Z !wz’\p> p> 1
=T

The 1—norm, 2—norm and co—norm are the most important:

1%/l = |21] + [z2] == + |z,
Ixll2 = (el + a2+ -+ fza)2) " = (%),
HXHOO — max ]xz\

1<i<n

Definition 2.61. A matrix norm on R™*" is a function || - || : R"*"™ — R that satisfies

the following properties:

(i) ||A|| >0 for all A € R™¥",

(ii) ||A|l =0 if and only if ||A] = 0,
(iii) [J[aA|| = |a||A] for all @ € R, A € R™*"™,
(iv) [|[A+BJ| < |A|| + |B]| for all A,B € R™*"

(v) |ABJ| < ||A[|Bl for all A, B € R™*".



19

For example, the 1—matrix norm, 2—matrix norm, co—matrix norm and F'—matrix

norm are the most important:

n

Al = 1%‘7%1; i,
1=

1A ]2 = Pmax(A"A)] 2,

Al = max > asl,

1<i<n 4=

7=1
IA]F = [tr(A’A)] 2.
Theorem 2.62. Each norm |- || on R™ is a continuous function with respect to the metric
p(x,y) = max |zi—yi onR™

Theorem 2.63. ([13]) Let f is scalar function. Let A and E be n x n matrices. The

Taylor series expansion of matrix function is

fA+E) =Y

=07

DA, E),
where

1 _ &
DINALE) = 25| [(A +E).
t=0

2.2 Random Vectors and Matrices

In this section, we will review briefly those statistical concepts and properties of
random vector and matrices needed in this study. More intensive reviews of these topics

are provided in [28], [35] and [37].
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Definition 2.64. Let y1,y2,...,y, be the random variables. Then the vector

U1

Y2

Yn
is called a random vector of length n.

Definition 2.65. The expected value of an n x 1 random vector y, denoted by p, is

defined as the vector of expected values of the n random variables y1,¥ys,...,y, in y:
Y1 Efyi] H1
Y2 Elys] 2
Ely] =E > = = u,
Lvn || | Elwl || b ]

where E(y;) = p; for alli =1,2,...,n.

Definition 2.66. Let y = (y1,%2,...,¥n) be a random vector of the n random variables
Y1,Y2,- .., Yn be such that

Varly;] = o?

)

and

Covlyi,yj] = o35 for i#j.

Then the covariance matrix, denoted by Cov|y], is defined as

2
01 012 - Oln
0921 0‘% cee 092
n
Covly| =2 =
2
Onl Op2 -+ Op

The covariance matrix X is symmetric because 0;; = 07;.
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Definition 2.67. Let x = (x1,22,...,2,) and y = (y1,¥2,...,¥s)’ be random vectors.

We define their covariance matrix as

Covlzi,y1] Covlzy,ye] -+ Covlz1,yn]
COV['CU27 yl] COV[QZ‘Q, 3/2] e COV[$2) yn]
Cov[x,y] =
I Cov[zm,y1] Covixm,y2] - - Cov[Tm,yn] |
Definition 2.68. The linear combination of the variables y1,yo,...,y, from a random
vector y using the ai,ao,...,a, terms as coefficients is defined as

a1y1 + agys + -+ apy, = a'y.

Theorem 2.69. If a is an n X 1 vector of constants and y is an n x 1 random vector
with mean vector p, then

Ela'y] = a'E[y] = a'p.

Theorem 2.70. If A is an m X n matrix of constants and y is an n x 1 random vector
with mean vector u, then

E[Ay] = AE[y] = Ap.

Corollary 2.71. If A is an m X n matrix of constants, b is an m x 1 vector of constants

and y is an n x 1 random vector with mean vector p, then
E[Ay +b|=Ap+b.
Definition 2.72. An n x 1 random vector y having density function given by

10 = g e (50— w1 =)

which is the multivariate normal density function with mean vector p and covariance
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matrix 3, equivalently, we say that y is distributed as N, (u, %) or

y ~ Np(p, 2).

The subscript n is the dimension of the n-variate normal distribution and indicates the

number of variables.

Theorem 2.73. If y ~ N, (p, ¥) and A is an n x n symmetric matrix of constants, then

E[y'Ay] = tr(AZ) + p'Ap

and

Var[y’Ay] = 2 tr(AX)? + 4/ ASAp.

Theorem 2.74. ([38]) Let y ~ N,(i, %), A and B be an n x n symmetric matrix of

constants. Then

E[(y'Ay)(y'By)] = 2tr(AEXBX) + tr(AX) tr(BX) + 44’ AXBu

+ tr(AX)u'Bp + p'Ap tr(BX) + (1 Ap)(1'Bp).

Theorem 2.75. ([38]) Let y ~ N,,(0,X), A, B and C be an n x n symmetric matrix of

constants. Then

E[(y'Ay)(y'By)(y'Cy)] = 4tr(AXBXCX) + 4 tr(AXCXBY)
+2tr(AX) tr(BXCX) + 2tr(BX) tr(AXCY)

+2tr(CX) tr(AXBY) + tr(AY) tr(BX) tr(CX).

2.3 Mathematical Statistics

In this section, we will introduce some important theories in statistics needed in

this study. More intensive reviews of these topics are provided in [3] and [20].
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Definition 2.76. Let X1, Xs,..., X, be a random sample of size n from the population
and T'(z1,z2,...,Ty) be a real-valued function, then the random variable or random

vector Y = T'(X1, Xo,...,X,) is called a statistic.

Definition 2.77. Any function of a sample used to approximate a parameter is called a

point estimator, that is, any statistic is a point estimator.

Definition 2.78. The bias of an estimator 0 of a parameter 6 is the expectation of the
difference between 0 and 6, that is E(§ — 6). An estimator whose bias is equal to zero is

called an unbiased estimator.

Definition 2.79. A sequence of random variables X1, Xo, ... converges in probability

to a random variable X, written as X, 73X , if
lim P(|X, — X|>¢€) =0,
n—oo

for all e > 0.

Theorem 2.80. Assume that {X,,,n > 1} are random variables and ¢ is a constant such
that
E[X,] = ¢ and Var[X,]— 0,

then

X, —c.

Definition 2.81. A sequence of estimators, 6,,, is a consistent sequence of estimators

of the parameter 0 if for every € > 0,

lim P(|0, — 60| > ¢) =0,

n—o0

or equivalently, (9n) is said to be a consistent sequence of estimators of parameter 6 if
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Theorem 2.82. If (6,,) is a sequence of estimators of parameter 6 satisfying

(i) lim Var[d,] =0,

n—o0

(i) lim E[f, — 0] = 0.

n—o0

Then, (0,,) is a consistent sequence of estimators of 6.

Definition 2.83. Let X be a random vector and X has probability function f(X|0) with

parameter 8. Then
9 2
1(6) = Eq [(@ logf(X|9)> ]

is called the information (or the Fisher information).

Lemma 2.84. If f(X]6) is twice differentiable with respect to 6 and satisfies

%Eg [;9 logf(X|0)] :/ [(;logf(aﬂO)) f(x|0)] da,

then

Eo [(%logf(Xl0)>2] Sep, L% g F(X16)

Theorem 2.85 (Cauchy-Schwarz inequality). For any random variables X and Y, if

X and Y have finite variances then

E|XY| < VE[X2E[Y2].

Theorem 2.86 (Holder inequality). For any random variables X and Y, then
E[XY| < (B[ X)YP (BY|7),

where p,q € (1,00) with % + % =1.

Corollary 2.87. For any random variable X,

BIX| < (B[x%)"”.
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2.4 Mathematical Analysis

In this section, we will introduce some important theories in the mathematical
analysis needed in this study. More intensive reviews of these topics are provided in [6]

and [24].

Theorem 2.88 (Sequential Criterion for Continuity). A function f : D — R is
continuous at the point ¢ € D, where D C R if and only if for every sequence (x,) in D

that converges to ¢, the sequence (f(x,)) converges to f(c).

Theorem 2.89 (Extreme Value Theorem). If f is a continuous function defined on
a closed interval [a,b], then the function attains its maximum value at some point ¢

contained in the interval.

Theorem 2.90 (Weierstrass Extreme Value Theorem). Let X C R" be a close and
bounded set and f be a continuous real-valued function on X. Then f attains a minimum

and maximum on X.

Definition 2.91. Suppose f and g are two functions defined on some subsets of the real

numbers, we write

flz) = O(g(z)) as z — oo,

if and only if there exist a positive constant M and a real number N such that

‘f(a:) <M forall x> N.
g

()

Definition 2.92. Suppose f and g are two functions defined on some subsets of the real

numbers, we write

f(z) =olg(x)) as x— o0,

if and only if for every positive constant M there exists a real number N such that

‘f(m) <M forall x> N.
g

()
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Notation 2.93. Note that F(x) = [O(f(x))]nxn for matrix-valued functions F' and real
function f such that F(z)/f(x) is element-wise uniformly bounded n x n matrix, as

T — OQ.

Notation 2.94. Note that F(x) = [o(f(2))]nxn for matrix-valued functions F' and real

function f such that F(x)/f(x) is converge to an n x n zero matrix, as £ — 00.

Theorem 2.95 (Triangle inequality). For any real numbers x and y, then

|z +y| < x|+ |yl

Theorem 2.96. For any real numbers x1, 22, ..., 2y, for 0 < p <1, then
n p n
D wi| <) lil
i=1 i=1
and for p > 1

That is,

for p € (0, 00).

2.5 Small Area Estimation: Univariate Fay-Herriot Models

In this section, we will review briefly the concepts of small area estimation. More

intensive reviews of these topics are provided in [26] and [34].

2.5.1 Small Area Estimation

Small area estimation (SAE) is one of well-known statistical methods to estimate

parameters when sample size is not large enough to provide reliable direct estimates. The
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concept of the small area estimation is to borrow strength from available information, such
as administrative records and census data, through models, called model-based approach.
Model-based methods can be conducted either area-level model or unit-level model based
on data availability. When unit-level data are available, the unit level model can be used.
However, most unit-level data is often inaccessible due to the security of the informant.

Therefore, in this section, we will consider the area-level model.

2.5.2 Fay-Herriot Model

The most widely used area-level model in small area estimation is the Fay-Herriot
model, proposed by Fay and Herriot in 1979 [15]. It was used first to estimate mean per
capita income for small places in the USA. The Fay-Herriot model is a linear random
effects model which links the small area mean 6; in area 7 on the auxiliary variables

x; = (%41, -..,2p) through the linking model:

0; =x:B+wu, i=12,....,m,

where B is a p x 1 vector of regression coefficients and u; are identically, independently
and normally distributed area-specific random effects (also called the model error) with

E[u;] = 0 and Var[u;] = A.

The sampling model:

yi:0i+ei7 i:1727"'7m7

where y; is a direct survey estimator of 8; and e; are independent and normally distributed
sampling errors with E[e;] = 0 and Var[e;] = D;. The sampling model indicates that the

sample estimates are related to the unknown small area means and sampling errors e;.

Combining the linking and sampling model, the form of the Fay-Herriot model is

yi=0;te=x;B+u +e,i=1,....,m, (2.1)
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where u; and e; are mutually independent. The sampling variances D; are assumed to be
known. In practice, the parameters 3 and A of the linking model are generally unknown

and are estimated from the available data.

We define y = (y1,.--,9m), X = (X1,..., X)), u = (u1,...,uy), and e =
(e1,...,€m)". The Fay-Herriot model can be rewritten as
y=XB8+u+e (2.2)

which is a special case of the general linear mixed model with block diagonal covariance

structure. The covariance matrix of y is V = diag (A + D;).
1<i<m

2.5.3 Empirical Best Linear Unbiased Prediction

We are interested in estimating the ¢th small area means 6;. It is well known that,
among all linear unbiased predictors 6; of 6;, the best linear unbiased predictor (BLUP)
yields the minimum mean squared prediction error (MSE), which is defined as E[(6; —6;)2].

For known variance A, under model (2.1), the BLUP for 6; is defined as

0; = (1 — B;)y; + Bix.8,

where

and

,B —_ (le—lx)—lxlv—ly

m -1 m
= (E(A + Di)_IXiX;> (Z(A + Di)_lxi}’i) :

i=1 =1

In the most realistic case when A is unknown. We can estimate A from the marginal

distribution of y. An empirical BLUP or EBLUP estimator of 6; is obtained by replacing
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A in BLUP by an estimator A of A. The EBLUP estimator 6; is a weighted sum of a

direct estimator y; and a regression synthetic estimator xi,B:

0; = (1 — By)y; + Bix,3,

where

P fZDi
and ,3 is B with A is replaced by A. Hereafter, the estimator A also denotes an even
translation invariant estimator for all 3 and y that achieve unbiasedness in the EBLUP,
A(—y) = A(y) and A(y—x'B) = A(y), as in [22]. The weight B; depends on the estimate

of the ratio between sampling variance D; and model variance A.
2.5.4 Variance Component Estimation

In the small area estimation with the Fay-Herriot model, accurate estimation of A
is necessary in order to obtain an efficient EBLUP for the small area means 6;. Jiang
and Lahiri [21] and Rao and Molina [34] list several estimators of A satisfies the con-
ditions. They include the Prasad-Rao simple method-of-moments estimator, the Fay-
Herriot method-of-moments estimator, the profile maximum likelihood estimator and the
residual maximum likelihood estimator. These estimators are all consistent for large m,

under certain regularity conditions (i) and (ii), below:

(i) D; are uniformly bounded,;

m -1

(ii) sup x; Z X;X; x; = O0(m™1h).
1<i<m i—1

However, a well-known problem associated with all of the above four variance component

estimation methods is that all could yield a zero estimate, especially when the number of

small areas is small. The zero estimate of A yields B; = 0 and consequently the EBLUP

estimator of 6; reduces to the regression estimator.
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In this section, we first briefly review the four commonly used estimators of A.
Then, we review the several adjusted method in [34], which produces strictly positive
estimator of A. Thus, the resulting EBLUP of 6; is never regression estimator and is

always a weighted combination of the direct estimator and the regression estimator.
2.5.4.1 The Four Commonly Used Estimators of A

1. Prasad-Rao Method-of-Moments Estimator (PR)
In 1990, Prasad and Rao [32] proposed a simple method-of-moments to estimate A. The

estimator is given by
< 1
APR = X X Dix;(X'X
el B)(y - XB) - Z X Xi),

where 8 = (X’X)"'X'y. Note that the last equation could yield a negative estimate.
In order to avoid the problem, they proposed the following estimator of A: APR —

max(APR, 0).

2. Fay-Herriot Method-of-Moments Estimator (FH)
The Fay-Herriot [15] estimator of A is based on the weighted least squares residual sum of
squares. Using the best linear unbiased estimator of S, B = (X'V-IX)"1X'V~1y. The

estimator of A is obtained by solving the following equation iteratively:

The left side of the last equation is the weighted residual sum of squares whose expectation,
under the Fay-Herriot model, is identical to the right hand side. This is motivation for
the Fay-Herriot estimator. Again the solution could be negative and so the following

estimator is used in practice: A™ = max(AF1,0).



31

3. Profile Maximum Likelihood Estimator (PML)
In 1967, Hartley and Rao [17] proposed the maximum likelihood (ML) approach. The

maximum log-likelihood under the Fay-Herriot model has the form

(a(B, A) = ¢ — S (log V] + (y ~ X8V (y — Xp), (23)

where ¢ is a constant and |V] is the determinant of V. By differentiating (2.3) with

respect to 3 and A, we have

jﬁeM(ﬁ, A)=X'Vily - X'V1Xg,
) 1
1008 4) = S(ly = XB)'V 3y - XB) — tr(V™)).

From, letting (9/88)¢m (8, A) = 0, we obtain 8 = (X'V~'X)~!X'V~ly. Replacing 3
by B(A) in (2.3), we obtain the following profile log-likelihood:

1
lp(A)=c— i(log V| + y'Py),

where P = V71 — V7IX(X'V-1IX)=1X/V~1. The first derivative of the last equation is

given as

%ep(/g _ %(y’P2y — (V).

The profile maximum likelihood or PML estimator of A is obtained as AP = max(AF,0)

where AP is a solution to (8/9A)¢p(A) = 0.

4. Residual Maximum Likelihood Estimator (REML)

In 1971, Patterson and Thompson [31] proposed the restricted or residual maximum like-
lihood (REML) approach. The approach uses transformed data which do not include the
inferences about the nuisance parameters 3. Under the Fay-Herriot model, the restricted

log-likelihood has the form

1
fr(4) = ¢ — - (log [K'VK| + y'Py),
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where c¢ is a constant, K is an m x (m — p) matrix such that rank(K) = m — p, K'X =0,
and K(K'VK) 'K’ = V71 - V7IX(X'V~IX)"I1X'V~! = P. The first derivative of the

last equation is given as

D n(4) = L(y'PPy — tx(P)).

The residual maximum likelihood or REML estimator of A is obtained as AR = max (AR, 0)

where AR is a solution to (8/0A)¢r(A) = 0.
2.5.4.2 Adjusted Maximum Likelihood Methods

Section 2.5.4.1 considered the estimation of A, the variance of the model error w;,
and presented two methods of moment, PML and REML estimators. All these methods
can lead to negative estimates A, especially for small sample size m, which are then trun-
cated to zero: A = max(A,0). A drawback of this truncation is that the resulting EBLUP
estimates, éi, will attach zero weight to all the direct survey estimates y; regardless of
the sample sizes when A = 0. Then the EBLUP with zero weight of survey estimates is

undesirable because it ignores the sample from survey data.

Several methods have been proposed to avoid a zero value for A. For example, in

2010, Lahiri and Li [25] defined the adjusted likelihood as
Lags(4) o h(A)L(A),

where L(A) is either Lp(A) or Lg(A).

For Fay-Herriot model (2.2), the profile likelihood and the residual likelihood under

normality are given by

1
Le(t) < [VI 2 exp { - 3y'Py )

and

1
Lr(A) o [X'V X[ V2V 2 exp {—2y'Py} ,

respectively.
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The adjustment factor h(A) is chosen to ensure that the estimate maximizing
Laqgi(A) with respect to A over [0,00) This feature prevents zero weight of the EBLUP
even for small m. A simple choice of h(A) is h(A) = A (see [27] and [29]). This choice
gives a strictly positive estimate Ay y. Then, in 2014, Yoshimori and Lahiri [41] proposed
alternative choices of h(A). This choice lead to Lag;(A) closer to Lg(A) or Lp(A). The

m A 1/m
h(A) = (arctan (Z T D))
i=1 !

satisfies these conditions, and we denote the resulting estimator of A as Ayr.

choice

2.5.5 Uncertainty of EBLUP

The MSE of the BLUP under the Fay-Herriot model can be derived as follows:

MSE[6;] = E[(6; — 0:)%] = g1:(A) + g2:(A),

where
AD;
g1i(A) = AT D
and
i(A) = 7Di2 x) i(A—FD-)*lx-x’ _lx'
92i - (A—{“DZ)Q 7 ar ) 14%g 7.

Under the regularity conditions (i) and (ii), the first term of the MSE of the BLUP,
g1i(A) is O(1), whereas the second term, go;(A), due to estimating 3, is O(m 1) for large
m. From the MSE of the BLUP, it is obvious that when the variance of the model error,
A, is small relative to the total variance, 6; is much more efficient than y; which has

variance D;.

An important matter of SAE is to determine the accuracy of the predictors. A naive
measure of uncertainty of an EBLUP is the MSE of the corresponding BLUP. However,
in 1984, Kackar and Haville [23] showed that the MSE of BLUP is smaller than that of

EBLUP and their difference depends on the variability of the estimator A, which is of the
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order of O(m™1) for large m. It is not accurate enough to be ignored for most small-area
applications. In 1990, Prasad and Rao [32] provide an approximation of MSE of EBLUP

under the Fay-Herriot model as
MSE[0;] = E[(0; — 6;)%] = g1i(A) + g2:(A) + gsi(A),

where

D}

AT D Var(A).

93i(A) =
A second-order unbiased estimator of MSE[6;] is
mse[f;] = g1i(A"T) + g2i(A™R) + 2g3;(A™),

where

Var[ATR] = %Z A+ D;)?

In 2000, Datta and Lahiri [11] extended this to the case where the variance components
are estimated by the profile maximum likelihood or residual maximum likelihood method.

They obtained the second-order unbiased MSE estimator

mse[0;] = g1i(A) + gai(A) + 2g3:(A) — bias(A) Vg (A),

where bias(A) is second-order unbiased estimator of Bias(A) and

with

||M

Var[AMY] = Var[ARE] = 2 (

Vou(4) = <AfDi>2'



CHAPTER I11

ADJUSTED MAXIMUM LIKELIHOOD

METHODS

In this chapter, we extend an adjusted maximum likelihood method to obtain a
method for multivariate Fay-Herriot model. In Section 3.1, we give a review of the multi-
variate Fay-Herriot model. In Section 3.2, we discuss the variance components estimation
for multivariate Fay-Herriot model (see [34] and [36]). Then, we propose a new adjusted
maximum likelihood method for multivariate Fay-Herriot model and derive the properties
of the obtained estimator in Section 3.3. Finally, we present results from a Monte Carlo

simulation in Section 3.4.
3.1 Small Area Estimation: Multivariate Fay-Herriot Models

The multivariate Fay-Herriot (MFH) model is an extension of the Fay-Herriot model
defined in (2.1) when we have multiple variables of interest, say R variables. Similar to the
univariate Fay-Herriot model, the multivariate Fay-Herriot model contains of two models:
sampling model and linking model. For the sampling model, let p; = (a1, - - -, par) be
an R x 1 vector of R characteristics of interest in the domain d, and y4 = (ya1, - - -, Yar)’

be an R x 1 vector of direct survey estimators of ;. Then

yd:“d+eda d:1727"'7D7

where the e; = (eq1, ..., eqr)’ is the vector of sampling errors which are independent and
normally distributed with E[ey] = Or and known covariance matrix Cov[ey] = Vg, with

dimension R x R. For the linking model, the population mean g, is the linked to the
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auxiliary variables Xy,

Nd:Xd,B+ud7 d:1727"'7D7

where ug = (ug,...,uqr)" is the vector of area specific random effects (also called the
model errors) which are independent and normally distributed with mean E[uy] = 0 and
covariance matrix Cov[uy] = V4, Xy is an R x pR matrix of auxiliary variables with rth
row given by (07,,...,0,,x),.,0,,...,0,) with p < D, and 8 = (8},...,B8) is a pR x 1

vector of regression coefficients. Here, x/,  occurs in the rth position of the row vector

(rth row).

Combining the sampling model and the linking model, we obtain a multivariate
Fay-Herriot model

Yd:Xd/3+ud+ed7 dzla"'7D> (31)

where ug and e; are mutually independent.

Let y = (y1,...,yp) be the vector of direct survey estimators of p = (pty,...,up)’,

X = col; <4< p(Xq), and define

= 1 == 1 Vu: d V 9
v 1ngOgD(ud)’ Hd 1§C19§R(udr)’ 1§11a§gD( u)

e= col (e e; = col Ve = diag (Veq),
lgng( d)7 d 1§r§R(edT)7 e 1§d§D( d)

where col is the matrix operator stacking columns of a matrix.

In the vector form, the multivariate Fay-Herriot model is

y=XB+u+e, (3.2)

=XB+w,

where u and e are independent random variables such that u ~ N(0,Vy), e ~ N(0, Vo),

andw=y—-XB=u+v~N(0,V)withV=V,+ V..
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In this work, we consider Model 1 in [1] where the covariance matrix of model error

and sampling error are

Vg = X(0) = diag (6,) and positive definite matrix V4, (3.3)
1<r<R

respectively, for d = 1,...,D. For notation simplicity, we denote 3 for 3(0) for the
rest of this thesis book. The covariance matrix 3 depends on the vector of R unknown

parameters @ = (61,...,60R)".

The BLUP estimator of u is given by

fo=Vu(Vy + V) iy + Vo(V, + Vo) 71X3, (3.4)

where 8 = (X'V~1X)~1X’V~ly. The BLUP estimator depends on the unknown param-
eters 6. Substituting an estimator 6 for 6, we obtain the empirical BLUP or EBLUP

estimator fi of p

fo=Vu(Vi+ Vo) ly + Ve(Vy + Vo) 'XB, (3.5)
where 3 = 8() = (X'V7IX)"1X'V-ly and V = V, + V. with V, = V().

Following Benavent and Morales [1] and Gonzalez-Menteiga et al. [16], we assume

the following regularity conditions throughout the thesis:

1. 0<p<D,0< R<D;
2. ¥ and Veq,d = 1,..., D, are positive definite matrices with uniformly bounded

elements. This implies that V=V, + V.= diag (X)+ diag (Veq) is positive
1<d<D 1<d<D

definite matrix;

3. The elements of the covariate matrix X, |zg4x| < & < oo, for some positive real

number z, for all d, r, and k, X'X = [O(D)]prxpR;
4. X'VIIX = [0(D)]prxprs Yot VgVealr = O(D);

5. (X'VIX) ™! = [O(D7Y)prxpr;
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-1
1 —19Vy/—19V _ - ,
6. <[—2tr (V oV 1871‘)}1']:1 R> = (00" pxr

7.0, = k+ y'C,y is an unbiased, consistent and translation invariant estimator of
0;, where k = O(1) is constant and C; = diag([O(D™Y)|rxg, - - -, [O(D™Y)]rxr) +
[O(D_2)]DR><DR7 foralli=1,..., R;

8. limsup max Amax(Veq) < 00.
Dsoo 15d<D

3.2 Variance Component Estimation for Multivariate Fay-Herriot Model

For the unknown parameters 6 in covariance matrix 3 in model (3.2), we consider
two standard methods for the estimation of variance components : the profile maximum

likelihood (PML) and the residual maximum likelihood (REML) methods.
3.2.1 Profile Maximum Likelihood Estimator (PML)

The profile log-likelihood function [17] is defined as
1 /
(p(8) =~  (log|V| + ¥/PY) (3.6)

where P = V7! — V7IX(X'V~IX)~!X’V~L. The first partial derivative of (3.6), for

1=1,..., R, is given as
owp(0) 1 [ , 0V 0V
=— P—Py—-tr|V
20, 2 (y a0, ° " 0
1/, 0V 0V
_Q(WP(?HZ'PW_U<V 69i>>, (3.7)

where w = y—X/3 and we use the fact that PX = 0 to obtain (3.7). The profile maximum
likelihood or PML estimator of @ is denoted as 9P = [éf]i:17.,,’3, where éf = max(éf, 0)

such that 6} is the solution to (9/96;)¢p(8) = 0.
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3.2.2 Residual Maximum Likelihood Estimator (REML)

The residual log-likelihood function [31] is defined as
1
éﬁ@):c—gﬂ%ﬂyVKL+wa, (3.8)

where ¢ is a constant, K is a DR x (DR — pR) matrix such that rank(K) = DR — pR,
K'X =0, and K(K'VK) 1K' = V71 - V-IX(X'V~IX)"1X'V~! = P. The first partial
derivative of (3.8), for i = 1,..., R, is given as

0lr(0)
00;

1/ ,.0V OV
— ~ (yvPL Py — tr [K(K'VK) 'K

2@ a6; % KVK) K 5,

1( ,_aV oV
—(yPLpy (P

2 (y a6, Y tr( 80i>>
_
2

PN oV
<WP89iPW tr P(?@i , (3.9)

where w = y — X3 and we use the fact that PX = 0 to obtain (3.9). The residual

maximum likelihood or REML estimator of @ is denoted as éR = [HAZRL':LMR, where

oF = max(éiR, 0) such that éZR is a solution to (0/06;)¢r(0) = 0.
3.2.3 Adjusted Maximum Likelihood Estimator of Li and Lahiri (AML.LL)

In this section, we consider a special case, where §; = 0 for alli = 1,..., R. For this
case, we apply the adjusted maximum likelihood method of Li and Lahiri, called AML.LL
[27] to obtain the variance parameter 6. The adjusted likelihood function of 6 is defined

as
Laa(0) = 0 x L(0),

where L(0) is the likelihood function of the parameter §. The likelihood functions con-

sidered are either profile likelihood or residual likelihood.
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The corresponding adjusted profile and residual log-likelihood function are respec-

tively defined as
1 /
laprr(0) =c— 3 (log V| +y Py) + log(0),
and
1
larin(0) =c— 3 (log IK'VK| + y’Py) + log(6).

