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CHAPTER I
INTRODUCTION

Let (z1,91), (x2,92),...,(Zn,yn) be pairs of n sample values and assign to each pair
(x;,2;) a score a;; and to each (y;,y;) a score bj;. In the first part of this work, we
investigate the statistics
W= aiiba(ie()

iy

i)
where 7 is a random permutation of {1,2,...,n}. This W is always called “matrix
correlation statistics”and first introduced by Daniels([1]) which has many applications
in geography and epidemiology.

In 2005, Barbour and Chen ([2]) established a uniform bound in normal approxima-

tion for W when A = (a;;) and B = (b;;) are n x n symmetric matrices. Their argument
is based on a concentration inequality approach of Stein’s method and is in the spirit of

Chen and Shao([3]).

Let
1
e -
0 n(n—1) sz:alju
i
1
Ajg = — 12
12 n;{az} :
g 7’1,(71, T 1) - ij0
i
1
Ajz = — *|3
13 nzml ;
K2
1
where a; == — Z(aij — Ap)
J
J#i
and a;j = aij — a; —a; — Ao,

and make similar definitions for B.

Let ® be the standard normal distribution function. The following is their result.



1 5 4n%(n—2)?
Theorem 1.1. For u = 722azjblm and 0° = ————A19B19, there
n(n —1) i Lm n—1
i#j I#m
exists a constant C such that
sup | PV < ) —a(2)| < C(5 + 82 + 62)
z€R g

(n—1)3 ApBs
2n(n —2)%(n —3) Aj2Bio

where § = 12861, 01 = n*c3A13B13 and 5% =

In the first part, we give a non-uniform bound in normal approximation for W in
case A and B are symmetric. To do this, we need a non-uniform bound on combinatorial

central limit theorem which is stated in Theorem 1.2.

Theorem 1.2. If sup |a;j — M’ < — for some positive real

A/ Var(QT; air(sy) i n Vn

number K, then there exists a constant C' such that for every real number z,

CK
L+ =PV

‘P<Zi in (i) = B2, ain(s)) < z)

\ <I>(z)’ <
Var(Zi aiw(i))

The following are our main results of a non-uniform bound for matrix correlation

statistics.

Theorem 1.3. There exists a constant C such that for every real number z,

(P( —F < ) ~ P(V(x) < 2)

: T\zﬁ{“ 6% + b3+ 00 + 0(n20)2 4 8(n20) T + 05(nF0) + G2(n?6) + 665(n30) |
Co3
1+ 22

where V() Za*b*

K
sup |a; bj| < —= for some positive real number K, then

7.] ﬁ

In particular, if

(n—2)

<7 fip{aw? + 0y + 605 + 0(n28)% + 6(n28) 5 + 6a(n26) + 5a(n24)3
111 Co3
—1-552(1125)34-%} 1+Z2



Corollary 1.4. If §; ~ n~2and 6y ~ n"'/?, then there exists a constant C such that

for every real number z,

C
L+ 2)/n

‘P( —F < )—P(V(w)ﬁz)’ﬁ
2(n—2)

Furthermore, if sup |la; b3| < for some positive real number K, then

K
NG

PPt <s) -l s e

1 1
To simplify the theorem, we let a;; ~ " and b;; ~ — for every i,j € {1,2,...,n}.
n

Then we have

N 1 1 1 il

aj ~ —, Aip s Agg o Ago ~ oy
1 1 1 1 n?

¥ 2

ij*a Big ~ 2’ Big ~ 3g) Bzzwﬁ and o NW

which implies
2(n —2 K
wa\a b;| < ==, 01~ n 2 and 8y ~n~ 1?2
i, V'

so by Corollary 1.4, we have

’P(W — e z> i @(z)‘ B
1+ 2/
For the second part, we give a non-uniform bound for sum of independent bounded
random variables by Stein’s method without using the concentration inequality approach.
Let X1, Xa,..., X, be independent and not necessarily identically distributed ran-
dom variables with zero means and finite variances.

Define n
W = Z A
=1

and assume that Var(W) = 1.

If E|X;|? < oo, then we have the uniform Berry-Esseen theorem

sup |[P(W < 2) — ®(2)| < Co Y E|Xi[%, (1.1)
zeR i—1



and the non-uniform Berry-Esseen theorem,
C n
1
i=1

where both Cy and C; are absolute constants.

Note that if X;’s are identically distributed, (1.1) and (1.2) were first obtained by
Esseen([4]) and Nagaev([5]) respectively. Bikelis([6]) generalized Nagaev’s result to the
case that X;’s are not necessarily identically distributed random variables. The best con-
stant Cy = 0.7975 is done by Van Beeck([7]). In case of non-uniform bound, Paditz([§],
[9]) calculated C7 to be 114.7 and 32 in 1977 and 1989, respectively.

The standard tool used in Esseen([4]), Nagaev([5]), Bikelis([6]) and Paditz([8], [9]) is
the Fourier analytic method. In 1972, Stein introduced a powerful and general method
which is free from Fourier method and relied instead on the elementary differential equa-
tion. The technique used was novel. Stein’s ideas have been applied with much success
in the area of normal approximation (See, for examples, Bolthausen([10]) and Chen and
Shao([11])).

Chen and Shao([11]) gave a non-uniform Berry-Esseen bound without assuming the
existence of third moments. Their argument is based on a concentration inequality ap-
proach of Stein’s method. In particular, if the random variables are bounded, they sim-
plify the proof of uniform bound without using the concentration inequality approach(see

Chen and Shao([12])). Their theorem is as follows.
Theorem 1.5. Assume that | X;| < fori=1,2,...,n. Then

sup |P(W < z) — ®(z)] < 3.34.
zeR

In this work, we use the idea of Chen and Shao([12]) to prove a non-uniform Berry-
Esseen bound for independent bounded random variables without using the concentra-

tion inequality approach. The followings are our main results.

Theorem 1.6. Assume that |X;| < 6 fori =1,2,...,n. Then there exists a constant

Cs which depends on & such that for every real number z,

2]

|IP(W <z)—®(z)| <Cse” 26

where C5 = 4.45 4+ 2.2120+(072(e*°=1-20))



Theorem 1.7. Assume that | X;| < § fori=1,2,...,n. Then there exists a constant C

which does not depend on § such that for every real number z,

(o)
PW<2)—® < —
IPOW <2) = ()| <
Observe from Tgleorem 1.6 that if 6 — 0 we have C5 — 20.78. This result and the
1
fact that lim tz = 0 lead us to conclude that the non-uniform bound in Theorem

zZ—00 ez

1.6 is better than the result of Paditz([9]).
To illustrate the results, we give an example of non-uniform bound in normal ap-
proximation of the binary expansion of a random integer.
Let n > 2 and X be a random variable uniformly distributed over {0,1,...,n — 1}.
Let k be such that 2¢¥=1 < n < 2F. Write the binary expansion of X

k
k= ZXZQ’H'
=

and let S = X7 + X9 + - - - + X be the number of ones in the binary expansion of X.
If n = 2%, by Theorem 1.6 and Theorem 1.7, then for every real number z,

2]

and S = (k/2 C
PT;Q)SQ—®@WSHIEMHQ
where Cp = 4.45 + 2 21eTr HHETF 1= )

This thesis is organized as follows. Preliminaries are in Chapter 2. A non-uniform
bound in a combinatorial central limit theorem is-in Chapter 3 while non-uniform
bounds in normal approximation for matrix correlation statistics and sum of independent

bounded random variables are considered in Chapter 4 and Chapter 5; respectively.



CHAPTER 11
PRELIMINARIES

In this chapter, we review some basic knowledges in probability and the idea of

Stein’s method and its approximation.

2.1 Basic Knowledge in Probability

In this section, we give some basic knowledges in probability which will be used in
our work. The proof is omited but can be found in [13], [14] and [15].

A probability space is a measure space ({2, F, P) for which P(Q) = 1. The measure
P is called a probability measure. The set 2 will be referred to as a sample space
and its elements are called points or elementary events. The elements of F are
called events. For any event A, the value P(A) is called the probability of A.

Let (Q,F, P) be a probability space. A function X : Q@ — R is called a random
variable if for every Borel set B in R, X ~!(B) belongs to F. We shall use the notation
P(X € B) in place of P({w € Q|X(w) € B}). In the case where B = (—o0,a] or
[a,b], P(X € B) is denoted by P(X < a)or P(a < X <b), respectively.

Let X be a random variable. A function F : R — [0, 1] which is defined by

F(z)=P(X <z

is called the distribution function of X.
A random variable X with the distribution function F' is said to be a discrete
random variable if the image of X is countable and it is/called a continuous random

variable if F' can be written in the form

F(z) = / Ft)dt

for some nonnegative integrable function f on R. In this case, we say that f is the
probability function of X.

Now we will give some examples of random variables.



We say that X is a normal random variable with parameter y and o2, written as

X ~ N(u,o?), if its probability function is defined by

f@) = s exp (— g — 7).

2ro

Moreover, if X ~ N(0,1) then X is said to be a standard normal random variable.

We say that X is a uniform random variable with parameter n if there exist
X1,%9,...,2Ty such that P(X = x;) = % foranyi=1,2,...,n and denoted by X ~ U(n).

Let (92, F, P) be a probability space and F, is a sub o-algebra of F for each a € A.
We say that {F,|a € A} is independent if and only if for any subset J = {1,2,... k}
of A,

k
P(() An) = [ P(4wn)

i = =N

where A, € F,,, for m=1,2,... k.

Let & C F for all @ € A. We say that {£,|a € A} is independent if and only if
{o(€s)]a € A} is independent where o(&,) is the smallest o-algebra with &, C o(&,).

We say that the set of random variables { X, | @ € A} is independent if {o(X,)| o € A}
is independent, where o(X) = {X (B) | B is a Borel subset of R}.

Theorem 2.1. Random variables X1, X, ..., X, are independent if for any Borel sets

Bi,Bo,...,B,, we have
n n
P(({{X: € Bi}) = [ P(Xi € By):
i=1 i=1
Proposition 2.2. If Xj; ;i =1,2,...,n, j =1,2,...,m; are independent and f; : R™ — R

are measurable, then { fi(XisXi2,...sXim,), ¢ = 1,2,...,n} is independent.

Let X be any random variable on a probability space (Q, F,P). If / | X|dP < oo,
Q
then we define its expected value to be

E(X)= / XdP.
Q
Proposition 2.3.

1. If X is a discrete random variable, then E(X) = Z zP(X = x).
z€lm X



2. If X is a continuous random variable with probability function f, then
E(X)= / xf(x)dzx.
R

Proposition 2.4. Let X and Y be random variables such that E(|X|) < oo and E(]Y]) < o0
and a,b € R. Then we have the followings:

1. E(aX +bY)=aE(X)+bE(Y).
2. If X <Y, then E(X) < B(Y).
5. |B(X)| < B(X))

Let X be a random variable which F(|X[¥) < oco. Then E(]X|*) is called the k-th
moment of X about the origin and call E[(X — E(X))*] the k~th moment of X about
the mean.

We call the second moment of X about the mean, the variance of X, denoted by
Var(X). Then

Var(X) = E[X — E(X)]%

We note that
1. Var(X) = E(X?) - E*(X).
2. If X ~ N(u,0?), then E(X) = p and Var(X) = o2.

Proposition 2.5. If X, Xs, ..., X,, are independent and E|X;| < co fori=1,2,...,n,
then

1. B(X1Xs---X,) = E(X1))E(Xa)--- E(X,,),

2. Var(a1 X1 + agXs +- -+ a,X,,)) = ‘a3 Var(X;)+ a3 Var(Xs) + - -+ + a2 Var(X,,)

for any real number ai,as, ..., ay.
The following inequalities are useful in our work.
1. Hoélder’s inequality :
E(IXY]) < E# (I X")E4 ()Y ")

1 1
where 1 < p,q < o0, —+ - =1and E(|X|P) < oo, E([Y|?) < 0.
p q



2. Chebyshev’s inequality :

Var( ) forall e>0

PHIX - E(X)[ 2 ¢}) <

where E(X?) < oo

3. Rosenthal’s inequality : If X1, X»,..., X, are independent random variables such

that EX; = 0, then for p > 2,

23 X< Cp) ZEtxrp 0> Bx2p)
=1

=1

where C(p) is a positive constant depending only on p.
Let X be a finite expected value random variable on a probability space (2, F, P)
and D a sub o-algebra of F. Define a probability measure Pp : D — [0, 1] by

and a sign-measure Qx : D — R by

= / XdP.
E

Then, by Radon-Nikodym theorem we have Ox < Pp and there exists a unique mea-
surable function EP(X) on (Q, F, P) such that

/ED YdPp = QOx(E /XdP for any E € D.

We call EP(X) the conditional expectation of X with respect to D.
Moreover, for any random variables X and Y on the same probability space (2, F, P)
such that E(|X|) < 60; we will denote EZM) (X ) by EY (X).

Theorem 2.6. Let X be a random variable on a probability space (U, F, P) such that
E(|X|) < o0, then the followings hold for any sub o-algebra D of F.

1. If X is random variable on (2, D, Pp), then EP(X) = X a.s.[Pp].
2. B¥(X) = X a.s.[P].

3. If o(X) and D are independent, then EP(X) = E(X) a.s.[Pp)].
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Theorem 2.7. Let X andY be random variables on the same probability space (2, F, P)
such that E(|X|) and E(|Y|) are finite. Then for any sub o-algebra D of F the followings
hold.

1. If X <Y, then EP(X) < EP(Y) a.s. [Pp).
2. EP(aX +bY) = aFEP(X) +bEP(X) a.s. [Pp] for any a,b € R.

Theorem 2.8. Let X andY be random wariables on the same probability space (Q, F, P)
such that E(|XY|) and E(|Y|) are finite and Dy, Da be sub o-algebras of F. If X is a

random variable with respect to Dy, then
1. EPY(XY) = XEPY(Y) a.s. [Pp,].
2. EP2(XY) = EP*(XEP'(Y)) a.s. [Pp,].

Let (2, F, P) be a probability space and D a sub o-algebra of F. For any event A
on F, we define the conditional probability of A given D by

P(AID) = E”(14)

where 14 is defined by

1 if weAd
1 4
0 if-w¢ A.

2.2 Stein’s Method and Distributional Approximations

A common theme in probability theory is the approximation of complicated probability
distributions by simpler ones. Stein([16]) introduced a powerful and general method for
obtaining an explicit bound for the error in the normal approximation to the distribution
of a sum of dependent random variables. Stein’s technique is free of Fourier methods and
relied instead on the elementary differential equation. Stein’s method has been applied
with much success in the area of normal approximation(See, for examples, Erickson([17]),
Bolthausen([10]), Baldi, Rinott, and Stein([18]), and Barbour([19])). This method was
extended from the normal distribution to the Poisson distribution by Chen([20]). Chen’s
work has resulted in advances in the theory of Poisson approximation and has helped to
develop and improve upon a body of interesting applications and examples for theoretical

developments, see Barbour and Eagleson([21]), Holst and Janson([22]).
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In this section, we give two examples which use Stein’s method for distributional

appproximation.

