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CHAPTER I

INTRODUCTION

Let (x1, y1), (x2, y2), . . . , (xn, yn) be pairs of n sample values and assign to each pair

(xi, xj) a score aij and to each (yi, yj) a score bij . In the first part of this work, we

investigate the statistics

W :=
∑
i,j
i6=j

aijbπ(i)π(j)

where π is a random permutation of {1, 2, . . . , n}. This W is always called “matrix

correlation statistics”and first introduced by Daniels([1]) which has many applications

in geography and epidemiology.

In 2005, Barbour and Chen ([2]) established a uniform bound in normal approxima-

tion for W when A = (aij) and B = (bij) are n×n symmetric matrices. Their argument

is based on a concentration inequality approach of Stein’s method and is in the spirit of

Chen and Shao([3]).

Let

A0 :=
1

n(n− 1)

∑
i,j
i6=j

aij ,

A12 :=
1
n

∑
i

{a∗i }2,

A22 :=
1

n(n− 1)

∑
i,j
i6=j

ã2
ij ,

A13 :=
1
n

∑
i

|a∗i |3,

where a∗i :=
1

n− 2

∑
j

j 6=i

(aij −A0)

and ãij := aij − a∗i − a∗j −A0,

and make similar definitions for B.

Let Φ be the standard normal distribution function. The following is their result.
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Theorem 1.1. For µ =
1

n(n− 1)

∑
i,j
i6=j

∑
l,m
l 6=m

aijblm and σ2 =
4n2(n− 2)2

n− 1
A12B12, there

exists a constant C such that

sup
z∈R

∣∣∣P (
W − µ

σ
≤ z)− Φ(z)

∣∣∣ ≤ C(δ + δ2 + δ2)

where δ = 128δ1, δ1 = n4σ−3A13B13 and δ2
2 =

(n− 1)3

2n(n− 2)2(n− 3)
· A22B22

A12B12
.

In the first part, we give a non-uniform bound in normal approximation for W in

case A and B are symmetric. To do this, we need a non-uniform bound on combinatorial

central limit theorem which is stated in Theorem 1.2.

Theorem 1.2. If
1√

Var(
∑

i aiπ(i))
sup
i,j

∣∣∣aij −
E(

∑
i aiπ(i))
n

∣∣∣ ≤ K√
n

for some positive real

number K, then there exists a constant C such that for every real number z,∣∣∣P(∑
i aiπ(i) − E(

∑
i aiπ(i))√

Var(
∑

i aiπ(i))
≤ z

)
− Φ(z)

∣∣∣ ≤ CK

(1 + |z|)3
√

n
.

The following are our main results of a non-uniform bound for matrix correlation

statistics.

Theorem 1.3. There exists a constant C such that for every real number z,∣∣∣P(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣
≤ C

1 + |z|3
{

δ + δ2 + δ2 + δδ2 + δ(n
1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
+

Cδ2
2

1 + z2

where V (π) :=
2(n− 2)

σ

∑
i

a∗i b
∗
π(i).

In particular, if
2(n− 2)

σ
sup
i,j
|a∗i b∗j | ≤

K√
n

for some positive real number K, then

∣∣∣P(W − µ

σ
≤ z

)
− Φ(z)

∣∣∣
≤ CK

1 + |z|3
{

δ + δ2 + δ2 + δδ2 + δ(n
1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3

+ δδ2(n
1
2 δ)

1
3 +

1√
n

}
+

Cδ2
2

1 + z2
.



3

Corollary 1.4. If δ1 ∼ n−1/2and δ2 ∼ n−1/2, then there exists a constant C such that

for every real number z,∣∣∣P(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣ ≤ C

(1 + z2)
√

n
.

Furthermore, if
2(n− 2)

σ
sup
i,j
|a∗i b∗j | ≤

K√
n

for some positive real number K, then

∣∣∣P(W − µ

σ
≤ z

)
− Φ(z)

∣∣∣ ≤ CK

(1 + z2)
√

n
.

To simplify the theorem, we let aij ∼
1
np

and bij ∼
1
nq

for every i, j ∈ {1, 2, ..., n}.