The adjusted profile maximum likelihood (APML.LL) and adjusted residual maximum
likelihood (AREML.LL) estimators of § are denoted as GAPLL and GARLL  where GAPLL
is the solution to (8/90)¢aprr(f) = 0 and GARLL is the solution to (8/96)¢ar.Lr(f) = 0,

respectively.

Under the regularity conditions given in [27], we have

_ xret P
tr(P -V )+2/9+0(D_1) i § — GAPLL

E[é _ 9] _ 2/9tr(V—2) A )
m I O(Dfl) if 9 = QAR.LL
and
ONGE 2 h
E[0 — 0] = (V-2 +o(D7)

In this section, we have discussed the estimation of parameters 6 in the covariance
matrix 3, of the vector of random effects ug, d = 1,...,D. The PML and REML methods
of estimation of @ can lead to negative estimates of variance for some cases of random
effects ug,, ford =1,...,D,r =1,..., R, which are then truncated at zero. For AML.LL
methods, these methods can prevent the zero estimate of 8. However, the method is only

applicable for the case where §; =60 foralli=1,...  R.
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3.3 Adjusted Maximum Likelihood Method (AML)

In this section, for covariance matrix X defined in Section 3.1, we propose the
adjusted maximum likelihood method to obtain the strictly positive estimate of 8. The

adjusted likelihood function of @ is defined as
Lagi(6) = [V x L(0),

where L(0) is a standard likelihood function (profile and residual likelihood function).

From (3.6) and (3.8), the adjusted log-likelihood functions corresponding to profile

and residual likelihood function are given by

1 1
lap(0) =c — §(log V| +y'Py) + Elog 1%,

and
1

1
lAr(0) =c— E(log IK'VK| + y'Py) + D

log |X].

By solving (0/00)lxp(0) = 0 and (0/00)¢xr(0) = 0, we obtain an adjusted profile
maximum likelihood (APML) estimator, éAP, and adjusted residual maximum likelihood

(AREML) estimator, 9AR, respectively.

~ AP ~ AR
Both @ and @  are even translation invariant estimators of 8. That is adjusted
maximum likelihood estimators satisfy the following two conditions: (1) 8(—y) = 6(y)

and (2) O(y — XB) = 6(y) for all y and B. This property follows from (3.7) and (3.9).

In the next sections, we consider positiveness and asymptotic properties of the

adjusted maximum likelihood estimate 6 in Section 3.3.1 and Section 3.3.2, respectively.
3.3.1 Positiveness of the AML Estimators

~ AP ~AR
In this section, we will show that both 8 and 8 are strictly positive.
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Lemma 3.1. Let f(-,-,...,:) be a continuous and positive-valued function of x =
(z1,22,...,2y) where z; >0, for all i =1,...,n and
n
x}gnmnx?f(xl,xz,...,xn) = x}grloog(ajl,x%...,xn) =0, forall j=1,...,n
i=1
such that a > 0. Then there exist xg1, 22, . .., Ton such that
9(z01, 702, - -, Ton) = max  g(x1,T2,...,Tn)

X1,L2,..yTn

and xg; > 0 foralli=1,2,...,n.

n
Proof. Since f(z1,x2,...,xy) >0, we have g(z1,22,...,2,) > 0 when 1_[:17Z > 0.
. i=1
Since lim Hmf‘f(xl,xg, ...y Tyn) =0 for any fixed x9,z3, ..., ,, there exists N1 € N,

Z1—>00 -
=1

n

Hacf‘f(a:l,xg,...,:cn) <€
i=1
for all x1 > N7, where
n
€= Haz?f(l,xg,m,...,xn) > 0.
i=2

n
Since lim H:U?f(l, x2,...,&n) = 0 for any fixed x3,zy4,...,x,, there exists Ny € N,
=2

To—+00 4

Hx?f(lﬂxQV"vxn) < €2

for all o2 > N, where

n
€ = Hq:f‘f(l,l,azg,x4,...,xn) > 0.
=3
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n
Continue process. Since lim H xd f(1,1,...,1,z,) = 0, there exists N, € N,
Ly —>00 i1

n
H (1,1, x,) < €,

i=n—1

for all z,, > N,,, where

en = f(1,1,...,1) > 0.

Let N = max(Ny, No, ..., Ny,). For (x1,x9,...,2,) € (N,00)",

n
fo‘f(xl,mg,...,xn) < f(1,1,...,1).
i=1
By the Extreme Value Weierstrass Theorem, there exist zo1, Zg2, ..., Zon € [0, N]™ such
that
g(xol,l’og,...,a}()n) = max g(ml,xg,...,:cn).

T1,%2,...,L, E[0,N]™

If g(xo1,x02,---,Ton) > f(1,1,...,1), then

9(T01, T2y« -, Top) = — gaxx g(z1, 22, ..., Tp).

If g(xo1, o2, - - -y xon) < f(1,1,...,1), then

g(:L'()l,HJ()Q, Ce ,.%'()n) = - gnaxz g(xl,xg, ey xn)
1,820y

and T01, 202y -5 LOn = 1.
Since g(zo1, 02, - - -, %0,i-1,0,Z0it1,--.,2n) = 0, g does not attain maximum at
(zo1, 02, - .-, Ton) With xg; = 0 for some ¢ = 1,...,n. Hence g has maximum at

(zo1, 02, - - -, Ton) Where zg; > 0 foralli =1,...,n. O



44

Theorem 3.2. The adjusted profile maximum likelihood (APML) and the adjusted resid-

ual maximum likelihood (AREML) estimators are strictly positive.

Proof. The positiveness of the APML and AREML estimator can be easily derived from
Lemma 3.1. We first consider the APML estimator, the adjusted profile likelihood function

is

Lar(6) = |SY7 Ly (6)

_ 1
— =2V e {-5yPy ],

where P = V71 - V7IX(X'V-IX)"1X/V~L It is clearly, the profile likelihood function

Lp(0) is a continuous and positive function of 8. Then, for i = 1,..., R, we consider

1
lim ¢|S|YP V|72 exp {—y’Py}

CHR 0 /Dexp{—%y’Py}

= lim

CHR Hl/Dexp{—%y’Py}
= lim
8imvo0 Hd 1 [Val2/2
R 1/D 1,/
1 0r —sy'P
) exp { —5y'Py}

o g vl

R ,1/D

. cll— 0r 1

= lim 1= o p{—QY/PY}
9—>oo Hd 1|2+Ved|

I gl/P 1
lim exp{—y'Py})
(9 == 12 1|2+Vd|1/2> < e 2

=0,

1
where we use the fact that lim exp {—2y’Py} =1lfori=1,...,R.

ei*)OO

By Lemma 3.1, there exist 0 = (Bo1, - ..,00r) such that Lap(0) attain maximum
at (fo1,...,00r) where 6p; > 0 for all ¢ = 1,..., R. The same technique can be applied

to show that the AREML estimator is strictly positive. O
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3.3.2 Asymptotic Properties of the AML Estimators

In this section, we will prove the asymptotic properties of the APML and AREML
estimators. First, we obtain the asymptotic representations of 9AP — 60 and 9AR — 0 for
the multivariate Fay-Herriot model. To prove this asymptotic representations of 9AP -0
and éAR — 60, we need the following lemmas and corollaries. The letter ¢ appeared in this

section stands for a constant which vary among difference places.

Lemma 3.3. ([7]) Let Q be a symmetric matrix, and & ~ N(0,I). Then, for any m > 2,

there is a constant ¢ that only depends on m such that

E[€'Q¢ ~ E[€'Q¢]|™ < c]|Ql,

where ||Q||p is defined as (tr(Q'Q))Y/2.

Lemma 3.4. ([7]) Let £(6) be the likelihood function of . For any 6 which is obtained

as a solution to a “score” equation of the form 9¢(0)/060 = 0, suppose that

1. ¢(0) = ((0,y) is three times continuously differentiable with respect to 6 =

(01,...,05), where y = (y1,...,9n),
2. 8 € O, the interior of O,

3. —oo < limsup )\maX(G*IAG*I) < 0, where A4 means the largest eigenvalue,
n—oo

A = E[0%0(0)/06%], and G = diag(gi,...,gs) with g;, 1 < i < s such that

g« = min g; — 00 as n — o0,
1<i<s

4. the mth moments of the following are bounded (m > 0):

(a) 91 82(0‘?) , 1<i<s,
2 2
(b) 1 |0°4(0) & 0°0(0) l<ij<s
\/9i3;5 8@8@ 89189]
g 9°(0) -
— 5 ———|, 1 < k<
C) 9i9; 9k Sup9655(9) 89189389k y LRSS,
where S5(0) = {0 : |0; — 0;| < 6g./gi,1 < i < s} for some § > 0.
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Then there exists 6 such that for any 0 < p < 1, there is a set B satisfying for large n

and on B, 8 € ©, 90(0)/00 = 0, |G(8 — 0)| < g+ *, and

0—0=—-Alta+r,

where a = 80(8) /00, and |r| < g, *n with E(y™) is bounded; and P(B%) < cg; ™™, where

7= (1/4) A (1 — p) and c is constant.

We now define an estimator 7 of 7(€) having the following property:

E(f) = n(0) + o(g,?). (3.10)

It follows from (3.10) that the bias of 7 is 0(g; ). Let a = 9¢(8)/00, A = E[0((0)/06?],
b = 9n(0)/00 = (b;), B = 0°7(0)/06> = (B;;), F = 02((0)/06%, H; = 0¢(0)/00;06,
and C = (a’A‘lHi)i:Lm,s, where s is the dimension of 8. Also, let Q = G"'AG™!, and
W = Q! = (wy). Let G la=(\),GV2(F - A)G /2 = (\;;), GT'H;G ™! = (\jjn).
Then, we define the following vector, matrix and arrays: Uy = (u;), U1 = (uy), Uy =
(ujrr) and Uz = (Ujkimn ), Where u; = E[N], uy = E[NN], wji = E[Ajp ], and wjpimn =
E[XjkmAiAn]. Note that all of these are functions of 6. For example, A = A(0). The
norm of a r-way array (r > 3) U, denoted by ||U||, is defined as the maximum of
the absolute values of its elements. Recall that the norm of a matrix M is defined as

M| = [Amax(M'M)]'/2. Define

Ag(0) = —2b' AL E[al,
A1(0) =b' A E[FA™ta],
Ay(0) = %E[a’A‘lBA_la],

A3(8) = —%b’A‘l E[CA™'a].
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Finally, we define

3
i =mn(0) =Y A;(0),
§=0
provided that |f)| < cgg); otherwise, let § = 7(8*), where ¢y and \ are known positive

constants, and €* is a given point in ©.

Lemma 3.5. ([7]) The estimator 7 of n(@) given above satisfies the property (3.10)

provide that

1. n(@) is three times continuously differentiable and the following are bounded: 7(8),

b, ||BJ| and ~
°n(0)

PR LAITANY 1<1.7. k<
90,00,00, |’ shik<s,

sup
0eS;s (69)

where § is positive number and Ss(0) = {é : |9~Z —0;| <dg./gi,1 <i<s}.

2. The conditions of Lemma 3.4 hold with m > 8+4\ and ¢(80) four times continuously

differentiable with respect to 6.

3. The mth moments of the following are bounded:

1 |_0%(e) 2%(8)
_E L<iike<
(a> V939K | 00:00;00;, [89169]-89,6} AL RSS,
1 0930(0)
1<i4,7. k<
9% | 96:06,00, | L S BIk =S
2 107
9x 0%4(0) o
© ngigra o |0 L <60,k < s

L swp [QEB)-QO)] —0,and sup [[U;(8)—Uj(0)]| 0,/ = 1,2,3, 55 = 0
6eS;5(0) 6€55(0)
uniformly in n.

5. |E[a] is bounded and sup |E[a]|,_s — E[a]| = 0, as § — 0 uniformly in n.
5655(9)
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Lemma 3.6. Let V = I®QX+V, be the covariance matrix of y in multivariate Fay-Herriot

model (3.2). We have the following properties:

v
(1) g 0= Ip ® E;, where E; is the diagonal matrix of an R x 1 identity vector e;,
\%
(2) gg. is symmetric,
oV
(3) 50, is idempotent,
oV . .
(4) 50, has D eigenvalues equal to 1 and D(R — 1) eigenvalues equal to 0,
oV
(5) 50, is positive semidefinite,
oV [0V
6 — | =0 for i # j.

Proof. For (1), note that

oV 0
a6, —%(I(@E—FVQ)
0 OV,
—8—&(1®2)+ a6,
ol ox
:%®2+I®%+ODR><DR

where we use the fact that ¥ = diag; <, <(0:) to obtain last equation and E; = diag(e;)

is the diagonal matrix of an R x 1 identity vector e;.

For (2), note that

(Ip @ E;)

ovy’
06;
=1p 0 E]
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where we use the fact that E, = (diag(e;))’ = diag(e;) = E; to obtain the last equation.

Hence is symmetric.

00;

For (3), note that, using theorem 2.48,

) () -momoen

= (IpIp ® E;E;)

= (Ip ® Ey) (3.11)
oV

00;’

where we use the fact that E;E; = (diag(e;))(diag(e;)) = diag(e;) = E; to obtain (3.11).

Hence

is idempotent.
i

ov
For (4), Si
or (4), Since 20,

A%
2.43, 2. has D eigenvalues equal to 1 and D(R — 1) eigenvalues equal to 0.
i

is a symmetric and idempotent matrix of rank D, by Theorem

For (5), since has the zero eigenvalue, it is singular. Since

[ 7

is singular,

symmetric, and idempotent matrix, from Theorem 2.42, is positive semidefinite.

00;

For (6), note that

(B)(&)-eosmven

= (IpIp ® E;E;)
= (Ip ® OrxR)

= O0pRrRxDR-

oV oV S
Hence (69i> <60]> = O0prxpR for i # j. O
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Lemma 3.7. Under the multivariate Fay-Herriot model (3.2), for i =1,..., R,

oV DR
< -1 ki
(1) 0<tr <V 89i> S (V)
and
oV DR —pR
< I I il stk
(2) 0<tr (P 891') S (V)

where V=Ip @ X +V,, P=V ! -V IX(X'VIX)" X'V~

Proof. For (1), since V is positive definite, from Theorem 2.27, V1 is positive definite.
From Theorem 2.39, Lemma 3.6(5), and Corollary 2.36, we have

oV oV
vl — vl
% < 89i) SC (891- >

oV B
< AN
< Ao g ) V)

=tr(V1)

S )\max (Vﬁl) tI‘(IDR)
DR
)\min(V) ’

where we use Corollary 2.33 to obtain the last equation.

Then, from Theorem 2.39, Lemma 3.6(5) and Lemma 3.6(4), we have

oV oV
-1 _ -1
tr(V Gei)_tr<89iv )

oV .
> A

=0.
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Hence,

0<tr (Vla

DR
<
892> -

)\min(V)7
fori=1,...,R.

For (2), let B = Ipp — V12X(X'V-IX)"1X'V~/2. Then B is symmetric and
idempotent. Therefore, the eigenvalues of B are either 0 or 1. Since B is symmetric and
has non-negative eigenvalues, B is positive semidefinite. From Theorem 2.26(ii), we have

P = (V~1/2B)(V~/2BY is positive semidefinite. From Theorem 2.39, we have

OV _  (OV 1) —1/2p2/
tr <P89i> —tr<80i(V B)(V=/“B)

< Amax (%) tr ((V*WB)(V*WB)’>

= tr(V"'B)

S )‘max(v_l) tI‘(B)

= A (VY tr(Ipg — V7 2X(XVIX) T IXIV12)
= X (V1) [tr(Ipg) — tr(X'VTIX(X'VX) )]

_ BESpR

B )\min(v) .

where we use Corollary 2.33 to obtain the last equation.

Then, from Theorem 2.39, Lemma 3.6(5) and Lemma 3.6(4), we have

OV _ . (OV 1) —1/2may/
tr <P69i) —tr<aei(V B)(V™/“B)

> dun (G, ) 0 (V2B (V2B

=0.



Hence

aV\ _ DR—pR
- )\min(v) ’

fori=1,...,R.

Lemma 3.8. Under the multivariate Fay-Herriot model (3.2), for i,j =1, ...

oV
1 —
T

X2 (V)

(1) 0<tr <V— 16V> < DR

. O<tr< BAY 8V)<DR—pR

ff L plX
00; 90;) = N(V)

where V=Ip @ X +V,, P=V! -V IX(X'V-IX)"IX'V-1L
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’R7

Proof. For (1), from the property that (0V/d6;) is idempotent, Theorem 2.26(ii) and

Theorem 2.39, we have

ovV__, 0V ov oV vy’
19V 19V ) _ ov — -1
" (V 90, " 39j> = (39j (V 801') (V 59z‘) )

A% 0V Lovy
< - -
< () ((V5) ()

oV v’
_ -1 -1/2¢V -1/29V
o (v (vg) (V) )

< Anax (Vfl) tr <<V1/28V) (\/'1/28V

90, 90,
AV
= Amax (V1) tr ( V71
s (V1) (V)
DR
< 77
- )\?nln(v)

))

where we use Corollary 2.33 and Lemma 3.7(1) to obtain the last inequality.
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Using Theorem 2.39 and the property that Ayin (OV/00;) = 0, we have

OV OV OV OV
1 1 1
”(V a0, " ae> (aav a0, " >

oV (. OV EAAW
= (g, (Vo) (van,) )
A% oV oV’
> . - -
> (5 ) 0 ((Vaw,) (Van,) )

= 0. (3.12)

Hence

0 < tr (V—lavv 18V> < _Df

90, 90; ) = X2 (V)’

min

fori,j=1,...,R.

For (2), from the proof of Lemma 3.7, we know that P = V-2BV~1/2 is positive
semidefinite and B is positive semidefinite and idempotent. Then, from the property that

(0V/00;) is idempotent, Theorem 2.26(ii) and Theorem 2.39, we have

oV_av oV _ov
B <Pae ae> “(aeﬁaef)

ov 1/2 120V 1/2 120V
-8} B B
¥ <39j (V Vo) Y TBY

ov “1/2ps-1/20V 1 aprr1/20VY
< — - b
< Amax <39j> tr ((V BV 26, A% BV 26;
ov ovy’
_ —1 1/2 1290V
br (v (BV 80) (BV 89) >
ov ovy’
< -1 —129V —129V
< e (V )tr<<BV 69i> (BV 69i>>

= Amax (V )tr < 891’)

DR —pR

min

where we use Corollary 2.33 and Lemma 3.7(2) to obtain the last inequality.



Using Theorem 2.39 and the property that Ayin (OV/00;) = 0, we have

oV _ v OV _ oV
t(Pae aa) (aa aef)

oV oV v’
—¢tr (&Y (v-zpy122t v-l2gy-1/22Y
' (591 < 00; 00;

ov —1/2 —1/2 ov -1/2 -1/
> Amin | = =Y
> Amin <80j> tr <<V BV 26, A% BV

=0.

Hence

oV _ oV DR — pR
< P P— —_—
0—“< >— (V)

min

fori,j=1,...,R.

00

Lemma 3.9. Under the multivariate Fay-Herriot model (3.2), for i,5,k = 1,...

2DR V. OV, OV

27t < i) i

) e (V)—tlr (V a6;° 99, 0y
(V 18VV_18VV_18V> _ DR

0, 00, 96,) — N3 (V)
and
2(DR - pR) OV_ V. OV
9 AP PR) o (pZY pZYplY
(2) (V) 00, 00, 00,
OV_OV_9V\ _ 4(DR— pR)
plYp2VpdV ) o AL~ P
+tr< 26, 06; aek> STNV)

where V=Ip@X +V,, P=V ! -V IX(X'V-IX)"IX'V-1L

o4

)

(3.13)
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Proof. For (1), from Theorem 2.26(ii) and Theorem 2.39, we have

OV OV _ oV
10V 1 19V
” <V 26, a6, " aej)

oAY oAY oAY '
i (2 (v oy (v y-12
' (aej ( 90); > ( 0,

A 1OV 12 1OV )
< N V —V V —V
< Amax <80J> i << 00; a0,

AV oV !
_ -1 —1/2YV xr—1/2 -1/2YV x7—1/2
tr(v (v o )(V Ay ))

AY oV !
< -1 —-1/2YV x7—1/2 -1/2YV x7—1/2
< A (V )tr(<v sy )(v Aty ))

v-1 V*lavvfla”
= Amax( Jtr ( 00; 86%‘)

DR
P —

min

(3.14)

where we use Corollary 2.33 and Lemma 3.8(1) to obtain the last inequality.

Using Theorem 2.39 and the property that Apin (OV/00;) = 0, we have

V. V. OV
19V 1 19V
E (V 26, 96 " aej)

o (Y (1@ i) (10
_“<aej <V 26,V Vo%s, Y

Amin <()9j> o (( 00; 00;

= 0. (3.15)

Thus, from (3.14) and (3.15),

0<tr (V_IWV_IaVV_IW> < DR (3.16)

fori,j=1,...,R.
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From Theorem 2.26(ii) and Theorem 2.39, we have

OV OV OV OV OV OV
1 1 ~1 19V 1 19V
<V a6, " a8," 80k>+tr<v 90, " 96, Y aek>
oV OV OV OV

1 1 1 1
o <V 06, 00, ae,) (V 26," a9," aek>

/
— tr <8V (V—13VV—1/2 V—13VV—1/2> <V—18VV—1/2 V‘laVV_1/2> >

90y, 99; a6 20, 7,
< Amax <§9Vk> tr ((Vlgzjvl/2 + Vlg;j\flm)
— tr <V—1 <V—1/2‘ZZV—1/2 & V_l/Q%V_1/2>

<V1/2gzzv1/2 " Vq/z%\,Ug)')

oV oV
< v-1 v-1/29Y xr-1/2 | -1/29Y o172
= >\max( )tl" (( 901 99]

oV oV !
-1/2YV x7—1/2 —1/2YV x7—1/2
<v Dy iy 12y ) )

i J

OV OV OV OV OV _ OV
B -1 -1 STAS -19Y -1 -1 -1
= Amax (V™) tr (V 96; aej+v 0, o0, "V a6," o,
oV 0V
—10V =10V
Voo aej>
ADR
<p2m (3.17)

where we use Corollary 2.33 and Lemma 3.8(1) to obtain the last inequality.

By using the same technique as (3.15) and property that Amin(OV/00;) = 0, we

have

. (V_lav 1avv_lav> (V_lav OV

90, 90, 06, 00, 00; aek>
L0V V_18V> u (V—l‘wv lavv_lav>'

(3.18)

i (V 96 06, 06y 96, °  00,° 06y

From (3.16), (3.17) and (3.18), we have

OV OV OV OV. V. _,0V\ _ 4DR
10V, 10V, 10V 19V 1 -9V o dDR
“(V 26, " a0, " 80k>+tr<v 90, % a6, ¥ 80k>_/\3 V)

min
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and

min

9DR OV, V. oV OV, OV, OV
T < Ty 12 °r 7).
Noovy = <V a0, a," a0,) T\ 35,V a6 o6

Hence,

20, 96,Y o0

Auin(V)

min

9DR OV OV _ OV OV OV _ OV ADR
— < - — —_— — | <
A3 im(V) =t <V aaiv 00; a0y, iV =

fori,j,k=1,...,R.

For (2), from Theorem 2.26(ii) and Theorem 2.39, we have

oV _ 0V _ 0V

oV oV oV
_ v-12pv-1/22Y v-12pyv-1/29Y v-1/2pyv-1/2
t ( B 00; B 00; B 00j>

(VY (vo1opvu-1/20V 10 1 rmr1/20V 1)
= tr <(99j <V BV a(gi\/' B A% BV a(gi\/' B

A oV oV !
< A | = ) ¢ v-l2gy-122Y y-1/2p v-l2gy-1/22Y y-1/2p
=4 (09j> ' << 80iv a0,

oV oV !
_ -1 -1/2 ~1/2 —1/2 —1/2
= tr <V <BV o5 H'V B> (BV — g.v B) )

K2 (2

/

oV _ oV
_ —1
= Amax(V )tr<P89iPaei>
DR —pR
B )\f)nln(v) ’

where we use Corollary 2.33 and Lemma 3.8(2) to obtain the last inequality.

By using the same technique as (3.15) and the property that A, (0V/06;) = 0,

we have

P P—
06; 06, 06;

0<tr <P8V oV 8V> .
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Thus,

(3.19)

i =LV

OV_9V_dV\ _DR-—pR
< P P =
0 N " < 897/ 89@ 8€]> min

fori,j=1,...,R.

From Theorem 2.26(ii) and Theorem 2.39, we have

OV_OV_OV OV _OV_OV OV _9V_ OV oV 9V 9V
tr (P P—P—+P—P P—+P P P—+P—P—P—
r( 00, 00, 90, " 06, 09, 06, ' 06, 96, 06, 09, 00, aak>

oV oV oV
129V y-12gy-1/20Y y-1/2gy-1/22Y
g, 0 oY g BY e
oV A oV
129V —1/219v-1/29Y x—1/20v—1/29 V.
SV BV Ay y

7 7
1/28%\/\/'*1/2]3\/”1/2 8AVV,1/2BV,1/287V

891 801 0 ek

i V_1/2BV_1/2—aXV_lﬂBV_l/?a—VV_l/QBV_I/Q8—\[
00, 00, 00,

= tr <V1/2BV
+ V2BV~

+ vV Y2By-

oV oV oV
—t e V_1/2BV_1/2—‘V_1/2B —1/2B -1/2Y VvV —I/QB
' <80k ( 06; VOBV Y

!/
V—I/QBv—l/Q a‘/—\/'—I/Q:B = V—1/2Bv—1/2 8‘/—\/—I/QB
26; a6,

oV Vv oV
< >\max an V_l/QBV_l/Ziv_l/QB V_I/QBV_I/Q—V_1/2B
= <69k> " << 26, % o0,

!/
<V1/2BV1/2§Zvl/2B+V1/2Bvl/QgZV1/2B> >
{ J
oV oV
—t V—l Bv—1/2 V—1/2 -1/2 -1/2
r( < 50 B + BV —ang B

oV oV '
BV_1/27V_1/2B BV_1/27 —1/2B
< 06; * 20, ¥

< Amax(V )t | (BVTY 20V y-1/2p + pv-129Vy-12p

AV AV !
-1/2 -1/2 -1/2 -1/2
<BV agiV B+ BV aejv B))
OV _ oV 8VP8V PaVPaV AV av>

p?¥  pZ¥ plYp?Y
o6, 09, ' a6, 06, "~ o0, 06, " 08, 00

= )\max(V_l) tr <P
4(DR — pR)
S TN

min

(3.20)

where we use Corollary 2.33 and Lemma 3.8(2) to obtain the last inequality.
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By using the same technique as (3.15) and the property that Ay (0V/96;) = 0,

we have

Pp P plipit
96, 00, 00y 06, 00; 00y,

oV _ oV 8V> ( oV _ oV 8V>
+ tr .

(3.21)

ogtr<P8V oV 8V> tr( oV 8VP8V>

P pil ppiipit
06, 00; 06y, 960, 96; 06,

+ tr <P
From (3.19), (3.20) and (3.21), we have

P—P_— P—P

tlV<Pav oV ‘W>+u~< AY 8VP6V>S4(DRpR)

00; 89]' 00y, 89]' 00; 879k )\f’nin(V) ’
and
2(DR — pR) oV _ 0V __ 90V oV _0V__JdV
———— < P—P—P— tr| P—P—P—
Aa(V)  ~ < a0;  00; 39k>+ r( 00; 00 39k>’
Hence,

_2DR-pR) _ ( oV _ oV av)“r(PZZPZZ g;f>§4(DR—pR)
i i k

P—P——P—/——
A2 (V) 20; 005 90y A (V)
fori,j,k=1,...,R. O

Lemma 3.10. Under the multivariate Fay-Herriot model (3.2), for i, j,k,l =1,..., R,

W (v

min

OV OV _OV__ OV
26," a0;," a0, " aal>

OV, V. _,OV_ 0V 4DR
19V =19V 71 -0V Ui
”r(V o0, " 6, 00, 891>_)\4mm(v)’
and
2(DR — pR) OV_OV_ 0V _9V
2 - U <tr (P—P—P—P—
. Ain(V) T 1“( 00; 90 00 891>

OV _OV_0OV_ 0V 4(DR — pR)
tr (PP PP | <
* r( 090, 00, 00, 00l> o ALL(V)

where V=Ip®X +V,, P=V! -V IX(X'V-IX)" X'V~
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Proof. For (1), from Theorem 2.26(ii) and Theorem 2.39, we have

oV oV oV oV
1 1 —1 19V
<V a6, " a8," 9," aal>

oAY oV_ 0V oV ovY
—tr| — (VIZ=V i | (Vv IiZ—v I~
' <ael ( 0, 89j> < 0, 09j> )

oAY% L0V 0V LoV ovy

< v 9V ov

—Ama"<aal>tr<<v 26, 80]-) (V 26, o0,
OV OV oV vy

_ -1 -1/2 10V -1/2 10V
i (V <V 90); 60-> (V 0, ae-) )

oV oV oV oV
< -1 1/2 1 1/2 1
< A (V )tr<(v A0S ae)(v A0S 89>>

oV _ _,0V__ 0V
_ -1 —1Y%V =19V 71
= Amax (V )tr(V aeiv aejv 091)

DR
<3 (3.22)

min

where we use Corollary 2.33 and (3.16) to obtain last inequality.