2.2.1 Stein’s Method for Normal Approximation

Let Z be a standard normally distributed random variable, and let Cpq be the set
of continuous and piecewise continuously differentiable functions f : R — R with

E|f'(Z)| < co. Stein’s method rests on the following characterization.

Lemma 2.9. Let W be a real valued random variables. Then W has a standard normal
distribution if and only if
EBf'(W)=EW f(W)

for all f € Cpq.

For a real valued measurable function h with E|N(h)| < oo,
f'w) = wf(w) = hlw) = N(h), weR (2.1)

is Stein equation for normal distribution where

N(h) = %/}Rh(m)ex?ﬂdw.

If hywy = 1(—oo,wo), then the solution f = f,, is given by

w? o
fL = \/ﬂe; D (w)[1 — P(wg)] if w < wy (2.2)
V2mez ®(wp)[l — ®(w)]  if w > wo.
In [23], Stein used the exchangeable pairs and antisymmetric function to find a bound
for normal approximation.

Let W be a random variable that is not necessarily the partial sum of independent
random variables. Suppose that W is approximately normal, and that we want to find
how accurate the approximation is. Another basic approach to Stein’s method is to
introduce-a second random variable W’ on the same probability space, in such a way

that (W, W’) is an exchangeable pair; that is
(W,W') and (W' /W)

have the same distribution. The approach makes essential use of the following proposi-

tion.



12

Proposition 2.10. ([23], p.10) Let (X,Y) be an exchangeable pair. Then, for all mea-

surable functions F : R? — R which is antisymmetric in the sense that, for all z,2' € R
F(x,2") = —F(a/, ),

we have

EEXF(X,Y) =0,

provided that
E|F(X,Y)| < .

Stein’s result is as follows.

n
Theorem 2.11. Let X; be independent random variables with zero means and Z EX? =
i=1

n
1, and put W = ZXi' Let {)?Z |1 < i< n} be an independent copy of {X;|1 <1< n},
i=1

and let I have uniform distribution on {1,2,...,n}, independent of {X;} and {X;}.
Define W' =W — X; + X;. Then

[EMW) - EN(W)| < [Ef,(W)(1 = 50V - W)*)| + Z|K|[BIW - W'’

where h is a real valued measurable function with E|N(h)| < oo and fp, is the stein

solution of (2.1).

2.2.2 Stein’s Method for Cauchy Approximation

In this section, we give the second example that use Stein’s method to give bounds. In
this example, the limit distribution function is Cauchy and the random variables X;’s
are need not independent.

At the heart of Stein’s method lies a Stein equation. For a real valued measurable
function h with E|Cau(h)| < oo,

2wf(w)
14 w?

f'(w) = h(w) — Cau(h), welR (2.3)

is Stein equation for Cauchy distribution where

Cau(h) = 1/ Mz) dx.

m Jg 1+ 22
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If hwy = 1(—oo,uo), then the solution of Stein equation for Cauchy distribution is

(1 4+ w?)F(w)(1 — F(w if w<w
oy | TR0 P w < o
7(1 +w?)F(wo)(1 — F(w)) if w > wp

where
1 [* 1
F(r)=— —dt. 2.5
() w[m1+ﬂ (2:5)
We use Stein equation to find necessary and sufficient conditions for a random variable

W to be Cauchy.

Theorem 2.12. Let W be a random variable. Then W has a Cauchy distribution if
and only if for all functions f : R — R such that f' exists a.e., continuous a.e., and

E|f'(W)| < oo, we have
WfWw)

1+ W2’

Ef'(W)=2E

Proof. To prove the necessity, we assume that W has a Cauchy distribution and let

f:R — R be such that [’ exists a.e., continuous a.e. and E|f'(W)| < co. Then

WfW)
1+W?2

2 [ wf(w)
= w/_oo (1+w2)2dw

/ 1+w2 dw+/{)w%dw}

2F

=
_727{/(;1+w2 (0)—/0f()dt)dw+/oo(1 /f dtdw
-t [ +f<>/mm%d}
- / ittarth | f’“/faf”—mdwdf}
L [ )
e f(t)dt

T ) oo 1+ 12

= Ef'(W).
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Conversely, let wg € R. From Neammanee([24]), we have E|f;, (W)| < co. Then
W fuwy (W)]

1+ W2
= E[l(fOO,wo](W) - Cau(Z(foo,wo])]

0= E[f,,(W) -2

:P(Wgwo)—F(’wo)

where we have used Stein equation (2.3) in the first equality.

Hence W has a Cauchy distribution. O

To illustrate the technique, we give examples which used Stein method to find a

bound in the approximation by Cauchy distribution.

Theorem 2.13. Let X1, Xo,...,X,, be random variables and S; a subset of {1,2,...,n}
such that EX; =0 andEXf < oo foreachi=1,2,...,n. Let W = X1+ Xo+ -+ X,.
Then for all wy € R,

’P(W < wp) — F(wo)‘

<3 |E[1- 1+2W22 > XX,

i=1j€8;
n n n 2
+ 47 min {Ez XS X EZXEE‘ Yox S Xj‘ }F(wo)(l — Fl(wp))
i=1 jes; i=1 i=1  jes;
+2EY }E{Xﬂﬁ&}xi‘ +12(r+ DEY |Xi]( 3 Xj) .
i=1 =1l JES;
where F is defined as in (2.5).
Proof. Let I be a random variable that is uniformly distributed over {1,2,...,n} and

independent of {X1,Xs,..., X, }. Let B be a o-algebra in which the random vari-
ables I and {X,Xs....,X,} are measurable, B the sub-g-algebra of B generated by
{X1,X5,..., X} and C the o-algebra generated by I and {X; |j ¢ Si}.
Let
G=nX; and W=W-> X
JEST
By the fact that

n
EBG = EBnX; = ZXZ- =W and
=1



E@ = EEC@ = E(Ecg)@

14+ W2 14+ W2 14+Ww?2

Wfw) f(W)
E1+W2 _E(EBG)1+W2
Gf(W)
:EEB(1+W2)
_ LGfW)
_E1+W2 N
A f(W)}
1—|—W2 1+W2

for any f: R — R, we have

£(7)

:EG[ 1+ W2

+ E(ECG)
Applying (2.3) with h = 1(_sg ), We have
|P(W < wo) — F(w)
Al Foo V)~ FusVIN] o (BEG) Ly (W)
_‘E[wa(W)_2G<1+W2_ 1+W2>} N\ 14+ W2
QW = W) fl, (W) . GW —W)f..
:‘E[ﬂﬂo(w)” : 1+V¥2 6 1+V)[}f? -
CW — W)W fu, (W) - GOV — W)W fure (W)
(1+W?2)? (1+ W?2)?
2G(fwo( ) fwo(W)ﬂ o BEG) fun(W)

L+W?2 1 w2 14 W2
2G(W — W)
< B| £ W1 = =55

)

Fos V) fugV) (W = W) fL (W) 2 — W)W foo (W
+2E‘G|’1+’m72_1+w2_ 14+ W2 (1+W?2)2
G(W — W)W fuo (W) (BCQ) fu (W)
+ 48| dror ‘+2E’—1+W2

where f,, is defined as in (2.4).- We note that for W < W,

Fao V) fuo W) (W = W) (W) 2(W = W)W fup (W

)

1+W2 1+ W2 14+ W2 (1+W2)2
fus(w) Y < Fiag W) 2W fug (W)
/W (1—|—w2> T+ w2 (1+W2)2}dw
_ /W [f _ 2wfwo ) leuo(W) 2wa0(W):|dw
W

+w2 1—|—w22 1—i—I/V2 (1+W2)
f

dd _2/ / yfwo
1+y

(AE

15
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W oW f1,110()/ W W » ,
:/W/y (ﬁ) dwdy—2/W/y (gf_i_y(g))z) dwdy

<oy [ (e

(1+y?)

By the same argument, we can show that

fuoV)  fuoW) (W = W) [y (W) | 2(W = W)W fury(W)

1+ W2 1+W? 1+ W2 (1+W?2)2
o w fwo( ) ¥ 17 wfwo(w) !
_/W (w— )<1+ )dw_2/w (w_W)((ler?)?)dw
for W < W.
Hence

Fun (W) FugOV ) (W = W) Fiy (W) 2(W — W)W fuy (W)
1+w2 1+Ww? 1+ W2 (1+W?2)?

= [" i Sy o <l

- 2/2@ Lo)[I(w £ W) = I(w < W)](wwa(w) )'dw

(1 + w?)?

(2.7)
Therefore, by (2.6) and (2.7),

[P(W < wo) — F(wo)]

2G(W — W)
< Bl (W= e

+2E|G|/ [H(w < gW)H’(JW)Id

1+ w?

+4E|G|/ (W —w)||[I (w§W)—I(w§W)H‘(gﬁUZ£ZU))2>I

dw

(W = WW fo, (W (ECG) fu, (W)
4E’ 0 ’ 2E‘——°—
* a+w2p o o F =nzad

<isup | fi, (W IE‘1—2
welR
f/
+2up | (42 wo ‘E|G|/ W — w||[I(w < W) — I(w < W)]|duw
weER

+432%1((1"}° ]E!Gr/ W — wl|[T(w < W) — I(w < W)]ldw

G(W = W)W fuy (W
+ 4E’ T ’ +25

GW — W)
Eirriy

‘fwo )E\ECGy

wER



17

< sup 14, )1y 1
weR

(o (fy

2 5 — 12
S ERG(W — W)}

(et )y

weR 1 + UJ2 wER (1 + w2)2
G(W = W)W fury (W Fuo (W) [ e
4F 2s E|E
R e (E5 - e EETT e e
(W = W)W fu, (W)
< B 0
3\/E[ WQE GW — W)} —|—4E’ W
- ZWE\ECG\ +12(z + DE|G|(W = W)? (2.8)
where we have used the facts that
| fuo(w) /(X + w?)| < 7F (wo) (1 = F(wo)), (2.9)
| fusg (W) <3,
|(fio (w)/ (@ +w?))'} <6427 and
|(w fao (@) /(L + w?)?) | < 8 4 5
for all wp, w € R (see [24]).
Note that 2
BIESGI=EY IE{XJ' |j¢5i}XZ-‘, (2.10)
i=1

(see [23], eq. 21, p. 109)

E|G|(W —W)? E'ZX(ZX)‘<EZ\X]<ZX), (2.11)

JES; JES;

and

- —F [ PR B
\/E[l— SR W S W _\/E_1— Sy nXIJ;SIX]}

= 18] 1+WQZEBX ZX]

1€8;

- E_ T QZZXX}. (2.12)

i=1 j€S5;
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By (2.9), we have

GW = WYW fruo (W

E
(14W?2)2

(W = W) fu (W )‘
(14+W?)

< 1F (wo)(1 — F(wo))E|G||W — W|

— 7 F(wp)(1 — F(wp) E’ZX(ZX)‘

JES;

(ZX )( (2.13)

JES;

<5l

< wF(wp)(1

and

GW — W)W fo (W) < P () (L~ F(wo))EIG|[W — W||W|

(14 W?2)2
£ )1 — F(wo))\/E]GP[W _WVEW?
— ' F(wp) (1 — E‘ZX ZX‘ EZX2 (2.14)
JES;
Therefore, by (2.8) — (2.14) the theorem is proved. O

In the case that X,,’s are independent we have the following corollary and example.

Corollary 2.14. Let X1, Xo,..., X, be independent random variables such that
EX; =0 and EX} < oo foralli=1,2,...,n. Let W = X1 + Xo +--- + X,,.
Then for all wy € R,

POV < wp) = Fwo)|

<51 2 3 )
+4wmin{zn:EX3,\ln<zn:EX3)(ZEX4>} 0)(1 — F(wp))
i<

=1

n
+12(m + 1)) EIXP.
=1

Proof. Tt follows from Theorem 2.13 by choosing S; = {i} and the fact that

’E{Xj|j¢si}Xi| _ |E{Xj\j7ﬁi}Xi| =|EX;| =0.
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Example 2.15. Let Y1,Ys,...,Y, be independent and identically distributed random

1 Y;
variables with zero means, EY? = 5 and E|Y;]® < oco. Let X; = \/—;_L and W =
X1+ Xo+ -+ X,. Then, for all wy € R,

[P(W < w) — F(u)| < % + Cminfy, %wwmwo)a — F(up)).

AONUUINBUINT )
ANRINTUNINEAE



CHAPTER III
A NON-UNIFORM BOUND IN A COMBINATORIAL
CENTRAL LIMIT THEOREM

Let (a;j) be an n x n matrix of real numbers and 7 a random permutation of

{1,2,...,n}.
Let
o= E(Z Qin(sy) and o2 = Var(z Gir(i))-

A theorem which has been proved under various conditions by Hoeffding([25]), Motoo

([26]) and others states that

1
V() == (3 aingiy =)
2
is approximately standard normally distributed. This theorem is always called a combi-
natorial central limit theorem. In this chapter, we shall investigate the rate of conver-

gence.

With these definitions, it was shown in Bolthasen([10]) that
Vi(m) = Zﬂﬁm(i)

for some x;; such that
inj =0 foreach j=1,2,...,n and
i

Zmij:O for each 1 =1,2,...,n.
J

For example, we can choose

aij — Q. — a.j +a,

xij = .
(077 Qg4 Agq
where a; = E - a; = E — and a = g —;
J i i,

Uniform estimates have been obtained by Von Bahr([27]) and Ho and Chen([28]),
1
but they yield the rate 0(7

N

) only under some boundedness conditions like
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K
sup |z < —=. (3.1)

ij vn
The best uniform bound is obtained by Bolthausen([10]) in 1984. His argument is based
on an inductive approach of Stein’s method. The following is his result.
Theorem 3.1. There exists a constant C' such that
sup [P(V(m) < 2) = ®(2)| < CB
z€R

where

In this chapter, we give a non-uniform bound in a combinatorial central limit theorem of
V() under the boundedness condition (3.1). The argument is based on a concentration

inequality approach. Our result is the following.

Theorem 3.2. Assume that (3.1) hold. Then there exists a positive constant C such

that for every real number z,

CK
|[P(V(r)y<z)— (=) < W
This chapter is organized as follows. Auxiliary results are in section 3.1. The con-
centration inequality are proved in section 3.2 while the proof of main result is given in
section 3.3.

From now on, C' stands for a positive constant with possibly different values in

different places and we assume (3.1) holds.

3.1 Auxiliary Results

In this section, we give auxiliary results which used in section 3.2 and section 3.3. To do
these, we need the following construction from Ho and Chen([28]).