Then we have

a∗i ∼
1
np

, A12 ∼
1

n2p
, A13 ∼

1
n3p

, A22 ∼
1

n2p
,

b∗j ∼
1
np

, B12 ∼
1

n2q
, B13 ∼

1
n3q

, B22 ∼
1

n2q
and σ2 ∼ n3

n2(p+q)

which implies

2(n− 2)
σ

sup
i,j
|a∗i b∗j | ≤

K√
n

, δ1 ∼ n−1/2 and δ2 ∼ n−1/2

so by Corollary 1.4, we have

∣∣∣P(W − µ

σ
≤ z

)
− Φ(z)

∣∣∣ ≤ CK

(1 + z2)
√

n
.

For the second part, we give a non-uniform bound for sum of independent bounded

random variables by Stein’s method without using the concentration inequality approach.

Let X1, X2, . . . , Xn be independent and not necessarily identically distributed ran-

dom variables with zero means and finite variances.

Define

W =
n∑

i=1

Xi

and assume that Var(W ) = 1.

If E|Xi|3 < ∞, then we have the uniform Berry-Esseen theorem

sup
z∈R

|P (W ≤ z)− Φ(z)| ≤ C0

n∑
i=1

E|Xi|3, (1.1)
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and the non-uniform Berry-Esseen theorem,

|P (W ≤ z)− Φ(z)| ≤ C1

1 + |z|3
n∑

i=1

E|Xi|3, (1.2)

where both C0 and C1 are absolute constants.

Note that if Xi’s are identically distributed, (1.1) and (1.2) were first obtained by

Esseen([4]) and Nagaev([5]) respectively. Bikelis([6]) generalized Nagaev’s result to the

case that Xi’s are not necessarily identically distributed random variables. The best con-

stant C0 = 0.7975 is done by Van Beeck([7]). In case of non-uniform bound, Paditz([8],

[9]) calculated C1 to be 114.7 and 32 in 1977 and 1989, respectively.

The standard tool used in Esseen([4]), Nagaev([5]), Bikelis([6]) and Paditz([8], [9]) is

the Fourier analytic method. In 1972, Stein introduced a powerful and general method

which is free from Fourier method and relied instead on the elementary differential equa-

tion. The technique used was novel. Stein’s ideas have been applied with much success

in the area of normal approximation (See, for examples, Bolthausen([10]) and Chen and

Shao([11])).

Chen and Shao([11]) gave a non-uniform Berry-Esseen bound without assuming the

existence of third moments. Their argument is based on a concentration inequality ap-

proach of Stein’s method. In particular, if the random variables are bounded, they sim-

plify the proof of uniform bound without using the concentration inequality approach(see

Chen and Shao([12])). Their theorem is as follows.

Theorem 1.5. Assume that |Xi| ≤ δ for i = 1, 2, . . . , n. Then

sup
z∈R

|P (W ≤ z)− Φ(z)| ≤ 3.3δ.

In this work, we use the idea of Chen and Shao([12]) to prove a non-uniform Berry-

Esseen bound for independent bounded random variables without using the concentra-

tion inequality approach. The followings are our main results.

Theorem 1.6. Assume that |Xi| ≤ δ for i = 1, 2, . . . , n. Then there exists a constant

Cδ which depends on δ such that for every real number z,

|P (W ≤ z)− Φ(z)| ≤ Cδe
− |z|

2 δ

where Cδ = 4.45 + 2.21e2δ+(δ−2(e2δ−1−2δ)).
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Theorem 1.7. Assume that |Xi| ≤ δ for i = 1, 2, . . . , n. Then there exists a constant C

which does not depend on δ such that for every real number z,

|P (W ≤ z)− Φ(z)| ≤ Cδ

1 + |z|3
.

Observe from Theorem 1.6 that if δ → 0 we have Cδ → 20.78. This result and the

fact that lim
z→∞

1 + z3

e
z
2

= 0 lead us to conclude that the non-uniform bound in Theorem

1.6 is better than the result of Paditz([9]).

To illustrate the results, we give an example of non-uniform bound in normal ap-

proximation of the binary expansion of a random integer.

Let n ≥ 2 and X be a random variable uniformly distributed over {0, 1, . . . , n− 1}.

Let k be such that 2k−1 < n ≤ 2k. Write the binary expansion of X

X =
k∑

i=1

Xi2k−i

and let S = X1 + X2 + · · ·+ Xk be the number of ones in the binary expansion of X.