Using Theorem 2.39 and the property that A\y,in(0V/90;) = 0, we have

90; 90, 96, 96

L (Y (ya@Y 10V (Y a0V
_tr<ael (V a0; ¥ ae-) <V 5, o6,

ov 4,0V 0V OV, 0V
S5 VI (i
—Aml‘l(ael)“((v 20, ¥ aaj> <V T

=0. (3.23)

tr (V‘laVV 16VV_18VV_1§X>

Thus, from (3.22) and (3.23),

o< <V_18VV 1OV 1OV 18V> __DR

90; 90, 96; 90 ) — X (V)

min

(3.24)

fori,j,l=1,...,R.
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From Theorem 2.26(ii) and Theorem 2.39, we have

OV V. V. OV OV. OV OV. 0V
19V 10V, 10V o 10V 1 1 ~1 10V
tr<v 26," a0," o0, " ael>+tr<v 26, o0," 96" aal>

(G G ) e (v v e )
=tr (g;j (V‘lgz[ 12;; + V_lg;;V_lg;;>

oV __ 0V oV _,oVY
-1 19V 1 -1
<V 00, o0, T a0, aej>>

\'"
19AY (AY 19AY 19AY
_ vl (v-1/29Y yv-19Y | y-1/29VY -1
" < < 00; 00; > 00y, 00; >

oV OV oV . oV
~1/29V =19V | 372120V 1
< 96 a6, © v 6, ae»> )

ov oV ov ov
< -1 1/2 —1 1/2 -1
< Amax (V )tr((V aQZV 89j+V 89kV 89j>

oV_ 0V ov vy’
1/2 B -1/2Y Y y-12 Y
(V Hoyear=, \ 80, © aej)>

= )\max (V_l)
OV. V. oV V. _,0V. 0V
—1 1 T —1 =T —1
i (V 96" 06, o6, ¥ o6," o0;@ o6,
OV. OV 0V OV _ OV _ OV
1 V—l V—l V—l V—l AVan 1
o6, = 6, o6; 96, 90, 00,

+ V™
4DR

min

(3.25)

where we use Corollary 2.33 and Lemma 3.9(1) to obtain the last inequality.

By using the same technique as (3.23) and the property that Apin(0V/06;) = 0, we

have

V. OV OV 0V OV. V. V. 0V
< -1 19V, 10V, 10V 19V 10V 10V
0=t <V 26" 20, 06, ael> i (V 96, " o0, 06, ael>

V. OV OV OV OV. V. OV. 0V

1 1 1 1 —1 1 1YY x -1 Y
(V o, 06," o6, ae,)“r(v 26, 96," o6, " aal)
(3.26)
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From (3.24), (3.25) and (3.26), we have

09, 09; 96, 96, 06, 09; 96 6
ADR

< 77

~ Xan(V)

min

<V 1V 1({)Vvlavvlav> + tr <V 1V 18Vvlavvla\v

and

2DR OV OV _ OV _ AV
_ < i hai b i
M) =" (V 06, o9,° o6," o0,

oV oV oV oV
v-12Y v-19Y 19V -1
tr ( 00y 00; 00; 801> '

Hence, for 4,5, k,l=1,..., R,

9DR V. OV, V. OV
—— _<tr(Vivil_vi_vil__
MV S r( 00, 90, 00, 06,

min

+tp <V 18VV 18VV 16VV 18V> < 4DR

o0y, 89 00; 00, ) — )\4 (V)

min

For (2), by using the same technique as (3.25) and (3.26), we have

o (pOV RV LIV OV OV OV OV OV _ 4(DR—pR)
00; 8!9 a0, 00, o0y, 89 00; 30l A ( ) ’

min

and

2(DR — pR) OV_OV_ OV _0V OV _0V_0V_9V
_AZR PR o S pllpiipit Ppipiipil),
AL (V) T 90; 00; 06, 00, 26, 00; 00, 00,

Hence, for 4,5, k,l=1,..., R,

2(DR — pR) aV_OV_9V_ oV
_2DE-pR) _ (pOV ROV OV L0V
MNov) =7\ e 00, 06, 09,

OV_0V_0V_oV\ _ 4(DR— pR)

a (P p2Vp - ADR—pR)

+r< 26, 06, 06; aal>— V)

min
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Lemma 3.11. Under the multivariate Fay-Herriot model (3.2), for 4, j, k,l,m = 1,..., R,

2DR OV OV OV _ OV __, OV
1 e <u (VI vi_vi vl vl __
o Aoin(V) ~ r( 00; 00 00, 00, 80m>
OV _,OV_ OV OV __, OV ADR
tr( Vvl v iyl _vy-! <
" r( 6, " 00, 00, o0, 09m> = NnV)
and
2(DR — pR) OV_OV_OV_dV_ oV
2 A P g (PP PP P
. An(V) 7 ( 90;  90;" 90y 90, 60m)

OoV_0V _0oV_oV_ oV 4(DR — pR)
- PP <
T (PaelPaekPaejPaeiPaem) S TNV

where V=Ip @ X +V,, P=V ! - VIX(X'V-IX)" X'V~

Proof. For (1), from Theorem 2.26(ii) and Theorem 2.39, we have

OV, OV 0V 0V
-1YV /-1 o ST v I SRR
tr (V a6, 06,° 90,° 06 )

= tr <V1 <Wvléyv—1/2> <8VV1 aVvl/?)/)

90; 00, a0, 06
Svnil(%v)’ (3.27)

where we use Corollary 2.33 and (3.16) to obtain the last inequality.
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Using Theorem 2.39, we have

oV oV oV oV
1 1 19V ;,—10V
<V 96" 06,° o6," aa)

oV 0V oV _,0V '
—tr (V- -1 -1/2 1 —-1/2
r< (ae M ) <09 VoY

ov ov ov oV !
- 1 1 —1/2 1 —-1/2
2 Anin (V70 tr ((aev 26, )(aav a0, ¥ ))
OV. V. 0V
1 -1 19V
a6, a6, " aej>

= Amin(V7H) tr (V

> 0, (3.28)
where we use (3.14) to obtain the last inequality.
Thus, from (3.27) and (3.28),

0<tr (V‘laVV_laVV_laVV_l ‘W) < _DE (3.29)

86, 06, © 96, 00, ) = AL_(V)’

min

fori,j=1,...,R.

From Theorem 2.26(ii) and Theorem 2.39, we have

OV 0V OV OV__ oV
1 1 10V <1 19V
<V %" 06;" a8," o0," ae)

_ OV (1Y 10V 19V 10V —1/2I
_tr<80m<v a0, —V N =NVTI——V

a6, 96, 06,
< -
_)\max <aem> <<V aelv a9]‘7 A% 891\[ 760jv

oV 0V oV 0V !
— i (VL[ v-1/2 10V r—1/2 ~1/2 190V r—1/2
r( ( 00," a6, MR

A% A% A% A% !
1/2 1 -1/2 1/2 -1 -1/2
D6, aejv > <V anV aejv ) >

OV_ OV _ OV _ 0V
a0, aev aTajV aei>

< Amax (V1) tr <<V—

= Amax (V1) tr <V !
_ _DR

min

(3.30)

where we use Corollary 2.33 and (3.27) to obtain last inequality.
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Using Theorem 2.39 and the property that Ayin(OV/06,,) = 0, we have

OV OV V. V. IV
1YY x/—1Y VYV x7—1Y Y x7—1 -1Zv
tr<V 26, a0," o6," a6 " aa)

/
— 7 <8V (V 18VV—1 8VV—1/2> <V—1 8VV—1 aVV—1/2> >

90, 90; 00; 96, 90;
oV oV oV oV oV !
> )\min I, I V*]. V717 -1/2 V*]. V717 —1/2
= (aem> ! (( 20, 00, 00, 09,

= 0. (3.31)

Thus, from (3.30) and (3.31),

AT} Y] ) 8V> __DR

00; 00, 00; 00; 90, ) — X2 (V)

min

0<tr <V_

fori,jm=1,...,R.
From Theorem 2.26(ii) and Theorem 2.39, we have

o <V_1av 1OV 1OV 0V av>

a0, 00; 06, 06, 96,
OV. OV OV _,OV._ _, 0V
19V 1YV 1YV 71 =1-U¥
”(V 96, o0,° 06, o9," aa)
OV. V. _OV. 0V. OV
1 1 1 1 1
(V aev aev aeV aeV ae)

(V 1a\j lge\iv_lggiv_lg;jv_lgev)
( ( 13V 1225\/—1/2 +V—1g;jv—1ggvkv—1/2>
(Vlg;:vlggjvlm i Vlg;jvlggivlﬁ),)
he (B[ v )
(V_lg;: 1225\/—1/2 LVl g;’v—lg;;\,—uz),)
—tr (Vl <V1/2?9;:Vlggjvl/2 n V1/2(;;jv1g;;v1/2>

oV __ 0V ovV__,0V '
1/2 -1 ~1/2 1/2 ~1 ~1/2
(V 06," a6," TV a8 o6,V ))
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< Amax(V7H) tr <(V1/26VV16VV1/2 n Vq/zalvfl aVVW)

90, 00; 00, 90y,
oV . 0V oV AV !

1/2 1YV x7—1/2 1/2 -1 -1/2
<V Y a0,Y VeV aaY ))

VOV OV OV OV
20, 90, = 90; 90

— )\maX(Vfl) tr <V

I 0
< Agf(]zf), (3.33)

where we use Corollary 2.33, Lemma 3.10(1) and (3.29) to obtain the last inequality.

By using the same technique as (3.31) and property that A\, (OV/96,,) = 0, we

have

16V 0V

OV OV, OV

<tr(V~ peaate oY/ 1 -1 34
0= r( 96, o0,° o6,° o0, 89m> (3:34)

OV. OV OV _OV. IV

—19V 21OV 10V 19V

“r(V 26, o0, 06,° 0," aam)

OV. OV OV, V. _ OV

-1 —il 1 1 19V

Hr(V %6, " 26, a8," o9, aem>

oV oV oV ov oV
1 1 19V ;10V , 1 OV
<V 00, a0, " 00y, 90, " 00y, v 09, v 00, > '

From (3.32), (3.33) and (3.34), we have

V. OV OV _ OV IV
vi vl _vi_vi_vi_—
( 00, 90, 00, 06, aem>

OV, V. OV _ OV _ OV

-1 -1 -1 -1 -1
i (V 6" o6," o6," 06" aem>
ADR

< )
~ ANin(V)

min
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and
2DR oV A% oV oV oV
<t (VI VI vl vl vl
oV oV oV oV oV
tr(Vie—v vyl oyl ).
" r< 00, o0, 0b; 00, 0,
Hence,

9DR OV OV _ OV _OV__, OV
27t < b i i b 7
Ny = <V o6, o9," o6, o6,° 06,
OV, OV OV __ OV _, IV ADR

tr (VI vl vl vl vl <
+ r( 96" a0, o0;° 06; aem> =3 V)

min

for i, 5,k l,m=1,..., R.

For (2), by using the same technique as (3.30) and (3.31),

oV _0V_0oV_0V_ oV OV _0V_0V_0V_ 0V
4(DR — pR)
B A?nln(v) 7

and

2(DR — pR) OV_OV_OV_0V_ OV
R S Y - PP PP
)‘x5nin(v) - r<P89iP09jP39kP091P89m>

< OV_ OV _0V_ 0V av>

+ tr )

P ppiiplpl
96, 96, 00, 00; 06,

Hence,

2(DR - pR) OV_oV_aV_aV._ oV
_aAZRT Y pllpilplrtpfy
No(v) — <P a0, 90, 96," 96, 90,
OV_OV_OV_oV_ IV
Pl p¥p2¥piip <
+tr< 6, 90, 90, 6; aem> =

4(DR — pR)
Ao (V) 7

min

fori,j,k,l,m=1,..., R. O
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Lemma 3.12. Under the multivariate Fay-Herriot model (3.2), for i,5 =1,..., R,

Q) 0§tr< OV LIV 0V 8V><DR pR

90;" 96; 90; 96;) — Xi_(V)

min

and

@ ogtr< OV_dV _oV aV)<DR pR

00; 89 00; 89]' -\ (V)’

min

where V=Ip @ X +V,, P=V ! -V IX(X'V-IX)" X'V~

Proof. For (1), from the proof of Lemma 3.7, we know that P = V-12BV~1/2 is positive
semidefinite and B is positive semidefinite and idempotent. From Theorem 2.26(ii) and

Theorem 2.39, we have

. oV _0V_0V _ 0oV
00; 00, 00, 86

06; 00 00; ae
OV _ oV aV oV !
< —1/29 Y 59 V172 129V -1/2
_)\max(B)tr<<V aajpaaiv B) (V a aeV B))
—tr<V ((%P(%V B><69 aav B
OV _ OV AV !
< -1 -1/2 -1/2
< Amax (V™) tr ((aa a0, " B) (ae o0, " B>>
OV _OV_ oV
_ —1
= Amax(V )tr( 96 06, ae>
DR —pR
T (V)

where we use Corollary 2.33 and (3.19) to obtain the last inequality.



Using Theorem 2.39 and the property that Apin(B) = 0, we have

OV_90V_0V_0oV
“( aeiPaQ-PaaPaev)

/
= tr <B (V 1/28V aVV_1/2B> (V mav 8VV—1/2B>>

00; 90 20;" 00
AV AY OV _ oV !
> ) 129V -1/2 120V —1/2
> Amin(B) tr <<V o, 80iv B> <V 20, Pae \% B) )

> 0.

Hence,

OV_OV_9V_0V\ _DR—pR
< pYpl¥pl¥) o Lt PR
0—“( 90, 06, 00; aej> =Ny

fori,j=1,...,R.

For (2), from Theorem 2.26(ii) and Theorem 2.39, we have

00; 00; 00; 00

OV [(_V_ 0V AV A VAN
= <aej (Pa—ei%) (P%Pa—e) )

A% oV _ oV oV _ovY\’
< max an P Pi
<A (a&)“(( 90, aa)( 90, ae))

= tr <V (BV 1/23VP6V> (BV 120V W>/>

tr( oV _ 0V _ oV 8V>

26" 8 96" 0
oV _ oV oV _av
< - 1/2 120V
(v ) (o 50
OV _OV._ IV
_ —1
= Amax(V )tr< 26, 00 aei>
< DR —pR
- Aﬁlln(v),

where we use Corollary 2.33 and (3.19) to obtain the last inequality.



Using Theorem 2.39 and the property that Ayin (OV/00;) = 0, we have

OV_aV_aV_ oV
P P— P—
tr( 26, 96, o0, aej>

OV (_OV_ 0OV ovV_ovy’
—u (2 (pEIplY) (PLrpSY
r(aw]( 0, ae)( 0, 09]))

oV BAVAIAY vV _ovy’
>\ .. [ 2T - 7
= Amin <39j> " <<P59iP39j> (Pf)@ipaaj) )

— 0.
Hence,

OV_OV_9V_0V\ _DR—pR

<tr (PLEpllpZypfdY ) o 0T P

0—“( 00, 00, 00; aej> =Ny

fori,j=1,...,R.

Lemma 3.13. Under the multivariate Fay-Herriot model (3.2), for i, 5,k =1,. ..

(1) OStr( OV _0V_0V_0oV_0V 6V><DR—pR

pl plYpl¥plVpldVpoV
o0, 80j 00; 00, 6(9]‘ a0, ) — )‘gnin(v)

and

@) 0§tr< oV _ oV 8VP8VP8V 8V><DR—pR

P——P__P o YN
00, 00; 00; 90, 00, 90;) ~ A5,(V)’

where V=Ip @ X +V,, P=V~! -V IX(X'V-IX)"IX'V-1L
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Proof. For(1), from the proof of Lemma 3.7, we know that P = V-12BV—1/2 g positive

semidefinite and B is positive semidefinite and idempotent. From Theorem 2.26(ii) and

Theorem 2.39, we have
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P pllp Tp2l
96, 06; 00; 06; 00; 006

OV _ 9V _ oV OV _9V _ 0oV '
—tr (B(V 12 ppv 2B (V12 pZpZ v /2B
r( < 90, 00; 96, 90, 00, 00;

OV _ OV _ 0V OV _ OV _ 0V !
< —-1/2¢0V [0V —1/2 —-1/2¢0V [0V —1/2
_AmaX(B)tr<<V aekpaejpaeiv B) <V aekpaejpaeiv B))

OV _ OV _ oV OV _ OV _ oV !
—tr (VP P— V2B (I pZ Pl Vv /2B
tr( (aak 20, 00; ><aek 90, 00;

OV OV oV OV OV oV ’
g . OV oV _1/2 oV oV —1/2
> Amax(v )tl" <<89kP893P891V B) (89kPa(9]PaezV B> )

OV [ OV _dV oV _ oV !
= dax(V 11 [ = (PZ-P=—V 2B} (P—P=-—-V /2B
Ama( W(aek( 26," 06, © )( o6,% 26, ©

A OV _ OV A A !
< 1 —1/2 ~1/2
< A (V) A (c‘%)k) 2 ((Paejpaeiv B) (Pﬁejpae,-v B) >

oV _ oV OV _ oV !
— Max -1 -1 (gy-122Y pZYy-1/28 BV 122 pZYy-1/28
Amax (V )tr(V <V 50, 891V A% 96, aeiv

tr( oV _ oV 8VP8VP8VP8V>

oV _ oV
< Amax -1 e -1 B —1/2__P7 —1/2B
< Amax(V7 ) Amax (V )tr(( A% 20, aeiV

oV _ oV !
BV /22 _p~ y-l/2p
( 90; 96,

(V Htr <P‘LVP(9V 8VPav)

=\ S PN
80; 90; 96; 00,

max

DR —pR

N A?nin (V) ’

where we use Corollary 2.33 and Lemma 3.12(1) to obtain the last inequality.

Using Theorem 2.39 and the property that Ayin(B) = 0, we have

P50 o0, o6," 06, o9, 96,

/
= tr <B (V—1/26VP8VP8VV—1/2B> (V_l/QaVPaVPaVV_l/QB) >

tr( oV _ oV _ oV aVPE)VpaV>

0, 00, 00 0, 00, 00
OV _oV_ oV OV _oV_ oV !
> )\min B)t V71/27P7P V71/2B V71/27P7P V71/2B
B ( )r<< 00, 00; 00, 0, 00, 00

=0.



Hence,

ogn( OV 0V L0V LV OV 8V><DR—pR

P_—P__—P 2 Pas-
06, 00; 00; 00; 00; 96y) = M. (V)’

fori,j,k=1,...,R.

For (2), from Theorem 2.26(ii) and Theorem 2.39, we have

P pppil oy
96, 06; 06; 00, 00; 00,

OV [_OV_0V_ oV OV_ov_ovy’
—tr| — (PZY—P—P— | (PP~ P
r<aek< 20;  0; ae,)( 20;  00; aek>>

BAY% OV _OV _dV OV _ovV_ov\’
g v oV oV ov oV
=< Amax <a€k> tr <<P89]P891P89k> <P89]P861P89k> )

OV _OV _ oV OV_ov_ovy’
—tr(VvH(BV Y2 lppZ ) (BV 22 pZ p "
r< < 0, 00, 90y, 0, 90; 90,

OV _IV _ 0oV OV _ovV_ov’
< -1 71/2 71/27 -
< Amax (V )”<<BV aajPae,-Paek> <BV aejPaeiPaek»

oV _0V __ 0V AV_ovV_ovy’
= Amax V_l B V_1/27P P— V_1/27P P
A (V) tr( ( 06; 00; 69k>< 00;" 00; 00y,

OV _ 0V _ oV OV_ovV_ovy’
< 1 71/2“— YVpYVyV 71/27 -
>~ )\max (V ) )\max (B) tr <<V aQJPaQZ Paek) (V 80] Pael Pa@k) )

OV _oV_oV\ [oV_dV_oV\’
_ -1 —TNSS s -1 -
= Amasx (V )“<V (aejpaeiPaQJ (aej aeiPaek>>

/

AV 8VP8V> <8VP8VP8V>>

1 —I Bl d | A=) —_— -
< Amax (V) Amax (V )tr<<aajpaei A

OV [V _ oV ovV_ oV’
1\ 2 —1 i 7 -
= Aax (V ) tr (agj <P 802P80k> (P 801P60k) )
oV OV _ oV ovV_ovy’
< 2 —1 i . -
< A (V) A (ae) tr <(Paeipaek> <Paeipaek> )

/
=\ (VT tr (V‘1 (BV‘WWpaV) (BV—WWP‘W> )

tr< oV _ oV 8VP8VP8VP8V>

max 00; 00, 00; aiek
oV OV oV _ oV’
<A (V) A (V) 1o ( (BV2PZL ) (BV 2Pt
oV _ o0V _ 0oV

_ 13 -1 i
— (v )tr(PaaiPaekPae)

DR —pR
B )\?mn(v) 7

where we use Corollary 2.33 and (3.19) to obtain the last inequality.
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Using Theorem 2.39 and the property that Ayin(OV/06x) = 0, we have

Pplipiipst A
96, 06; 00; 00, 00; 00,

/
o <8V <P8VP8VP8V> <P8VP8VP8V> )

tr( oV _ oV 8VP8VP8VP8V>

00, 00; 00; 00y, 00; 00; 00y,
oV OV _9OV_ oV OV_oV_ovy’
> . -
= Auin <aek> " ((Paejpaeipa@ (Paejpaeipa@ )

=0.

Hence,

OV_0V_0V_0V_dV_0V\ _DR—pR
<tr (P plrplliplipliipll) o 1T PR
0—“( 90, 00," 00; 00, 06; aej> =X (V)

fori,j,k=1,...,R. O

Remark 3.14. Under the multivariate Fay-Herriot model (3.2), for fixed p and R, for

1,7, k,l,m=1,..., R, from Lemma 3.7 — Lemma 3.11

(1) tr (\HZZ) — O(D),

2) tr P?é) = O(D),
oV _ OV
1 —1 —
(3) w(V'5V aa) o(D),

OV OV _ OV OV _ OV _ OV
V—liv—li V—liv—l V_li
o6, 96, 06, ' 06;° 06" 0,

)=o)

OV _oV_0aV OV _aV_dV
p¥p?Y  p?Vp2¥pIV) _ oD
a6, 06, 96, 09; 08, aek) ow),

v-12Y 12V y19Y oV
(7) tr o6, o0," o6," o0,
oV _ OV _ OV __ 0V

tr( VI Vi _—_Vv1i_v-1i_—)=0D

+ r< 90, 06, 00; ael> o(D).

oV _ OV __ OV _18V>

6VP8VP8VP8V> bt <P8V 8VP8VP8V

tr [ P —P—P— —P— — | =0(D
(8) r( 00;  00; 00, 06 00, 00; 00, 091> O(D),
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oV OV __ OV_ _ OV __ OV
v-1 AVA! ‘r— 2 v-1 AVA!
0) ( 90, 90; = 06, 08, aem>
IV av 1 0Vy10V OV

a6, 06, 06, 06, aem>_0(m’

+ tr <V 1

(10) tr( oV 6VP6VP8VP8V> ( oV _ oV 8VP8VP8V

— P—P_—P D).
00; 00; 00, 00, 06, 06, 00, 00; 00; 00y, > o)

Lemma 3.15. Under the multivariate Fay-Herriot model (3.2), for fixed p and R, for
ik l=1,...R,

0 o) () o0

OV _ OV OV OV
2) (Paez ) (V a0, " aa)‘ o),

P 8V 8V oV P OV 9V OV
0; aek 00; 00, 00y
ovV 8V oV ov

oV
1 1 1 1 1
<V a6, o0;" o6, " a8," a6, ae,)' o),

o <P8V oV _ oV _ 0V P@V 8VP8VP6V>

PP P 4+P__P—— S
26, 99, 00, 06, ' 06, 09; 00, 06,

OV. . OV. V. 9V OvV._ OV. V. 0V
Y Ve A A AR VA AR Vs KA VA AR VA AR VA TR Vs
g < 00, 06, 06 00, 20, 00,  00; ae,> ‘

(4)

=0(1).

Proof. For (1), let C = V712X(X'VI1X)"IX'V~1/2 Since V™! is positive definite
and X is full rank matrix, by Corollary 2.22 and Theorem 2.27, (X'V~1X)~! is positive

definite. By applying Corollary 2.23, C is positive semidefinite. Therefore, from Theorem
2.39,

tr (V72CVT2) — i (VTiC)
< Amax (V1) 12(C)
= Anax (V) tr(VT2X(X'VIX) TIX'V1/2)
= Anax(V H tr(X'VIX(X'VTIX) ™)
pR

= V) (3.35)

where we use Corollary 2.33 to obtain the last inequality.
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Since V~1/2 is nonsingular, from Theorem 2.21(2), V- 1/2CV 2 is positive semidef-
inite. Moreover, from the definition of C and P can be alternatively written as P =

V-1 - V-12CV~1/2, From Theorem 2.26(ii) and Theorem 2.39, we have

Y LOVY| oV 0V
tr< 89¢) tr<v 89)‘_ <P 0; v 39i>|
oV
_ v-1/2 1/2
r(cvrev g
oV !
_ v-1/2 ~1/2
(5 v (v o))

({0 (v )

_ ov 1/2 1/2
=tr (80 vV /2CV~™

AN @X) tr (V—ch-l/?)

IN

00;

where we use (3.35) to obtain the last inequality.

Hence, for p and R are fixed,

ov 40V |
tr( a01.)—‘51"<V aei)‘—O(l),

fori=1,...,R.

For (2), using the triangle inequality, we have

o (Pav 8V) o <V_18VV 18V>'

a0; 00 a0; 00
OV _OV L OV. oV
= |tr —
00; 00; 00; 00;
oV oV oV oV oV oV
_ 1YY x/—1YY xr—1Y Y x/—1/2 -1/2Y Y x7—-1/2 1/2 -1
tr<V 50,V og ~V g VOV vty e o
oV oV oV oV
V71/20V71/27V71/QCV71/27 . Vfl V717
* 06; 90 FT
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oV oV oV oV
— |— 1YY y—1/2 -1/29V ) —1/2 1/2 1
' tr <V a5,V ey 89) tr (V CV v ae)
+ir (vr2ov-12 Y 120y -129Y
oV oV oV oV
< 19V —1/2y—1/29 VY —-1/2 1/2 -1
_‘tr(V 8(91'V (A% aej)—I—tr(V CV~™ &%V 69j
oV oV
—1/2¢vv—1/29V xr—1/2q—1/29V
+ |tr <V Ccv Gﬁiv Ccv 8@)
B OV, 10V OV 1)
- “((ae MR T )V cv
+ |tr a‘/v\/' 1/20V 1/281\/—1/20\/'—1/2
00, 0;
oV oV oV oV oV oV oV oV
= |t i vl v 1Zo v-1 9V y-1! v-120v-1/2
r<<aej o0; 96, 00; ' 00; 00, ' 00, 06 ) C
OV, 10V OV OV a1
tr((ae-v 06; 00, X aa)v nd
OV 12 120V 170 mvr—1)2
+ [tr <8¢9JV (GAVAN 39¢V (A%

IN

+

ovV_
tr((@@ A\

i <8V ~1/2

1"\ 90

OV OV OV
r <<aev 96;

80

06
Cv~™

1720V

90,

)

00;

GV) V-1/2CV_1/2> ‘ A

00;

«((

V‘l/QCV_m) .