Let I,J, L, M be uniformly distributed random variables on {1,2,...,n} and p,7
random permutations of {1,2,...,n} such that

(I,J) and (L, M) are uniformly distributed on {(4,7)|é,7 =1,2,...,n and i # j}
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(I,J), (L, M) and 7 are independent,
(I,J) and p are independent and

L if a=1,
pla) = ¢ M it a=J,

()  if a=77YL),

z(J). i o LA M

where p(p~' (@) = p~!(p(a)) = a.

Next, we let

V(p)s= inp(i)v V(r) = Z‘riT(i)7
i i
V() =V () =10y =% o0 T Trpsy + Tpr)
it follows that (V(p), V(p)) is an exchangeable pair and
Vip) = V(p) = Ty + x5 — x5 — &gy, are independent with V(7). (3.2)

By the same argument of Lemma 2.1 in Barbour and Chen([2]), we have

2

EA(V(p) = (1= —)V(p) (33)
and
~ 9 4
E(V(p)—V(p)) = : (3.4)
n—1
Lemma 3.3. There exists a constant C' such that
CK
. 3 <
() BVl <

(ii) 5 |EV (p)| < CK:
Proof. For m € N, let h : R> — R be defined by

h(B,v) = (T — v) (@™ + o™,
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Then h is antisymmetric. Since (V(p),V(p)) is an exchangeable pair, by Proposition
2.10, we have

(V" p) + V™ (p))

{ZVm 1 Vm 1( )_Vm—l( ))}

2B(V(p) = V(p))V™" H(p) + E(V(p) = V(p)) (V" (p) = V"™ ()

=2E(E"(‘7(p)) VeV (p) + EV(p) ~V(p)) (V" (p) = V™ (p))

—op{(-- Vo) VDT (o)~ V™)) (by (33))
4

{(—jV(P))V’”_l(p)} + E(
= ——BV"(p) + E(V(p) = V(p)) (V" (0) = V"™ (p).

EV(p) =V(p))

<> <>

Hence

m n—1 T rm— m—
EV™(p)=— W) = V(p))(V "(p) = V™ (p)). (3.5)
Let
AV :=V(p) —Vi(r) and AV :=V(p) — V(7).
Then
‘AV‘ — ’mT—l(L)T(I) + :l:T_l(M)T(J) + :EIL + .’L'JM
Ty T Turd) T L)L xT_l(M)M’
CK
£ — .
< 5 (3.6)
and
|AV| = ’:L'T*l(L)T(I) + xrfl(M)T(J) + Trmr + Zgy,
T o) T I T YL T xfl(M)M|
C’K
< 3.7
\F (3.7)

(i) Byi(3.2),(3.4) = (3.7), we have

(p) = V(p)(V2(p) = VZ(p))|

(0) = V()2 (V(p) + V(p))l
(p) = V(p)2(2V (1) + AV + AV)]

<>

|EVS(p)| =

(

I
E
=

Il
E
<>
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< "B () ~ V)Vl + BT ()~ V(o)A + AV)
< S E(V(p) = V()IEV(7)]
+ CRVAEIT () = V(o)
_CK
\/ﬁ
(i) By (3.4) - (3.7), we have
BV ()| = " EW@ () = VIONT 0V (0))
= B p) — V(D) (P2lo) + V)V (o) + V(p))
= BT p) - V(R)AEVA(0) 43V (AT +3V(r)AV

+ AVAV +AV? + AV?)]
< CKn|E(V(p) = V{p)*(EV?(7) + BV (7)| +1)|
< CKnE(V(p) =V (p))?

=CK.
O

To prove the concentration inequality(Lemma 3.6), we construct the following sys-
tem.

Let I,.J, L, M be uniformly distributed random variableson {1,2,...,n} which sat-
isfy the following.

(I,J) and (L, M) are uniformly distributed random variables on

{GG, )] i,j=1,2,....,nand i # j},

[(1,J), (L, M)] is uniformly distributed on

{16 ), (o m)]| s lym = 1,2, m andi # 5,1 # m and (i, ) # (I,m)} and
[(T,J),(L,M)] and p are independent.

P ) = (3) (o)) = oot

for i,7,l,m=1,2,...,n,i# 5,1 # m and (i,j) # (I,m).
Let v =163 and




c[(i,7), (I, m)] == |y + Tjm — Tim — il min(|2y + Tjm — Tim — 251],7),
[(,7), (L, m)] := ¢[(4, ), (I, m)] = Ec[(i, 5), (p(i), p(5))],
C(p) :== ZC/[(Z'J% (p(i), p(4))],

7]
C(r) =166, 9), (r(D), 7(7)]
and C(p) = Clp) = 1T J), (p(T), p(I))] = ¢I(Z, B1), (p(L), p(M))]
+ (L), (p(L), p(M))] + (L, M), (p(I), p(]))]-

~

It follows that (C'(p),C(p)) is an exchangeable pair.

Lemma 3.4. There exists a constant C such that
CK~?

() EC(p) - Clo)ps <%
R 3
(i) EIC() - Clo)tE T

(iii) EC?(p) < CKnv?.

Proof. (i) Follows from the fact that

25

(3.8)
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y CKy
and ¢[(i,7), (l,m)] < N

(i7) Using the same argument of (7).

(i11) By the fact that

> 5.

=3 (e, = Be(i, ), (p(0), (7))
iy e

= 52 S eltcah ] - o IS B 105
ZZ#jJ llan 1753

=3 @) ,m)] = YN el(ing), (5,1)]
2 1, i okt

— C(p) - n(nl_ 5 2016600, (o). () n(nl_ 53 i, (o0
z‘?éjj ll;;ﬁm
1 / . .
A0 TS 2, ) 60, pm)
(i) (1m)
1 / . .
T = D=1 = 1) ;l;ém ¢[@m), (p(i), p(5))]
(&,5)#(lm)
2C(0) ~ gy L) o))
2
2 / . .
* n(n — 1)(n(n — 1) _ 1) Z c [(273)7 (P(l)vp(m))]

i j,lEm
(6:5)#(1,m)
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_C(p) n(nQ_ 1) (P)—I— (n—l) 'n,—l _1 ZZ Z] ( ))]
;;éjj ll;«én;n
" n(n—1)(n( n—l - ZC i, 7); (p(2), p(3))]
%#J
= Clp) n(n2—1) (p) + n(n—1)(n n—l—l ZZ (4,7), (Il,m)]
,J lm
i#£j l;ém
’ clo)
nn—1)(n(n—-1)—1)
- (1 - #)C(p)' (3.9)
nn—1)—1

By (3.9), we can apply the argument of (3.5), by using (3.9) and V(p) = C(p), V(p) =

C(p) and m = 2, we have

nn—1)—1
4

Therefore, (iii) follows from (7). O

EC*(p) = E(C(p) = C(p))*. (3.10)
Lemma 3.5. Let v = 16(3. Then there exists a constant C' such that

Bin(y) = En)) < ZEXL

n

where n(y) := "L BP{|7(p) - VAp)min(Ta) = V(p)], )}

Proof. From the fact that

)
n(7) = Lo e T 27000 = i) — Tap)|

X min(|@ ) F 25,00~ Trpn) ~ Tapml N}
1
= 1 2ot + Zipt) = Tiots) — o0
7
X min([Z) + Zp) — Tip() — Lip(i) |, 1)}
1 o
Y2 > el 9), (p(); o),
i
we have
1 VR
E(n(y) = En(y)* = B{ 2= > ¢1(i.3). (p(0), p(i))]}
2%
i

L g, (3.11)

= 256n4
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Hence, to prove the lemma, it suffices to show that

EC*(p) < CKn?y*,

Let AC = C(p) — C(7),
AC = C(p) - C(7),

Then
'l < Cn

and c'[(, ), (p(2), p(4))] = €(5,4),(7(i), 7(4))] on £ —T. Hence

AC = Y i) (p(a). p(N)] = D 1), (r(6), 7(5))];

(i.4)er (6,5)€T

which implies that

|AC| = \ 7). (@), pGNL— > G 9), (7(0), 7(5))]

(4,5)€T (4,7)€T
< >l a)s (@), pNT+ D el ), (7(0), 7(5))]
(i,7)er’ (i,7)er
< g2—7\F|
< CKniy (3.12)

K
where we have used the fact that c[(i;7), ([,m)] < CKy

Vi

in the second inequality.

We observe that
IAC| = [AC + C(p) — C(p)[ < |AC| + |C(p) — C(p)| < CKnzy.  (3.13)

Using the same technique of (3.10), we have

n(n—l)—lE

BCY(p) = "L B(Cp) — C(0)(C(p) - C(p).
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By Lemma 3.4, (3.12) and (3.13), we have

E(C(p) — C(p))(C*(p) — C*(p))
= E[(C(p) - C(p)*{(C(p) — C(p))* + 3C(p)C(p)}]
= E(C(p) - C(p)* +3E(C(p) — C(p))*C*(7)
+3E(C(p) — C(p))*C(T)(AC + AC) + 3E(C(p) — C(p))>ACAC

CK ~ A
< #Elc(p) —C(p)P’ +3E(C(p) = C(p)EC*(7)
1 -~ i ~
+CKn2yE(C(p) = C(p)*{EIC(T)[F}2 + CKny’E(C(p) — C(p))®
< CKA~*.
Therefore
EC*(p) < CEn*y*.
This completes the proof. ]

3.2 Concentration Inequality

In this section, we give a concentration inequality lemma which will be used in the next

section.

Lemma 3.6. (Concentration inequality) Let0<a <c <d and(14+a)B <1. Then

CK

Plc < < < —

V() <D< Frosd=c+)
for some constant C'.
Proof. Let v =168 and define g : R*— R /by

0 for t <c—v

9(t)= QL+t +)2 ¢t ~cd7) for c-y<t<d+19
(1+t+7)3(d—c+2v) for t>d++.

Therefore g is non-decreasing and
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p

0 for t<c—n

G = A +t+7)3+31+t+7)2(t—c+7y) for c—y<t<d+n~

3(1+t+7)%(d—c+2y) for t>d+~
for t<c—~ or t>d+~
>
Ll—i—t—i—’y (14 4t + 4y — 3¢) for c—y<t<d+7y
for t<c—~ or t>d+~
(14 ¢)3(1 4 4c — 3¢) for c—y<t<d+ry
for t<e—~ or t>d+7 (3.14)
(1+¢)3 for c—y<t<d+n.
K(0) = " LT (o) S VL0 << Plp) V() ~ 1(T(p) ~ V(o) < t < 0)]
and h : R2 — R be defined by
h(v,v) = (v =v)(g(@) + g(v)).
By the same argument of (3.5) and (3.14), we have
EV(p)g(V(p))
= "BV () - V) (Vo) — V()
n—1_ . ~ V(p)=V(p)
= — ElVip) = V(p) 0 g (V(p) +t)dt]
= "EV) - Vo)
T OT 0 E V) V6N HTTG) £ V() £ £ i
= B[ /() + DK ()t (3.15)

> (14 ¢)*E[1(c < V(p) < d) K (t)dt]
[t]<~y
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= (1+¢)’E[1(c < V(p) < d)n(v)]

> (1+ePEl1(e < V(p) < din() 1(n(3) > 1)
c 3

> U pli(e < vip) < dy1tna) > 1

(1 +C)3 1

=7 Eli(c<V(p) <d) = 1(1(c = V(p) < d),n(v) < 7)]
c 3

> O ple < v 2 d) - 1i) < )
c 3

> U ipe < vig) <)« Plaiy) < )

which implies that

Ple< V()& d's g —7¥ i
4 1
3 Fapt i
By definition of g and Lemma 3.3(4i), we have
EV(p)g(V(p)) < E{V(p)lla(V(p))|
<(d—c+29)EV(p)|[1+V(p) + I
< C(d—c+20)EV()(V(p) +1)
=C(d—c+2)(EIV()I*+ BV (p)))
< C(d=c+29)(BIV()[' +{EIV(p)*}?)
< CK(d—c+ 2y)

). (3.16)

< CK(d +c+0) (3.17)
where we have used the fact that v < 16 in the third inequality. Observe that
EV(p) ~V(p)I} = Elryy +a g~ g — 2gr)
<SA6E (|21 + [ pr* + |20 + g )

= 64Ea |’
64
=5 _layl’
ihj

_ 648

n

(3.18)
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To bound P(n(v) < =), we note that

NG

2
min(w,y)zx—i— for x>0,y > 0.
Yy
From this fact and by (3.4) and (3.18), we have

n—1

() = "1~ BV (0) ~ V(o) min([7 (o) ~ V()] 165)}
n — —~ y % _ 2
> B0 = Vi (T - Vo) - P
= DBV = V() ~ 5 BVe) - V(o)
n—1, 4 1,640
= {n—1_64ﬁ( ol
_ n—1
)
>1o L
- 4
3
-3
Hence
Pl <) < PERG),~ () > 3)
< CE(nly)— En(v))!
CK~*
e
< CKpg*
CKS
S Trap (3.19)

where we have used Lemma 3.5 in the third inequality and the fact that (14+a)8 <1 in
the last inequality. From (3.16), (3.17) and (3.19), we have

CK(d—c+p)

PEsT (PSS T AT

Lemma 3.7. Let z € R and f, be the solution of Stein’s equation. For z > 12,
lul <2(1+ Z) and (1+ z)0 < 1, we have

Eg(V(p) +u) <

G
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where g : R — R be defined by

g(w) = (wfz(w))"

Proof. Use the same argument as in Lemma 5.1 and Lemma 5.2 in Chen and Shao([11]).

O]

3.3 Proof of the Main Results

It suffice to consider z > 0 as we can apply the result to —W when z < 0. Let z > 0.
If 0 < z < 12, by Theorem 3.1, we have

s CK
PV@<H<olf< 08 < To <t

Assume that z > 12.
Case 1. (1+2)0>1.

By Lemma 3.3(2),

P(V(m)>z) = PA+V(r)>1+2)
E(1+ V(m)*
= (1+42)4
CE(1+Vi(m))
B (1+2)*
CK
(1+2)%

Hence

[PV (m) <z) —2(z)[ = _|(1 - P(V(1) < 2)) = (1= ®(2))|

IA

P(V(r) >2) = (1 2(2))
CK

(1+2)4
OKB

(12

< CK

S vy

2

IA

IN

1
e~ 2%

where we have used the fact 1 — ®(z2) <
(2) < 227

< (14 2) (see [23], eq. 25, p. 23) in the

second inequality.
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Case 2. (1+2)B<1.
Let f be a real valued function. By the same argument of (3.15), we have
BV (V)] =B [ 10V () + DK ()t (3.20)
where K(t) is defined as in Lemma 3.6. If f(¢) = ¢, by (3.20), we have
E/RK(t)dt = EVZ3(p) = 1. (3.21)

Let f, be the solution of Stein’s equation defined by (2.1). Hence, by Stein’s equation
(2.1), (3.20) and (3.21)

P(V(r) <2) - 2(2) = P(V(p) < 2z) — 2(z)

—R (3.22)

where

R=E R[fé(V(T)) = fi(V(r) + AV )] K(t)dt.