If n = 2k, by Theorem 1.6 and Theorem 1.7, then for every real number z,

∣∣∣P(S − (k/2)√
k/4

≤ z
)
− Φ(z)

∣∣∣ ≤ Cke
− |z|

2

k1/2

and ∣∣∣P(S − (k/2)√
k/4

≤ z
)
− Φ(z)

∣∣∣ ≤ C

(1 + |z|3)k1/2

where Ck = 4.45 + 2.21e
2√
k
+(k(e

2√
k−1− 2√

k
)).

This thesis is organized as follows. Preliminaries are in Chapter 2. A non-uniform

bound in a combinatorial central limit theorem is in Chapter 3 while non-uniform

bounds in normal approximation for matrix correlation statistics and sum of independent

bounded random variables are considered in Chapter 4 and Chapter 5, respectively.



CHAPTER II

PRELIMINARIES

In this chapter, we review some basic knowledges in probability and the idea of

Stein’s method and its approximation.

2.1 Basic Knowledge in Probability

In this section, we give some basic knowledges in probability which will be used in

our work. The proof is omited but can be found in [13], [14] and [15].

A probability space is a measure space (Ω,F , P ) for which P (Ω) = 1. The measure

P is called a probability measure. The set Ω will be referred to as a sample space

and its elements are called points or elementary events. The elements of F are

called events. For any event A, the value P (A) is called the probability of A.

Let (Ω,F , P ) be a probability space. A function X : Ω → R is called a random

variable if for every Borel set B in R, X−1(B) belongs to F . We shall use the notation

P (X ∈ B) in place of P ({ω ∈ Ω|X(ω) ∈ B}). In the case where B = (−∞, a] or

[a, b], P (X ∈ B) is denoted by P (X ≤ a) or P (a ≤ X ≤ b), respectively.

Let X be a random variable. A function F : R → [0, 1] which is defined by

F (x) = P (X ≤ x)

is called the distribution function of X.

A random variable X with the distribution function F is said to be a discrete

random variable if the image of X is countable and it is called a continuous random

variable if F can be written in the form

F (x) =
∫ x

−∞
f(t)dt

for some nonnegative integrable function f on R. In this case, we say that f is the

probability function of X.

Now we will give some examples of random variables.
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We say that X is a normal random variable with parameter µ and σ2, written as

X ∼ N(µ, σ2), if its probability function is defined by

f(x) =
1√

2πσ2
exp

(
− 1

2σ2
(x− µ)2

)
.

Moreover, if X ∼ N(0, 1) then X is said to be a standard normal random variable.

We say that X is a uniform random variable with parameter n if there exist

x1, x2, . . . , xn such that P (X = xi) =
1
n

for any i = 1, 2, . . . , n and denoted by X ∼ U(n).

Let (Ω,F ,P) be a probability space and Fα is a sub σ-algebra of F for each α ∈ Λ.

We say that {Fα|α ∈ Λ} is independent if and only if for any subset J = {1, 2, . . . , k}

of Λ,

P (
k⋂

m=1

Am) =
k∏

m=1

P (Am)

where Am ∈ Fm for m = 1, 2, . . . , k.

Let Eα ⊆ F for all α ∈ Λ. We say that {Eα|α ∈ Λ} is independent if and only if

{σ(Eα)|α ∈ Λ} is independent where σ(Eα) is the smallest σ-algebra with Eα ⊆ σ(Eα).

We say that the set of random variables {Xα| α ∈ Λ} is independent if {σ(Xα)| α ∈ Λ}

is independent, where σ(X) = {X−1(B) | B is a Borel subset of R}.

Theorem 2.1. Random variables X1, X2, . . . , Xn are independent if for any Borel sets

B1, B2, . . . , Bn, we have

P (
n⋂

i=1

{Xi ∈ Bi}) =
n∏

i=1

P (Xi ∈ Bi).

Proposition 2.2. If Xij ; i = 1, 2, . . . , n, j = 1, 2, . . . ,mi are independent and fi : Rmi → R

are measurable, then {fi(Xi1, Xi2, . . . , Ximi), i = 1, 2, . . . , n} is independent.