89 30
V- 13V> V_1/2CV_1/2> ‘

00; 06

(3.36)

For the first term of (3.36), from Theorem 2.26(ii), Theorem 2.39, we have

OV 1OV OV 4OV OV OV OV 0V
tr v! W-ONG! v — v v-12ov-1/2
<<ae 06, a6, 08, "09,° 06, 00, aej>
o (v Dy vy
80]' ei
ov ov '
-1/29V x7—1/2 —1/29V x7—1/2
(v S Ve vRgy c))‘

— tr (V1 (‘WV 12¢ 4

20,

< Amax(V7H) tr <<8VV 12¢ 4

= Amax(V ") tr (

g;jv 1/2C> <g;§v 1/2c+z;i 1/QC>/>
A g;jv 1/2C> (g;jv 120 ZZV—UQC)/)
g;fv 120y - 1/2g;j+g;jv—1/zcv—1/2§;;
g;;v 1207~ 1/2g;j+g;jv 12y - 1/2g\j>
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oV oV
_ -1 1/2 /2 4 —1/2 —1/2
Amax (V7 7) tr (ae vY<CvV~ aeiv CV )
oV AV
< -1 v-1/2 —1/2 —1/2 -1/2
< Amax(V7H) (Amax (ae ) tr( Cv ) + Amax <89j> tr (V CcvV >>
2pR

3.37

=22 V) (8:37)

where we use Corollary 2.33 and (3.35) to obtain the last inequality.

For the second and third terms of (3.36), from Theorem 2.26(ii) and Theorem 2.39,
we have

- —1/2ys—1/2
50 \% 89iV Ccv )‘

oV oV !
-1/2YV x7—1/2 —1/29VY x7—1/2
m«<(v a0 c)<v sy C))‘
_ oV 1/2 61 —1/2 /
(v (W) (Wi

oV oV !
v-1 v-1/2 v-1/2
< Ama (V) B ((80 C> <89i C) >

oV
_ -1
= Amax(V ) tr (89

< Amax (V) Ao <8V> tr (V_l/QCV_l/Q)

00;
pR

min

<8V L0V

AVa 1/2CV 1/2)

(3.38)

where we use Corollary 2.33 and (3.35) to obtain the last inequality.

For the fourth term of (3.36), from Theorem 2.26(ii) and Theorem 2.39, we have

tr <8VV 1/20V 1/2aVV1/ZCV1/2>‘

a0 90;

_ 8V ~1/2 120V GV —1/2 1/261/
=t <<ae Ve ) \ae Y Y T,
AV (vrrev-129VY (vor2ey-1290VY

— tr (ae. <v o) (Virrev s

AV o 50V B e 0VY
< /2 129V 1/2 129V
_Am(ae)r((v cv 69@,)@ cv ae))



= tr <V—1 <CV_1/2§X> (CV‘

78

120V
00
v\’
1/2
o) (%))

= Amax (V1) tr (aVV 12cv- 1/2>

00

< Amax (V™) Amax (GV> tr (V—1/2cv—1/2)

00;

<2 ik

min

(3.39)

where we use Corollary 2.33 and (3.35) to obtain the last inequality.

Thus, from (3.37) — (3.39),
oV _ o0V 1OV 0V 2pR 2pR pR
<
= (e ) (VT Em Y m)| Sw  ew
5pR
mln(V)'
Hence, for p and R are fixed,
oV _ oV OV _ 0V
— — — || =0(1
‘t< a6; 39) ”(V o0, " ae)‘ ow),
fori,j=1,...,R.
For (3), we consider
OV _ 0V _ oV oV A% oV
PP 1 1 1
“( 26; " 00, aek> (V 6, a0, " aek>
. OV _ 0V _ oV 0V 7187VV,187V
N 00, 00; 006y 00; 06, 00y,
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7 7 k 7 k
+V_1/2CV_1/287VV_1/2CV 1/22;/V—1g;/
i j k
ov oV oV
B Vo 1 AVan 1 V_l/QCV_l/Qi
a0, 00, 901
+V—lg—ZV—WCV—Wg%/v—l/?cv—l/zg%/
i J k
+Vv-i2ev- 1/2(;ZV—1§;7V—1/2CV 1/22%
7 7 k
_ v 2cv-1/2 ZZV—1/2CV—1/2gg’v—l/QCV—UQg;f>
i j k
(v ven) (v i fivrers)
k ) [ k
ov ov
-1 19V xr—1/2 —1/2
<aek a6 Y aejv CV] )
+tr <V129V1/2CV‘1/22—ZV‘1/2CV1/2§;[>
K i i
oV oV Y
+ tr V_lV‘1/2CV_1/2—V‘I/QCV_V?A)
< 00; 09, a6y,
+tr <V‘1gZV_1/2CV_1/2§;[V 12cv- Wg;/)
i k ’
. V—l/QCV—l/QaVV 120y~ 1/287\7\/—1/2(3\7—1/287V ) (3.40)
00, j 90,
Similarly, we have
OV _OV_ oV OV | OV__ 0V
< 26, 06, aek> t <V 2," a0," o6y
(e ) (G R e
8V ov
19V (;—10V 1 1/2 —1/2
<89k 891‘V cv )
oV oV
+tr< 1/20V 1/ZV—l/QCV—W)
0 j aei
<V 18V 1/2CV 1/28\/V1/2CV1/2§;/>
7 k
+ tr <V v-12cv- 1/26VV1/2CV1/28V>
00, 90,
. < ~1/20y- 1/2WV—1/2CV—1/26V\/—1/QCV—1/2g;f> . (3.41)
; i k
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Apply the triangle inequality to the sum of (3.40) and (3.41), we obtain

‘t < oV _ oV 8V> < ov 8VP8V>

P—P_—
00; 00; 00y 00; 00, 00y

oV A OV. OV
1 OV -1 190V -1
(V 00, a0, " ae,) (V 20, ¥ a6, ae,)’

aV. _OV. OV OV. .9V. 9V
— |-t V 1 V—l V—liv—li V_1/2CV_1/2
‘ ! ((ae o6, 09,  08,° o6, 00,

aV 18V _18V al 18V _1aV _1/2 _1/2
( N o0, a6, Toe," o6,Y ag,)Y Y

1av y1@V OV oV
aek

—1/2/—1/2
20, 06, 06, aek>v cv )
120V

a0,

8V oV oV
7\/—1/20\/—1/27\/’—1/20\/‘—1/27
™ 9; 26; 901

v, oV oV
e (V- ~1/20y-122Y v-1/2cy-1/22Y
Tu < <89 2/ AN

ov 1/2 1/287V —-1/2 —1/28l
+ (%kV CVvV™ ang CV 06,

OV 1)2 1290V ¢ 1/2 v —1/20V
+tr<V (86V CV VeV

oV av av
2V 1/20V I/kafl/2cvfl/27
" 90, 96; 20,
120V -1/20y 1720V 120V
; {i 00y,
XY Y av
~1/29V y-1/20y-1/29 Y y-1/20y-1/29 Y
AW TN gl C aak>
OV OV 4OV OV OV OV i
”((a A A TR A
7187\[ + 87VV 18VV 18V> V1/20V1/2>

v-12cv-

( 1/20V 1/23_;[

i

—tr <V—1/2CV— v-12cv-

— v 12¢cv

<

OV

0]
! tr((?lv o6," o6, " on," o6, 00
(G i B ) )
+ |tr (V (g;: v-120v- 1/2‘3;ZV_1/2CV_1/222;
+ g;jv—l/ch—mg;jV 12007 1/229Vk>>‘

~1729V.
26, 90, 90,

oV oV oV
2V 1/2CV 1/2¢Y VvV VA 1/2CV 1/2Y VvV
™ 90, a6, 06;
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OV 12 120V 21/ 120V
+ b (V (aa VIOV oy
OV y/-1/2 120V o172 v —1/20V
v-122 g2y 128
oY OV ey OV o,
A% ov A%
—1/2¢v—1/2 —1/2v—1/2 —1/2¢v—1/2
+tr <V S AR e T AR A
+ voirey 12D yoy-12 0V ooy OV (3.42)
09, ; 90,

For the first three terms of (3.42), from Theorem 2.26(ii) and Theorem 2.39,

BV OV 0OV e 1)2
(G A

8V AVA oV !
1YV x/—1/2 -1 -1/2
< aek Z- C) (aakv ael-v C) )‘

((aHkV i 8 39kv 00; a5y ©

AV A% !
_ -1 1/2 -19YV y-1/2
t(%k (v v c) (V o c))

< oy — — —
Amax ( 0k> tr <(V —~9i V C V 791' V C

BAY oV !
— -1 —1/2__ —1/2 —1/27 —1/2
b (v (V s c) (v oV c))

A% A% !
< 1 ~1/2 —1/2 ~1/2 —1/2
(V) ((v A c) (v Ny c> )

) )

oV oV
_ = -1 —1/2 —1/2
Amax (V) tr (ae \% aeiv CV >
pR
=< )\3 (V)’ (3'43)

where we use Corollary 2.33 and (3.38) to obtain the last inequality.
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From Theorem 2.26(2), Theorem 2.39, we have

aV. oV OV. oV
t v iz yv12cy v iz yv12¢
! <(89k 26, o0 99,
AV MY oV MY !
V19V -1/ v-12Y -1/
(aek o,Y Ty a5y ' ©

_ OV 10V 1) OV 10V 1)
= ((aakv a0,Y Ty @Y ' ©

OV 10V g, OV GOV )
<aekv o0, Y CtaeY anY C

oV (. OV oV
= tr V—l V—1/2 V_17V_1/2
(aek < g0,V CTV g Y ¢

A% oV !
—-1YV x/-1/2 1YV xr—1/2
<V aajv C+V aeiv c))

oV oV ov
< Ao | = | tr [ (VIZ=V 120+ v v 1/2C
= (aa,) r(( 26, NS
oV A% !
1 —1/2 SN —1/2
(v AT RN c) )
oV A% oV AV !
—t V72 7V 1/20 V 1/20 V 1/20 1/20
! ( (aej 96 96, A

A% oV oV AY /
< V-2 v—1/2 ON P 1y2 v-1/2 OV 172
< Amax(V75) tr <<ae C+ %, C) (aej C+ 5 C) >

oV

max(vil)t <89 AVan 1/2CV 1/28‘V oV

oV
v 2oy
20, 00, a6,

L NVynoy129Y L OV g 1ey-1/29V
oY OV e tanY Y T,

_ 2 (Vg <§;7 v-12av-1/2 | gzv_1/2cv_1/2)

PAY P\
<2 -1 —1/2¢vy—1/2 —1/2¢vw—1/2
A2 (V )(Amm(%) r(V cv )+Amax<aei)tr (V cv ))

< 2pR 7
~ Ain(V)

min

(3.44)

where we use Corollary 2.33 and (3.35) to obtain the last inequality.
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From (3.43) and (3.44), we have

tr <<ZZV1§;;V1§X + ZZVlggivlgz) V1/20V1/2>’
(AR AR R A A

g:v 12;:\/—12; + gZV_lg;;V_ng> V—I/QCV—1/2)
(B B B oy )|
(AR AR R A A
+$V1$ZV1$ u gzvlggivlgz> V1/20V1/2>‘

+t(<3VV10VV_13V ovV_ 0V > 1/2CV‘1/2>‘

90 90, 00, ' 90; 00
( w0V ' 7 —V2CH V- C

IN

OV

CARYS

a0y,
00y,

v-1/2
a0, T ¢
OV, 10V OV
tr N m B Al o)
<<69 00y, aej)
OV, 0V OV
tr v 1Y v-12Y ) v120yv-1/2
+‘ ((60 90 ae) =

+

2pR n pR pR
- )\E,nll’l(v) )\;g)mn(v) A?mn(v)
4pR
. 3.45
= V) (36
Similarly, we have
OV, ,OV_ oV 9OV_ V. _,0V 4pR
t Vi vl vl iyl vol2oy /2
r((aei 90, ° 90, 06, 00, aei> SN V)
(3.46)
and
V. V. oV OV_ V. _,0V 4pR
tr| =V 1TV I vl v 1)y 1/2cy1/2 .
r((aek o0, 06, " 06;° 06; aek> =NV

(3.47)
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For the second three terms of (3.42), from Theorem 2.26(ii) and Theorem 2.39, we

consider

tr (V—l 8VV—l/?(jv—l/?(B)VV—l/?CV_l/?8V) ‘

a0y, 00; a0y,
_ <<V1/2$;V1/2cvl/zg;:) (V 1/22\2 UQCVWZ;Z)/)
= tr ((V‘WZ;;V_WCV_W(;Z) (V—l/Q(‘ggzv—lﬂcv—l/ﬂ;Z)')
= tr <V (g;ZV 12cv— 1/2?9;:) (g;;v 120y 1/2Z;Z>/>
ot (G v ) (B v )
= Amax (V) tr <29Vkv 120y - 1/2%\,—1/20\,_1/2)

where we use Corollary 2.33 and (3.39) to obtain the last inequality.

From Theorem 2.26(ii) and Theorem 2.39 and triangle inequality, we have

tr((v—l/Qwv—l/2CV 1/26V+V I/ZQYV_I/QCV_I/QW)

0 00, 90 0;
<V_l/2?9;;V_1/2CV_1/22);: +V_1/2§;;V 12cy- 1/2227) >‘
- <<V1/2§;;:VWCV1/QZZ + Vl/Qg;jvlﬂcvl/ng)
= tr (V <g;;V 12ov- Wg;j n g;jv—mcv—l/zg;:)
(gg:v 12cy- 1/2227 g;f 1/QCV_1/QZZ>’>

OV 1y2emg—1/29V OV 1 1/25V
<akv OV g+ gy VeV
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oV

= Amax (V1) tr ( VeV 120V y-120y-1290V
k

+ STVV_U QCV—Wg%fv—wcv—ngV
+ g;fvmcvl/?g;/vlﬂcvmg;f
J % k
7\/'—1/2 V_1/27V_1/2 V_I/Q—
"o, ¢ 99); ¢ 09,

v OV 121720V
= -1 1/2 1/2 _1/2 _1/2
A (V) <t <89k C Bl C )

ov 1/2 1/26V -1/2 —1/2
+tr <89 V—/=CV~™ 892-V CV
2pR
= 3, (V)

min

(3.49)

where we use Corollary 2.33 and (3.39) to obtain the last inequality.

Apply the triangle inequality, from (3.48) and (3.49), we have

tr (V_l (g\[V—l/ch—l/Z% 1/QCV 1290V oV

O - 06,
+ g;;V‘l/ch—l/Zg_;:V—lﬂcv—l/?g;;))'
— |tz (V—l (%V—l/zcv—uzZ_Zv_l/gcv_mg;;
+ ggjv—mcv—lﬂg;:v—l/zcv 1/2 ger
ngV V2oV 1/2222\7—1/20\;—1/2 gaVk
" ng—l/ZCv—l/zg;ZV—I/zCV_l/gggj))
—tr <V (g;; v-120v- 1/2222\,—_1/20\,_1/22;:
+ ZZ;V_WCV_Wg;jV_WCV_l/Qg;;))‘
< |tr ((V—l/z(g;’kv—mcv—l/zg;j n V_l/Q?);jV_l/QCV_l/Qg;D
(V—1/229Vkv—1/2cv—1/2‘;;z i V—1/Qg;;V_1/2CV_1/QgZ/;>'> ‘

-1YVY x/—1/2 —-1/2Y VY x/—1/2 —1/29V
tr (V 5o, VPOV VTP

1aVV—l/QCV—l/?Wv—l/?cV‘l/QaV) ’

" M 89] 891 89]
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< |tr ((Vl/ngkvl/?cvl/?gZ + Vl/Qg;jVWCVl/Qg;:)
<V—1/229Vkv—1/zcv 1/232? LV VQZ;;V_”QCV_W(;;:)/N
o <V1§;ZV1/QCV1/2(2;:V1/QCV1/2§;Z>‘
+ |tr (Vlf);;Vl/QCV1/2?);ZV1/QCV1/2ZZ>‘
<V ) W
< Aii f fv). (3.50)
Similarly, we have
i (V‘l (g;:V‘l/QCV_l/Q%V‘WCV‘W%
+ g;;VmCV””%VWCVWZ;Z))' < )\rjffV)’ (3.51)
and
tr (V (g;fv 12cv- 1/222V*1/2CV*1/2%
+ g;; v-12cv- 1/2ZZV—1/QCV—1/2222>>' < Aﬁff\/’)' (3.52)

For the last term of (3.42), from Theorem 2.26(ii) and Theorem 2.39, we consider

tr <V_1/QCV_1/2g;:v—l/zcv—lﬂg;; v-12cv- 1/22})‘

= tr <<CV_1/222ZV_I/QCV_”2§;;> <CV_1/2$ZV‘1/QCV‘1/222;)/>‘

= tr (C (V—l/zf(;;:\;—l/zcv—mg;j) (V_l/QgZV”mCV—l/Q(éfj;;),)

< Amax (C) tr <<V—1/222ZV—1/2CV—1/2225) (V_1/2ZZV_1/QCV_1/222;>’>

_ OV 12120V (OV 12120V
—tr(V <89V Cv~™ 20, aeV Cv™ 20,
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aV OV [V v’
< Apax (VD) tr -12cy-1/22Y v-120y-1/29Y
< Amax(V7) <<ae C 90, ) \ 96 C 90,

oV oV
— -1 1/2 1/2 —1/2 -1/2
Amax (V1) tr < 7 VooV va ()% )
pR
N )‘fnin(v)’ (353)

where we use Corollary 2.33 and (3.39) to obtain the last inequality.

From Theorem 2.26(ii), Theorem 2.39 and the triangle inequality, we have

oV oV oV oV
t CV*I/Zivfl/QCV 1/2Y VvV cvV-™ 1/2Y Vv V71/20V71/27
' (( 26; a6, " 90, 26,

oV A% oV v\’
-1/29V x7—1/2 2 U\ 129V x7—1/2 -1/29V
(CV aez-v cvV- 20, +CV- aakv (A aaj> )

oV oV oV oV
—t C V71/27V41/QCVA1/24 V71/27V71/ZCV71/27
' ( < 20, T 96,

AV oV oV ov\’
—1/2YV x7—1/2 -1/2YV -1/2YV x7—1/2 —-1/2¢V
<v %iv (03 89j+v MV (03Y% aej>>

A% oV A% ov
< —1/2 -1/2 —-1/29 VYV —1/2 —-1/2 —-1/2

oV oV oV 8V
V71/27V_1/2CV 1/2Y vV AVan 1/2Y V. 1/2CV 1/2¢Y VvV
( 26; A a6,

v, oV oV oV
—tr (V™ “120y-1/22Y | O¥ yy-1/20y-1/29Y
r( (ae N o0, o612 o0,

OV 120120V L OV ays 120V
<aaV Sh1aamdcdmnnInbna o;

oV oV oV BAY%
< Apax (V7H) £ IV v-12cyv-1/22Y | OV y-120y-1/29Y
- (V=) <<59i 90; BB a9,

NV oi2ay-129V L OV aym120VY
(aeiv OV e tae Y Y o,

oV oV
_ v-1 v-120v-1/29Y v-1/2 0y -1/2
Amax ( ) <tr <89i © 00; © 891-)

oV oV oV
t VA I/ZCV 1/2¢Y VvV AVan 1/2CV 1/2Y VvV
T <aak a0, 90;

OV < -1/2 1720V 2179 vy —172 0V
tr CV '/ —V CV —
* < a0, a0, 261

ov 1/2 129V 8V —1/2 ~ys—1/2 ov
vV~ A% —
+tr<89kV C 893 C a0,
2pR

(3.54)

min
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where we use Corollary 2.33 and (3.39) to obtain the last inequality.

From (3.53) and (3.54), we have

20V

L,V L,V
0,

'—tr <V‘1/2CV_1/ o VO PovTiro mvTEevTY

i J

A% oV ov
1729V 7172 7-1/29VY x7—1/2 vy —1/29 V.
20 Vv CcvV 50 Vv (GAY 39k>’

1290V
90,
120V
90;
~120V
96;

+ vV 12cv-

i

120V

J

= '—m« (V”QCVWWVWCV v-12cv-

Vv 2cve

oV oV
1/2 AVan 1/2CV 2N ) CV S
<< a6, * 90, 90;

00;

/

CV 1/28V v-120v- 120V LoV UQ@VV_I/QCV_UQ&—V
80] 00, 00,

oV A% oV
1/2 1720V 20V ro1/2 0y 7—1/29 V.
voiev Res 59V eV ae)’

( v-12cvY
i J
( 1720V - 1/23VV1/2CV1/23V>’

v-12cv- v-i2cv
89k 89]' aek

4pR
P (3.55)

Thus, from (3.45), (3.46), (3.47), (3.50), (3.51), (3.52) and (3.55), we have

< ovV 8VP8V>

P—P_—
00;  00; 00y

R

26, 00, 90,
oV oV oV OV
(Vlae aevlaek)_“<v EARET aek)‘
< 4pR 4pR . 4pR i 4pR 4pR n 4pR n 4pR
SN ™) TN TN, V) L ) T V) T N, (V) T L, V)
28pR
T A (V)
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Hence, for p and R are fixed,

‘ ( oV _ oV 8V> < oV _ oV 8V>
tr +t P

prr
89-P80 00y, 00; 00, 00y

OV _,0V__ 0V OV. V. OV
1 1 1 1 1 1
(V 00, a0, Y ae,) (V 26," a6, " ae,)'

= 0(1),

fori,j,k=1,...,R.

For (4), by the same technique, we can show that, for p and R are fixed,

Tplilplt P-P— P
90; 00; 90, 00, 96, 00, 96, 06,
<v 1OV o 16VV18VVA18V> (V 1OV 1avvlavvlav>’

a0, o0 90, 00, o0, 90 a0, 00,

( 8VP8VP8VP6V) ( oV _ oV 8VP6V>

= O(1),

for¢,7,k,l=1,...,R. ]

Corollary 3.16. Under the multivariate Fay-Herriot model (3.2), for any positive integer

mandi=1,..., R,

dl

where c is a constant.

Snans ey < (PR-rR m/2
90; 0 2L v) ’

min

Proof. Since V, and V. are positive definite matrices, there exist nonsingular matrices
L, and L, such that V, = L,L! and V, = L.L., respectively. Let W = [Ly, L.]. Thus,
w =u+e = W¢, where £ ~ N(0,Ispg). Since PX = 0, we have

=(y—-Xg) (y —XB) =

(3.56)

89 06;
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Using Theorem 2.73, and the fact that PVP = P and PX = 0, we have

o OV B ov B ov
E[yPaeiPy = tr PaGiPV =tr Paei . (3.57)

For any m > 2, using (3.56), (3.57), Lemma 3.3 and the fact that WW’ = V and
PVP =P, we have

d

y’PaVPy —tr (P(?V) ‘ ]

00; 00;
[ ov ov m
_ / _ /
—E_yPaeiPy E{yPaeiPy” }
[ oV oV m
_ NV %7 N/
—E_§WP89iPW£ E[€WP602~PW£H }
<c W’PaVPW
00; P
oV oV m/2
_ 1 /
=c <tr <WP86’,-PWW PaeiPW>>
oV _av\\™?
<ec DR —pR oo (3.58)
N )\?nln(v) ) .

where we use Lemma 3.8(2) to obtain the last inequality.

For m = 1, using Corollary 2.87, we have

oV oV 21\ /2
/
— <
E{yPaeiPy tr(Pae)H < (E ])

DR — pr\ ¥\ "
< ( () ) (3:59)

_ (DR—-pR\'?
ULy )

min

av XY
P py tr(P
Y00, r( ae)

where we use (3.58) with m = 2 to obtain (3.59). O
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Corollary 3.17. Under the multivariate Fay-Herriot model (3.2), for any positive integer

m,and 4,7 =1,..., R,

OV _ 0V OV _ OV OV _ovV\|™ DR — pR\™?
Elly (PZP—P+P-—P_—Ply—2tr ([ P0—P— <ef =220
[y< o0, 96, " o0, o0, )y tr( 96 891')‘ }_C<>\4 (V)> ’
where c is a constant.

min

Proof. Since V,, and V, are positive definite matrices, there exist nonsingular matrices
L, and L, such that V, = L,L!, and V, = L.L., respectively. Let W = [Ly, L¢]. Thus,
w=u+e = W¢, where & ~ N(0,Ispg). Since PX = 0, we have

oV _ oV oV _ oV oV _ oV

yP—P_—Py=wP—P —Pw=¢WP_—P

PWE. .
06, 00, 96, 00, o0, 96,7 (3.60)

Using Theorem 2.73, and the fact that PVP = P and PX = 0, we have

oV _oV oV _ oV oV _ oV
E |yP—P Py| = P—P P = P—P . 61
[y 96, o0, y} “"( 96, o0, V> “"( 96, 8@-) 361

For any m > 2, using (3.60), (3.61), Lemma 3.3 and the fact that WW’ = V and
PVP =P, we have

VOV aV_ oV m
gy (PP p . p?Vp2Vp
[y< a6, a6, | 06, 00, >yH ]
aV_avV IV_ OV )Wg

¢W’ <PP P+P—P_P

E [ y’ <P8VP8VP + PaVPaVP> y — 2tr (PaVP8V>’ }
00;  00; 00;  00;
oV _ oV oV _ 0V >W£” }

26, 06; 96, 90, 26, 06;
J(LOV_ OV aV_oV
=E|ly y
:E[
_Elew (PP ppZpPlp
[5 < a6, 06, " a0, 00,

P_P__P+P__P__P
VoV VoV "
W’(PaPa P+ P2 P8P>W

<c

96, 06; 96, 90,

26, 96; 96 9, .
AV A\ i\

_ (PP p  p2¥p2Vp

C(“ <W< 6, 06, a6, 09, )W

OV _ oV OV _ oV m/2
(p2Yp9¥p  pPVpIVy
W( a6, 99, ' 08, 06, >W>>




92

P—P—P—P_— P—P—-P_—P

(i (pOVPOVRIVLOVY L (LOVLOV OV OV
—\"\ oo, o0 o6, a0;) T\ o0, o6, o6, 08,

OV _OV _9oV _ 0V OV_OV_9V_av\\™?
DR — pR\™?
< _ .
(W) .

where we use Lemma 3.12 to obtain the last inequality.

For m = 1, using Corollary 2.87, we have

OV _ oV OV _ OV OV _ OV
/ — — J— [
E[y <P89jP89iP+P89iP89jP>y 2tr<P89jP89i>H
1/2
OV _ oV OV _ vV OV _aV\ |
<|E|ly (P5-PLP+P—P_P|y—2tr (PP
—( y< 26, 26, 06, 06, )y tr( 90, aei> D
1/2
DR — pR\%?
< _ .
: (( ) 0
_(DPR-pR\"*
B )\fnln(v> ’
where we use (3.62) with m = 2 to obtain (3.63). O

Corollary 3.18. Under the multivariate Fay-Herriot model (3.2), for any positive integer
m,and ¢,5,k=1,..., R,

d

OV_OV_ V. OV _OV_aV_ OV _OV_ oV
"IP—P—P P+P—P P—P+P P—P—P
y( o6, 06, 09," a6, 06, 00, | 06, o0, 06 )y

OV _aV_ov\|" DR — pR\™/?
_ ppllp <o 2P
3tr< 0 00; 09)‘ ]‘C<A6 (V)> ’

min

where c is a constant.