CK

K
—, K(t) =0 for |t| > K which
Vn

NG

Since |‘7(P) Vo)l =z + 250 =75 — 25l <
implies that
R=F / (V) = FAVE) AV () dt.
|t <<E

Let g : R — R be defined by g(w) = (wfz(w))’. By the fact that
|fi(w+s) = fl(w+t) — / glw+u)du| < 1(z = max(s,t) < w <z —min(s, t))
t

(see [11], p. 250),
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we have
|R| < R1+ R»
where
Ri=F 1(z —max(0,AV +t) < V(1) < z — min(0, AV + ¢)) K (t)dt and
1<K
0
Ry = )E/ K(t)/ g(V (1) + u)du dt|.
|t\<f‘/{§ AV +t
K
For |t| < C—, we see that for sufficiently large n
vn
CK CK
_ udiniel T 2R AN s, - ] f > 12.
z maX(O,\/ﬁ—kt)_z & lt| > z \/ﬁ_z >0 for z>
Hence, by Lemma 3.6,
CK CK
R <FE 1(z —max(0, — + ) < V(7)) < 2z —min(0, — + t))K(t)dt
R e ¢ (0 + K
CK CK
=F EALIMEY 4 z—max(0, — +t) < V(7) < z —min(0, — + t)) K (t)dt
e (€ —max(0, = 41) < V() <2~ min0, 2 + D)K ()
CK CK
=F P(z —max(0, —= +1) < V(1) £ z — min(0, — + t)) K (t)dt
t|<cx( O < V) (0. + 0K
< E/ + [t| + B) K (t)dt (by Lemma 3.6)
< E K(t)dt —E HE(t
—zgf / + /||
< + b t K (¢ by (3.21
v Rl AL (by (3.21))
CK
< 3.23
T (1+2)3vn (3.23)
where we have used the fact that
CK
E | K (¢ Vi) < — 3.24
JNEACE Vi3 Vil e (321)

in the last inequality. By Lemma 3.7, we have

Ry < ’E/t|<CK K(t) /0 g(V(T)—l—u)dudt‘

CK
ﬁ‘i’t

0
= [BE(IL) K(#) /
|t‘<CK

CK
W+t

g(V(7) + u)du dt‘
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S R (3.25)

where we have used the fact that (14 23) <14 (1+2)8 < CK, (3.21) and (3.24) in
the last inequality. Hence, by (3.22 : and (3.25), we have

AONUUINBUINT )
ANRINITUINENAY



CHAPTER IV
A NON-UNIFORM BOUND IN NORMAL
APPROXIMATION FOR MATRIX CORRELATION
STATISTICS

Let A = (ai;) and B = (b;;) be symmetric n x n matrices, and define

Wi=W(r) = Zaijbﬂ(i)ﬂ(j),
where 7 is a random permutation of {1,2,....n}. This W is always called “matrix
correlation statistics” and first introduced by Daniels([1]). In the definition of W, the

diagonal elements play no part, so that we may assume that a; = b; = 0 for all i €

{1,2,...,n}.
Let
1
ur=E(W) = m Z Z ;5bim,
i, I,m
i2j 1%y
1
A= ——— i
0 n(n ad 1) %aljv
i#]
1
Ag = — 12
12 = ;{az} )
JIRESELAR v o)
. n(n _ 1) 1/7] Zj’
1#]
1 *
Az = 4 Z jai .
(2
N 1
where a; = — Z(aij — Ay)

J#i

and 6@- = aij — a}k — a;f — Ao,
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and make similar definitions for B. With these definitions and their analogues for the

matrix B, it was shown in Barbour and Eagleson([29]) that

W = p+V(x)+ A(r), (4.1)
. 2 __9)\2
0’2 := Var V(’/T) = MAlgBm,
n—1
" _1)2
Var A(ﬂ') = 277]5?_1).422322,

Cov(V (), A(rr)) = 0,

where
V() :=2(n—2) Z a;bi
and A@) = D @ijba(iyn(i)-
%hJ

i
To avoid trivial exceptions, we assume that Aj9B1s > 0, otherwise, ‘7(77) =0 a.s.
In 2005, Barbour and Chen([2]) gave a uniform Berry-Esseen bound for the normal
approximation to W. The following is their result.

Theorem 4.1. There exists a constant C' such that

sup P(VV_'u < z) — P(V(m) < z)‘ <C(0+6%+69)

z€R g
and
sup P<W =L Z> = <I>(Z){ < C(6+0% + 62)
2€R g
where V() 1= V(ﬂ), A(m) := é, 6 = 12881, 0, =n*oc 3A13B13 and
o o
A 133
5% — EAQ(W) . Var A(ﬂ') (n 1) AQQBQQ

 Var V() T 20— 2)2(n —3) ApBis
In this chapter, we use the idea of Barbour and Chen([2]) and Chen and Shao([3])

to prove a non-uniform Berry-Esseen bound for W. The following are our main results.

Theorem 4.2. There exists a constant C' such that for every real number z,

W —pu
(p( —F < z) — P(V(r) < 2)
<_©
— 1423
C82
14 22

{5 62 4 5y + 005 + 6(n30)% + 5(n36)5 + 62(n28) + 2(n3d)F + 552(n%5)%}

(4.2)
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-2 K
In particular, if ) sup |a;b;| < —= for some positive real number K, then

Z7] ﬁ

W —p
P(=, " <2) - 2]
= 1 ii’3{5+52 02 4 00 +5(n%5)2 +5(n%6)13*4 +52(n%6) +52(n%6)§
1.1 1 055
Honmio + T h e T “3)

Corollary 4.3. If §; ~ n~2and 8y ~ n_1/2, then for any real number z

C
(1+2%)v/n

‘P(WU—M < z) — PV (n) < z)‘ <

—2)

2(n K
Furthermore, if ( sup |a;b;| < —= for some positive real number K, then
;g n

id (] f

’P(WU—M < z> — (I)(z)i < (1_‘2%

1k 1
To simplify the theorem, we let a;; ~ 5 and b;;j ~ = forevery i,j € {1,2,...,n}.
n

Then we have

. 1 1 = 1
ai ~ —, Ay ~ =5, Aug Sy AR o
., 1 1 1 1 5 n3
bj ~ ﬁaBl2 29’ Bl3 3q°? B22 ) and o° ~ ’I’L2(p+q)
which implies
2 K
(n )sup\a;kbﬂg— 5 ~n Y% and §y ~n7Y?

so by Corollary 4.3

’P(W(;'U’ < Z) _cI)(z)’ < (1_1_0%)\/—5

This chapter is organized as follows. ‘Auxiliary results are in section 4.1. The con-

centration inequality for non-uniform is proved in section 4.2, the proof of main result is

given in section 4.3 while the more general array is considered in section 4.4.

4.1 Auxiliary Results

In this section, we give auxiliary results which used in section 4.2 and section 4.3.
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For each 7,7 =1,2,...,nand a > 0, let

2(n—2) ,
Lij += (U)ai b; and zgj = x451(|zi5] <1+ a).

We note also that, with a; and b defined as before,

ZG? = niQZ(aijAO)

,]
i

~ e
Z#J 1?5]

— (n(n — )45 = nin~1)Ao}

and > br=o,

which implies
inj =0 foreachj=1,2,...,n and

D wi; =0 foreachi=1,2,...n. (4.4)

Let

We note that
< 8o73n? Z|al| Z|b* )

— 85 3n (nA13)(nBL‘3)

= 801
_ 9
16

Let I,J, L, M, p and 7 be defined as in Chapter 3.
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The first step is to construct an exchangeable pair. We then set
1~
V(r) = EV(W) = Ziﬁm(i)a Vip) = inp(i)v V(r) = Z%‘T(')a
i (4) 5 Va(p) = Zwa,ip(i)v VG(T) = Z:Ua,i'r(i)v

Vip) :=V(p) = 1) = Typir) T Trpry T Typnys
Va(p) == Valp) = Ty 1o1) = Targp() + Taip() T Ta,gp(1):
1~ 1 N,
A(r) i= =A(m) = = Y " iibr(iyn(s):
g g =
i#]
1 o~
Alp) =~ Z ai70p(i) )
il?’gj
1 y o b 5 ", ~ ~
and  A(p):= E{A(P) -+ Z {@1; (bp()p(i) — bp()e()) T @15 (Op() () — bo(nyp(i)}

J
GALLT
+ Z {@ir(b)o(r) = Op(i)p(s)) + @it (Bp(i)p(a) = Boi)o(1))}
il J
+ a51(Bpyp(ry — bptryp)) £ ar(Opnyp(s) — bp(J)pU))}
it follows that (V(p), V(p)), (Va(p), Valp)) and (A(p), A(p)) are exchangeable pairs (see
[2]),
Vip) = V(p) =z, + x;; — &y — 5y, and independent with V(7)
and
(4.6)

z, v and independent with V(7).

Va(p) = Va(p) = Ty 10 + T dr, — Taur

Lemma 4.4. For any a > 0, we have
A ) SR 9 7 R e
n—1 n(n —1) € 1

Proof.

B (Va(p)) = E*(Va(p) — %4 11 —

To gp(h) T Ta,ip(s) t Tagp(r)
= Va(p) - Ep(‘ra,lp(l) + La,dp(J) ~ TaIp(J) — xa,Jp(I))



1 1
= Valp) — o Z Zaip(i) — n Z La,jp(j)
J

7]
l#ﬂ Z#J

2
:Va(p)_ﬁzxazp Tl—l Zxazp(j

1753
2 2 2
= Va(p) — ﬁVa(P) + m Zl‘a,ip(j) - 771 (n—1) Zxa,ip(i)

(3

2
= Vele) DR 9> T m;‘”w@

= Vu(p) — —Va(p) wln = 1) Zxam mV(P)

2
= (1= —=7)Valp)+ m;%m

Lemma 4.5.
(i) E(V(p)—V(p)*=—
(ii) E(A(p) — A(p))? =8n " LEA%(p) = 8n 103

Proof. Follows the argument of Lemma 2.1 in Chen and Barbour([2]).

Lemma 4.6. Let a > 0.

)
) If —— <1
(1) If (e <1, then
4 176

n—1 16(n—1)(1+a) sk
(i) BT -V .

)

(i) EIAV.]® < 3725 where AV, i=Vi(p) — Va(r).

~

(iv) 0 E|AV,|? < 3?— where AV, = Va(p) = Va(7).

Proof. Let a > 0 and let

Qa,ij = :IJZ']'Z(|$Z']‘| >1+ a), Qg 1= Zl’%](‘l’”‘ >1 +a),
,L‘?j

and Aa = {(27]) ’ |xZJ| >1 +a}
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Then, by (4.5),

1 3 < 3 nf no
< — i < .
[Aal < (1+a)? Z il < 1+a Z’ ol” = (I14+a)® = 16(1 +a)3’ (47)

nB no

and aa_*ZlmWl%l>1+a>—1+a§16<1+a>‘

2y}

By the fact that

E@py +ay0 — 2, = 2 yn) e i0r +Vagr = Yarr = Jagm)
= E[xIM:ga,IM + Z Y0 00— CratYarr — LimaYa, oM
+ 25000100 T T i0Y001n — ZinYarr = TiLa, M
—&rrYo it = TrrYa 00 ¥ CirYa 1L T TrrYa, M
—ZypYarnd = CimYar + TomYarr + mJMQa,JM]

= E[4$1M?9a,IM + 4% 7 Ya, g0~ A 10 Ya 0 — 4xIMga,JM]

and

E@orar 90,50 — Jagr— Jagm)”

=E [4172,11\4 + 400t — WrmYarr — 40100 Va,01)

= El42 1000 s + 4010000 — 41000011 — 4010000,701 )
we have

E(Va(p) = Va(p))®
=E{(z;pr+ 250 — 2 — 2gng) — Gagns + Jagr — Yagr — Z)a,JM)}Q
= E(V(p) =¥ (p))*
—2E(zpp 2y, — 2y, — xJM)(Qa,IM + ?Ja,JL - Z?a,IL - ?Qa,JM)
+ E Do rns + Vagr —Yatr— Qa,JM)2
= E(‘A/(P) - V(p))* - AE(x 0 Ga 1) — 8E (T pga,g1) + 8E (TG0 11)

+8E(x pTa ynr) + AE o raa¥a.gr) — AE o v Ua1) = 4L Do rnsVagnr)- (49)

To give a bound of E(V,(p) — Va(p))?, we have to bound every terms on the right hand



side of (4.9). Note that

E(xIMga,JL) =

E(HJIM%,JM)

X 1 R
E(@rpa,100) = 2 Z TimYa,im

ExIM:UJL
(n—1) n2(n — 1)2

1
n?(n — 1)2

2 i)

B n—l

1
n?(n —1)2

Qq

2 1

Tl

1

i,m
Qa
n2’

(lzjpl > 1+a)

szlm%ll |zl > 1+a)
[szmﬂfﬂfﬂﬂﬁm >1+a)

%J lm

l#m

/ Z inmxizlﬂfﬁiﬂ >1+a)
i Im
l#m
3 Z Z%m%ﬂﬂ%z! >1+a)
i I,m
l#m
[szzmlel |33@l| >1 +a)
7
=22 il (eiml > 14 4
L om

szml |Tim| > 1+ a)

’Lm

and

1 A
1) 2 &
m

i)

Z Z xzmywm - Z Z Iimga,im}
m. g

szm |xzm| > 1+CL)

zm

44

(4.10)

(by (4.4))

(by (4.4))

(4.11)

(by (4.4))

(4.12)
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Similarly, we can show that E(xrpYar1) = —ﬁ. (4.13)
By definition of A,, we have
. N 1 A
' EWa,rvi¥a,00)| € 25— 3 Z Z |Ja,imYa,jl
n*(n—1) ij Lm
i2j I#m
1 2
< {:
1 2
2 1Y [Z jij 1 (lzij| > 1+ a)
7:7j
< Wl SN Py > 1+ a)
= n2(n 1 1)2 ~ Vi J
[Aalo
= =0 4.14
N ~ 4 3 |Aa|aa
and |E(U, 1aYern) and |E(G, 120, 7az)| are also less than or equal 21
k) ) k) b n n p—
(4.15)
By (4.7) — (4.15) and Lemma 4.5, we have
E(Va(p) - Va(p))2
4 dag 8ay, o 16aq 4|\, o 8|Aa|ag
“n—1 n?2 n2(n-12 nPn—1) n%*(n—12 n2(n-1)
4 4 2 4 A 2|A
n—1 n (n—1) n—1 (n-—1) n—1
< 4 n 4aa< 4 2 4 I no n no )
“n-—-1 n? (n=1)2 n-1 16(1+a)3Pn-1)2 8(1+a)Pn-1)/
(4.16)
) Si S <1 andi(416); we I
(i) Since 11 a) <1 and (4.16), we haye
E(Va(p) - Va(p))2
4 I 4aa< 2 4 1 n L n )
“n—-1 n? (n—1)2% n-1 16(n—1)?> 8(n-—1)
4 dag (—16n% —29n 4 14
= — 4.1
n—1 n? ( 16(n —1)2 ) (4.17)