Let X be any random variable on a probability space (Ω,F , P ). If
∫

Ω
|X|dP < ∞,

then we define its expected value to be

E(X) =
∫

Ω
XdP.

Proposition 2.3.

1. If X is a discrete random variable, then E(X) =
∑

x∈Im X

xP (X = x).
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2. If X is a continuous random variable with probability function f , then

E(X) =
∫

R
xf(x)dx.

Proposition 2.4. Let X and Y be random variables such that E(|X|) < ∞ and E(|Y |) < ∞

and a, b ∈ R. Then we have the followings:

1. E(aX + bY ) = aE(X) + bE(Y ).

2. If X ≤ Y , then E(X) ≤ E(Y ).

3. |E(X)| ≤ E(|X|).

Let X be a random variable which E(|X|k) < ∞. Then E(|X|k) is called the k-th

moment of X about the origin and call E[(X −E(X))k] the k-th moment of X about

the mean.

We call the second moment of X about the mean, the variance of X, denoted by

Var(X). Then

Var(X) = E[X − E(X)]2.

We note that

1. Var(X) = E(X2)− E2(X).

2. If X ∼ N(µ, σ2), then E(X) = µ and Var(X) = σ2.

Proposition 2.5. If X1, X2, . . . , Xn are independent and E|Xi| < ∞ for i = 1, 2, . . . , n,

then

1. E(X1X2 · · ·Xn) = E(X1)E(X2) · · ·E(Xn),

2. Var(a1X1 + a2X2 + · · · + anXn) = a2
1 Var(X1) + a2

2 Var(X2) + · · · + a2
n Var(Xn)

for any real number a1, a2, . . . , an.

The following inequalities are useful in our work.

1. Hölder’s inequality :

E(|XY |) ≤ E
1
p (|X|p)E

1
q (|Y |q)

where 1 ≤ p, q ≤ ∞,
1
p

+
1
q

= 1 and E(|X|p) < ∞, E(|Y |q) < ∞.
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2. Chebyshev’s inequality :

P ({|X − E(X)| ≥ ε}) ≤ Var(X)
ε2

for all ε > 0

where E(X2) < ∞.

3. Rosenthal’s inequality : If X1, X2, . . . , Xn are independent random variables such

that EXi = 0, then for p ≥ 2,

E|
n∑

i=1

Xi|p ≤ C(p)
( n∑

i=1

E|Xi|p + (
n∑

i=1

EX2
i )p/2

)
where C(p) is a positive constant depending only on p.

Let X be a finite expected value random variable on a probability space (Ω,F ,P)

and D a sub σ-algebra of F . Define a probability measure PD : D → [0, 1] by

PD(E) = P (E)

and a sign-measure QX : D → R by

QX(E) =
∫

E
XdP.

Then, by Radon-Nikodym theorem we have QX � PD and there exists a unique mea-

surable function ED(X) on (Ω,F ,P) such that∫
E

ED(X)dPD = QX(E) =
∫
E

XdP for any E ∈ D.

We call ED(X) the conditional expectation of X with respect to D.

Moreover, for any random variables X and Y on the same probability space (Ω,F ,P)

such that E(|X|) < ∞, we will denote Eσ(Y )(X) by EY (X).

Theorem 2.6. Let X be a random variable on a probability space (Ω,F ,P) such that

E(|X|) < ∞, then the followings hold for any sub σ-algebra D of F .

1. If X is random variable on (Ω,D, PD), then ED(X) = X a.s.[PD].

2. EF (X) = X a.s.[P ].

3. If σ(X) and D are independent, then ED(X) = E(X) a.s.[PD].
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Theorem 2.7. Let X and Y be random variables on the same probability space (Ω,F ,P)

such that E(|X|) and E(|Y |) are finite. Then for any sub σ-algebra D of F the followings

hold.

1. If X ≤ Y , then ED(X) ≤ ED(Y ) a.s. [PD].

2. ED(aX + bY ) = aED(X) + bED(X) a.s. [PD] for any a, b ∈ R.

Theorem 2.8. Let X and Y be random variables on the same probability space (Ω,F ,P)

such that E(|XY |) and E(|Y |) are finite and D1,D2 be sub σ-algebras of F . If X is a

random variable with respect to D1, then

1. ED1(XY ) = XED1(Y ) a.s. [PD1 ].

2. ED2(XY ) = ED2(XED1(Y )) a.s. [PD2 ].

Let (Ω,F ,P) be a probability space and D a sub σ-algebra of F . For any event A

on F , we define the conditional probability of A given D by

P (A|D) = ED(1A)

where 1A is defined by

1A(w) =

1 if w ∈ A

0 if w /∈ A.