Proof. Since V,; and V, are positive definite matrices, there exist nonsingular matrices
L, and L, such that V, = L,L!, and V, = L.L., respectively. Let W = [Ly, L¢]. Thus,
w =u+e = W¢, where & ~ N(0,Ispg). Since PX = 0, we have

=0V _0V_ 0V oV _ oV

P plpllipy — WP P
a0, a6," a6, Y = ¢ W P55 5,

PWE. (3.64)
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Using Theorem 2.73, and the fact that PVP = P and PX = 0, we have

(3.65)

E[ oV _ 0oV _ 0V } ( oV _ oV 8V>

P—P_—P
00, 00; 00, 00, 00; 00,

For any m > 2, using (3.64), (3.65), Lemma 3.3 and the fact that WW’ = V and

PVP =P, we have

. OV_OV_ 9V OV_ OV _ oV OV _V_ oV
90, 00; 00 aa 90, 00y, 90; 00, 00,
g (pV pOVpdY
"\ oo, 00, 00,
. OV_OV_ oV OV LOV LV L L0V L0V L0V
- 6, 99, 0, 90, 06, o6y, 99, 06, 00,
. OV OV OV OV OV OV OV_ OV _ oV m
90, 00; 96.% 90, 00; 06 90, 00, 00;
M (08V 5V OV OV_ OV _ oV OV_OV_ oV
_E[gw (Paakpae 0, 90, 90, 0, 90; 00, 00; we
- OV _OV._ OV OV_ OV _ oV OV_OV_ oV m
E £W< 90, 00;  00; 89, 90, 00y 90, 06, 00, we
OV_OV_ 9V OV_ OV _ OV OV_OV_ Vv m
(PP PZ— “Tpol
HW( 90, 00; 00; 20, 90, 06, 26, PaekPae P>W .
(VL OV_OV OV . OV _ OV OV_OV_ 9V
(tr (W <P89kpae- 26, T R TR TR TR A
OV _ OV aVP OV _ oV __ oV OV L0V L0V L\ m/2
90, 00, 00y, 905 00; 00, 20, 6, 00;

_C< ( OV OV _OV_OV_ oV av> < OV OV _oV_ 9V _ IV av>

90, 90; 06, 06; 06; 0y, P%P%Pae 90, 90; 00

OV _aV_ oV av OV 0V OV_OV_9V_dV_0V_. oV
P—P—P P
( 96, 06, 00 aek ) ( 06, PaekPae Pae Paek>
v, av BAY aV av av av OV_dV_dV_ OV _ 9V
P— —P— P—P P—P
( 06, aok aak > ( 20; 00y, ae-PaekPae)
o (pV av av av av av o Pav OV_ OV _aV_9V_ oV
00; 00 aek 0; 90, 06, 00; 00, 06,
Pav oV 8VP8V av aV m/2
0, aek aek
. (DPR—pR\""? (3.66)
ASin(V) ’ '

where we use Lemma 3.13 to obtain the last inequality.
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For m = 1, using Corollary 2.87, we have

B oV _ 0V _0oV oV _0V__ oV PE)V oV _ oV
00, 00; 00, 00; 00, 00y 00; 00, 00,
i (p?V pOV RV
"\ o0, o0, 00,
< oV _ o0V _ 9oV oV _ oV 8VP . oV _0oV _0oV
- 00, 00; 00; 00; 00; 00y, 00; 00, 00,
o (pV VeV
00, 00; 00,
1/2
DR — pR\*?
< e .
( (%) (367)
_ (DR-pR\'?
Ain(V) ’
where we use (3.66) with m = 2 to obtain (3.67). O

Theorem 3.19. Under the multivariate Fay-Herriot model (3.2), we have

~ AP B 1 3 QNSO BN oV _ oV
(1) 6 —0-—([2tr< 89V 801>_tr<P60 601)

-1
1 ( 0% 182)}
——tr( X" >
D 00; 00 iGe1...R

1 SOV 1, 8V 1 >
[2 (V ae)+yPaezPy+Dtr<E 89)] A
—1
M aV N L 0% 0%
@) ( " ae) D <2 90, 20,> 90, )] i 7R>
L PV 1 )>
[ 2" ( > Pon Yt D" (2 aez-)]“,...,R“AR’

where |rap| < D7Pn and |rar| < D™Pn with E(n™) bounded for any fixed 0 < p < 1 and

m > 0.
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Proof. We prove this theorem by verifying the four conditions of Lemma 3.4.

~ AP
First, consider (1), the adjusted profile maximum likelihood estimate 8 . For

condition 1, note that ™" is the solution of 9/ ap(0)/00 = 0, where
(ap(0) = c— Slog V] — Ly/Py + L log |5
AP =c B 0g 2y y D 0g | 24].

Then, by differentiating £ap(0) with respect to @ three times, we have

0lap(8) _ [9lar(6)
06 - 801 i=1,...,R
1 oV 1, 0V 1 )3
=|—ztr (V! Sy P Py 4 —tr [ 2! '
L 2 r< ae)*zy 96, " D r< ag@.)]“’mﬂ, (3.68)
9*lar(0) _ —62€AP(0>}
00° | 90;00; |,y g
E OV VY 1, 9V 9V
= St (VI VTi o ) — Sy PP P
12 r( 90, 801) 2y " 90, 00,
1 ; oV _ oV 1 _182 _162
— yPZP—Py— —tr (2% .
2" " o0, 09; 4 Dtr< 90, 392‘)]2',]':1,...,1%’ (3:69)

Plap(0) [83€AP(9)]
96° 001,00;00; i k=1, R

1 oV V. OV
L (v 219V
{ T < 90, 90, aei>

— %tr (V—lgzv—lggiv—lggg

+ ;y'Pg;:Pg;;Pg;ZPy + ;y’Pg;ng;ZPgZPy

+ ;y’Pg;;Pg;ZPg;ZPy + ;y’Pg;/kPg;:Pg;ij

+§yfpgnggipg(fjpy ;yfpggjpgevjpggipy
1

0% 08 0%
I S e
ot ( 96,>" 9, ae,)

1 0x 0% 0Xx
e e St o Rl o ) 3.70
+ D r( 00; 00y, aez‘)L,j,kzL...,R 70

Since the third derivative of adjusted profile log-likelihood function is continuous in term

of @, the first conditions holds.
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For conditon 3, from (3.69), Theorem 2.73 and the fact that PX = 0, we have

E[mp(oq _ [1 (V A 1av> ( oV av>

062 2 00; 6 00, 00;
— 5t (2 26, = 20, ﬂ s (3.71)

77777

If we take g; = /D, for i =1,..., R and G = diag,<;<(gi), then

G-l [8251“3(0)} al_ g [a%AP(a)]
06> D 06? '

Note that —E [8%0,p(0)/ 892] is the Fisher information matrix. From the property that
any Fisher information matrix is positive semidefinite, we have G E [0%0sp(6)/06%] G!
is negative semidefinite. Since E [0%(5p(6)/067] is invertible, G~ E [9?(p(8)/06%] G}
is invertible. Then every eigenvalues of G E [02/p(6)/ 802] G~ !is nonzero. Thus, the

third condition holds: that is,

20ap (0
—00 < lim sup A\pax (Gl E [85";2()] G1> < 0.
D—oo

For condition 4 (a), from (3.68), Lemma 3.15, Theorem 2.96 and Corollary 3.16, we

have

2| (5% H
Kl )|

= |- ! () e e (522

—tr (P?Z) +0(1)+0(Db™ m}

wore = ()] 2o

oV
00;

!

- (4D)m/? [
max(1,2m1) p
= 4Dy [y
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_ max(1,27) (C <DR—pR)m/2> LoD

B (4D)m/2 )\?nln(v)
— o Y —m/2
(mm) (=) 0w
Thus, E [(1 82590) > ] is bounded for any m >0, fort=1,..., R.
gi i

For condition 4 (b), from (3.69), we have

2
E [a KAP(B)] = %tr <V_18‘VV_18V> —tr <P8VP8V>

90,00; 09, ©  96; 20, 00;

From (3.69), (3.72) and Corollary 3.17, we have

L |2e) [P0\
A /gjgi 603691 39]891

(L [Par®) [Pl @)])"

VD | 96,00, 96,06;
1 [V 1oV ooV oV LV ["
~ D H Y Po6. Y a6, Y 2yPaeiPaeij”r(PaejPae)l }
o (LOV_ OV VOV oV _ov\|"
- (4D)m/2E[y <PaejPaeiP+PaeiPaejP)y 2 (Paajpaej‘ }

IN

1 DR — pR\™?
(4D)m/2 < NLV) >

— ¢ <)\ AR(V)>m/2 (1 B %)m/2'

> ] is bounded for any m > 0, for i,j =

0*(9) . [0*(6)
6,00, 6,00,

Thus, E [( !
V95 9i

For condition 4 (c), when § = min(6)/2, let 8 such that

+6;, foralli=1,...,R.

_mu;(@) Vo, < b < mu;(@)
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For i,j,k =1,..., R, from the fact that PX = 0, the same idea of the proof of Lemma

3.10 with the rank one positive semidefinite matrix ww’, we have

_ IV - OV - OV - OV - OV - OV -
pNpVpVp  plVpIVpIVp
Y00, a0, o0, Y Y 50, a6, a0, Y
OV - OV = OV - OV - OV - OV -
~wbpZ p2Vp / IVpoVp
Vo0 00, o6, " TV a6 o0, 06,
- OV - OV - OV - OV - OV - OV -
it (wP P PV py  wp Pl PV p
' (W a6, 06, 06, ~ ™" 06, o9, o0, W)
< 4tr(w’~w)
T (V)
_ Aw'w
(V)
and
/ /) hi8 g I

) YV, ae;" o6, o6," 06,% 06,7

max

where P, V and oV /00; are obtained when 6 is replaced by 6 in P, V and oV /06,
respectively. From the last inequality, the fact that w ~ N(0,V), Theorem 2.73 and

Corollary 2.36, we have

-V - OV = IV - - OV - OV - OV -
pIY o0V /
YPo6.Fo0," a6, 7Y Y Y 56,5 06, F o0,

E




Then, from (3.70), Lemma 3.15, Theorem 2.96, Lemma 3.9 and (3.73), we have

o [ - a30) [\
9k9i9i pes, o) | 9k00;00;

1 B ap(0) [\
=E||= sup |57
KD 6esie) | 00x00;00;

— B o S (v—lzv—lgv—lg ) R (v—liv—lgzv—lg )
' ;yfpgipgsz‘gz: By + ;yfpgjjpggipg By
- ;YP?ZPZ/ZP?:;Z Py + ;y’f’gv;[kf’ggjf’gjf’y
" ;y'f’gz P%ﬁ% by + Lyt gj P?;;P?;Vkﬁy
+ %tr (2—1%2—1%2—1‘22)
gl B )
~ o E - (p%%}r@j) i (pg;”pggipfg)
y’f’g:;;?%?g:;:f’y+y/l5%f’§;2f’gz By
+yf15§:;§p‘gz ﬁSAXquLy'f’g:;;f’g;jf’ng’y
+yff>§z ﬁiﬁiﬁwy/pgj pg;;ﬁgzpﬁ ow|
max(1,571)
= D"
(ol (e ) o (rieiiet)|
+ yfpg;{;pggjpgzz Py yfpgszggjp%p
4 ny§Zp§§:p§§;p +y’f’§§21~3§;§f’§§;l§y :
s ng f’giﬁgjjf’er y’ﬁgjjﬁggif)gz Byl - 0(1)> )

99
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max(L,5™ 1) (|4(DR - pR)|" ADRAmax(V) ) -
=" apy ( 3 V) (Am) )*Ow )

R o) Rhmax(V)\ ) .
_c<<A§nin<V>>(1_D>> +<< A (V) )) oW,

where S5(8) = {0 :

0, — 0;

< min(0)/2,1 <i < R}, is bounded for any m > 0.

Since all the four conditions of Lemma 3.4 are satisfied, from (3.71), we have

. AP lap(0)1\ " 0Lap(0)
? _0:_<E{ 06? D 0 TN

([ (@Y OV (LY OV
= ({2”(" a0, ¥ aei> “(Paejpae)

-1
1 108,108
) tr (2 o0, aeiﬂ Z-yjl,...,R>

1 oV 1.0V 1 >
1 LopWVpy (s
{ 2“<V aei>+2y o, Y Tp" 96;) |, T

=1,...,

where |rap| < D™Pn with E(n") bounded for any fixed 0 < p < 1 and m > 0.

For (2), we consider the adjusted residual maximum likelihood estimation. Note

that ™" is the solution of 8¢ Ar(0)/00 = 0, where

1

Dlog\E].

1 1
lAR(0) = ¢ — 3 log K'VK| — 5y’Py +

Then, by differentiating with respect to @ three times, we have

0lar(0) _ [OlAR(O)
00 L 06 i=1,...,.R
1 avV\ 1 ,. 0V 1 )
B VP Py~ (B 74
i Qtr<P39z‘>+2y 00, erth( 39@‘)]1:1,...,37 (3.74)
02Uar(0) 'a?zAR(e)}
06? N L (99j892~ i,j=1,...R
Bl OV_oV\ 1 ,.0V._ 0V
— |- (PP ——ypZp%p
_2“( 09, 89i> 2y 00, 06;
1, 9V_aV 1 ) SHY)>
_ yPlplpy_ (w1 Xy 3.75
2y 00, 00; ¥ Dtr( 96, 00 ), 1 n (3.75)



P*ar(6) _ [ 830Ar(0)

06>

[ 1
1
+

+

tp"

1
R

D

53’
1

+ iy
1
2y
1

80k89j80j”k 1..R

P59.F 06," 06

OV OV LoV
IP* i
aekpae a0, Y
OV_OV_ 0V
/
Pae»Pae-Paek
y OV_ OV _ OV
90; 00, 00;

( ov 8V 0V)

Py

60k 89

X X
p IR 57 )
( 00; 00,

1 OV_ oV _ 9V
3 r<P%P89kP89.>
1 pdV oV v
2y 00, 90, 06;
%,Pav oV _ oV
Ll
oY

00, 00; 00,
Y oV _ 0V _ 0V
00; 00; 00y

>
09;

%)
90; ij,k=1,...,.R

So, the first condition holds: £ag is three times continuously differentiable.
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As for the last two conditions, comparing the derivatives of £xp with £Ar, we can

see that the differences are only

oV _ 0V A% oV 8V oV
tr (P=—P P vio—v! vl
( 00y, 00, 89;%) ( 00y, 89k 00y, >
for k1,...,k,=1,...,Rand n =1,2,3. By Lemma 3.15, these differences are bounded

when p and R are fixed. Thus, following the previous proof for £ap, we can show that

lar also satisfies the conditions of Lemma 3.4. From (3.75), Theorem 2.73 and the fact

that PX = 0, we have

] e

D

-

ov 8V
00;

00;

1. (2 162 az)}
7]
1

06, 00

8V 8V>

]-7 7

oV aV )
— (BT NG}
z> D r( 90, 90; >} i,j=1,...,R (370

)>

20ty
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Thus, from (3.74) and (3.76), we have

AR RUAr(0)]\ " 9lAr(0)

-1
_ 1 (LOV_ VY 1 182 0%

_}t oV +1 Voo 1, 2,132 .
2 "\ " 9g; Y o6, D" 90;) |, AR

=1,...,

where |rar| < D™Pn with E(n™) bounded for any fixed 0 < p < 1 and m > 0. O

Next, we will prove the asymptotic properties of the APML and AREML estimators.

To prove this asymptotic properties, we need the following lemma.

Lemma 3.20. Under the multivariate Fay-Herriot model (3.2), for i, = 1,..., R, for

large D,

-1

1 (10V 0V
<[ 2" (V a0, aei)w“)]i,j:l,n.ﬁ)

1

_ (.1 19V, 19V ) -1
_<[ 2tr<V ‘%V 90; )L,j=1,,..,R> +[O(D )]RXR.

Proof. Note that — E [%255} — {% tr (V 1‘9VV 18V)} " is Fisher information
i,5=1,...,
matrix, which is invertible. Then [ % (V 12;/V 137\’)} . is invertible.
’.] 9 7

From Theorem 2.63, the first-order Taylor Series approximation of matrix function

with f(X) = X1 is

d
(A+E) P =A"14

A +tE)!
7 (A +tE)

t=0

A" (A+tE)"YE)(A +tE)!
t=0

=A'-AlEATL (3.77)
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Applying (3.77) with A = [ 3 (V 18VV 12;/)} and E = [O(l)}

i?jzlv":R RXR,

(e, )"
(sl )
(([;M ) ) Lo,
(e >],ﬂ,,>)
([(viy lzm e )

2]
+loe [ztoml,, [oeD]

_ -1
1 0V __,0V _1
—= D .
< | 2 " (V aeJV 891‘)} i,j:l,...,R) i {O( ) ]RXR

O]

Theorem 3.21. Under the multivariate Fay-Herriot model (3.2), both adjusted profile
A A
maximum likelihood estimator, @ P, and adjusted residual maximum likelihood estimator,

R
6, are consistent estimators of . In addition, we have

-0 o] ([ (omvilL L) e

90y
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Proof. From Theorem 3.19, we have

E[(@)AP_Q) (aAP_a)’]
(BB
() )
o (v ) L ey L (5022)] )
O R i S C ]
(= (@ m) - Fwrm)

-1
Etr (2 8912 89]’)]2',]':1 R) )]

.....

:E[rApr'AP]
-1
1 OV OV AAY 0% 0%
oV 5 19%% 5
+<{2 <V o6, ¥ 80Z-> (80 80i> < 0, 90, )i,y g
L (VY L pdVe 1 ¥
E [—Qtr<V aei>+2 Pyt (z ] .....

.....

) 1az>] -
90; ij=1,...,R

.....

3
() e ()]
0

1 OV 8V OV LV
Qz“(v ) < (P ) <

- —1
1 OV OV ovV_ov\ 1 L0 ., 0%
|z B =) o
(_2“(‘7 6, " aez-> (39 ael-> Dtr< 90;~ 00|, 1. n
1 LAV 1,0V 1 > ,
E [ 2“<V aei)+2ypaei D”(E 20, )} _____ o AP
| 1 OV 1, 0V 1 )
I {‘2”<V 802-)* VP Y T ot (E 8&)Ll ..... R]

—1
1 OV OV ovV_avy\ 1 ) HY) >
- - B el > o .
([2“(‘7 a0, " aej> tr( 90; ae) Dtr< 96;~ 06;)],, 1 n

.....
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We have four terms of E[(éAP - 0)(9AP — 0)]. For the first term of (3.78), from the

condition in Theorem 3.23 with p = 3/4, we have

Elrapryp] = El[rirjlij=1.. R

- [O(D)fl} , (3.79)

where ryp = [Ti]i:L...,R'

For the second term of (3.78), from Lemma 3.15(2), we have

[1tr (Vlavvlav> —da: (PaVPaV> A <2 1622162>]
‘ i,j=1,...,R

2 90, 06 20; 0 " 90 00 )], 1.
ovV. 0V OV _ OV L ovV. 0V
_ 1YY y/—1 i i 1 1
- {u(v aejv ae) (Pae Pae) 2 <V aev 801-)
-t (Z e
D" 90, A,
_ [_1tr (V 18V 18V> )}
2 9]‘ i,j=1,...,R
= [—1tr< 1‘WV 18V) +0(1 ] : (3.80)
2
N ¥ 01

From (3.80), we have

-1
1 OV OV OVLOVY 1 (L 08 0%
([2”(‘/ a6, " aa) <ae aei> D (Z 26,> 26, R
-1
1 OV OV
— (|- 1
([ 2tr (V 89V 80i>+0< )L,jzl,...,R)

(] e,

where we use Lemma 3.20 to obtain the last equation.

20y
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Using Theorem 2.73 and the fact that PX = 0,

E[y g;’ }—t ( g:) (3.82)

Using Theorem 2.74 and the fact that PX = 0,

| (re5ey) (reaes)] -2 (Poaeas) +o (5) o (5

(3.83)

From (3.82) and (3.83), we have

1 LAV 1,0V 1 0%
[2( )+ 7% 5t<269>}13

-----

1 18V L LopVp oy Ly (5102
2! a9, D 09, n

.....

Y
_EHitr (V‘lg;:) tr (V 18V> —Et ( 18V> ( ’Pg;;Py>
1
) T
1

(=) () o ()
(e Gre) (vge) s g (e (557
5o (25 (%) (55 (P )
r (s (s 2]
(i (V) < (v (02
o (Ve (=) - L (P ) (V)
e (Pra) i (P ) v (Pa)

00; 00 4 00; 00
+22tr< g:) <2 1g§>—£)t (2 1g§)tr<v—1g>

1 > VY 1 (0% 0%
+2Dt<2 ae)tr<Pae>+ t<2 aei) (2 ;)i

,,,,,
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12 () (- () ()
(PR (o) o (0 52
() (o () ()

1 % i)
e (27 (575
D? 09, 90;) ], n

.....

o 1 8V av —1 —1 -2

_[0(1)+2tr< 20, 89>+O(D )+ O(D™ ")+ O(D )L]_l ..... .

[t L0V 40V

_{Qtr<V oV a@j>+o(1)Lj1 ..... R, (3.84)

where we use Lemma 3.15 to obtain the last two equations.

Thus, from (3.81) and (3.84),

-1
1 (o OV OV (LOV_ VN 1. [ 0%__ 0%
([2”<V 26, " 092-) tr(%eﬁam) p"\* 2,7 )], »
Ly (vrdY +1 1 b 18
2 00;) 27 00; = D \ 06;)];y R
1 (o _av) 1 0%
u(v 69i>+§y i1 <2 )] .

([1& (V_lﬁVV_18V> ( v, av

E

~1
2 00; 00 _Bt <E = >] g=1 R)

00; 995/ 1.
1 —1 6V 18V CL,
_ 1 D
<|: Qtr <V 80]\/ 89 >:|z]_1 ,,,,, R) +|:O( )]RXR)

{ tr(V aelV 89j>+0(1)]i,j1 R

-----

(([;tr <V‘lg;jv lggj)]”_l ..... R) 1+[0(D1)}RXR)
(o (T ) 059
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For the third term of (3.78), by the Cauchy-Schwartz inequality for vector, (3.79)
and (3.84), we have

1 10V 1,0V i 0% ‘
E[(—Qtr(V aHi)4—2yP89iPy—i-Dtr<E 06, T
oV 1 oV 1 o
-1 ' L -1
tr <V 89i>+ yPaeiPy—i—Dtr (2 89i>>

1 1
2 2
1/2
<—; tr <V_1 g;[> + %y'P aVPy + 1 tr (Z_l 82))] > (E [rjrj})l/Q

i (v12Yv-19VY L o v o(D)"H)'/?
( ) o) )
)

a0; 96
— (0(D)/? (o(D)™H)'"? (3.86)

= o(1), (3.87)
where we use Remark 3.14 to obtain (3.86).

From (3.81) and (3.87) and Remark 3.14, we have

-1
1 A\ avV_ov\ 1 % __, 0%
—tr(Vi—v! —tr ([P=—P ——tr (Xt Ex!
([2“< 00, 89,-) r( 09, 891-) D r( 96, 96:)|,._\ n
E

1 (o 0V 1,0V 1 0% ,
H 2“(" ae)*zypaeiP”D“(z )]

.....

ey

1 10V 1,.0V 1 0% ‘
[E 2tr<V 89i>+2yP39¢Py+Dtr<2 a6, T T

=1,...,

(3.88)
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For the fourth term of (3.78), by the Cauchy-Schwartz inequality for vector, similar

(3.87), we have

1 oV 1, 0V
E i _ —17 - /P7
[T< 2“"<V aej>+2y a0,

Py gy (3 aeﬂm
1

1 oV 1,9V )>
< on/2 1 -19V. SypZY 2 1
< (E[riri]) (E[( 2tr<V 69‘> 5 Pae Py+Dt (2 0. >>
Lo (v10VY L LopdVp 1 (o 0B\ YN
< 2 <V 80)+2 YPo, Y Tt <2 a6,
1/2
:(O(D)_1)1/2<;tr( 18V 1(‘9V> >
1/2
= (o(D)™)"* (0(D))*
— o(1). (3.89)
From (3.81) and (3.89), we have
1 OV 1, 0V 1 (5-10% '
# e [ () < aeys e (5]
-1
1 OV OV oV _oV\ 1 08,08
([2“<V 26, aa) t( 00, aa) Dtr(z 26,> o8, S
el (L -1V L p OV L 102
-l (e (v ) a0

19V

oV
V—l
00,

00;

(e

:0(1)}RxR [O(D—l)}RxR + [0(1)}

D)

RXR

-1

[0, )

Thus, from (3.79), (3.85), (3.88) and (3.90),

~AP

0 ~AP

0 1

s (0 -0) (o) = ([ (v

[O(D_l }RXR

(3.90)
OV _, 0V -
29, _1891>Lj:1 ,,,,, R) +[0(D_1)}R><R
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Similarly, by the same technique, we can show that

-1

w00 002 ([ (- EVE, L) e

O]

Remark 3.22. From Theorem 3.21, we can notice that APML and AREML estimators

have the same asymptotic variances as the PML and REML estimators.

Theorem 3.23. Under the multivariate Fay-Herriot model (3.2), we have

Bias(9"" ) = [tr <V18—VV‘18V>]
90 90i)], 1

Ce () a(p)] o
[

-1

=1,...,

Bias(éAR) =

Proof. We prove this theorem by verifying the five conditions of Lemma 3.5. We first
consider the 7 function. Define 7,(0) = 6, for r = 1,..., R. Then, by differentiating with

respect to @ three times, we have, for i,5,k =1,..., R,

on.(9) |1 ii=r 92 ()

= :0
99, 90,00,

83777"(9)

96,00,00,

0 otherwise

It is clearly, 1,(0), |On,(0)/00), H0277r(0)/302”7 SUPges;(0) ‘8377T(0)/80k80j89i

, for all
i,5,k =1,...,R, for r = 1,..., R, are bounded. So the first condition of Lemma 3.19

holds.

Since the condition of prove of Lemma 3.19 hold for any m > 0, the conditions of
Theorem 3.5 hold with m > 8 + 4\. The first-third order derivatives of ¢(6) are given

respectively in (3.68) — (3.70). The fourth order derivative is given as follows



DUap(0) [ 0Map(6)
00* N 89189k89‘892‘ ijdd=1,..R

N OV 1@ OV OV

_{2“(\/ o6, " 96," o6," o6,
Y OV. OV. V. 9V
R 1 -1 1
t3 < 2. Y o6 aeV ae)
+2“<V 96, Y a0," a6," o0,
1 OV. . OV. .OV. 0V
+otr (Vi v iyl vyl
3 r< 20, 00, 00y aei)
1 OV OV OV _ 9V
tah <V 26, 06" o0,° o6,
L1 OV OV OV OV
tou (V aejv o0, = 08, 06,
1 pdV OV OV OV 1OV OV OV OV
2y 00, 06, 00, 00; 2y " 960, 06, 06, 00;
L 1pOV L OVOV OV 10V OV 9V OV
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~ 2V 96, 00, 00, 00; Py =5y Pag 20, 06, 00, °
1,0V 9V 9V OV 1, 0V_0V. 0V_ oV
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CLypdVpOVROVLOV L L L0V OV L0V L0V
~yvPZlp L LA AR - LAS TAS
~2Y " 90, 00, 09, 96,5y ~ 3 90, 96, 06; 06, °
1,0V _aV_9V_ oV 1, 0V._0V_0V_ 0V
Sy p ppZip,  Spflp gy
~ 2V 00, 00, o6; 00, 2" 90, a0, 0, 00,0y
CLpdVpOVR VLV L L L0V OV OV OV
oY 90, 96; 06, 00y, 2y " 90, 00; 00, 06,
1,0V 9V 9V oV 1, 0V _OV_0V_ oV
HEHALBRERORE LIRYERS]
9V 00, 06, 00, 00, 2 PaekPaQZPae.Paep
CLpdVpIV ROV LOV L L L0V LV L0V L0V
2y " 96, 06, 09, 00; 2y " 96, 06, 96; 06,
1,0V 9V 9V oV 1, 0V_0V._0V. oV
Syppl plYpdy Sypp plypdy
"9V 00 00 00, o0, 0 2V a6, o6, aakPae Py
CLpdVpOV ROV LOV L L L0V OV L0V OV
2y 90, 96, 06, 06 2y 90, 96, 96; 06,
1,0V 9V _9V_ oV 1, 0V_0V_0V_ 0V
Syppl plyply Sypp plyply
9V 00 o0, 00, 00, 2V o6, o6, 09, 96, LY
CLpdVpOVROV LAV L L L0V OV OV L0V
2V 00, 09, 06, 00, 2y 00, 09, 00, 00,
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X )y ox X
)ity iy el i Y
96, 90y, 90; 90,
o ox X X
-1 »-1 »-1 »-1
90, 96, 90; 90,

d )
( )
o (2 108 08 0% 132)
( )
( )

96y, 90; 90, 90;

X ox X X
) it o St 3 ol i) Y

90, 00; 90;, 00;

06; 0, 6. 06

0% _, 0% __, 0% __, 0%
_ -1 1026 102
tr(E aejz 0> aa &%ﬂ I (3.91)

Since the fourth derivative of adjusted profile log-likelihood function is continuous in term

of 0, the second condition holds.