IN



Similarly, by (4.7)-(4.15) and Lemma 4.5, we have

E(‘/}a(p) - Va(p))2
4 dag Say, . 16a, 4|Aq|aq B 8|Aal
“n—1 n?2 n?(n-12 n2(n-1) n*(n—1)2 n2(n-1)

4 4oy, 9
- . S22 40 4(n— 1) + [Ag| + 2/A, —1)
T g (= P2 4= 1) A+ 2 Al )
4 4oy no n(n—1)0
> - —1)24244(n—-1
-1 7ﬂm_1y«” 244 - D+ s Y s
4 4oy, n  n(n-—1)
> _ 124 2 Yl = 7)
“n-—1 n2(n—1)2((n o e )jL16jL 8
4 4oy, 9n®  3ln
= — p—_f |
n—1 n2(n—1)2( 816 )
4 17n2ay,
> _
“n—-1 2n?(n—1)2
4 17a,
S n—1 2(n—1)2
4 17n6
> _
“n—-1 32(n—-1)21+a)
4 176
>

n—1 16(n—1)(1+a)

which proves (7).
(i1)  E|Va(p) = Valp)|* = Bl g4+ To jar — Tagm = %,JL|3

< 16E<>$a,1L’3 + }%,JMF’ == !%,1M|3 L ’%,JL’B)

- 64E|%,1L |3

64 .
—n2 > |70
i?j

N
EER
7

&

-3

(ii7)  BlAV] = Elz, 1 (1y0() F Tor1 0y sy T Fatr + Tagms

3
- xa,IT(I) - xa,JT(J) - wa,r—l(L)L B xa,r_l(M)M‘

46



3 3 3 3
S 64E(’xa,T_1(L)T(I)’ + ’wa,T_l(M)T(J)’ + ’xale’ + ’xa,JM’
3 3 3 3
+ 120 17" + o g+ 120 1y nl” + 120 1y )-

To bound (4.18), we note that

1
3 3
E|$a,IL‘ :7n2 E |$a,z‘l|
il

< LS faf?
2,0

n?
.’

n

Similarly, we have
g

E|xa,JM’3 1 n

Since I and 7 are independent, so

1
3 3
Ep:a,lr(l)’ = E E :E"xa,iT(i)|
%

1 3
i Eﬁ Z |‘Ta,ij|
Z?]

g

28
n

47

(4.18)

(4.19)

(4.20)

(4.21)

By the same argument and using the fact that I, L and 7 are independent, we have

are less than é

| 3
n

E| X, ol and B X, 10y

(4.22)

By the same argument and using the fact that J, M and 7 are independent, we have

g

E’Xa,JT(J)‘?’? Ej“Xa,7'*1(]V[)M|3 and E‘Xa,Tfl(M)T(J) ’3 n

Therefore, by (4.18) — (4.23),
12 2
N A
n n

(iv)  We can prove by the same argument as (7).

< 1. Then

Lemma 4.7. Let a > 0 be such that

1)
(14a)?
' EV, < —
(i) EV2p) <1,
and there exists a constant C such that
(iii) |BV3(p) < Co,
(iv) |EVp)| <3+ C(1+a)é.

are less than —.

(4.23)
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Proof. For m € N, let h : R> — R be defined by
h(D,v) = (0 —v)@" 1 +0™ ).

Then h is antisymmetric. Since (V,(p), Va(p)) is an exchangeable pair, by Proposition
2.10, we have

PV (p) + VI (p)

(D{2Va" 1) + (T~ o) = V(o)) |

(‘7( ) = Va(p) V" (p) + E(Valp) — Valp)) (V"1 (p) — V"1 (p))

= 2B(E"(Va(p)) — Val@))Vi™(p) + E(Valp) — Val@)(V" " (p) — V" 1(p))  (4.24)

2 2 N
= QE{(—mVa(P)+ m%:ma,ij)va 1(,0)}
+ E(Va(p) = Va(p) (V"7 (p) = Vo™= (p)) (by Lemma 4.4)
4 4

- — EVm —F . < ai‘Evmil

~

+ E(Va(p) — Va(p) (V" (p) = Vi H(p)).

Hence
m n—1 % m— m— m—
BV (p) =~ E(Va(p) = Valo)) (V" (0) = V"= Zxa G BV (p). (4.25)
(i) Since
1 1
- > Tl = - > wiil (x| < 1+a)
irj i
1
= ;{I S wij(lzgl> 1 +a)] (by (4.4))
ij
1
< > lwijl1(j#5] > 1+ a)
ij

1 3
~n(l+a)? Z 3
Z?]

B
- (1+a)?
5
= T6(1 1 a)? (426)
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J

and (4.25), we have |EV,(p)| < 6(1+a)?

(i) We note that

1 1
Iﬁ Z TaijEVa(p)| = (ﬁ Z Taij)’
1,] 2¥}
1
— E( Z xij1(|xij| >1 +a))2
(i,j)€Aa
|Aq| 9
5 0 w1 (e > 1+ a)
(i,7)€Aa
|Aa|aa

n2

<

S

<

. (4.27)

By (4.8), (4.17), (4.25) and (4.27), we have

n—1 __ ~ 1
EVZ(p)= 1 £Walp) = Va(p))® + > > @ai EValp)
0]
g [ —16n2% —29n + 14 Qg
< p
s/ n ( 16(n —1)2 ) 16n
<1.

(éii) By (4.6), (4.25), (4.26), Lemma 4.6, (7) and (iz), we have

BV (0)| < T B Talo) = Val D) = V20D + | Y 2ais BV ()

»J
< L BT~ Val0) 2 Talph+ ValpDiE o S va
iJ
< " TRETae) ~ Vel PRVAL) + AT, £ AV + 1o
< " BTh) — Valp)Valr)| + 1 E(Valp) — Val) 1A,
LB ) PIAVS 5
<P B(Talpy= V(o) 2BV
A AP LD EINAGE
+ N ET) - Vi BV 4 6

< 6.
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(iv) By (4.25), (4.26) and (74), we have

)

VA0 < "B Talp) ~ Valo) (T200) ~ V) + |- S w0is BV ()
.3

. R N 2
< "THEW() ~ Valo)(T30) Vo)) + qu)
< "L IBWu(0) ~ V) (V2(0) ~ Vi) |+ C(1 + 0o (428)

Then (iv) follows from Lemma 4.6, (4.28) and the following.

~

[E(Valp) = Va(p)) (Vi (p) = Vi (p))]
= |E(Va(p) = Va(p)*{(Va(p) = Va(p))? + 3Va(p)Va(p)}
< E(Va(p) — Va(p))24 3B(Va(p) — Va(p)2V2(7)
+ 3E(Va(p) = Valp))?[Va (7) (AV, + AVL)| + 3E(Va(p) — Va(p))2| AVL AV
<A1+ a)E|Va(p) =Va(p)* +3E(Valp) — Valp))>EVZ(7)
+3E(Va(p) — Va(p))*|Va(7)|[(AVs + AT,)|

+24(1 + ) E(Va(p) = Val(p)) 2| AV

~ 12
<A4(1+ a)E|Vu(p) — Va(p)|3 + R
+ 3{E|Va(p) — Va(p) P|Va ()2 } 3 {E|AVa + AT, [}

+24(1 + a){E|Va(p) = Valp)[*}3 {E|AV,?}s  (by 2. and Lemma 4.6(1))
< 4(1 4 a)E|Va(p) = Valp)P® + %
+ 3{EVa(p) — Valp) P} S {EIAV, + AVP}5

+24(1 + a){E|Va(p) = Valp) P} {E|AV, PP}
< C(l+a)é 1 12 '
- n n—1

O]

Lemma 4.8. Let a > 0 be such that
that

<'1. Then there exist constants C), such

5
(14 a)?

IEVF(p)| < O + Cr(1 + a)F 736 + Cp(n383) 5 (1 + o) 35
fork=1,2,...,17.

Proof.  'We shall prove by induction. The basis step follows from Lemma 4.7(7).
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Let k € {1,2,...,16}, by Lemma 4.7, we may assume that 5 < k < 16.

Assume that there exist constants C), such that
IEV™(p)| < Co + Co(1 4 @)™ 36 + Cr(n363)™5(1 + a)™ 36 (4.29)

form=1,2,...,k—1.
Case 1. néég > 1.
It suffices to show that

Since n3ds > 1, by (4.29), we have
|EVIHP)| < Cry 4 Cin (n365)™5(1 + a)™ 35 (4.30)

form=1,2,....k—1.

By (4.25),
n—1 ~ KoM _ 1 B
BV (D] < ——E(Valp) = Va(p)) (Ve = (0) = V= (o)) + - > 2ai BV (o)l
i,J
(4.31)
By (4.26), (4.30) and the fact that ¢ < (1 + a)®, we have
1 k-1 €9 1256 k4
|nzjxa,ijEVa (p)| < (1+a)2 (Ck—1+0k—1(n353) (1+a) 5)
—Cid 152\k—6 k—6 52
=G +ta? + Cr(n383)" (1 +a)" "6
< CL(1+ a)* 35 + Cp,(n363)F5(1 + )35
< C(n363)F5(1 + a)F 35, (4.32)

Next, we consider

"B We) ~ Vel (T () VI ()
k—2
= " Ea) ~ Valo)? X ViV )|
=0
n—1y .+ L2 i (k—2)—i
=[BTl = Vo) Y (AT + Va(m)) (AVa + Valr))
=0

< Cu(n = DEVa(p) = Va(p))* 3 (JATal + Va(r)l) (1aVal =27 4 1 (7) =-27)
i=0
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= Culn = DE(Valp) = Valp))* Y (ATl 1AV 7 4 | AT V() 2
Vo ()[f| AV, k=21 4 yva<7)y'f*2)

= Ck(n — 1){ ZE(‘A/a(p) _ Va(P))2(|A‘7a\i|AVa|(’“—2)—i)
+ ZE(Aa(P) — V()2 (| AV, [F |V (1) B2 =)

+ > E(Va(p) — Valp))*([Va(r)[AVA|*-D 1)

+
&
—~
IS]
~
o
-
|
—
>
~—
~
——
<
—~
=
-
(V]
= /£

=0
k—3
+ 3 B(Va(0) —Valp)* (Va@l 1AV (427
s .0\
+ 3 B Valo)PVa AT 42
=
+ 3 E(Valp) ~ Val @ Va2
1=0
:=DB1+ Bs+ B3+ By (4.33)
where
k—2 R o '
By 1= Ci(n = 1)) B(Va(p) = Valp) 1AV [ |AV[+-27)
1l | |
By = Ci(n = 1) 3 E(Va(p) = Va(p))* (| Va(m)["|AVa] "))
i=1
k—3
By = Ci(n 1) T B(Valp) = Va(p)) (| Va(r)[ 1AV, 27
i=1

By = Cr(n —1 ZEV (0))2|Va(r)[F2.
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Since AV, = Vu(p) — Va(7) and AV, = V,(p) — Va(7),
|AV@’ = |xa,T’1(L)T(I) + xa,Til(M)T(J) + Lo 1L + Lo JM

Lo 17(1) ~ La,gr(J) ~ Tar-1(L)L :C(Z,T_l(M)M‘

< 8(1+a) (4.34)
and
|AV ’ |.',U _1(L)T(I) +xa,T*1(M)T(J) +xa,IM+xa,JL

N :I:a,IT(I) =~ $a,JT(]) e xa,T’l(L)L - ma,Tfl(M)M|

< 8(1 + a). (4.35)
y (4.34) and (4.35), we have
By < Cy(n—1)(1+ 0)* 3 B(Valp) = Va(p))?|AVL|

B1 < Cp(n= 1)1 +a)* BEWV.(p) = Valp))?| AV,

From these and the fact that

E(Va(p) - va(ﬂ))2|AVa’ = {E’Va(p) - Va(p)‘z}B{E’AVaP}?’ < ?
and
~ > ~ 1 C§
E(Va(p) = Va(p)2|AVa| < {E|Va(p) = Va(p) P} {EIAT, P} < —
we have
By < Ci(1 4+ a)* 35 < (n363)F75(1 +a)k 35, (4.36)
By Lemma 4.6(¢) and (4.30),
k=2
By=Ci(n—1)> E(V, (p)2E|V, (7)|F2
=0
< CLEWL ()| ?
Cr|EVy(7)[F~2 if k is even
S k—2
Cr(|EVu(T)[F~1)s=1 if k is odd
_ Cr(Cr—2 + C’k_g(néég)kq(l + a)F56) if k iseven

JE-6(1 1 a)F~48)5=1  if & is odd

[SMN)

4]

<'.~\>—A

Cr(Cr—1 + Cr_1(n*
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Cr(Cr—2 + Ck_g(n% %)k_7(1 + a)k=56) if k iseven
5)R6(1 + q)k—46) if & isodd

< Oy + C(n363)F5(1 + )35, (4.37)

To bound B, let
k—3

B2 .= Z Bg’i

=1
where By = Ci(n — DE(Va(p) — Valp) (Valr) 1AV 47,

2(k — 2
Case 1.1 (k )
1

By Lemma 4.6(¢), (i) and (4.30),

> 3.

By < Cu(n — D{EITald) Vol Valr) 2} P2 {E| AV, [F2) “TF
< Culn— DBV Vil o)l TP B2 {mlav, ) T
Ll _3E|17a(p) — Va(P)\g}ﬁ{E\Va(T)’k_z}ﬁ

< Cr(n—1D{(1+a)
< {(1 +a)* PEIAV,P) =7
< Chln— {1+ @) "5 52T B 2} (14 @2}

= Cr(1+ a)* 3 { B[V, (r)F=2} 2.
Case 1.1.1 £ is odd.

Bai < Gyl )i {BIVa(r) -1} =
< Gy @) I6(Chmn + G (n385)40(1 4 )t 46255

If Ck,l(néég)k_ﬁ(l +a)f7%5 <1, then
By < Ci(1 4 a)* 3715 < C(n363)F5(1 + a)* 3.
If Ck_l(nécsg)kfﬁ(l +a)"7%6 > 1, then

a)* =15 ('
a)* =5 ((n
@) ?3(n55)"0

83)E5(1 + a)* 25,

By; < Cr(1+
< Cr(1+
< Cp(1+

(n3

< Cg
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Case 1.1.2 £ is even.