2.2 Stein’s Method and Distributional Approximations

A common theme in probability theory is the approximation of complicated probability

distributions by simpler ones. Stein([16]) introduced a powerful and general method for

obtaining an explicit bound for the error in the normal approximation to the distribution

of a sum of dependent random variables. Stein’s technique is free of Fourier methods and

relied instead on the elementary differential equation. Stein’s method has been applied

with much success in the area of normal approximation(See, for examples, Erickson([17]),

Bolthausen([10]), Baldi, Rinott, and Stein([18]), and Barbour([19])). This method was

extended from the normal distribution to the Poisson distribution by Chen([20]). Chen’s

work has resulted in advances in the theory of Poisson approximation and has helped to

develop and improve upon a body of interesting applications and examples for theoretical

developments, see Barbour and Eagleson([21]), Holst and Janson([22]).
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In this section, we give two examples which use Stein’s method for distributional

appproximation.

2.2.1 Stein’s Method for Normal Approximation

Let Z be a standard normally distributed random variable, and let Cbd be the set

of continuous and piecewise continuously differentiable functions f : R → R with

E|f ′(Z)| < ∞. Stein’s method rests on the following characterization.

Lemma 2.9. Let W be a real valued random variables. Then W has a standard normal

distribution if and only if

Ef ′(W ) = EWf(W )

for all f ∈ Cbd.

For a real valued measurable function h with E|N(h)| < ∞,

f ′(w)− wf(w) = h(w)−N(h), w ∈ R (2.1)

is Stein equation for normal distribution where

N(h) =
1√
2π

∫
R

h(x)e−x2/2dx.

If hw0 = 1(−∞,w0], then the solution f = fw0 is given by

fw0(w) =


√

2πe
w2

2 Φ(w)[1− Φ(w0)] if w ≤ w0

√
2πe

w2

2 Φ(w0)[1− Φ(w)] if w ≥ w0.
(2.2)

In [23], Stein used the exchangeable pairs and antisymmetric function to find a bound

for normal approximation.

Let W be a random variable that is not necessarily the partial sum of independent

random variables. Suppose that W is approximately normal, and that we want to find

how accurate the approximation is. Another basic approach to Stein’s method is to

introduce a second random variable W ′ on the same probability space, in such a way

that (W,W ′) is an exchangeable pair; that is

(W,W ′) and (W ′,W )

have the same distribution. The approach makes essential use of the following proposi-

tion.
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Proposition 2.10. ([23], p.10) Let (X, Y ) be an exchangeable pair. Then, for all mea-

surable functions F : R2 → R which is antisymmetric in the sense that, for all x, x′ ∈ R

F (x, x′) = −F (x′, x),

we have

EEXF (X, Y ) = 0,

provided that

E|F (X, Y )| < ∞.

Stein’s result is as follows.

Theorem 2.11. Let Xi be independent random variables with zero means and
n∑

i=1

EX2
i =

1, and put W =
n∑

i=1

Xi. Let {X̃i | 1 ≤ i ≤ n} be an independent copy of {Xi | 1 ≤ 1 ≤ n},

and let I have uniform distribution on {1, 2, . . . , n}, independent of {Xi} and {X̃i}.

Define W ′ = W −XI + X̃I . Then

|Eh(W )− EN(h)| ≤ |Ef ′h(W )(1− n

2
(W −W ′)2)|+ n

2
‖h′‖E|W −W ′|3

where h is a real valued measurable function with E|N(h)| < ∞ and fh is the stein

solution of (2.1).

2.2.2 Stein’s Method for Cauchy Approximation

In this section, we give the second example that use Stein’s method to give bounds. In

this example, the limit distribution function is Cauchy and the random variables Xi’s

are need not independent.