Next, we verify condition 3 of Lemma 3.5. To show that the mth moments of those
three terms are bounded. If we take g; = v/D for i = 1,..., R, for condition 3 (a), from

(3.65), we have

E[aekaejaei] T2 (V A ae)

?)

< k

o az
) Yt Sl
< 90; aak

L (yo10V a0V OV
2 (V 20," o6, " 08 >

)iy aV aV L 8V oV _ oV
RIS o 2"\ o0, " 96, 06,
Lo (p?Vp av ovY) 1 OV OV OV
116 <P aak> 2tr<PaekP 0; ae)
L (pOVROVROVY 1 (LOV OV OV
5t (P ZPanP> St (P%ZPP%)
L1, .0

D

i

D

(3.92)
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From (3.70), (3.92), Theorem 2.96 and Corollary 3.18, we have

ERECREETEY
V959i | 00,00;00; 001,00;00;
-=((75 amnn EW”(’”} )|
VD | 00,,00;00; 00,,00,;00;
1 EHl ( oV _ 0V _9oV oV _oV_ 9oV oV _ 9oV _ 0oV >
~ Dm2 00, 00; 00; 00, 00; 00y 00; 00, 00;
+1 ,( oV _ oV GVP oV _0V _ oV oV _ 0V _ oV )
2 00; 00, 00; 00, 00; 06; 00; 00; 00
§ < oV _ oV 8V>—3tr< oV _ 0oV 8V)‘ ]
2 06, 00, 00; 2 06;  00; 06,
max(1,2m1)
= " (upynr
E[ ( oV _0V _0oV —|—P8V oV _ oV PE)V oV _ oV )
06, 06, 00; 06; 00; 00y 06; 00, 00;
oV _ 0V _ oV
3o (Paekpaepae)‘ }
max(1,2m1)
(4D
[ < oV _ 0V _ 0V 8VP8V oV oV _0V _ oV )
06, 00, 00; 06, 00; 09, 00, 00; 06
—3tr< oV _ oV 8V>‘ ]
00; " 00; 00y

2 max(1, 2™ 1) DR — pR\™?
= apyn <<A6 <v>> )

min

() - p)"

9*(0) 2%0(0) m
2 vy is bounded f f
901,00;00; <aekaejaei>D ] is bounded for any m > 0, for

Thus, E [( !
v 3959i
i,5,k=1,...,R.
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For condition 3 (b), from (3.70), Lemma 3.15, Theorem 2.96, Corollary 3.18 and

Lemma 3.9, we have
B 1 230(0) "
gjgZ 001,00;00;

83 ap (0
D |06,00,00; ae
OV OV OV 1 OV. V. 0V
Ell_2 - 1 -1 _ 2 -1 1 1
Dm H 5 <V a0, Y aaV aa) 2tr<v aajv a0, Y ae)

DLy (pPVpdVpdV OV _OV_ 9V oV _ oV av
oY \" o0, 00, o0 90, 96; 06, 00, 00, 00, )Y
Ly (p?VpdV oV +Paw v _ v av av aVP
oY \"o0," 90, 006; 90, 00; 00, 90); a0, )Y
+Dtr<2 2 00, 89)+ (2 26, 96,
1 OV LOV L0V L L0V L0V L0V OV _ oV aV
~ (2D)m 90, 00, o0; 90, 90; 90y, 00, o0, 00;," )Y
aV_OV 9V OV _aV_aV OV_OV_ oV
A IV
<ae P oo a6t T 50, a6 a0, 06; 00, 00, )y
OV _aV_ oV OV _OV_ oV
_3“< 26, 06, ae-)”“(PaekPaePae)
OV _ OV _ oV IV _aV_ oV "
_3“( 20, 90y 89i>+2tr< 96, o0, aei)“)(l)‘ }
< max(1,4™1)
=" Dy
. OV _aV_aV avV_aV_ v aV_aV_ oV
90, 00; 00, 0;. 00;" 00 90, 90y, 00;
i (pOVpV pV
90, 90, 0;
B OV OV L0V, | L OV L0V OV OV _OV_ oV
99, 06, 0; 9" 00, 00, 90, 90, 00y
IV _ OV _ oV
OV OV OV vV _ OV _aV
E piYply 2
" H (8@ 96; aez)* “( aek )H )
max(1,2m1) DR — pR\™*
< ———= | 2¢| ———— 2| ————"F7+=
=7 2Dy <"’(A?nm<V> TR
RYV2 \" /1 P m/2 R P
~(iw) (5-%) * <Azm< >> (1 5) HOwT.
530(8)

Thus, E [( !

m
) } is bounded for any m > 0, for 7,5,k =1,..., R.
959i

00,,00,00;
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For condition 3 (c), when § = min(6)/2, let 8 such that

_ min(0) Vo, << min (@)

5 5 +6;, foralli=1,...,R.

For ¢,j,k, 1 =1,..., R, from the fact that PX = 0, the same idea of the proof of Lemma
3.11 with the rank one positive semidefinite matrix ww’, we have
OV = OV = OV = IV - - OV -9V = OV = OV -

P__P___P PP PP P PP
Y56, o0, o0, o6, > Y a6, o8, o6, 06, *

OV OV =0V - OV OV OV -0V -0V -
—wP P PP Py WP P PO PP
Vo6, o6, oo, o6, Vo6, o0, 06, 00,
SOV - OV -0V =V - OV OV - OV = OV -
—tr (WP PP P p PP pilplp
" (W a6, 06, 06, 06, ~ " 09, 06, 06, 00, W)
< 4tr(w’~w)
B )‘rsnin(v)
_ Aw'w
B Ailin(v)’
and
2w'w -V - OV = OV = 9V - - OV -V = OV = OV -
S VY PP P P py P P P P p
Nov) =Y a6 oo, 00, o0, O YT o6 a0, o6, o,

where P, V and oV /00; are obtained when 6 is replaced by 0 in P, V and oV /00;,

respectively.

From the last inequality, the fact that w ~ N(0,V), Theorem 2.73 and Corollary

:

2.36, we have

- OV - OV =9IV = 9V - -V - OV = OV = IV -
D TP D / RS » il » Rl
Poo o0, o0, a6, Y TY Y 06,5 06, a6, 06,

<4 E [w'w] ) "
<c| ———=—
(V)

E
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NI "
A?nln(v)
( Puax (V) tr(IpR) "
B A?nln((/)
4D max
:C< RX (V)> (3.93)
mln( )
Then, from (3.91), Lemma 3.15, Theorem 2.96, Lemma 3.10 and (3.93), we have
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yPE P P Pl py PP P PP
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)
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R o\ Rdmax(V) ) .
”((Aﬁm(v))(l_l))) ”(Ailin(w) FOwT,

where S5(0) = {0 : |0; — 6;| <min(6)/2,1 < i < R}, is bounded for any m > 0.

For condition 4 of Lemma 3.5, we consider

Q=G 'AG™,
Uo = (ui) = (E[A]),
Ui = (ua) = (E[AiA]),
Us = (wnt) = (EAjeA]),

Us = (ujklmn) 3 (E[)‘jk’m)\l)\n}))

where A = E[0%((0)/06%], G = diag(gi,...,gr) with g; = V/D, for all i = 1,..., R,
G la=(\), GTV2F - A) G2 = (\;), and GTH;G! = (\yjp).

Note that 8 € S5(0) = {0 : |6; — ;| < 6,1 <i < R}, then & — 0 as § — 0, we

have

Q(8) — Q(8) and U;(0) — U,(8), forj=1,2,3

as 0 — 0.

Since matrix norm is a continuous function, we have

Csup  [|Q(8) — Q(6o)l| — 0,
0€S5(00)

and

sup  |[U;(6) —U;(60)| =0 j=1,2,3,
0c55(80)

as 0 — 0.
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Finally, we need to verify the last condition. From (3.68) and Lemma 3.15(1),

00

00
1 4OV 1 ovY 1 4,02
_[ 2tr<V 69i)+2tr<P8«9i>+Dtr<E 891)]1-1 .

[RRAS]

. [aew)] . [aa\p(e)]

Thus, | E [a] | is bounded.

Next, since 8 — 0 as § — 0, we have E|[a] lo—g — Ela] as § — 0. Since matrix

norm is a continuous function, we get

_sup |E[a]|,_p — Ela]| =0, as § — 0.
6cS;5(0)

Remark 3.24. Note that

v
tv; = tr (V_l8 > .

00;

oV oV
A~ v-1 v-1
t9ig tr( a6 aei>’

OV 0V __ 0V
1A v-1 v-1 v-1
fgk =t ( 06, 0 aei> '

Remark 3.25. Note that

oV
tp; =tr (P ,
p r< 89,-)

Vv _ oV
iy = P_—P )
P tr( 09, 89i>

oV _ 0V _ 0V
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Remark 3.26. Note that

Y; = y’Pg;:Py,
Vi =y PE PPy,
Yiik = y'Pg;ZPg;jP(;ZPy.
Remark 3.27. Note that
ts; = %tr (E‘lgz) ,
1

0 0x
o —1 -1
tsi; tr <Z «89]-2 89i> ,

. —1 7217 -1
1Sk tr (2 sz ejE 01) .

= g

S

From Remark 3.24 — Remark 3.27, we have

b; = 872(69) = e;, where e; is the identity vector , (3.94)
0lap(0) 1 1
= = |—ztui+ ;Y i 1 .
a 20 5% == 5 +ts . (3.95)
0lap(0) 1 1
Ela] = E | =2~ | = |—=tv; + ~tp; + ts; , .
) [ 06 &4 et 24 ne i=1..,R (390)
ni(6)
B’i = 802 v ORXR, (397)
0%0ap(0) 1 1 1
962 2“’] oYl T 51 tsij R (3.98)
0%lap(0) 1
A=E |:302 = §t’UZ’j — tp,;j — tSij A (3.99)
1
= [_tvij + 0(1)] ) (3.100)
2 ij=1..,R
03lap(0) 1 1 1 1 1 1
i =5 = |~ 5tWiki — 5tk + Yk + Yk + SYije + S Y
26,067 p/Vike = MWk g ki 5 Xk g gk 5
1 1
+ 5 kij + 5 ikj + tSj]ﬂ' + tsjik:| o n . (3101)
1,0=1,...,
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Then, from (3.95), (3.99) and (3.101),

C = [aA 1H} 1,..,R

_ 1 1 1 1 1 1
= [aIA ! [—tvjki — Stjik + 5Yjki + 5 Yk + 5 Yije + 5 Yk

2 2 2 2 2 2
1 1
+ iykij + §YZ'“] + tSjki + tSjik
jk=1...R},_1 g

EERRE)

R
_ 1 1 1 1 1 1
Z(A Dt <—2tvzm‘ — gtk + inm‘ + §Ylik + iYmg + iqu

1 1
+ §Ykil + §Y@'kl + tsypi + tSlik>:|

Gk=1..R];_1 p

R

1 1 _
>0 (‘5“’]’ Y315 tSj) (A=
j=11=1

1 1 1 1 1 1
(—#Wa 7 §tvz¢k + §Ylki + §Ylik + §Yilk + §Yk:li

1 1
+ Yt Yok sk + tslik)} . (3.102)
2 2 ik=1,...R

From the proof of Theorem 3.21, we have

1 OV OV oV _ovy 1 08 0%
([Qtr<V 89V 89) (89 a9z’> Dtr(Z 392 90i));i-1. R

-1

(A | N e CL

That is,

-1

- _;mj: ij=1 R) _1 - [O(D_l) ]RXR (3.103)
- |:O(D_1) RXR+ |:0(D_1)]R><R
_ [O(D_l):RxR' (3.104)



Since all the five conditions of Lemma 3.5 are satisfied, we have

E(9AT) — Aij(07)] +o(g;?)

w?Mw
tq

=) Ai(0)+o(D7),
=0

where

Ai(0) = —2blA" 1 E[a],
A;1(8) = blATIE[FAa],
Ap(0) = ;E[aA IB;A 1a],

1
Ai3(0) = —§b;A‘1 E[CA!a].
For the first term, from (3.94) and (3.96), we have

Alo(a) = —2biA_1 E[a]

1 1
= —2b;A™" {—?Ui it tsi]
i=1..,R

& 1
Z ( St + 5tps —i—ts])

i=1,...,.R

M:u

z] tU] j - 4 2758]') |
]:1

124

(3.105)
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For the second term, from (3.95), (3.98), Theorem 2.73 and Theorem 2.74, we have

11 1 1 1 1
=E |:tUZ'j — *Y;‘j — §Y}Z + tSij:| A_l |:—t’UZ' + 51/1 + tsi]
K2

ij=1...R 2 i=1..,.R

(&L 1 1 1 1 1
=E kz <2t'UZ]g — 51/;]{ — §Ykl + tSZk‘) (Ail)kj |:—2t'UZ + 53/7; + t31:| -

| Lk=1 ij=1,..,.R T

R R
=E Z (Z (;tvik — %sz — %Y]ﬂ + tsl-k> (A_l)kj> <—;t?)j + %Y} + t8j>
| L7=1 k=1 i=1..,R
da 1 1 1 1 1 1
=E Z Z(A_l)kj (—4tviktvj + ZY;]J’U]' + EYkitUj + —Qtsiktvj + Ztvik}/j — Zy;k}/j

1 1 1 1 1
—*Y]ﬁ'ij + *tSikaj + %tviktsj - *YviktSj — *YkitSj + tsiktSj
4 2 2 2 2 i=1..,R

R R
_1 1 1 1 1 1
= 1> > Ay = ViRtV + tpitv; + Jtpritvy — Stsinto; + o

4tviktpj

1 1 1
1 (2tpjir + tpirtpj) — 1 (2tpji + tpritpj) + itsiktpj
1 1 1
+§t1}ikt8j — §tpikt8j X §tpm‘t8j + tSiktSj>:|
i=1...R
rE 1 1 1 1
= 1> > Ay — 1 ik (tvy = tpj) + Stpi (t0j = tpj) — Stpjik — 5tPji
7j=1k=1
1 1 1
_itsik (tvj — tpj) + 5 (tvik — tpik) ts; — itviktsj + tsipts;
i=1..,.R
f A 1 1 1 1
= Z Z 3 (tvik — tpix) (tv; — tp;) + 1 vik (tv; — tp;) — 5 Pjik = 5tDjki
7j=1k=1

- 0o(D™Ho@1) - o Ho() - %tviktsj + O(D‘l)O(D‘1)>]
i=1...,R

ey

R R 1 1
= Z Z < tvig (tv; — tp; — 2ts;) — §tpjik - §tpjki + 0(1)> ’

]:1 k=

[y

where we use Lemma 3.15 to obtain the last two equations.
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Thus, from (3.94), (3.103) and (3.106), we have

Aﬂ(o)

= b,A"'E[FA™la]

Il
g
g

_ 1 1 1
(A1) <4tvik (tvj — tp; — 2ts;) — S tPjik = 5tPjki + 0(1)>

WE
M-

[
Il
—

i=1...,.R

I
g

WE
M=
WE

N
i
L
<
i
I
i
I

1 1 1
(Ail)il(Afl)kj <4tvlk (tvj — tpj — 2t8j) — itpﬂk — itpjkl + O(l))

i=1...R

I
NE
M=
M) =

N
Il
—
<
Il
—
£
Il
i

1 1 1
(A Da(A N, <4tv1k (tv; — tpj — 2ts;) — StPitk = StPjkt + 0(1)>

I
-
WE

(A Da(A™ Yy (o + tpjr)

N
I
—
<.
Il
—

o
NE
M=

(A_l)il(A_l)kjtvlk (L‘Uj — tpj — QtSj) + O(D_l)

N
Il
—
<.
Il
—

I
R
.Mm

(A Da(A™wj (tpji + tpjr)

_l_
==
M= I
=1
M= 1= M= 1= I]M= T

(A_l)il‘A’_lcjkt’Ulk (tvj < tpj i 2t3j) + O(D_l) (3.107)

T
I
.
I
I

I
=
M=

(A" (A (tpjir + tpjr)

N
Il
-
<.
Il
s

N =

(Ail)il‘ArlekAlk (tvj — tpj — QtSj) e O(Dil) (3108)

M-

M= 11
M= 1
=T

N
I
—_
<
Il
—
e
Il
—_

N | —

(A Da(A™ N (tpjue + tpjr)

(A™Yal A7 Cy Ay, (tog — tpy + 2ts))

l\DlH
M=

(A_l)il|A‘_1CjkAlk (t’l)j — tpj — 2t8j) + O(D_l)

|
O
o,
*

M= 1= T
M= 5=
M=

N
Il
—
<
Il
—_
B
Il
—

N | =

(AN (A Y (tpjik + tpjr)

(A™1)y (tv; — tpy — 2ts;) + o(D™1) (3.109)

l\D‘l'—‘
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R R R

1 _ _ 1 _

=—3 SN (AN A g (i + tojm) — 5B +o(D D (3.110)
1=1 j=1k=1

where we use Theorem 2.16 to obtain (3.107), use (3.100) to obtain (3.108) and use

Theorem 2.13 and Corollary 2.14 to obtain (3.109).

For the third term, from (3.95), (3.99) and (3.97), we have

AQ(G) = E[a’A_lBiA_la]

!/

1 1 1 1
[—tvi + =Y, +ts; Afl()RXRAfl ——tv; + =Y; + tsi:|
2 2 i=s1LAR 2 2 i=1..,R

E

N~ N

= 0. (3.111)

For the fourth term, from (3.95), (3.102), Theorem 2.73, Theorem 2.74 and Theorem 2.75,

we have

E[CA1a]

1 1 _
-E §:<—§wf+§n+¢%)(Albl
j=11=1

1 1 1 1 1 1
<—2tvzm - §tvlik e §Yzm' + Eylz'k; + §Yz’lk + §Ykh

1 1
+ §Ykil + 5 Yiki + tsik + tSlik)]
ik=1,...R

% +1
o 4 =
)

5 Y3+f%>(A5ﬂ

1 1 1 1 1 1
<_2tvlki - §tvlik + §Yzm' + §Yuk + §Y21k + §Ykli

1 1
+ iymz + iYém + tsp + tslik>:|
ik=1,...R

1 1
@41%j(_2mhf+2yh—%mm)]

m=1 i=1..,R
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R R R R 1 1
_E ZZZZM&M%JUWUHWQ
1 1 1

_itvlkz 2tvlzk + }/lkz + }/lzk + }/z'lk + §Yklz
1 1
QYkzl + 2Y;kl + ES1k + tS1ik

1,1
i=1,...,R

R R R R o
B33 (A (A im

k=1 j=1 I=1 m=1

| =

(— tvjtvgitvm + Yjtvgitvn, + 2tsjtogitvy, — tvjtvggton, + Yitvggtony, + 2tstoggton,
+ 10 Yigitvm — Y Yiitvy — 2t Ygitvn + to;Ytvn, — Y Yitv, — 2ts;Yptoy,

+ v Yaptv, — Y Yaptvy — 2ts;Yrtvn + t;Yeitvn — Y Yitv, — 2ts;Yiitoy,

+ 10 Yiutvm — Y Yiutv, — 2ts;Yatvy, + tv;Yitv, — Y;Yiatv,, — 2ts;Yitoy,

+ 2tvjtsitvm — 2Yjtsiitvg, — 4tsitspitvm,

+ 2tvjtsyptvm — 2Yjtstvy — 4tsjtsygton,

+ tvjtog Yim — Yjto Ym — 268t Y + tojtvgeYm — YitvgeYm — 2tsjtvgeYm
—t0jYigiYm + Y Yiki Yo + 268 Yk Yo — t0; Y3 Yo + YY1 Yo + 265 Y3 Yo

— tv; YR Yo + Y Y Yo + 2t Y Y, — t0; Y Yo + Y Y5 Yon + 2t Y5, Yo,

— t0j Y Yo + Y YeaYm + 2ts;Yia Yo — t0; Y Yo + Y Y Ym + 2ts;Yi Yo,

— 2t0jt815 Yo + 2Yjt 810 Yo + 48810 Yo — 2058813 Y + 2Yjts1. Y + 4tsitsinYm
+ 2tvjtogitsm — 2Ytvgit sy — 4tsjtogits, + 2tvtogts, — 2Ytoggtsy, — 4tsitvgtsm,
— 2tv; Yigitsm + 2Y; Yigitsm + 4ts;Yigitsm — 2t0; Ykt sy, + 2Y; Ykt sy + 4ts;Yiitsm
— 2tv; Yurtsm + 2Y;Yiptsy + 4ts;Yurtsm — 2t0; Yt sm + 2Y Yt sy + 465 Ykt sm
— 2tvYgutsm + 2Y;Yputsy + 4ts;Yiatsm — 2tv;Yitsy, + 2Y;Yitsy, + 4ts;Yitsm,
— dtvjtsigitsy, + 4Ytsipitsy + 8tstsiitsm

—4tvtsiiktsm + 4Yjtsypts, + 8t3jtslikt3m)]i:17m7R



129

(— tvjtugitom + tpjtugitom,

+ 2t8tvigitvm — tUjTUETU, + TV U, + 2ESjtuggtuy,

+ tvtpikitvm — (2tpikij + tojtpiki)tom — 2tsjtpikitom

+ tvjtprktvm —
+ tvjtpaktvm —
+ tvtprlitvm —
+ tvtpritvm —

+ TPtV —

lik;j itD1ik )t Vm — 2tsjtpriktvm
(2tpik; + tpjtpuk)to 2tsjtpirtv
ilksj itDilk )lUm — 2tsjtpiiktom
(2tpur; + tpjtpar)tv 2tstpito
Pklij PjtPkli )T1Um — 41S;1Pk1ilUm
(2tpris; + tPjtPR1: ) tom — 2t jtpriit
(2tprit; + tpjtpri)tom — 2tsjtpritom,

(2tpikiy + tpjtpiry ) tom — 2tstpiiton,

+ 2tvjtsgitvm — 2tpitSigitvg, — 4tsjtsytoy,

+ 2tvjtsliktvm - 2tpjt81ikt’l}m = 4t8jt81ikt’l}m

+ tvjtvlkitpm — tvlki(2tpmj + tpjtpm) — 2t8jt’l)lkitpm

+ tvjtvliktpm — tvlik(2tpmj + tpjtpm) — 2t8jt’l)liktpm

— 10 (2tpmiki + tPikitpm) + 2655 (2tpmiki + tpikitpm)

+ (4pmikij + APikims + 2t t0miki + 2tPikitPmj + 2tPmtPiki; + tPitP1kitDm)

— 10 (2tpmiik + tolktdm) + 2ts;(2tpmiik + toiiktpm)

+ (4tpmiikj + Piikmj + 2tpitpmiik + 2tPLiktPm; + 2tPmtpiik; + tpjtpirtpm)

— 10 (2tpmik + toiktpm) + 2ts;(2tpmik + tpiktpm)

+ (4tPmitk; + APitkmj + 2t0itPmitk + 2tPuktPmj + 2tPmtpik; + tpjtpuktom)

— 10 (2Pt + tPr1itPm) + 255 (2tpmksi + tPriitpm)

+ (4tpmiriij + 4Pkiimg + 2tPt0miti + 2tPr1itPmj + 2tPmtPrii; + tPjtPrITDM)

— t0; (2tPmkil + tPkatPm) + 255 (2tpmrar + tPritPm)

+ (4tpmkit; + 4tPkitmj + 2tPtPmkir + 2tPritPmj + 2tPmtPril; + tPjtPkitOm)
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— 10 (2tpmiks + tPikitpm) + 2t8; (2tPmikt + tPikitPm)

+ (4Pmikij + APikimj + 2tpjtPmik + 2tPikitPmj + 2tPmtpiki; + tPitpikitPm)
— 2tvtsikitpm + 2tS1ki (2tPm;j + tpjtpm) + 4tsjtsikitpm
— 2tv;tsiiktpm + 2t51ik (2tPm; + tpjtpm) + 4tsitsiktpm
+ 2tvjtvgitsm — 2tpjtuggt sy, — 4tsjtogitsm,

+ 2tvjtvggtsm — 2tpjtvggts, — 4tsjtogrtsm

— 2tvjtpiitsm + 2(2tpikij + tpitpiki ) tsm + 4tsjtpiitsm,
— 2tvtpriktsm + 2(2tprik; + tpjtoik)tsm + 4tsitprktsm
— 2tvtpiktsm + 2(2tpik; + tpjtik)tsm + 4tstpuktsm
— 2tv;tpriitsm + 2(2tprii; + tpjtorii)tsm + 4ts;tpriitsm
— 2tvjtpratsm + 2(2tpriy; 4 tpjtprki)tsm + 4tsjtpratsm
— 2tvjtpikitsm + 2(2tpiky; + tPjtpiky)tsm + 4tsjtpikitsm
— 4tvtsigitsm + 4tpjtsikitsm + 8ts;tsikitsm

—4tvjtsyktsy, + 4tptsiktsm + 8t5jt5likt5m)]i:1w,3



(— tvjtugitom + tpjtukitvm, + 2tsjtugitom,

— L0 tv U + PtV TV, + 2ES Tty

+ 3tvjtpiitvm — 3tpitpiitvm — 6ts;tpigitvm,

+ 3tvjtprktvm — 3tpitpriktvm — 6ts;tpktom,

— 2(tpikij + tpiikg + toikj + toriij + tPkit; + tPikij ) tom

+ 2tvtsigitvm — 2tptsigitvm — 4tsjtsgitvm,

+ 2tvjtspgptvm — 2tpitsiiktog — 4tsjtsygton,

+ tvjtvgitpm — 2t01kitPmj — tUikitpjtom — 2tstvkitpm

+ tvtvrtpm — 2t05ktPm; — tUEktpjtom — 2tstviktpm

— 3tvjtpikitpm + 6tS;tpikitpm + 3tpitpikitpm + 6tpikitpm;
— 3tvtprirtpm + 6ts;tprirtpm + 3tpitplktom + 6tpriktpm;
— 2tv; (tpmiki + tPmiik + tPmitk + tPmkti + tPmkit + tPmikt)
+ 4ts;(tPmiki + tPmiik + tmitk + tPmkli + tOmkit + tPmiki)
+ 4(tpmikij + tPmiikj + tPmitks + tPmkti; + tPmkitj + tPmiki;)
+ 4(tpikimj + tP1ikmj + tPitkmg + tPkiimj + tPkitmj + tDikimj)
+ 2tpj (tPmiki + tPmiik + tPmitk + tPmkti + tPmkit + tPmikl)
+ 2tpm (tpikij + touikg + tpakj + torij + tori; + toikij)

— 2t0tS1pitpm + AS1kitDmy + 2tS15itpitpm + 4tstsikitpm
— 20t s1iktpm + 4tsiktpm; + 2tS1iktpitpm + 4ts;tsiiktpm
+ 2tvjtvgitsm — 2tpjtvkits, — 4tsjtogtsm

+ 2tvjtvggtsm — 2tpjtvggtsm — 4tsjtvgrtsm

— 6tvtpigitsm + 6tptpikitsm + 12ts;tpigitsm

— 6tvtprirtsm + 6tptprtsm + 12tstprtsm

+ 4(tpikij + touikj + toukg + toriij + toraj + toiriy)

— 4tvjtsigitsm + 4tpjtsikits, + 8tstsikitsm

— 4t'l)jtslikt8m + 4tpjt8h'kt8m + StSjtSliktSm)] 1,..,R

i=1,...
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(—(tpj — tvj)(tpm — tvm)tviki — 2(tPm — tom)ts it

— (tpj — tvj)(tpm — tom)tvg,e — 2(tpm — tom)tsjtugg

+ 3(tpj — tvj)(tpm — tom)tpiki + 6(tpm — tum)tsjtpik

+ 3(tpj — tvj) (tpm — tom ) tprik + 6(tpm — tom)tstprk

+ 2(tpm — tvm) (tPikij + tprikg + tPakj + toriij + tPriy + toikij)

— 2(tpj — tvj)tsigitvm + 4(tpm — tvm)ts;tsig

— 2(tpj — tvj)tsiiktom + 4(tpm — tom)tstsik

+ 2(tpiki — toiki)tomg + 4tPikitPms + 201k — tok ) tPmj + APiiktpm;

+ 2(tpj — tv;) (tPmiki + tPmiik + tPmitk + tPmkii + tPmkit + tPmikt)

+ 4tsj(tpmiki + tomiik + tPmitk + tPmkti + tPmkit + tPmikt)

+ 4(tPmikij + tPmiik; + tPmitkj + tPmkiij + tPmkily + tPmiki;)

+ 4(tPikimj + tP1ikmj + tPitkmg + tPkiims + tPkitmj + tikimj)

+ 2(tp; — 2tv)tsikitpm + 4tsikitpm; + 2(tp; — 2tv;)tsiktpm + 4tsiiktpm;

— 2(tpj — 2tv))togitsm — 4tsjtogitsm — 2(tp; — 2tvj)toggtsy, — 4tstogrtsy,
+ 6(tpj — tvj)tpikitsm + 12tstpigitsm + 6(tp; — tv;)tpktsm + 12tsjtpriktsm
+ 4(tpikij + tpuikj + toaks + toriij + toraj + toikiy)

+ 4(tpj — tvj)tsigitsm + 8tsjtsikitsm + 4(tp; — tvj)tsurtsm

+ StSjtSZiktsm)]i:L...,R

(R R R R

== DY YN (AT (A ke Atpiitpmg + Hpiiktpm; + O(D) + O(1)

| k=1 =1 I=1 m=1

+ 0D +0(D2) +0(D?))] (3.112)

i=1,..R

R R R
== DD DD (A YA e (Atpikitpmg + Atpiiktpm; + O(D)) ;

where we use Lemma 3.15 and Remark 3.14 to obtain (3.112).
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Thus, from (3.94), (3.103) and (3.113), we have

(tPukentPmj + tPimktpm;j + O(D)],_y g

1 R R R R R
= =222 Y A (AN

| B R R R R
9 ZZ Z(A_l)m (Z Z(A_l)jl|A|_10mktUlk:nAmj
R

(A_l)jl AlcmktvlnkAmj> + O(D_l)
1

k=17
R R
> (ATl A Conjtvrjn Amj + (Al Al Crttvigen A
=1 =

R R
+{ D (AT | Al Conjtvin Ay + Z(Al)ﬂAlkawlnkAmj) ) +o(D7)
j=1 k#j
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N
Il
—

R R
(Z ]ltvljn|A‘ Z Cm]Amj + Z jltvlkn’A| Z kaAmj)
m=1

= k#j

R R
+ Z(A ]ltvln]’A‘ Z ijAm] + Z jltvlnk‘A’ Z kaAmj) )
m=1

J=1 k#j

1 R R R
= 3 Z Z (Z yltvl]n + Z ]ltvln]) + o(Dfl) (3.116)

1 R R R
=522 2 (A7 DilA™ s (tpign + tping) + (D) (3.117)

Aio(8), (3.118)

where we use Theorem 2.16 to obtain (3.114), use (3.100) to obtain (3.115), use Theorem

2.13 and Corollary 2.14 to obtain (3.116) and use Lemma 3.15 to obtain (3.117).