Bai < Cull+ ) S '5{ BV, (r) 2} 2
< Cp(1 4 a)*375(Ch_s + Ch_n(n363)F7(1 + a)k_g)é)k%—z

If Ck,l(n%ﬁ)kq(l +a)*7%§ < 1, then

If Ck_l(n%ﬁ)kq(l +a)*755 > 1, then

Bai < Ci(1+a)*5((n565)M"(1 + a)*~ 55)k 3
< Ch(l+a)35((n365)" (1 + a)*2)F>
< Cp(1 +a)*25(n365 )7
< Cr(n363)" 3 (14 )2,
Case 1.2 Q(k,_2) < 3.
By Lemma 4.6(4), (Zu) and (4.30),

By < Culn — D{EIVa(p) — Valp) [ SRR (BIVar)£2) 72 {BlAV, 2} or

< C(n — D{EWalp) = Val@)P F L BIVal@) 2} 72 {(1 + )

< Gln =~ D{ P BV T (ka0 )

(k=2)—i (k=2)—i (k=5)(k=2— i
< Ckn% k-2 52+ E—2 (1_’_a)k7{EIV ’k‘2}k—2
= Cy(n508) T T R (14 a) FE {BVa(r) 2T
— Cy(n3ad) 00T 2 (14 a) T {EVa(r)F2)

i— i (k=5)(k—2—1) i
< Culndah) TS0 P (14 a) R BV ()R

it k2 k—4i—2—ki i
_Ck(n%5%)4+3 5(1+a) kki22 k {E|Va(7_)|k—2}k,2
< Ck(n%5%)4+3z 5(1+(Z k; 3— 'L{E|V |k—2}ﬁ
k2 —kodi -2 — ki 2(k — 2
where we-have used the fact that 3 _Z2 ! <k—3-—1¢ for 1> ( ) in

the last inequality.
Case 1.2.1 kis odd.

44+3i—2k
—2

8(1+ ) 5BV (r)F )
kfg%‘s(l + a)k_g_i(ckfl + qu(n%(s%)k_(i(l + a)k_45)k%1
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If Cy_o(n363)F (1 + a)F 45 < 1, then

+31

Bay < Ci(n363) 12 6(1+a)* 37" < Cu(n365)F25(1 + a)F 3

4 i — 2k
where we have used the fact that % < k—>5 for i < k—3in the last inequality.

If Cy_1(n363)F (1 + a)F 45 > 1, then

ST+ ) (0 63) (1 + a)tte ) F

(n343)
< Cu(n368) BTG + ) P (Sa8)F 01 + a1}
— Cy(n3si) mm T §(1 4 @)k
< Crp(n368)F56(1+ a)*3
4 ) — 2k —6)i 2(k —
where we have used the fact that A A Ll < k—=5 for M <i<k-3

k—2 o k—1
in the last inequality.

Case 1.2.2 £ is even.

7601+ a)f S B (r) 2
7 6(14a) 3 (Chg + Cy_2(n353)F7(1 + a)k~55) 72

If Cp_o(n353)F7(1 +a)" 56 < I, then

44-3:—2k

Bo; < Cr(n363) #2 6(1+a)f 37 < Cp(n363)"755(1 + a)F 3

44 3i — 2k
where we have used the fact that % < k-5 for i < k—3in the last inequality.

If Ch_1(n363)F (1 + a)* 7% > 1, then

(1+a)k 3— 2( iég)k—7(1+a)k—55}%;2
(1 P a)ErImil (nd o8) (1 o) 2R
4 =Ty

05)"
63) T
) k72 k—2 5(1+a)k_3
)"

A43i—2k (k—T)i

. 2k — 2)
k—2 k—2

< k-5 for <i1<k-3

where we have used the fact that

and k < 17 in the last inequality.
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Therefore

Bo; < C(n363)F55(1 4 a)k—3

fori=1,2,...,k — 3 which implies

By < Ci(n353)F55(1 + )3, (4.38)
For Bs, we can use the same argument of By to show that

By < Ci(n363)F35(1 + )3, (4.39)
Therefore, by (4.31) — (4.33) and (4.36) — (4.39).

5%)k_5(1+a)k_35 if n3s3 > 1.

ol

|EVFp| < C), +Ok(n

Case 2. n§5% <1.
We can prove by the similar argument of case 1 by replacing n365 with 1.

Therefore, the lemma holds. [

To prove the concentration inequality(Lemma 4.11), we construct the following sys-

tem.

Let I,.J,L, M be defined as in Chapter 3 and

Ca[(ivj)v (l7 m)] = ‘xa,il + Za,jm — Tayim — xa,jll min(‘xa,il + Za,jm — Taim — Ta,jl 76)7
cal(i, 7), (1, m)] = cal(4, ), (I, m)] = Beal(d, ), (p(0). p(5))),

Ca(p) := ZCQ[(M% (p(2), p(G))];

2
Ca(r) := ZCZL[('L}J'% (r(@), 7(43))]
i
and Ca(p) = Calp) = CLl(LT), (p(T)1p())] = (L, 1), (p(L), p(M))]

+ cul(1, 1), (p(L), p(M)] + ¢ [(Ls M), (p(1), p()))]-

~

It follows that (Cy(p),Ca(p)) is an exchangeable pairs.

1)
Lemma 4.9. Let a > 0 be such that ———— < 1. Then
(I1+a)3
966

(i) E(aa(p) — Cul(p))? < 1
R 4
(ii)  E|Cy(p) — Cu(p)® < % for some constant C,

(iii) EC2(p) < 16n6>.
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Proof. (i) By the same argument of (3.8), we have

E(aa(p) - Ca(p))2
< 8Ec|(I, 7) (p(L), p(M))] + 8B (I, T), (p(1), p(J))]

= oD n—l —5y 2 2 Eelli.d): (o). p(m))

j lm
1#] l;ém
(6:5)# (L,m)

(p(i), p(5))]

f;éa
D D=1 2 2
17 o A )
i#j  l#m
(1,5)# (1;m)
TR 2 Gl
i l,m
L75JJ l#m
- > > cal(isg), (hm)) + \ SN (), (1,m)
n?(n —1)2 v A ’ n2(n —1)2 £ £
i L i l7m
n2 n Qle:bjazl‘Fﬂ:a]m La,im — I‘a]l|2
2,7 m
i#£] l#m
= 248°E(Va(p) — Va(p))?
9662
n—1

where we have used Lemma 4.6(7) in the last inequality.

(it) By the same argument of (i) and Lemma 4.6(7i), we have

E|Ca(p) = Ca()’-= Eleal(T T, (p(@);p(1)) +-al(T, M) (p(L), p(M))]
= €al(1,7), (p(E), p(M))} = cal(L, M), (p(I), p(I))]F
< C8°BiVylp) = Valp)

< 053<45)

n
o
==

(#ii) By the same argument of (3.9), we have

Epéa(ﬂ) = <1 - n(n—21)—1)ca(p>' (4.40)



Applying the argument of (4.24) by using (4.40) and V(p) = Ca(p), Va(p) = Ca(p) and

m = 2, respectively. Then

EC3(p) =
Therefore, (iii) follows from (7). O
Lemma 4.10. Let a > 0 be such that (1 +a)d < 1. Then

E(a(8) — Ena(0))* < C5*

n—1

1 EP{|Va(p) = Va(p)| min(|Va(p) = Va(p)|, )}

where 1n4(0) :=

Proof. By the same argument of (3.11), we have

L BC(p),

E(na(é) J Ena(5>)4 N\ 256 a

so it suffices to show that

EC,(p) < Cn?s*.
Let x and I' be defined as in Lemma 3.5. Then
II'| < Cn (4.42)
and ¢,[(3,7), (p(3), p(3))] = cal(i, 1): (73}, 7(j))} om % — T Hence

ACy = Y &llisd), (p(@): p(G))]) = Y €alG ), (7(D),7())), (4.43)

(i9)€r (i,5)er

which implies that

BIACE = B| 32 dl0.3), (00,000 — 3 il ), (), ()]
(4,5)€l (i,7)er
3
2 DIRACHREOWEN ER D EACENEORIN
(i,7)er (4,7)€T
< anEZ |¢al(iy9), (p(); PGNP
ZZ#]J
< Cn?s® ZE]xa,ip(i) T Zajip() — Taip(j) — xa,jp(i)|3
0]
i#]

= Cn®(n = 1)8°EVa(p) = Va(p)?
< Cn?6t. (by Lemma 4.6(ii)) (4.44)
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We observe that
E|AC,|* = E|AC, + Culp) — Calp)?
§ C(E|Aca|3 + E|aa(:0) - Ca(p)|3)
< Cn?st. (4.45)

Using the same technique of (4.41), we have

@_JE@(P) — Cu(p))(Ci(p) — C2(p)). (4.46)

By Lemma 4.9, (4.44), (4.45) and the fact that

EC,(p) =

|ACq| = |Ca(p) — Calr)|
= |Ca(p) =Calr) = ca[(1.7). (p(I), p(]))] — €al(L, M), (p(L), p(M))]
cal(L, ), (p(L)s p(M))} + o [(L, M), (p(I), p(J))]]
< |ACq| + |eal(L,T): (p(T), p(T)]| + leal(L, M), (p(L), p(M))]]
+leal(Z, )s (p(L)s pM))]| 4 [eal (2, M), (p(1), p())]|
< |AC,| +16(1+ a)d
< 2IT(1,J)|(1 + a)d + 16(1 + a)d (by (4.43))
< Cn, (by (4.42))

we have

E(Ca(p) = Calp))(CE(p) — C2(p))

= E[(Calp) — Ca(p))*{(Calp) = Calp))? + 3Cu(p)C ()]

= B(Calp) — Calp)* + 3E(Calp) — Calp))*C2(7)
+3B(Ca(p) — Ca () Ca(1)(AC, + ACY)
+3E( () a(p)) AC, AC

<161+ )0 BICalp) =Ca(p)I} 4 3E(Calp) ~ Calp) *ECH(n)
+3E(Calp) — Ca(p)?|Ca(1)|[AC, + AC,)
+CnE(C( ) — Calp )) |AC,|

< CE|Cu(p) — Calp)* +3E(Calp) — Calp))2EC2(r)
+3{E|Ca(p) — Calp)PICa(7)| 2} {EIAC, + AC, )5
+ Cn{E|Cu(p) — Calp)PY{EIAC*}S
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= CE|Ca(p) — Culp)]® + 3E(Calp) — Culp))*ECA(7)
+3{E|Ca(p) — Calp)PE|Ca(7)|2 Y3 {BIAC, + AC, [P}
+ Cn{E|Calp) — Calp) P} {E|AC,*} 5

< CE|Cu(p) — Ca(p)P? + 3E(Calp) — Cal(p))*EC2(7)
+3{E|Cu(p) — Calp)PYS {EC2(T)} T {E|AC, + AC,P'}5
+ Cn{E|Ca(p) — Calp)|P}E {E|AC,*}3
Cot 9662 2 o6t % 2\ 1 3 ¢4y L
< T+3( _1>(16n5 )+3(T) (16n82)3 (Cn261)5
4,2
+ Cn(%) S(Ondsh)s
4
< ¢ + C6 T+ Ond® + Cn26t
n
< On28*.

Therefore

ECY(p) < Oné.

This complete the proof.

4.2 Concentration Inequality

In this section, we give a concentration inequality lemma which we will use to prove the

main theorem in the next section.

Lemma 4.11. (Concentration inequality) Assume that (1 + 2)°5 < 1. Then for

)}

every z > 0,

max { P(= — |A(p)| £ V(o) < 5 1AGD) = 2) P2 Valp) < 2 1A, 1A ()] <

Wl W

<17 z3{5+ 0240y +605 + 6(n26) 3 4 05(n26) + 03(ri2 6)3 +552(n%5)%}

for some‘constant C'.

Proof. We shall show only the case that

P(z = ()] < Va(p) < 2 |A(p)| < 3)

14

)5 + 62(n20) + 5y(n26)3 + 552(n%5)%}

N|=

< {5+52—|—52—|—552+5(n

1423



For the case

P(z < Va(p) < 2+ [A()],1A() < 3)

SIS

< 2
< 1+Z3{5+5 + 0y + 085+ 6(n

we can prove by the same argument.

For any v € R, we define f, : R — R by

0

fy(w) =9 1+ Jwl)(w =z + 7| + 6)

(1 +Jwl)(7] +29)

First, we note that
(o) 22~
min(xz,y) > x — —
Y 1

8)3 + 02(n28) + 62(n28)3 + 365(n24)

for w<z—|y|—-9¢
for z2—|y| -6 <w<z+46

for w > z+9.

for >0,y >0,

so that, by Lemma 4.6(1), (#) and the fact that d < 1, we have

1
3

3

62

(4.47)

Ewwnz";%m@w—wwmmm@@—wwma}

n-— 7 17 Az — Vz 2
> "Bl 1) <Vl (Pate) — (o)) - VDY
= " {BIV(0) = Valo): = s EIV () ~ Vel )

n—1 4 176 1,49
=4 {n—1_16(n—1)(1+a)_5(ﬁ)}

Y R
7 64(1+a)  4n
>0 1
- 64 4
1
> —.
N\ 7!
Let
n(t) 2 2L (VL) BV () 100 <t < V) £ Vi) ~1(Pelp) S Talo) < £ < 0)).