At the heart of Stein’s method lies a Stein equation. For a real valued measurable

function h with E|Cau(h)| < ∞,

f ′(w)− 2wf(w)
1 + w2

= h(w)− Cau(h), w ∈ R (2.3)

is Stein equation for Cauchy distribution where

Cau(h) =
1
π

∫
R

h(x)
1 + x2

dx.
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If hw0 = 1(−∞,w0], then the solution of Stein equation for Cauchy distribution is

fw0(w) =

π(1 + w2)F (w)(1− F (w0)) if w ≤ w0

π(1 + w2)F (w0)(1− F (w)) if w ≥ w0

(2.4)

where

F (x) =
1
π

∫ x

−∞

1
1 + t2

dt. (2.5)

We use Stein equation to find necessary and sufficient conditions for a random variable

W to be Cauchy.

Theorem 2.12. Let W be a random variable. Then W has a Cauchy distribution if

and only if for all functions f : R → R such that f ′ exists a.e., continuous a.e., and

E|f ′(W )| < ∞, we have

Ef ′(W ) = 2E
Wf(W )
1 + W 2

.

Proof. To prove the necessity, we assume that W has a Cauchy distribution and let

f : R → R be such that f ′ exists a.e., continuous a.e. and E|f ′(W )| < ∞. Then

2E
Wf(W )
1 + W 2

=
2
π

∫ ∞

−∞

wf(w)
(1 + w2)2

dw

=
2
π

{∫ 0

−∞

wf(w)
(1 + w2)2

dw +
∫ ∞

0

wf(w)
(1 + w2)2

dw
}

=
2
π

{∫ 0

−∞

w

(1 + w2)2
(f(0)−

∫ 0

w
f ′(t)dt)dw +

∫ ∞

0

w

(1 + w2)2
(f(0) +

∫ w

0
f ′(t)dt)dw

}
=

2
π

{∫ 0

−∞

∫ 0

w

(−w)f ′(t)
(1 + w2)2

dtdw +
∫ ∞

0

∫ w

0

wf ′(t)
(1 + w2)2

dtdw + f(0)
∫ ∞

−∞

w

(1 + w2)2
dw

}
=

2
π

{∫ 0

−∞
f ′(t)

∫ t

∞

(−w)
(1 + w2)2

dwdt +
∫ ∞

0
f ′(t)

∫ ∞

t

w

(1 + w2)2
dwdt

}
=

1
π

{∫ 0

−∞

f ′(t)
1 + t2

dt +
∫ ∞

0

f ′(t)
1 + t2

dt
}

=
1
π

∫ ∞

−∞

f ′(t)
1 + t2

dt

= Ef ′(W ).
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Conversely, let w0 ∈ R. From Neammanee([24]), we have E|f ′w0
(W )| < ∞. Then

0 = E
[
f ′w0

(W )− 2
Wfw0(W )
1 + W 2

]
= E[1(−∞,w0](W )− Cau(1(−∞,w0])]

= P (W ≤ w0)− F (w0)

where we have used Stein equation (2.3) in the first equality.

Hence W has a Cauchy distribution.

To illustrate the technique, we give examples which used Stein method to find a

bound in the approximation by Cauchy distribution.

Theorem 2.13. Let X1, X2, . . . , Xn be random variables and Si a subset of {1, 2, . . . , n}

such that EXi = 0 and EX4
i < ∞ for each i = 1, 2, . . . , n. Let W = X1 + X2 + · · ·+ Xn.

Then for all w0 ∈ R,∣∣∣P (W ≤ w0)− F (w0)
∣∣∣

≤ 3

√√√√E[1− 2
1 + W 2

n∑
i=1

∑
j∈Si

XiXj ]2

+ 4π min
{

E
n∑

i=1

|Xi|
∣∣∣ ∑

j∈Si

Xi

∣∣∣,
√√√√E

n∑
i=1

X2
i E

∣∣∣ n∑
i=1

Xi

∑
j∈Si

Xj

∣∣∣2}F (w0)(1− F (w0))

+ 2πE
n∑

i=1

∣∣∣E{Xj |j /∈Si}Xi

∣∣∣ + 12(π + 1)E
n∑

i=1

|Xi|
( ∑

j∈Si

Xj

)2
.

where F is defined as in (2.5).