Then, from (3.105), (3.110), (3.111) and (3.118),

3
BT =0, =Y Ay(68) +o(D71),

20(9) + A,l(e) + Alg(g) + A,g(G) + O(D_l)

A
= Azo(a) + Azl(e) +0-— Azl(e) — %Azo(e) + O(D_l)
1

= — (Ail)ij (t’Uj — tpj — 2t5j) + O(Dil).

Thus,

Bias[0" ] = E[6""] - 6
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R
_ [; D (A7) (to; = tp; = 2ts;) + o(D ™)

<.
Il
—

i=1,...R

1

(@r e ),
[ (V 1gev>+“< g;/>+ 5t (2 122)}121 M

1
oV oV
(b

(e )OI

30y

Next we consider the adjusted residual maximum likelihood estimation. As for the
conditions of Lemma 3.5, comparing the derivatives of £4p with £og, we can see that the
differences are only

o <Paeklpaek2 Paek) (V a0 " oo, Y aak>

for ki,...,k,=1,...,Randn =1, 2,3,4. By Lemma 3.15, these differences are bounded
when p and R are fixed. Thus, following the previous proof for £ap, we can show that

laRr also satisfies the conditions of Lemma 3.5. Then we have

-1
piaslo™) = ( |or (VIS su(=F)|
90; i,j=1,....R D 90 =1,..,R

----- 20ty

+ |:0 }Rxl
[O( )}RXR [O(D_l }Rxl
- [O(Dil)}Rxl
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3.4 Monte Carlo Simulation Study

In this section, using a Monte Carlo simulation, we investigate the performances
of the various variance component estimators. First, we consider the special case of
covariance matrix 3 and apply the AML.LL method for multivariate Fay-Herriot model
with R = 2 or bivariate Fay-Herriot model. Second, we use the AML method for bivariate

Fay-Herriot model for the covariance matrix 3.

First, for the special case of covariance matrix 3 when 8; =6 foralli =1,..., R.
We apply the AML.LL method to obtain the APML.LL and AREML.LL estimators. The
settings of simulation follow Gonzédlez-Menteiga et al. [16] and Li and Lahiri [27]. From

the multivariate Fay-Herriot model defined in (3.1),
ya=XgB+ug+eq, d=1,...,D.

We simulate the matrix of covariates Xy = (x41,X42)’, where the two covariates x4 and
Xxg9 are generated from a bivariate normal distribution with means p,1 = pgzo = 10,
variances U:%l = 1 and 032 = 2, and correlation p, = 0.5. The vectors of regression
coefficients are 3; = By = (1,1)". We generate the random effects ug ~ N (02, X) where
¥ = diag(01,02) with 6; = 0, = 60 = 2 and the sampling errors eq ~ N2 (02, Veq).
To study different situations of sampling errors, we let Vg = (vasj)ij=1,2, Where vg;; =
7ijy/Wq and wy are the heteroscedasticity weights. We assume 711 = 1, ro2 = 2 and 712 =
T91 = pey/T11722 With p. = 0.5. We consider five scenarios based on heteroscedasticity

and relation between model variance and sampling variance.

Scenario (a): wy = 1 representing homoscedastic model when sampling variances

are smaller than model variance [16].

Scenario (b): wg = 4 representing homoscedastic model when sampling variances

are the same as model variance.

Scenario (c): wy = maxj<j<q (\/ x4 + m32> representing homoscedastic model

when sampling variances are larger than model variance.
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Scenario (d): wgq = /%, + 22, representing heteroscedastic model when sam-

pling variances vary according to regressors [16].

Scenario (e): Vo4 = L4L}, where Ly = (Lgij)ij=1,2 with Lgi1 = Laa2 = V1,
Lgio = 0 and Lgo; = 0.5v/7,. There are five groups, specifically, ¢, = 8.0 if n in
first group; £, = 4.0 if n in second group; £, = 2.0 if n in third group; ¢, = 1.0 if
n in fourth group; ¢, = 0.5 if n in fifth group. This case represents heteroscedastic

model with different relations between sampling variances and model variance [27].

The different estimators are compared using absolute bias and mean squared error. The

steps of the simulation are as follows.

1. For each case of sampling covariave matrix, repeat K = 10000 times. That is, for

k=1,...,K,

(a) Generate {egﬁ),ugﬁ),yéﬁ),xw}, d=1,...,D,r=1,2. We take D = 15, 30;

(b) Calculate the variance estimator, §*) and EBLUP, a®) based on PML,
APML.LL, REML and AREML.LL methods.

2. Calculate the absolute bias and mean squared error of é,

K K
AbBias = Z 10 —q|, MSE = Z (0 — )2
k: k:

3. Calculate the average of absolute relative error (ARE) and average of mean squared

error (MSE) of figy,

for r =1,2.

Note that, in the Tables 3.1 - 3.3, the names of APML.LL and AREML.LL methods
are denoted by APML and AREML, respectively.
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Scernario D PML APML REML AREML
(a) 15 0.37 0 0.14 0
(b) 15 3.88 0 1.83 0
(c) 15 18.06 0 9.14 0
(d) 15 15.10 0 7.64 0
(e) 15 2.49 0 0.60 0
(a) 30 0.01 0 0.01 0
(b) 30 0.12 0 0.06 0
(c) 30 4.49 0 2.43 0
(d) 30 3.28 0 1.67 0
(e) 30 0.08 0 0 0

Table 3.2: The absolute biases and

mean squared

errors of different estimators of 6

Scenario D PML APML REML AREML

Absolute Bias
(a) 15 0.7168 0.6485 0.7092 0.8098
(b) 15 0.9125 0.7912 0.9214 1.0865
(c) 15 1.2274 1.0660 1.2992 1.6902
(d) 15 1.1709 1.0066 1.2267 1.5576
(e) 15 0.8486 0.7482 0.8267 0.9829
(a) 30 0.4865 0.4613 0.4799 0.5079
(b) 30 0.6305 0.5828 0.6274 0.6699
(c) 30 0.8990 0.7952 0.9080 0.9876
(d) 30 0.8513 0.7567 0.8571 0.9268
(e) 30 0.5737 0.5352 0.5580 0.5992

Mean Squared Error
(a) 15 0.7502 0.6658 0.8125 1.1374
(b) 15 1.2036 1.0408 1.3738 2.1109
(c) 15 2.0997 2.1575 2.7311 5.2049
(d) 15 1.9240 1.8773 2.4301 4.4271
(e) 15 1.0330 0.8946 1.1116 1.7174
(a) 30 0.3567 0.3325 0.3633 0.4214
(b) 30 0.5979 0.5378 0.6205 0.7435
(c) 30 1.1902 1.0555 1.2894 1.6751
(d) 30 1.0733 0.9435 1.1509 1.4662
(e) 30 0.4898 0.4458 0.4899 0.5942
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Table 3.3: The averages of absolute relative errors and mean squared errors for EBLUPs
based on different methods

Parameter 01 02

Scenario D | PML APML REML AREML | PML APML REML AREML

Average of Absolute Relative Errors
(a) 15 | 0.0355 0.0351 0.0352  0.0351 | 0.0454 0.0450 0.0452  0.0451
(b) 15 | 0.0455 0.0444 0.0449  0.0447 | 0.0557 0.0550 0.0554  0.0554
(c) 15 | 0.0568 0.0554 0.0563  0.0564 | 0.0676 0.0669 0.0675  0.0681
(d) 15 | 0.0550 0.0535 0.0544  0.0544 | 0.0656 0.0649 0.0655  0.0659
(e) 15 | 0.0444 0.0436 0.0438  0.0438 | 0.0472 0.0465 0.0467  0.0467
(a) 30 | 0.0335 0.0334 0.0334  0.0334 | 0.0426 0.0425 0.0426  0.0425
(b) 30 | 0.0420 0.0417 0.0419  0.0417 | 0.0509 0.0507 0.0508  0.0508
(c) 30 | 0.0514 0.0507 0.0512  0.0509 | 0.0596 0.0593 0.0596  0.0596
(d) 30 | 0.0500 0.0493 0.0498  0.0496 | 0.0583 0.0580 0.0582  0.0582
(e) 30 | 0.0413 0.0411 0.0411  0.0411 | 0.0438 0.0436 0.0436  0.0436

Average of Mean Squared Errors
(a) 15| 0.7009 0.6844  0.6888  0.6849 | 1.1485 1.1282 1.1353  1.1346
(b) 15 | 1.1502 1.0999 1.1237  1.1134 | 1.7273 1.6859 1.7112  1.7162
(c) 15 | 1.7988 1.7158 1.7722 ~ 1.7807 | 2.5624 2.5182 2.5618  2.6089
(d) 15 | 1.6898 1.6075 = 1.6600  1.6602 | 2.4187 2.3709 2.4134  2.4486
(e) 15| 1.2095 1.1726 1.1847  1.1850 | 1.3513 1.3149 1.3269  1.3297
(a) 30 | 0.6486 0.6450  0.6457  0.6447 | 1.0495 1.0446 1.0459  1.0454
(b) 30 | 1.0207 1.0062 1.0127 1.0082 1.4964 1.4841 1.4910 1.4903
(c) 30 | 1.5285 1.4842 1.5135  1.5014 | 2.0582 2.0333 2.0535  2.0562
(d) 30 | 1.4505 1.4108 1.4360  1.4243 | 1.9717 1.9481 1.9664  1.9676
(e) 30 | 1.0586 1.0507  1.0525  1.0522 | 1.1743 1.1661 1.1679  1.1678

From Tables 3.1 — 3.3, we conclude the following:

1. Table 3.1 reports the percentages of zero estimates for the four variance component

estimation methods. We can see that the percentages of zero estimates decrease

when sample size increases. For example, in scenario (a), the percentages of zero

estimates of PML method in cases D = 15 and D = 30 are 0.37 and 0.01, re-

spectively. In scenarios (a), (b) and (c), we can see that the percentages of zero

estimates of PML and REML increase when sampling variances increase. For het-

eroscedastic models in scenarios (d) and (e), we can see that percentages of zero

estimates are high for small sample sizes D = 15. For all scenarios, the APML.LL
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and AREML.LL methods can prevent the zero estimate of 0, because their posi-

tiveness is guaranteed in theory [27].

. Table 3.2 reports the absolute bias and mean squared error of four estimators of
0. We can see that absolute bias and mean squared error decrease when sample
size increases, or equivalently when sampling variance decreases. For example, in
scenario (a), the absolute biases of PML estimator in cases D = 15 and D = 30 are
consecutively 0.7168 and 0.4865. Another example, in case D = 15, the absolute
biases of PML estimator in scenarios (a) and (c) are 0.7168 and 1.2274, respectively.
The absolute bias and mean squared error of the APML.LL method are less than
that PML method for all scenarios and all sample sizes (D = 15,30), except the
mean squared error the case when D = 15 in scenarios (c). However, the absolute
bias and mean squared error of the AREML.LL method are greater than that
REML method for all scenarios and all sample sizes (D = 15, 30). For example, in
scenario (a) and case D = 15, the absolute biases of APML.LL and PML estimators

are 0.6485 and 0.7168, respectively.

. Table 3.3 reports the average of absolute relative errors and mean squared errors of
four methods of EBLUPs fi. We can see that the average of absolute relative errors
and mean squared errors decrease when sample size increases, or equivalently when
sampling variance decreases. For example, for the first parameter 6, in scenario
(a), the averages of absolute relative errors of PML estimator in cases D = 15
and D = 30 are consecutively 0.0355 and 0.0335. Another example, for the first
parameter 61, in case D = 15, the averages of absolute relative errors of PML
estimator in scenarios (a) and (c) are 0.0355 and 0.0568, respectively. The average
of absolute relative errors and mean squared errors of the APML.LL method are
less than or equal to PML method for all parameters, all scenarios and all sample
sizes (D = 15,30). The average of absolute relative errors of the AREML.LL
method are less than or equal to REML method for all parameters, all scenarios
and all sample sizes (D = 15, 30), except the case D = 15 in scenario (c) for first
parameter and scenarios (c¢) and (d) for second parameter. The average of mean

squared errors of the AREML.LL method are less than or equal to REML method
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for all parameters, all scenarios and all sample sizes (D = 15, 30), except the case
D = 15 in scenario (c¢) and (d) for first parameter and scenarios (c), (d) and (e)
for second parameter, and the case D = 30 in scenarios (c) and (d) for second

parameter.

Second, we use the AML method for bivariate Fay-Herriot model with covariance
matrix 3 defined in (3.3). The settings of simulation follow Li and Lahiri [27]. From the

multivariate Fay-Herriot model defined in (3.1),

ya=XgB3+us+eq, d=1,...,D.

The setting of simulation is same the previous simulation. We simulate the random effects
ug ~ N3 (02, %), where 3 = diag{#;, 02} with 6; = 2 and 02 = 4 and the sampling errors
eq ~ N2 (02, Veq). Let Vog = LyL,, where Ly = (Laij)ij=1,2 With Lgi1 = Lago = v/Zn,

Lagi2 =0, Lgo1 = 0.5v/0,,.

We consider the unbalanced case that adjust to the sampling variance pattern of [12]
for D = 15,30. For D = 15, we consider three groups of small areas say G = (G1, G2, G3),
specifically, ¢, = G1 if n in first group; ¢, = Go if n in second group; ¢, = G3 if n in
third group. Each groups are five small area, such that sampling variances V.4 are the
same within a given group. For D = 30, we simply add five more small areas in each

group. We consider the following four scenarios of the sampling variances:

Scenario (a): G = (0.4,0.6,0.8), representing the case where all small area sam-

pling variances less than the model variance.

Scenario (b): G = (6,0.6,0.8), representing the case where sampling variances of

one out of three small area is greater than the model variance.

Scenario (c¢): G = (6,6,0.8), representing the case where sampling variances of

two out of three small areas are greater than the model variance.

Scenario (d): G = (6,6,6), representing the case where sampling variances of all
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small areas are greater than the model variance.

Next, we compare following estimators of 8: (1) profile maximum likelihood (PML) esti-
mator, (2) adjusted profile maximum likelihood (APML) estimator, (3) residual maximum
likelihood (REML) estimator and (4) adjusted residual maximum likelihood (AREML)

estimator.

The steps of simulation are as follows.

1. For each case of sampling covariave matrix, repeat K = 10000 times. That is, for
k=1,... K,
(a) Generate {(eflr),ugr),y((i’i), v):d=1,....,D,r =12}
(b) Calculate {9£k) :r =1,2} and {mseg;) :d=1,...,D,r=1,...,R};
(c) Calculate EBLUP, 4i{f) based on PML, APML.LL, REML and AREML.LL

methods.

2. Calculate the absolute bias and mean squared error of 9},

-], MSE(6,)

Mx
Mw

AbBlas

for r =1,2.

3. Calculate the average of absolute relative error (ARE) and average of mean squared

error (MSE) of figy,

(k) Mg;)

(k)
Har

i

K
ARE, = ;AREdT, where ARE,, = Kz_:l

_ 1 _ 1 k) (k)2
MSE, = D ZMSEdT, where MSE,, = a ;(M — 11, ) 7

forr=1,2.
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We present the percentages of the situations where either zero estimates of 61 or
A, and the absolute biases and mean squared errors of different estimators of 8, and 65
for the four variance component estimation methods in Tables 3.4 and 3.5, respectively.
The averages of absolute relative errors and mean squared errors for EBLUPs based on

different methods are presented in Table 3.6.

Table 3.4: The percentages of the situations where either zero estimates of 6; or 0, for
different estimation methods

Scenario D PML APML REML AREML
(a) 15 3.80 0 2.05 0
(b) 15 18.92 0 11.75 0
(c) 15 23.33 0 12.79 0
(d) 15 40.46 0 28.06 0
(a) 30 3.65 0 1.73 0
(b) 30 7.43 0 4.86 0
(c) 30 15.41 0 9.78 0
(d) 30 24.12 0 17.29 0
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Table 3.5: The absolute biases and mean squared errors of different estimators for 6¢
and 609

Parameter 01 02
Scenario D | PML APML REML AREML PML APML REML AREML

Absolute Bias

151 0.7974 0.7636 0.8068  0.7935 1.4870 1.4271 1.4885 1.4859

&

(a)

(b) 15| 1.1078 0.9504 1.0872  0.9946 1.9235 1.7027 1.9133 1.7873
(c) 15 1.2952 1.2271 1.3750 1.3183 2.2424 2.1931 2.3267 2.2982
(d) 15| 1.7501 1.5581 1.9869  1.8108 2.8987  2.6685 3.1694 2.9497
(a) 30 | 0.5744 0.5397 0.5628  0.5477 1.0279 0.9854 1.0098 1.0005
(b) 30 | 0.7457 0.6747 0.7335  0.6889 1.3053 1.1843 1.2754 1.2020
(c) 30 | 1.0252 0.9047 1.0052  0.9246 1.6969 1.5231 1.6686 1.5483
(d) 30 | 1.3985 1.3262 1.4743  1.4046 2.1332 2.0606 2.2139 2.1413

Mean Squared Error

15| 0.9534 0.8637 1.0543  1.0255 3.3762 3.0007  3.6049 3.5883
15| 1.8936 1.3235 1.9586  1.6467 6.1279  4.3048 6.5104 5.2617
151 2.3665 2.1821 3.0699 = 2.9884 7.2697  6.9354 8.8123 8.6786
15| 4.2731 3.6783 6.3219  5.9592 | 11.8134 10.2517 15.6958 14.4103
30 | 0.5454 0.4441 0.5247  0.4799 1.6397 1.4700 1.6256 1.5834
30 1 0.8895 0.6883 0.8849  0.7592 2.8407  2.1173 2.8149 2.3053
30 | 1.6423 1.2415 1.6562  1.4050 4.8865 3.5073  4.9277 3.8307
30 | 2.8161 2.5928 3.3523  3.1559 6.7940 6.3066 7.6489 7.1764

o

e

Q

o
NP R SN N P N

o

AAAAEAAA

[N




145

Table 3.6: The averages of absolute relative errors and mean squared errors for EBLUPs
based on different methods

Parameter 01 P

Scenario D | PML APML REML AREML | PML APML REML AREML

Average of Absolute Relative Errors
(a) 15 | 0.0287 0.0281 0.0282  0.0278 | 0.0326 0.0324 0.0323  0.0322
(b) 15 | 0.0410 0.0392 0.0399  0.0388 | 0.0482 0.0475 0.0475  0.0471
(c) 15 | 0.0502 0.0495 0.0497  0.0492 | 0.0625 0.0619 0.0617  0.0611
(d) 15 | 0.0609 0.0600 0.0613  0.0605 | 0.0766 0.0755 0.0764  0.0753
(a) 30 | 0.0283 0.0276 0.0279  0.0275 | 0.0323 0.0321 0.0321  0.0321
(b) 30 | 0.0385 0.0375 0.0380  0.0374 | 0.0463 0.0460 0.0461  0.0459
(c) 30 | 0.0478 0.0468 0.0472  0.0466 | 0.0593 0.0589 0.0590  0.0586
(d) 30 | 0.0569 0.0565 0.0569  0.0565 | 0.0722 0.0718 0.0720  0.0716

Average of Mean Squared Errors
(a) 15 | 0.5220 0.4940 0.5002  0.4855 | 0.6599 0.6522 0.6477  0.6436
(b) 15 | 1.1447 1.0470 1.0917  1.0335 | 1.6114 1.5688 1.5717  1.5459
(c) 15 | 1.6757 1.6366 ~1.6500  1.6181 | 2.6119 2.5615 2.5498  2.5062
(d) 15 | 2.3262 2.2574 23544  2.2963 | 3.6067 3.4976 3.5942 = 3.4898
(a) 30 | 0.4975 0.4657 0.4775  0.4636 | 0.6287 0.6216 0.6229  0.6198
(b) 30 | 0.9616 0.9100 0.9371  0.9059 | 1.4149 1.3968 1.4034  1.3922
(c) 30 | 1.4466 1.3838 1.4141  1.3740 | 2.2306 2.1957 2.2044  2.1798
(d) 30 | 1.9531 1.9248 1.9531  1.9274 | 3.0888 3.0532 3.0722  3.0365

From Tables 3.4 — 3.6, we conclude the following:

1. From Table 3.4, we can see that the percentages of zero estimates of PML and

REML decrease when sample size increases, or equivalently when sampling variance

decreases. For example, in scenario (a), the percentages of zero estimates of PML

method in case D = 15 and D = 30 are consecutively 3.80 and 3.65. Another

example, in case D = 15, the percentages of zero estimates of PML method in

scenarios (a) and (d) are 3.42 and 40.46, respectively. For all cases, the APML

and AREML methods can prevent the zero estimates of #; and 85, The simulation

results agree to Theorem 3.1.

2. From Table 3.5, we can see that absolute bias and mean squared error decrease

when sample size increases, or equivalently when sampling variance decreases. For
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example, for the first parameter 61, in scenario (a), the absolute biases of PML
estimator in cases D = 15 and D = 30 are consecutively 0.7974 and 0.5744. An-
other example, for the first parameter #;, in case D = 15, the absolute biases of
PML estimator in scenarios (a) and (d), are 0.7974 and 1.7501, respectively. The
absolute bias and mean squared error of the APML and AREML methods are less
than that PML and REML methods for all parameters, all scenarios and all sample
sizes (D = 15,30). For example, for the first parameter 61, in scenario (a) and case
D = 15, the absolute biases of APML and PML estimators are 0.7636 and 0.7974,

respectively.

. From Table 3.6, we can see that the average of absolute relative errors and mean
squared errors decrease when sample size increases, or equivalently when sampling
variance decreases. For example, for the first parameter 61, in scenario (a), the
averages of absolute relative errors of PML estimator in cases D = 15 and D = 30
are consecutively 0.0287 and 0.0281. Another example, for the first parameter 61, in
case D = 15, the averages of absolute relative errors of PML estimators in scenarios
(a) and (d) are 0.0287 and 0.0609, respectively. The average of absolute relative
errors and mean squared errors of the APML and AREML methods method are less
than or equal to the PML and REML methods for all parameters, all scenarios and
all sample sizes (D = 15,30). For example, for the first parameter 61, in scenario
(a) and case D = 15, the averages of absolute relative errors of APML and PML

estimators are 0.0281 and 0.0287, respectively.



CHAPTER IV

UNCERTAINTY OF EBLUP AND

PREDICTION INTERVAL

In this chapter, we will discuss the mean squared error approximation of the
EBLUP and mean squared error estimator of the EBLUP in Section 4.1. Then we review

the prediction interval in Section 4.2.
4.1 Uncertainty of EBLUP

In this section, under the regularity conditions defined in Section 3.1, we can
measure the uncertainty of the EBLUP by its mean squared error (MSE), defined as
MSE[f1] = E[fx — p]?. Note that,

MSE[jz] = Elj — 2 + Eljs — 42 + 2 Elja — pllis — i
where f1 is the BLUP of p and fi is the EBLUP of p defined in (3.4) and (3.5), respectively.
In 1984, Kackar and Harville [23] showed that the cross-product term of last equation
vanishes, under the normality of u and e, and provided that the variance estimator 0 is
a translation invariant and even function. We have already seen in Chapter 3 that the

PML, REML, APML, and AREML estimators of 8 are all translation invariant and even
functions follow from (3.7) and (3.9). Therefore, the MSE of EBLUP is

MSE[4] = E[is — p)* + E[@ — ]

= MSE[f] + E[ft — 1. (4.1)



148

The first term of (4.1) is the MSE of the BLUP estimator given as (see [18] and

[34])
MSE[fi] = G1(8) + G2(6),
where
G1(8) = (V' + V™!
and

Go(0) = (VI + V. H b (v L+ vohH v IX(XI'V X)XV H(V + v o

The second term of (4.1) is the uncertainty due to the estimation of €. This term
has no closed-form. Following Benavent and Morales [1], we obtain the approximation of
the second term,

R
Elf ZC O,JLOVLY + [o(D™ ") prxDR

1 5=1

||
M:o

=
Il

I
%)

3(0) + [o(D™ Y] prx DR,

where L) = (I -V, V) ¥v-L

Thus, the MSE of EBLUP is
MSE[f] = G1(6) + G2(8) + G3(8) + [o(D™ )| prxDR-
Therefore, the second-order approximation of MSE of EBLUP is

MSE[f1] = G1(8) + G2(0) + G5(6).
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4.1.1 Estimation of Mean Squared Error

Note that the second-order approximation of MSE of EBLUP involves the unknown
variance components 0. It cannot directly applied to assess the uncertainty of EBLUP
for a given data set. We follow Datta et al. [8] and Datta and Lahiri [11] to obtain the

second-order unbiased estimator of MSE of EBLUP, defined as
mse[ft] = G1(0) + G2(0) + 2G5(0) — Bias(0)' vG1(6),

where ]§1\as(é) is the second-order unbiased estimator of Bias(@) and

vG1(8) = [acgle(i(’)];_l R

=1,...,

is the vector of the first-order derivatives of G(8) with respect to 6, defined as

0G1(0)
00;

= (V =V, L®,

fori=1,...,R.

In order to obtain the second-order unbiased estimator of MSE of EBLUP, we will
approximate the covariance of variance components cov[éi,éj], i,j = 1,..., R for the
adjusted profile maximum likelihood (APML) estimator and adjusted residual maximum

likelihood (AREML) estimator.