From the facts that

M(t) >0 forall ¢,

f/A(p)(w)21+‘w|3 for z—]A(p)|—6 <w<2z+0 and

f’A(p)(w) >0 for all w,
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and (4.47), we have

"B (Va00) ~ Val0)) (i (P-(0)) — Fagn V(o) }
1 V. (p) V()

fA(p( ( )+t)dt}

4
> E{(1+ Va(p)*) 1 (=~ |A(p)] < Valp) <) ,t|<5M“>dt}

> B{(1+ V()1 (= =A@ < Va(p) < 2 1AGp)| < 3) |t<5M<t>dt}
n—1 2

= —B{A+ V(P (2= A0)| £ Valp) < 2,1A0)| < 3)
x V(p) = Valo)lmin(1V(p) = Va(p)], 6) }

"B A4 )P (A0 < Vi) < = 180) < 2)

)n-(9) }

x E?|Vi(p) = Valp)|min([Vz(p) = Va(p)|, 6

\/

= B{(1+ V(") 1(2 - |A ()| < Valp) < 2,|Ap)] <

= B{(En.(6) + {n:(6) = B () (1 + Valp)*)

x 1(z = |A(p)| < V(o) 2|2 < 2) |

> En.(8)E(1 + |Va(p) )1 (2 —1A(p)| < Vilp) < 2,]A(p)| < g)

— | B{r-(6) - Enctepp o))t —iAtp)F < Valn) < = 1A(0)| < 3)|

> (14 () P+ 1A < Val) < 21| AG) < )

— | B{1-(0) = Ena(0)}(1+ [Va(p) )1 (= = [A(p)| < Va(p) < 2 1A(p)| < 3)|- (448)

C»Jil\z

N

Next, we will bound the second term on the right hand side of (4.48).
By the Cauchy-Schwarz inequality, Lemma 4.8 and Lemma 4.10, we have

B|{(n:(6) = Ena(0)} (05 [V (p)") (2 +1a(p)] £ Vap) < 21| A()] <)

_E{(; (2 = 1A(p)] < Valp) < 2, 1A00)] < 2)) (201 + [Val0) P (8) — En-(6)]) }

< SB1(z =AM < Valp) < 2 [A)| < 3) + 2B+ |[Va(p)]*)*n:(8) — En:(5)]”

) +2{B(1+|Va(p)|*)*}2 (Bln-(5) — En-(9)")

—
w

OO\N

N|=

< SP(:— A < Valp) < 2 |A(p)]| <

OOM—‘OO
OJ\N
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IN IN

= 4+ ool—= + ool

A
e

P(z = |A(p) < Valp) < 2 [A(p)| < 5) + CL+ (n365))5 (4.49)

By (4.48) and (4.49), we have

e
1+ (3)°

P(z — [A(p)| < Va(p) S 2, JAQ)] < 2) < {Bro+omio}, (450

[SCHIRN

where B = nT_lE (Va(p) = V2 (o)) (f(o) (Ve () — Fa(my(V(p)))-

By Lemma 4.4 and the exchangeability of (‘7; (p), Vx(p)) and (ﬁ(p), A(p)), we have

0= B(T:p) ~ Va(0)) (Fa (F-(0)) + T (Vo))

(p) = V2(p)) [QfA(p (V= (0)) + (Fap (V=(0)) = fag) (V=(0)))
+ (Fag,) (V=(0) = fag) (V=(0)]

= 2B(V2(p) = Va(p)) fagp) (Va(0))

fA(p (Va(p)) — Fap(Ve(p))

Fag (Va(0) = faip (V(p)))

)
)

[
el

:2E(—~—3—vxpy+-—3.«f§jxmanwxvxm> (by Lemma 4.4)
4,J




Hence

B =B; + By

where

= Efa)(Vz -= Zmz ;j) and

Bgz_”j (Va(p) = Valo) (21 (V=(0)) = Faip(Va(p)))-

By the definition of fa(,), (4.26), Lemma 4.7 and Lemma 4.8,
‘Bl|<E‘fA(p __szu
SE{\<1+|vz<p>| JIA (P +20)|(|Valo)| + |~ wa|}

= B{ ||V (o) |20 memfﬂv )| +20] wa»

+1APIIV:(P)* +1A(p) Il ZwZUHV 13+25|V()|4

1
+20]— D 2] [Valp)] }
i7j
4} 52
= E|A SE|V;
At o2 AN BV (o)l + =

+ A+ o BIAGIVE@P + LV (o)

52
+ mE\Vz( )|3}

C{{BIMP V(P % o (FADEY + 5BV () )

C{EIA)IVa(p)] +

2 1 1
e CICINE {EW Wt PAR B

ML
2 3
HOBIVAAN Ho o B )

<O{5g+562+5+52+62{1+(n
a (1+42) (1+42)

662 1.2 3 3 %
+ (1+Z>2{1+(n353)(1+z) §+ (1+2)°6}
2

1) 3
+6(1+(1+z)6)+m{1+(1+z)5} }

565)3(1+ 2)50 + (1 + 2)°8) 2

(4.51)

(p)[5}2
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Wl
N

< C{0+ 60 + 6+ 6% + {1+ (n865)*}2 + 651+ (n

53)} }
< {5+52+52+552+52(n%5)+552(n%5)%}. (4.52)
As to By, we note that

T2 (@) = Fagp(@)] < L+ [wIA ()] ~ 1AW < (L + [wl)A(p) - Alp)],
(see [3]).
Hence, by the Holder inequality, (4.34), Lemma 4.5, Lemma 4.6 and Lemma 4.8,
n—1

—E{IV.(0) =Ve0)llfz, (Val0) = faip(Va(0)) | }
"B 1000) DI V()R G) = Ao}
{BIV.(0)= Vo) 20+ 1Valo) P2} {EIBGp) - A()P}

{EIV.(0)= Valo)P @ +(Valr)| +1AVD)2 1 { EIA(0) - A(p) 2}

| Ba| <

<

VI

[y

D=

(0) = VAP P(L+ [Va(r) P + |AVE L { EIA () - Ap) |

o
< Cn = D{EIV.(0) - V() + ElValp) — Va(p)PEIV:(7)|°

3
|
=
—_—
&
=

+ EIV.(p) < Valp)PIAVA) }2{ BIA(p) - A() 2}
C C

< Cn—1{ —= + —<B.(7)|°

— 3.2 v e . 1
BV =V P BV 21
) |

n—1 n-1
1
A (L INAD S &
e C 1.2 552 5. 1y3
e () (4 )P L
1 1 5 %
Scn%{ C C i 1+a)5}

< Cnioy{ (1+n385(1+a)® + (1 +a)%)

2
n_1+n_1(1+n353)+ -

< C{0s + 82(n26)3}. (4.53)
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Hence by (4.50)-(4.53),

P(z = A(p)] < Valp) < 2,|A(p)] <

FRRL N PN N NP

o 2z
1+ (%)
C

14 23

)

n28)% + 63(n28) + 62(n26)5 + 552(n%5)%}

D Wl

<

{5 462 4 5y + 002 + 6(n20) T + 0a(n26) + 62(n20)5 + 552(n%5)%}

4.3 Proof of the Main Result

It suffices to consider z > 0 as we can apply the result to —WW when z < 0. Let z > 0.
Casel. 0<z<1.

By Theorem 4.1, we have

W —p 2 c 2
< A << < < .
]p( - J) P(V(r) < 2)| SCE+0> 402) < 775 (0 + 6> +62)
Case 2. z>1.
5
If > 1, then
(1+2)3
o) o)

< .
(142)3 ~ 1+23

Assume that

L+ 2P

We observe that

—P(z = |A(m)| <V(m) <2) S =PV (r) £ 2)+ PV (r) <z —|A(7)])
W —pu

= —P(V(r) <2) + P(L—E — A@m) &%~ |a(m))

< p(WU_ 432 p@ ) &)
< P(WU_ E_Am)<z+ |A(7r)]) — P(V(r) < 2)
< P(z<V(n) <z+|A(n)]) (4.54)
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and

Pz = [A(m)] < V(m) < 2)

= P(z = [A(M)] < V(r) < 2, [A@)] < 2) + Pz = |AMm)] < V(r) < 2,A(T)] > 3)
< Pz = |AMm)| < V(m) < 2 |AM)] < 2)+ PIAM)] > 2)
— P(z—|A(m)| < V(m) < 2,|A(r)| < g,&%\xm(m <1+2)

+ Pz~ A < V(m) < 2 |A@)] < 3 max [rirp] > 1+ 2) + P(A@)] > 3)
< Pz = |A(M)] < Valm) S 2 Am)] < )+ POA® = 2, max [rino] > 1+2)

+ P(lAM)] > 2)
< P(= — |A()] < Vilm) 5% A8(m)| < 5 > £ ™) > 2 Jingo] > 1+ 2)

+ P(lA@m)] > 3)
= P(z— |Am)| < Va(m) < 4 |A()] £ 3) D Pllzity] > 1+ 2) + PA) >2)
- Pla- () < V)& Al £ 514 30 TEE8L BB
= Pz~ A < Va(m) < = (Al < S e 10 % (4.55)

Next, we give the argument for

P(z — |A(m)] < Va(m) < 2, |Ap)] < 5

Case 2.1 (1+2)% > 1.

Pz = |A(m)] < Valm) < 2 AW 2)
SUELEES
= ElVa@)lf
N N
< CEV.(mI*

(1+2)8
 CO+ (1425 + (120)*(1 + 2)°)
- (1+2)8

c C((14 2)%6 + (n26)2(1 + 2)56)
T (1+2)8 (1+2)8
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Case 2.2 (1+2)% < 1.

By Lemma 4.11, we see that

<
1423

Therefore by (4.54) and (4.55), we have

P(I/V_'u < z) — P(V(m) <2)

o ey

v cé \ Co3
1423 1422

{5 462 4 8y 005 4+ 6(n20)% + 8(n26)5 + 6a(n28) + 2(n3d)5 + 552(n%5)%}

> —P(z—|A(m)| < Va(m) < 2, |A(7)] <

(GURIR\N

>

= 1428
B o) B Co2
1423 1422
— _1f 3{(5—1- 82+ + 085 + (5(n%5)2 + 6(n%5)% +52(n%5) 4 52(71%5)% —1—552(71%5)%}
z
Co3

1422

Similarly, we can show that

P(W — k< z) —P(V(r) < 2)

g

< T {0 07+ 0400y +6(n36)” +3(n30) T + a(nF0) + Bx(nFA)5 + G0a(n30)3 |
z

o)
1422

Therefore (4.2) holds.
To prove (4.3), we observe that

Vir) = me(i) and  sup |z;;| <

/L?J

S
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so by Theorem 3.2, we have

_c
E=No
Hence (4.3) follows from (4.2), (4.56) and the fact that

P(V(r) < 2) = B(2)] < (4.56)

W —p
ag

‘P(WU_ P < z> - @(2)‘ < ‘P( < z) —P(V(n) < 2)| +|P(V(r) < 2) — 3(2)].

O

4.4 General Array

We now consider the more general statistic

-y ZC(i,j;W(i)aW(j))

studied by Zhao et al.([30]), where C is an arbitrary 4-dimensional array and 7 is a
random permutation of {1,2,...,n}.

Define

C(+,5:0,m) : ZCZ],l,m
i#]
C(+,+;l,m) : ZCZ],l,m

=
C(i,+;+,m): ZZCZ],Z,TFL

J?ﬁll#m
C((44): lym) Zc (i jisl;m)

C((++4); (+4)) = Z > Clii; 1, 0).
o o



With this notation, we set

C(i, j;1,m)
= C(4, j'l m)

n—
T

1
~n(n—

{CG,+;1,m) + C(+,7;1,m) + C(i,5;1,4+) + C(i,j; +,m) }

2) (C(+,i31,m) + CU,+:1,m) + C(i, §; +,1) + C(, jsm, +)}

o ()1(”2{0(4_7_’—;[7”7’) +C(i>j;+7+)}

1
+(——
_I_

O ) {C s+ k) 4 Clis +; +im) + Clebagsls +) + C(+, 55 +,m) }

n

W{CHJ; L4+ Ok, i;+,m) + O, +51,+) + C(4, +; +,m)

n=\n —

+ C(i, 3+, 1)+ Ci,+;m,+) + C(+,5;+,0) + C(+,5;m,+) }
1
+W{C +, i 45 1) 4 G+, im, 4) + C, 30,1 + CU, +5m, +) }

T 1 2)2{02+++)+C(+j ) + Cl, 3 L 4) + C+, +5+,m) )

T D2 {C(H+ i+, +) +CU,+:+, ) + C(+, ++,. 1) + C(+,+;m,+) }

{C++++)}

n

= n(T{C i+l +) + C(+,i;+,0)}

1 ) '
o (O H D £ O +)
1
SRR (VRS o CR S R Rt S DR ACRERRD).

2

T2

C(+,+;+,+)

+C (i, 45 1,1) — n Y@, 4 (+4)) + C((H+): LD } + n 20 ((++); (+4)).

71
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Let

= n(nl_ 1)C(Jr, +i+,+) + %C((++); (++))

O =y 3 D)
7 l
Cyo = nz(nl—l)Q > ACG il m)Y,

i, lL,m
i#£j l#m

Ch3 = % Z ZI: (4, 1)),
(2

With these definitions, it was shown in Barbour and Chen([2]) that

> (i) =) (i,l) =0, (4.57)
% l

C(+, j; l,m) = C(is+51,m) = C(4, j;+,m) = C(3,5;1,+) =0

and
X = p+ V(r)+ Alr),
BV (7) = EA(r) = EV (r)A(%) = 0,
9 ~ 4n?(n — 2)?
o= VarV(r) = TTCH,
Var A(TI‘) Ze %__31)2022,
where V(1) :=2(n =2) Y _c*(i,x(i)) and A(x) := > Cl(ij;m(i), 7(j)).
i i,j
i#]

This decomposition is the analogue of that given in (4.1).
Foreach i, =1,2,...,n and a > O, let

2(n — 2 -
2y Q ——( . )C*(’L,j) and ‘eqij = cij1(|cij| £ 14 a).

By (4.57), we have

ZCU =0 foreachj=1,2,...,n and
%
ZCU =0 foreachi=1,2,...,n,
J
In 2005, Barbour and Chen([2]) gave a uniform Berry-Esseen bound for the normal

approximation to X. The following is their result.



73

Theorem 4.12. There exists a constant C such that

sup P(X_'u < z) — P(V(m) < z)‘ < C(6 46 + 69)

z€ER o
and
sup P(X —# < z) — @(z)’ < C(6+ 0%+ &)
z€R g
Vv 12
where V() = V(Tr)y 6 =12861,0; = nte 3C13 and 63 := EA?(1) < M
o (n —3)o?

The argument is exactly as for Lemma 4.11 and its proof remains true in this context,

with the new definitions fo V/(m),0; and d2. This leads to the following theorem.

Theorem 4.13. There exists o constant C' such that for every real number z,

]p(X; L <)~ Put) <%)

S {5 + 02 4 8y #0054 6(n26)2+6(n28) 3 + 6s(n28) + d2(n20)3 + 552(72%5)%}
z
i
1422

2(n—2
In particular, if M sup |e* (i, )] <
O- i?j

for some positive real number K, then

Eits

N

TR
C
1423

+ 365(n26)

= Q

ol

<

{5 + 6% + Gy 000+ 0(nB0) 2 +0(n38) 8 —0a(nzo) & 62(n20)
1 o2
+7} 1422

N

ol




CHAPTER V
A NON-UNIFORM BOUND IN NORMAL
APPROXIMATION FOR INDEPENDENT BOUNDED
RANDOM VARIABLES

5.1 Main Results

Let X1, Xs,...,X, be independent and not necessary identically distributed random
variables with zero means and finite variances.

Define .
W =X,
i=1

and assume that Var(W) = 1.

In this chapter, we give a non-uniform bound in normal approximation for W by
using Stein’s method without use of the concentration inequality. This method is simple
and give a shaper result than the previous work.

Chen and Shao([11]) gave a non-uniform Berry-Esseen bound without assuming the
existence of third moments. Their argument is based on a concentration inequality
approach of Stein’s method. In a special case, when random variables are bounded, they
simplify the proof of uniform bound by not using the concentration inequality (see [12]).