Proof. Let I be a random variable that is uniformly distributed over {1, 2, . . . , n} and

independent of {X1, X2, . . . , Xn}. Let B̃ be a σ-algebra in which the random vari-

ables I and {X1, X2, . . . , Xn} are measurable, B the sub-σ-algebra of B̃ generated by

{X1, X2, . . . , Xn} and C the σ-algebra generated by I and {Xj | j /∈ SI}.

Let

G = nXI and W̃ = W −
∑
j∈SI

Xj .

By the fact that

EBG = EBnXI =
n∑

i=1

Xi = W and
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E
Gf(W̃ )

1 + W̃ 2
= EECGf(W̃ )

1 + W̃ 2
= E(ECG)

f(W̃ )

1 + W̃ 2
for any f : R → R, we have

E
Wf(W )
1 + W 2

= E(EBG)
f(W )

1 + W 2

= EEB
(Gf(W )

1 + W 2

)
= E

Gf(W )
1 + W 2

= EG
[ f(W )
1 + W 2

− f(W̃ )

1 + W̃ 2

]
+ E(ECG)

f(W̃ )

1 + W̃ 2
.

Applying (2.3) with h = 1(−∞,w0], we have

|P (W ≤ w0)− F (w0)|

=
∣∣∣E[

f ′w0
(W )− 2G

(fw0(W )
1 + W 2

− fw0(W̃ )

1 + W̃ 2

)]
− 2E

(ECG)fw0(W̃ )

1 + W̃ 2

∣∣∣
=

∣∣∣E[
f ′w0

(W )− 2
G(W − W̃ )f ′w0

(W )
1 + W 2

+ 2
G(W − W̃ )f ′w0

(W )
1 + W 2

+ 4
G(W − W̃ )Wfw0(W )

(1 + W 2)2
− 4

G(W − W̃ )Wfw0(W )
(1 + W 2)2

− 2G
(fw0(W )

1 + W 2
− fw0(W̃ )

1 + W̃ 2

)]
− 2E

(ECG)fw0(W̃ )

1 + W̃ 2

∣∣∣
≤ E|f ′w0

(W )|
∣∣∣1− 2G(W − W̃ )

1 + W 2

∣∣∣
+ 2E|G|

∣∣∣fw0(W̃ )

1 + W̃ 2
− fw0(W )

1 + W 2
−

(W̃ −W )f ′w0
(W )

1 + W 2
+

2(W̃ −W )Wfw0(W )
(1 + W 2)2

∣∣∣
+ 4E

∣∣∣G(W − W̃ )Wfw0(W )
(1 + W 2)2

∣∣∣ + 2E
∣∣∣(ECG)fw0(W̃ )

1 + W̃ 2

∣∣∣ (2.6)

where fw0 is defined as in (2.4). We note that for W < W̃,

fw0(W̃ )

1 + W̃ 2
− fw0(W )

1 + W 2
−

(W̃ −W )f ′w0
(W )

1 + W 2
+

2(W̃ −W )Wfw0(W )
(1 + W 2)2

=
∫ W̃

W

[(fw0(w)
1 + w2

)′
−

f ′w0
(W )

1 + W 2
+

2Wfw0(W )
(1 + W 2)2

]
dw

=
∫ W̃

W

[f ′w0
(w)

1 + w2
− 2wfw0(w)

(1 + w2)2
−

f ′w0
(W )

1 + W 2
+

2Wfw0(W )
(1 + W 2)2

]
dw

=
∫ W̃

W

∫ w

W

(f ′w0
(y)

1 + y2

)′
dydw − 2

∫ W̃

W

∫ w

W

( yfw0(y)
(1 + y2)2

)′
dydw
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=
∫ W̃

W

∫ W̃

y

(f ′w0
(y)

1 + y2

)′
dwdy − 2

∫ W̃

W

∫ W̃

y

( yfw0(y)
(1 + y2)2

)′
dwdy

=
∫ W̃

W
(W̃ − y)

(f ′w0
(y)

1 + y2

)′
dy − 2

∫ W̃

W
(W̃ − y)

( yfw0(y)
(1 + y2)2

)′
dy.