Theorem 4.1. Under the multivariate Fay-Herriot model (3.2), the covariance matrices
~ AP
of the adjusted profile maximum likelihood estimator, @ , and the adjusted residual

~AR
maximum likelihood estimator, @ | satisfy the following approximation:

-1

5 oV oV
_ —1 -1 -1
coif] =2 <[tr <V 39jv 89i>]i,j:1,u-,R> ! [O(D )}RXR.
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Proof. From Theorem 3.23,

E[6") -6 = <[ <V 132’\;—1‘3;’)] ij=1, ,R>
()R b,

.....

([ (] ) fow],, +[wo],.,

=[oor ], lom],, +[o0™]

-1

RXR Rx1

cov[d ]:E< o) Casol ])]

5| (6" 0y (6" ~0) | ~&| (6"~ 0) (6™~ 0)]

_E [( i 9) (0 —0) } +E [(E[@)Ap]—e) (E[éAP]—o)'}
-0) (6" ~0) | - (k0™ o) (m0"") - o)

:E_(éAP 0) (6™ —0) + o] o]

co([e( Y] ) L),

Similarly, we can show that

-1
AAR’? _18l _18V _1
= ([o (VF )] )
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4.1.2 Monte Carlo Simulation Study

In this section, the setting of simulation is the same as the simulation in Chapter
3. In 2010, Li and Lahiri [27] proposed second-order unbiased estimators of MSE of
EBLUP based on AML.LL estimators of §. However, these estimators are not guaranteed
to be positive. Therefore, in this section, we study only the performances of estimators of
MSE of EBLUP based on the APML and AREML methods in term of relative bias (RB)
and relative empirical root mean squared error (RERMSE) of the second-order unbiased

estimators of MSE of EBLUP: (see [1]).

s\
) Z 74 Z(mseg;) — MSEy,)

S T k=T
RB = —2 55 :
D DT T > (MSEg,)
d=1 k=1
D K
1 1 (k) 2
D Z 7 Z(msedr — MSEy,)
RERMSE, — e Lt :
AR, 1
D Z e Z(MSEdr)
d=1 k=1

(k)

where mse,,” is the rth element of diag (mset(ik)), for r =1,2.
1<d<D

We present the relative biases and relative empirical root mean squared errors of
the second-order unbiased estimators of MSE of EBLUP based on different methods in

Table 4.1.
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Table 4.1: The relative biases and relative empirical root mean squared errors of
different methods of the second-order unbiased estimators of MSE of EBLUPs

Parameter 01 02
Scenario D PML APML REML AREML PML APML REML AREML

Relative Biases

15 | -0.0687 -0.0015 -0.0402 0.0005 | -0.0235 -0.0084 -0.0156  -0.0058

[

(a)

(b) 15 | -0.1633 -0.0327 -0.1091  -0.0123 | -0.0599 -0.0416 -0.0410  -0.0202
(c) 15 | -0.0774 -0.0173 -0.0491 0.0160 | -0.1132 -0.0749 -0.0793  -0.0369
(d) 15| 0.3853 0.4757 0.2391 0.3369 | 0.1742 0.2415 0.0925 0.1687
(a) 30 | -0.0836  0.0005 -0.0388 0.0014 | -0.0152 -0.0007 -0.0073  -0.0003
(b) 30 | -0.1004 -0.0113 -0.0632  -0.0036 | -0.0231 -0.0149 -0.0163  -0.0092
(c) 30 | -0.1155 -0.0248 -0.0746  -0.0075 | -0.0348 -0.0325 -0.0266  -0.0186
(d) 30 | 0.1265 0.1722  0.0808 0.1287 | 0.0327 0.0583 0.0146 0.0437

Relative Empirical Root Mean Squared Errors

(a) 15| 0.1314 0.0889 0.1243 0.0946 | 0.0657 0.0631 0.0675 0.0656
(b) 15| 0.3425 0.2641  0.3255 0.2665 | 0.2385 0.2232  0.2290 0.2200
(c) 15| 0.4191 0.3965  0.4081 0.3836 | 0.3554 0.3325 0.3375 0.3122
(d) 15| 0.4449 0.5182  0.3762 0.4249 | 0.2659 0.3042 0.2693 0.2822
(a) 30 | 0.1632 0.0722 0.1257 0.0731 | 0.0518 0.0490 0.0508 0.0495
(b) 30 | 0.2888 0.2113 ~ 0.2706 0.2128 | 0.1718 0.1640 0.1671 0.1634
(c) 30 | 0.3848 0.3208 0.3726 0.3217 | 0.2616 0.2474 0.2540 0.2433
(d) 30 | 0.3562 0.3599  0.3788 0.3705 | 0.2725 0.2629 0.2924 0.2770

From Table 4.1, we can see that the relative biases of second-order unbiased esti-
mator of MSE of EBLUPs are close to zero and the relative root mean squared errors of
second-order unbiased estimator of MSE of EBLUPs decrease when sample size increases,
or equivalently when sampling variance decreases. Unless the scenario (d), the relative bi-
ases of second-order unbiased estimator of MSE of EBLUPs from the APML and AREML
methods are closer to zero than that from the PML and REML methods for all param-
eters, all scenarios and all sample sizes (D = 15,30). The root mean squared errors
of second-order unbiased estimators of MSE of EBLUPs from the APML and AREML
methods are less than that from PML and REML methods for all parameters, all scenar-
ios and all sample sizes (D = 15,30), except the case in scenario (d). For example, for
the first parameter 6, in case D = 15 and scenario (a), the relative biases of second-order
unbiased estimator of MSE of EBLUPs from APML and PML methods are consecutively

-0.0015 and -0.0687. Another example, for the first parameter 61, in case D = 15 and
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scenario (a), the root mean squared errors of second-order unbiased estimator of MSE of

EBLUPs from APML and PML methods are 0.0889 and 0.1314.
4.2 Prediction interval

In this section, we review the prediction interval of Li and Lahiri [27]. In the
small area context, prediction intervals are often produced using the standard rule, which
is EBLUP +z,/5/mse, where z,/, is the upper 100(1 — /2)% point of the standard
normal distribution. These prediction intervals are asymptotically correct when sample
size is large. However, when sample size is small, it is not efficient prediction interval and
depends on the choice of mse. In this section, we consider the three prediction intervals:
(1) Cox’s empirical Bayes prediction interval, using G1(6) as the mse; (2) Traditional

prediction interval, using the second-order unbiased estimator of MSE of EBLUP mse[]

as the mse; (3) Parametric bootstrap prediction interval presenting in the next section.
4.2.1 Parametric Bootstrap Prediction Interval

In 2008, Chatterjee et al. [4] proposed a parametric bootstrap method to obtain a

prediction interval directly from the bootstrap histogram of the pivot

mse /2 (true mean — EBLUP).

Their methods using ordinary least square estimators of 3 and PML or REML estima-
tors of the variance components. In 2010, Li and Lahiri [27] extended the method using
weighted least squares estimator of 3 and APL.LL or AREML.LL estimators of the vari-
ance components. They showed that the coverage accuracy of this prediction interval is

in the order of O(D~3/?).
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Follow Li and Lahiri [27], a prediction interval of pg. can be constructed based
on Ly, the distribution of (Gldr(é))_l/Q(,udr — figr). They approximate Ly using a

parametric bootstrap method. Let
ya =XaB + uj + e,

where uj; b N(0,%(8)) and e} ind (0,Veq), ford=1,...,D. Let 8, =4(0), py and
G%(0) be computed from yyand pl = XdB*—i—u:}. The distribution of ( {dr(é))_lﬂ(u:}r—
fi5,.), conditional on the data p, is the parametric bootstrap approximation L} of Lg.

The parametric bootstrap prediction interval is given in the following theorem.

Theorem 4.2. ([27]) With B and 6, for a preassigned a € (0,1) and arbitrary d =

1,....,Dand r=1,...,R, let g1 and g2 be real numbers such that

L (q2) = L5 (1) =1—a.
Then, under the regularity conditions given in [27], we have

Prob |:ﬂd7“ — 1G10r(0) < par < frar — ©2G1a:(0)| =1 — a + O(D73/?).

4.2.2 Monte Carlo Simulation Study

In order to study the performances of prediction interval, we compare twelve predic-
tion intervals of g, using coverage probabilities (with a nominal coverage of 0.95) and av-
erage lengths. Different twelve prediction intervals include the four Cox’s empirical Bayes
prediction intervals, four traditional prediction intervals of the form fig. & z,/2(/mseq,
and four prediction intervals based on the parameter bootstrap methods. All the results
are based on 10000 simulation runs. For each parameter bootstrap method, we consider

200 bootstrap samples and the shortest length prediction intervals.
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Parameter 01 02
Scenario D PML APML REML AREML PML APML REML AREML
Cox’s Empirical Bayes Prediction Interval
(a) 15 | 0.8801 0.9120 0.9084 0.9269 | 0.9235 0.9264 0.9330 0.9348
(b) 15 | 0.7288 0.8521 0.8047 0.8891 | 0.8690 0.8860 0.8977 0.9090
(c) 15 | 0.6650 0.7555  0.7549 0.8309 | 0.7485 0.8010 0.8102 0.8582
(d) 15 | 0.4823 0.7142 0.5761 0.7895 | 0.5893 0.7402 0.6611 0.8070
(a) 30 | 0.9039 0.9366 0.9251 0.9408 | 0.9385 0.9408 0.9424 0.9435
(b) 30 | 0.8525 0.9130 0.8847 0.9248 | 0.9243 0.9273 0.9322 0.9341
(c) 30 | 0.7596 0.8552 0.8191 0.8855 | 0.8838 0.8930 0.9036 0.9112
(d) 30 | 0.6517 0.7556  0.7117 0.8047 | 0.7696 0.8192 0.8073 0.8542
Traditional Prediction Interval
(a) 15 | 0.9373  0.9476  0.9408 0.9479 | 0.9463 0.9484 0.9473 0.9485
(b) 15 | 0.9047 0.9371 0.9130 0.9399 | 0.9349 0.9405 0.9382 0.9430
(c) 15 | 0.9102 0.9262 0.9114 0.9309 | 0.9115 0.9233 0.9156 0.9303
(d) 15 | 0.9759 0.9811  0.9648 0.9738 | 0.9608 0.9674 0.9500 0.9609
(a) 30 | 0.9328 0.9493  0.9407 0.9493 | 0.9474 0.9493 0.9484 0.9493
(b) 30 | 0.9159 0.9426 0.9234 0.9435 | 0.9437 0.9457  0.9450 0.9464
(c) 30 | 0.8952 0.9277  0.9027 0.9308 | 0.9326 0.9360 0.9350 0.9387
(d) 30 | 0.9492 0.9562 0.9391 0.9492 | 0.9397 0.9455 0.9347 0.9425
Parametric Bootstrap Prediction Interval
(a) 15 | 0.9541 0.9816 0.9464 0.9585 | 0.9906 0.9834 0.9766 0.9706
(b) 15 | 0.8297 0.9828  0.8879 0.9499 | 0.9770 0.9867 0.9857 0.9808
(c) 15 | 0.8076  0.9588  0.8645 0.9399 | 0.8892 0.9746 0.9242 0.9810
(d) 15 | 0.5827 0.9324 0.6660 0.9325 | 0.7092 0.9588 0.7632 0.9648
(a) 30 | 0.9361 0.9693 0.9470 0.9623 | 0.9744 0.9727 0.9657 0.9653
(b) 30 | 0.9220 0.9790 0.9247 0.9576 | 0.9914 0.9822 0.9776 0.9690
(c) 30 | 0.8551 0.9820  0.8898 0.9433 | 0.9817 0.9881 0.9854 0.9834
(d) 30 | 0.7676 0.9437 0.8037 0.9165 | 0.8879 0.9727 0.9084 0.9791

From Table 4.2, we can see that the average coverages of prediction interval is close

to a nominal coverage of 0.95 when sample size increases, or equivalently when sampling

variance decreases. Cox’s prediction interval methods give average coverage below 0.95.

Therefore it is undercoverage. The traditional prediction intervals give average coverage

below 0.95, except in case D = 15 in scenario (d). It is higher than the average coverage

of Cox’s prediction intervals. Therefore, it is undercoverage. The parametric bootstrap

prediction interval from PML and REML methods give average coverage below 0.95 for
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01 and above 0.95 for 6». However, the average coverage of the parametric bootstrap
prediction intervals from APML and AREML are close to 0.95 similar the average coverage
of the traditional prediction intervals. For all cases, the average coverages of prediction
intervals from the APML and AREML methods are close to 0.95 than that based on PML
and REML method.

Table 4.3: Average lengths of twelve prediction intervals

Parameter 01 02
Scenario D PML APML REML AREML PML APML REML AREML

Cox’s Empirical Bayes Prediction Interval

(a) 15| 2.3597  2.4432  2.4718 2.5222 | 2.8862 2.8970  2.9496 2.9586
(b) 15| 2.5927  2.9852  2.9487 3.2279 | 3.7798  3.8133  3.9861 4.0283
(c) 15| 2.8999  3.2387  3.4401 3.7548 | 4.0600 4.3015  4.5575 4.7942
(d) 15| 2.6631  3.6801  3.3260 4.3307 | 3.9624 4.7820 4.6329 5.4706
(a) 30 | 24482  2.5328  2.5242 2.5648 | 2.9594  2.9660  2.9876 2.9915
(b) 30 | 3.0262  3.2251 ~ 3.1982 3.3321 | 4.0344 4.0333  4.1258 4.1289
(c) 30| 3.2875  3.6449 3.6360 3.8931 | 4.8204 4.8147  5.0158 5.0312
(d) 30| 3.3874 3.8169  3.8151 4.2118 | 4.9985  5.2557  5.3773 5.6335

Traditional Prediction Interval

(a) 15| 2.7112 2.7337  2.6930 2.7120 | 3.1237  3.1291  3.1066 3.1121
(b) 15| 3.6292  3.7532  3.6331 3.7487 | 4.5125 4.5096  4.4923 4.5104
(c) 15| 4.6636  4.7758  4.6619 4.8032 | 5.6843 5.7698  5.6971 5.8068
(d) 15| 7.0033 7.1276  6.6367 6.8257 | 8.0268 8.1365 7.7014 7.8688
(a) 30| 2.6195 2.6579  2.6317 2.6530 | 3.0624 3.0674  3.0603 3.0635
(b) 30 | 3.4621  3.5597  3.4857 3.5610 | 4.3455 4.3419  4.3420 4.3436
(c) 30 | 4.2200 4.3859  4.2621 4.4026 | 5.5138 5.4916  5.5050 5.5080
(d) 30 | 5.7441 5.8291  5.5992 5.7042 | 6.9305 6.9867  6.8328 6.9073

Parametric Bootstrap Prediction Interval

15| 4.5627  3.6217  3.2005 3.0202 | 6.9642 4.8019  3.9438 3.5999

52

(a)

(b) 15| 19.4376  6.7437 14.6885 4.7906 | 26.8797 10.4030 20.9599 6.1641
(c) 15| 27.1996 11.4028 21.6528 7.8520 | 41.3225 17.0033 32.2858  10.3392
(d) 15| 35.5610 10.3064 35.1631 9.0612 | 53.4344 14.6791 57.0920 12.1327
(a) 30 | 29633 3.0447  2.8822 29119 | 3.7379  3.6521  3.4305 3.4131
(b) 30| 77219  4.6489 4.3831 4.0118 | 10.6830 6.6309  5.9016 5.0618
(c) 30 | 22.3324  8.5641 12.7904 5.7790 | 35.0799 14.9128 18.2328 7.7692
(d) 30 | 31.5128 11.4712 24.9931 9.0046 | 51.5909 18.1979 39.2564 12.5033
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From Table 4.3, we can see that the average lengths of Cox’s empirical Bayes pre-
diction intervals increase when sample size increases or equivalently when sampling vari-
ance increases. The average lengths of Traditional and parametric bootstrap prediction
intervals decrease when sample size increases, or equivalently when sampling variance
decreases. The average lengths of Cox’s empirical Bayes and traditional prediction in-
tervals from APML and AREML methods are higher than that from PML and REML
methods. The average lengths of parametric bootstrap prediction intervals from APML
and AREML methods are less than the average lengths of parametric bootstrap predic-
tion intervals from PML and REML methods. However, the average lengths of Cox’s
empirical Bayes prediction intervals are shorter than average lengths of traditional pre-
diction intervals. The parametric bootstrap prediction interval gives the longest average
lengths. Due to the approximated pivots (G} dT(é))_l/ 2wz, — fi5,) are undefined when
the estimators of 6, are zero, we replaced 0.01 in those zero estimates. Thus, the pivot

are large, which provide the large lengths and overcoverages of the prediction intervals.



CHAPTER V

APPLICATION

In this chapter, we apply the adjusted maximum likelihood (AML) method in Chap-
ter 3 to study the average household income and average household expenditure data in
Thailand. Then we apply the adjusted maximum likelihood method of Li and Lahiri
(AML.LL) [27]. In Section 5.1, we describe the data used in this thesis. Then, we pro-
vide the estimators of variance components from the PML, REML, APML and AREML
methods and EBLUP from the APML and AREML methods for this data in Section 5.2.

5.1 Data Description

In this section, we consider the average household income and average household
expenditure data in Thailand. We use this data set in 2017 from the Household Socio-
Economic Survey (SES) 2017, which is designed with stratified two-stage sampling (see
[39]). Next, we present the details of this data set in Table 5.1.

Table 5.1: Sample size, mean and standard deviation of the average household income
and average household expenditure of SES 2017

) ) Municipal area | Non-municipal area
SES 2017 Region Size Noan D Moan D
average household income Central 18 | 3.1229  0.6693 | 2.7230 0.6699
(Unit: 10,000 Baht) East 7 29715  0.3799 | 2.4834 0.2609
North 17 | 2.3638  0.4822 | 1.7062 0.2673
Northeast | 20 | 2.3727  0.3414 | 1.8042 0.3550
South 14 | 2.9824 0.7153 | 2.4504 0.8221
Total 76 | 2.7158 0.6321 | 2.1815 0.6731
average household expenditure | Central 18 | 2.3147  0.5168 | 2.1496 0.5613
(Unit: 10,000 Baht) East 7 2.2101  0.1766 | 2.0382 0.2323
North 17 1.7734  0.3014 1.4013 0.2293
Northeast | 20 | 1.8855  0.2631 | 1.5568 0.2566
South 14 | 2.3561  0.4689 | 1.9602 0.5073
Total 76 | 2.0787 0.4455 | 1.7811  0.4890
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In Table 5.1, the data from SES 2017 consist of 5 regions, including Central (C),
East (E), North (N), Northeast (NE), and South (S). Each province (except Bangkok)
is divided into two parts: municipal area and non-municipal area. From the table, the
means of the average household income are higher than the means of the average house-
hold expenditure. The means of the average household income and average household
expenditure of municipal area are higher than those of non-municipal area. However, the
standard deviations of the average household income and average household expenditure

different of both municipal area and non-municipal area are not significantly.

(a) Municipal area

(b) Non—-Municipal area
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Figure 5.1: The correlation of the average household income and average household
expenditure

From Figure 5.1, we can see that the sample correlations of the average household
income and average household expenditure in both areas are close to 1. Therefore, a

bivariate model is more appropriate than a univariate model for this data set.

For explanatory variables, we select four explanatory variables, including propor-
tion of households that cement or brick dwellings, proportion of households that own
land, proportion of households using gas for cooking, and average population per private
household. These four variables are collected from the Population and Housing Census

2010.
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5.2 AML Method of Average Household Income and Average Household Ex-

penditure

In this section, we first consider the special case of the covariance matrix. That
is when 6; = 0 for all ¢ = 1,..., R by applying the AML.LL method defined in Section
3.2.3. Next, we consider a more general situation, where the covariance matrix is defined

in (3.3).

First, for the special case of covariance matrix, where 6; = @ for all i = 1,..., R,
we follow the multivariate Fay-Herriot model with R = 2, or bivariate Fay-Herriot model,
with the average household income and average household expenditure as response vari-
ables and four explanatory variables. The variance component 6 are estimated by the
PML, REML, APML.LL and AREML.LL methods using optim function in R [33].

Table 5.2: The value of estimate of 6 for standard methods and adjusted methods of
Li and Lahiri

) Municipal area Non-municipal area
Region D F 5y m = APML  REML AREML | PML APML REML AREML
C 18 | 0.0076 0.0123 0.0182  0.0276 0 0.0042  0.0062  0.0180
E 7 0 0.0028 0 0.0309 0 0.0015 0 0.0140
N 17 | 0.0258 0.0343  0.0550  0.0702 | 0.0056 0.0079 0.0122  0.0176

NE 20 | 0.0124 0.0161  0.0230 0.0298 | 0.0145 0.0166  0.0205 0.0239
S 14 | 0.0083 0.0164  0.0468 0.0894 0 0.0230  0.0543 0.0800

Table 5.2 presents the PML, APML.LL, REML, and AREML.LL estimates of 6.
From the table, we can see that the PML and REML estimates of 6 are zeros in some
cases. For example, the REML estimates are zeros for both municipal area and non-
municipal area in the east region. For all cases, the APML.LL and AREML.LL methods

prevent the zero estimates of 6.

Next, we apply the AML.LL estimates to produce EBLUP estimates of the average

household income and average household expenditure and present in Table 5.3.
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Table 5.3: Mean and standard deviation of EBLUP based on AML.LL methods of the
average household income and average household expenditure

Municipal area Non-municipal area
Region D APML.LL AREML.LL APML.LL AREML.LL
Mean SD Mean SD Mean SD Mean SD

average household income

C 18 | 2.7665 0.4774 2.8171 0.4608 | 2.5160 0.5112  2.5479  0.5210
E 7 | 28493 0.2042 2.8642 0.2056 | 2.4534 0.2279 24649  0.2338
N 17 1 22072 0.3337  2.2443  0.3494 | 1.6450 0.2037  1.6603  0.2076
NE 20 | 2.2570 0.2820 22791 0.2788 | 1.7297  0.2602 1.7381  0.2658
S 14 | 2.7241  0.4238 2.8139 0.4766 | 2.1259 0.3766  2.1913  0.4445
Total 76 | 2.5071 0.4505 2.5511 0.4655 | 2.0366 0.4967 2.0629 0.5164

average household expenditure

C 18 | 2.2053  0.4130  2.2219  0.4167 | 2.0534 0.4590 2.0695  0.4679
E 7 1 21980 0.1926 2.1998 0.1912 | 2.0385 0.2432  2.0379  0.2382
N 17 1 1.7096  0.2126 ~ 1.7292  0.2346 | 1.3541 0.1829 1.3668  0.1909
NE 20 | 1.8378 0.2395  1.8480 0.2410 | 1.5236  0.2242  1.5289  0.2295
S 14 | 2.2567  0.3477 ~ 2.2978  0.3811 | 1.8548 0.3547 1.8975  0.4140
Total 76 | 2.0065 0.3727 2.0252 0.3849 | 1.7196 0.4175 1.7355 0.4329

From Table 5.3, we can see that the means of average household income is higher
than the means of average household expenditure. For example, in municipal area of the
central region, the means of average household income and expenditure are 27,665 and
22,053 Bahts, respectively. The means of the average household income and means of
the average household expenditure of municipal area are higher than that non-municipal
area. The standard deviations of the average household income and average household

expenditures have similar values for both municipal area and non-municipal area.

We apply the AML method defined in Section 3.3 to the model with the covariance
matrix defined in Section 3.1. Similar to the previous study, we follow the bivariate Fay-
Herriot model, with the average household income and average household expenditure as
response variables and four explanatory variables. The variance components 8 = (61, 62)
are estimated by PML, REML, APML and AREML methods using optim function in R
[33].
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Table 5.4: The value of estimate of 6; and 6y for standard methods and adjusted
methods

Municipal area Non-municipal area
PML APML REML AREML | PML APML REML AREML

Region D

C 18 6; | 0.0986 0.0010 0 0.0060 0 0.0004 0.0072  0.0090
02 0 0.0116 0.0197  0.0219 | 0.0127 0.0003 0.0061  0.0070
E 7 6;]0.0004 0.0006 0.0004 0.0037 | 0.0004 0.0004 0.0088 0.0033
02 0 0.0004 0 0.0036 0 0.0002 0 0.0014
N 17 6, | 0.1853 0.0406 0.0818 0.0842 | 0.0036 0.0041 0.0137 0.0146
02 0 0.0219 0.0405 0.0415 | 0.0057 0.0059 0.0119 0.0124
NE 20 67 | 0.0067 0.0075 0.0237 0.0248 | 0.0044 0.0048 0.0105 0.0110
62 | 0.0127 0.0130 0.0229 0.0234 | 0.0172 0.0174 0.0237  0.0240
S 14 6, |0.1299 0.0231 0.0774 0.0889 | 0.3099 0.0007 0.3578  0.0766
02 0 0.0006 0.0167 ~ 0.0210 0 0.0046 0 0.0522

From Table 5.4, we can see that the PML and REML estimates of 6; or 0y are
zeros in some cases. For example, the REML estimates are zeros in municipal area of
the central region, non-municipal area of the south region, and both municipal area and
non-municipal area of the east region. For all cases, the APML and AREML methods

prevent the zero estimates of 1 and 65.

Next, we apply the AML estimates to produce EBLUP estimates of the average

household income and average household expenditure and present in Table 5.5.
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Table 5.5: Mean and standard deviation of EBLUP based on AML methods of the
average household income and average household expenditure

Municipal area Non-municipal area
Region D APML. AREML APML AREML
Mean SD Mean SD Mean SD Mean SD

average household income

C 18 | 2.7385 0.4804  2.7780  0.4650 | 2.4957  0.5097  2.5276  0.5133
E 7 | 2.8488  0.2018  2.8497  0.2048 | 2.4512 0.2264  2.4553  0.2299
N 17 | 2.2041  0.3326  2.2414  0.3482 | 1.6370 0.2034  1.6552  0.2060
NE 20 | 2.2405 0.2884 2.2715  0.2793 | 1.7101  0.2419  1.7235  0.2509
S 14 | 2.7318 0.4268  2.8042 0.4685 | 2.0765 0.3358  2.1845  0.4324
Total 76 | 2.4969 0.4524 2.5361 0.4594 | 2.0156 0.4871 2.0510 0.5085

average household expenditure

C 18 | 2.1993 04124  2.2124 04152 | 2.0425 0.4576  2.0588  0.4608
E 7 2.1972  0.1928 2.1982 0.1925 | 2.0385 0.2446 2.0388  0.2434
N 17 | 1.7048 0.2045  1.7242  0.2256 | 1.3478 0.1806  1.3623  0.1872
NE 20 | 1.8314 0.2437  1.8443  0.2397 | 1.5155  0.2221  1.5228  0.2272
S 14 | 2.2448 0.3388 ~ 2.2791  0.3601 | 1.8104 0.3093  1.8894  0.4005
Total 76 | 2.0001 0.3702 2.0173 0.3773 | 1.7053 0.4081 1.7289 0.4277

From Table 5.5, we can see that the means of average household income is higher
than the means of average household expenditures. For example, in municipal area of
the central region, the means of average household income and expenditure are 27,385
and 21,993 Bahts, respectively. The means of the average household income and means
of average household expenditure of municipal area are higher than that non-municipal
area. The standard deviations of the average household income and standard deviation
of the average household expenditures have similar values both both municipal area and

non-municipal area.



CHAPTER VI

CONCLUSIONS AND FUTURE WORK

In this thesis, we have extended the adjusted maximum likelihood method proposed
of Li and Lahiri [27] to multivariate Fay-Herriot models. We proposed a new adjusted
maximum likelihood method, as an alternative method to produced the positive estima-
tor. From our work, under the regularity conditions, the adjusted maximum likelihood
estimators of @ are consistent. Furthermore, under the same asymptotic setting the biases
and mean squared errors of the adjusted and original maximum likelihood estimator of 8
are all equivalent. In terms of EBLUP and mean squared error estimator of EBLUP, the
simulation support the usage of new adjusted maximum likelihood estimator of 6. For
the application, the zero estimates of @ is available for the average household income and
average household expenditure data. Then the adjusted maximum likelihood method can

prevent that zero estimates and produce the EBLUP with nonzero weight.

For interesting work in the future, we expect that our proposed method can be
applied to obtain the adjusted maximum likelihood method for other models, for instance

AR(1) and HAR(1) Fay-Herriot models, which are found in [1].
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