Their theorem is as follows.
Theorem 5.1. Assume that | X;| < 9§ fori=1,2,...,n. Then

sup |P(W < z) — ®(z)| < 3.34.
2€R

In this chapter, we use the idea of Chen and Shao([12]) to find a non-uniform Berry-

Esseen bound for independent bounded random variables without use of the concentra-

tion inequality approach. The followings are our main results.
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Theorem 5.2. Assume that |X;| < 0 fori =1,2,...,n. Then there exists a constant

Cs which depend on § such that for every real number z,

E2]

[P(W < 2) = ®(2)| < Cse™ 20
where C5 = 4.45 1+ 2.2120+(072(e*°—1-20))

Theorem 5.3. Assume that | X;| < § fori=1,2,...,n. Then there exists a constant C

which does not depend on § such that for every real number z,

(00
T+ 23

[PW < z) —@(2)] <

Observe from Theorem 5.2 that if § — 0 we have C's — 20.78.

To illustrate our results, we give an example of non-uniform bound in normal ap-
proximation of the binary expansion of a random integer.

Let n > 2 and X be a random variable uniformly distributed over {0,1,...,n — 1}.

Let k be such that 2871 < n < 28 Write the binary expansion of X

k
X= ZXiz’H'
7=l

and let S = X7 + Xo + -+ - 4+ X} be the number of ones in the binary expansion of X.
When n = 2%, the distribution of S is the binomial distribution for k trials with

X;—(1/2 1

& for i = 1,2,...,k. Then |Y;|] < — and

Vk/4 Vk

k
mean 5 and variance 1 Let Y; =

k
—(k/2
S]i/i) = Z Y; and hence, by Theorem 5.2 and Theorem 5.3, for every real number
., i=1
]
S —=i(k/2) Cre 2
LS Py e rq 2 il Il |
'P( k/4 —Z) (ID(z)‘ = k12
and

\P(%fz%q’@(—mfﬁw

3

2
2 N 2
where Cp = 4.45 + 2.21¢vi T*EVF—1=70))

Note that if n # 2%, then X, Xs,..., X}, are not independent, so we cannot apply
Theorem 5.2 and Theorem 5.3.



76

5.2 Proof of Main Results
For each i = 1,2,...,n, assume that |X;| < ¢ and let
WO =w - X,
To prove the main result, we need the following proposition and lemmas.

Proposition 5.4. ([12]) Let g(w) = (wf.(w))'. Then

22

414 2%)es (1 =@(2))  if w<

[NS1ENS

g(w) < L2
4@+ 2%)e7 (1 — ®(2)). if w >

[\]RN¢

Lemma 5.5. (Bennet-Hoeffing inequality, [12]) Let 1, n2, . .., nn be independent random
n
variables satisfying En; <0, n; < a for 1 <i<mn and Z ET]Z-2 < BEL. Put Sy, = >0 ni.

=1

Then
Eetdn < exp(a (e — 1 — ta) B?)
fort>0.
Lemma 5.6. For s,t <6 and z > 2, we have
[EWO 4+ £ (W +6) = BWD £ 5)f. (W +5)|
< (243 + 1.47e2HE =120y 0= 5 ([s]  |¢]).

1 +Z2 _3z2
e 8

+5

Proof. Since f(x) = is a decreasing function on [2,00), so f(2) = 1.52 is

z
the maximum value of f on [2,00), which implies

1+ 22 522 .
5205 (< boe s (5.1)
z
for z > 2.
Similarly, we can show that
1 + 22 — s _z
e *<0.92¢ 2 (5.2)
z

for z > 2. Let g(w) = (wf,(w)). By Proposition 5.4, (5.1), (5.2), Lemma 5.5 and the
fact that

w2

1—d(w) < oz

for w >0, (5.3)
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(see [23], eq.25, p.23), we have for any u < 9,
EgW9 +u) = EgqW® 4+ )1 (W9 40 < g) + EgW® )1 (WO 44 > g)
22 22 .

<41+ 2)eF (1= 0(2) +4(1 + 22)ez (1 — 0(2))PWD + 4 > §>
4 1422 2 22 4 1422 2 22 ; z

< — ese 7 +— eTe T PWW 44> =
2Tz V2r 2 ( 2)
4 1422 32 4 1+2%2 oL ow®

< — e 4 —=— " e FtUEe

V2 2 Vw2

< 2.43e77 + 1.47e= 5+2u g 2w

< 92.43¢75 4 1.47e 5 H2ug(02(e20=1-27))
< 243673 4+ 1d7e 5 H20H(ET (2 -1-2))

which give
EW O f.W0 £6) = EWY +5) .00 + 5)|

|/Eg )+ w)dul

< (243 4 1.472HC (12200 =5 (|5 + [¢)).

5.2.1 Proof of Theorem 5.2.

It suffices to consider z > 0 as we can apply the result to —W when 2z < 0.

If 0 < z < 2, by Theorem 5.1 we have
|P(W < z) — ®(2)] < 3.30 < 3.3(2.72)e 16 < 8.98¢ 728 < Cye 26

where we have used the fact that 2.72¢=! > 1 in the second inequality.
Assume-that z >2.
Case 1. 2z <26.
Since 6 > 1, so 3.3¢? < 2.21¢?%. Therefore, by Theorem 5.1, we have

|P(W < z) — ®(2)| < 3.30 < 3.3¢% 736 < 2.21eXe726 < Cse20.

Case 2. 2z > 26.
Let Kl(t) = EXZ[I(O <t< Xl) — ](Xl <t< 0)]
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HenceZ/ K;(t)dt = ZEX2_1

By the fact that |Xi| <9, we have K;(t) = 0 for [t| > §. This implies

Z/ D4t < 2)K;(t)dt = Z/t|<6P(W — X; +t < 2)K;(t)dt
>Z/|<6 (W < = — 20)K,(t)dt
= P(W < 2 —2). (5.4)

Write f = f.. Then
EW f(W ZEX £
= ZEXM(W) < fw)
- 4 3)
=N EX; "Wl d
Z /0 FWD 1yt

:ZE/OO FWD L )X(1(0 <t < X;)— 1(X; <t <0))dt
i=1 e

3

E/OO F(WO ) K (t)dt
—~ " |

)

I
NE

7

E/OO (WO L) fWD 6+ 1D 4t < 2) — B(2) } K;(t)dt
1 —00

E

fw
1 /OOP(

I
NE

=1
n
D

=

O L) fWD LK, (t)dt
WO 1t < 2)K;(t)dt —D(2)

where we have used (2.1) in the sixth equality.

By Lemma 5.6, we have

Z/ )4t < 2)K;(t)dt — (2)



= ZE/OO {(WEW) = (WD 1) f(WD + )} K;(t)dt
= ZE/OO (WHW) = (WO ) fW + )| Ki(t)dt

=Y E/ (WO + X)) fWD 4 X)) — (WO 1) f(WO 4 )| K, (t)dt

79

= zn: E |EX (WO + X)) fWD £ X))} = EWO + 1) (W + )| Ky (t)dt

<Cpe i) B [ (XlrlEiod

=Cse™2 Y {E|X;|EXE+ 055X}
=1

<1.5Cs5e” 2§

where Cs = 2.43 + 1.47¢20+(0%(e*?=1=29))

46% — 426
Since z > 26, we have LZZ < 0. Hence

z

B(2)— B~ 25) = \/% /_25

20 (2—28)?

e 2
\ 2T

20 22 452 45
e — o >

V2T -
20 2

— 2
e 2
2

< 0.8¢734.

t2
e 2dt

<

<

By (5.4) — (5.6), we have
P(W < z—2§) — ®(z —25)

< Z/ PW® £ <2VK;(t)dt — (2 = 26)
i=1Y 7>

=®(z) — B(z — 26) + zn: /oo PW 4t < 2)K;(t)dt — ®(2)
=1~

<0.8¢736 + 1.5656_%5
= Cye” 20
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where Cj = 4.45 4 2.2120+(07%(e*~1-20))

Hence

_ 2426

P(W <2z2)—®(z) <Cse” "2 6 < Cse 20

z

Similarly, we can show that P(W < z) — ®(z) > —Cse™ 20.

Hence |P(W < z) —®(z)| < Cse24. O

5.2.2 Proof of Theorem 5.3.

In view of Theorem 5.1, we may without loss of generality, assume z > 2.
Case 1. (1+2)0 > 1.
Let

K; = XZJ(‘XA < Z) w EXZZ(‘XZ| < Z),
n
iy ) DA
=1
n
r=>Y EX1(X]> 2).
=1

Thus W =T —r when max |X;| < z.
1<j<n
Hence
PW >z)y=P(T>z+r)+P(max |X;| > z)
1<j<n
~ E|X;f’

SP(TZz+r)+Z
i=1

z
05

< P(T > —_—.
< P( _z+r)+1+z3

By the Rosenthal inequality, we have

E|T|* < CUEBITP)? + ) EIXi|'1(1Xi] < 2)}
i=1

< C(1+29)
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and hence

o G
7 1—|—z4+1—|—z3
/} E: ™ (o)
T (1+2)(1+2%) 1423
co
1423

where we have used the fact that |r| < Z EX? =1 in the last inequality.
=1
By (5.7) and (5.8), we have
Co

P > < !
W= 2S5 7

Hence

\P(W < z) — ®(2)| < P(W > 2) + 1 —®(z)

= co i C

“ 1423 (142)*
(&)

T 1423

Case 2. (1+2)0< 1.
1

1+2
This prove the theorem. O

It follows from Theorem 5.2 and the fact that § <

<

W



REFERENCES

. Daniels, H.E. The relation between measures of correlation in the universe of sample

permutations. Biometrika. 33(1944): 129-135.

. Barbour, A.D. and Chen, L.H.Y. The permutation distribution of matrix correlation
statistics. Lecture Notes Series No. 5. Institute for Mathematical Sciences,

National University of Singapore (2005): 223-245.

. Chen, L.H.Y. and Shao, Q.M. Uniform and non-uniform bounds in normal approxi-

mation for nonlinear statistics, Preprint.

. Barbour, A.D. and Eagleson, G.K. Poisson approximation for some statistics based

on exchangeable trials. Adv. Appl. Prob. 15(1983): 585-600.

. Nagaev, S.V. Some limit theorems for large deviations. Theory Prob. Appl. 10
(1965): 214-235.

. Bikelis, A. Estimates of the remainder in a combinatorial central limit theorem.

Litovsk. Math. Sb. 6, 3(1966): 323-346(in Russian).

. Van Beeck, P. An application of Fourier methods to the problem of sharpening the
Berry-Esseen inequality. Z. Wahrsch. Verw. Gebiete. 23(1972): 187-196.

. Paditz, L. Ber die Annwherung der Verteilungsfunktionen von Summen unabhwngiger
Zufallsgrben-gegen unberrenzt teilbare Verteilungsfunktionen unter besonderer
berchtung der Verteilungsfunktion de standarddisierten Normalverteilung.

Dissertation, A. TU Dresden, 1977.

. Paditz, L. On the analytical structure of the constant in the nonuniform version of

the Esseen inequality. Statistics. 20(1989): 453-464.

10. Bolthausen, E. An estimate of the remainder in‘a combinatorial central limit theorem.

7. Wahrsch. Verw. Gebiete. 66(1984): 379-386.

11. Chen, L.H.Y. and Shao, Q.M. A non-uniform Berry-Esseen bound via Stein’s

method. Prob. Theor. Rel. Fields. 120(2001): 236-254.

12. Chen, L.H.Y. and Shao, Q.M. Stein’s method for normal approximation. Lecture

Notes Series No. 4. Institute for Mathematical Sciences, National University



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

83

of Singapore (2005): 1-59.

Durrett, R. Probability: Theory and example. U.S.A.: Brooks/Cole Publishing
Company, 1991.

Laha, R.G. and Rohatgi, V.K. Probability Theory. New York: John Wiley & Son,
1979.

Petrov, V.V. Limit theorem of probability: Sequence of independent random variables.

Oxford studies in Probability 4, Clarendon Press, Oxford, 1995.

Stein, C. A bounded on the error in the normal approximation to a distribution
of sums of dependent random variables. Proc. Sixth Berkeley Symp. Math.
Statist. Prob. 7(1972): 583-602.

Erickson, R.V. L; bounds for asymptotic normality of m-dependent sums using

Stein’s technique. Ann. Prob. 2(1974): 522-529.

Baldi, P., Rinott, Y. and Stein, C. A normal approximation for the number of local
maxima of a random function on a graph. Probability, Statistics and Mathe-

matics : Paper in Honor of Samuel Kalin. (1989): 59-81.

Barbour, A.D. Stein’s method for diffusion approximations. Prob. Theor. Rel.

Fields. 84(1990): 297-322.

Chen, L.H.Y. Poisson approximation for dependent trails. Ann. Prob. 3(1975):
534-545.

Barbour, A.D. and Eagleson, G.K. Poisson convergence for dissociated statistics.

J. Roy. Statist. Soc. Ser. B. 46(1984): 397-402.

Holst, L. and Janson, S. Poisson approximation using the Stein-Chen method
and coupling : Number of exceedances of Gaussian random variables. Ann.

Prob. 18(1990): 713-723.

Stein, C. Approzimation computation of expectation. California: IMS, Hayword,

1986.

Neammanee, K. Cauchy approximation for sums of independent random variables.

IJMMS. 17(2003): 1055-1066.

Hoeffding, W. A combinatorial central limit theorem. Ann. Math. Statist. 22(1951):
958-566.



84

26. Motoo, M. On the Hoeffding’s combinatorial central limit theorem. Ann. Inst.
Statist. Math. 8(1957): 145-154.

27. Von Bahr, B. Remainder term estimate in a combinatorial limit theorem. Z. Wahrsch

Verw. Gebiete. 35(1976): 131-139.

28. Ho, S.T. and Chen, L.H.Y. An L, bound for the remainder in a combinatorial central
limit theorem. Ann. Prob. 6(1978): 231-249.

29. Barbour, A.D. and Eagleson, G.K. Random association of symmetric arrays. Stoch.

Anal. Appl. 4(1986): 239-281.

30. Wald, A. and Wolfowitz, J. Statistical tests based on permutation of the observations.
Ann. Math. Statist. 15(1944): 358-372.



85

VITA

Miss Nattakarn Chaidee was born gust 23, 1976 in Rayong, Thailand. She

got a Bachelor of Science in Mathematics ccond class honor in 1999 and got a

Master of Science in Mathemati alongkorn University, and then she

furthered her study for the Ph.D. prograr the sa ace.

AONUUINBUINT )
ANRINITUINENAY



	Cover (Thai)
	Cover (English)
	Accepted
	Abstract (Thai)
	Abstract (English)
	Acknowledgements
	Contents
	Chapter I Introduction
	Chapter II Preliminaries
	Chapter III A Non-Uniform Bound in Combinatorial Central Limit Theorem
	Chapter IV A Non-Uniform Bound in Normal Approximation for Matrix Correlation Statistics
	Chapter V A Non-Uniform Bound in normal Appoximation for independent Bounded Rabdom Variables
	References
	Vita