By the same argument, we can show that

fw0(W̃ )

1 + W̃ 2
− fw0(W )

1 + W 2
−

(W̃ −W )f ′w0
(W )

1 + W 2
+

2(W̃ −W )Wfw0(W )
(1 + W 2)2

=
∫ W

W̃
(w − W̃ )

(f ′w0
(w)

1 + w2

)′
dw − 2

∫ W

W̃
(w − W̃ )

( wfw0(w)
(1 + w2)2

)′
dw

for W̃ < W.

Hence

fw0(W̃ )

1 + W̃ 2
− fw0(W )

1 + W 2
−

(W̃ −W )f ′w0
(W )

1 + W 2
+

2(W̃ −W )Wfw0(W )
(1 + W 2)2

=
∫ ∞

−∞
(W̃ − w)[I(w ≤ W̃ )− I(w ≤ W )]

(f ′w0
(w)

1 + w2

)′
dw

− 2
∫ ∞

−∞
(W̃ − w)[I(w ≤ W̃ )− I(w ≤ W )]

( wfw0(w)
(1 + w2)2

)′
dw. (2.7)

Therefore, by (2.6) and (2.7),

|P (W ≤ w0)− F (w0)|

≤ E|f ′w0
(W )|

∣∣∣1− 2G(W − W̃ )
1 + W 2

∣∣∣
+ 2E|G|

∫ ∞

−∞
|(W̃ − w)||[I(w ≤ W̃ )− I(w ≤ W )]|

∣∣∣(f ′w0
(w)

1 + w2

)′∣∣∣dw

+ 4E|G|
∫ ∞

−∞
|(W̃ − w)||[I(w ≤ W̃ )− I(w ≤ W )]|

∣∣∣( wfw0(w)
(1 + w2)2

)′∣∣∣dw

+ 4E
∣∣∣G(W − W̃ )Wfw0(W )

(1 + W 2)2

∣∣∣ + 2E
∣∣∣(ECG)fw0(W̃ )

1 + W̃ 2

∣∣∣
≤ sup

w∈R
|f ′w0

(w)|E
∣∣∣1− 2

G(W − W̃ )
1 + W 2

∣∣∣
+ 2 sup

w∈R

∣∣∣(f ′w0
(w)

1 + w2

)′∣∣∣E|G|∫ ∞

−∞
|W̃ − w||[I(w ≤ W̃ )− I(w ≤ W )]|dw

+ 4 sup
w∈R

∣∣∣( wfw0(w)
(1 + w2)2

)′∣∣∣E|G|∫ ∞

−∞
|W̃ − w||[I(w ≤ W̃ )− I(w ≤ W )]|dw

+ 4E
∣∣∣G(W − W̃ )Wfw0(W )

(1 + W 2)2

∣∣∣ + 2 sup
w∈R

∣∣∣fw0(w)
1 + w2

∣∣∣E|ECG|
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≤ sup
w∈R

|f ′w0
(w)|

√
E

[
1− 2

1 + W 2
EBG(W − W̃ )

]2

+
(

sup
w∈R

∣∣∣(f ′w0
(w)

1 + w2

)′∣∣∣ + 2 sup
w∈R

∣∣∣( wfw0(w)
(1 + w2)2

)′∣∣∣)E|G|(W̃ −W )2

+ 4E
∣∣∣G(W̃ −W )Wfw0(W )

(1 + W 2)2

∣∣∣ + 2 sup
w∈R

∣∣∣fw0(w)
1 + w2

∣∣∣E|ECG|

≤ 3

√
E

[
1− 2

1 + W 2
EBG(W − W̃ )

]2
+ 4E

∣∣∣G(W̃ −W )Wfw0(W )
(1 + W 2)2

∣∣∣
+ 2πE|ECG|+ 12(π + 1)E|G|(W̃ −W )2 (2.8)

where we have used the facts that

|fw0(w)/(1 + w2)| ≤ πF (w0)(1− F (w0)), (2.9)

|f ′w0
(w)| ≤ 3,

|(f ′w0
(w)/(1 + w2))′| ≤ 6 + 2π and

|(wfw0(w)/(1 + w2)2)′| ≤ 3 + 5π

for all w0, w ∈ R (see [24]).

Note that

E|ECG| = E

n∑
i=1

∣∣∣E{Xj | j /∈Si}Xi

∣∣∣, (2.10)

(see [23], eq. 21, p. 109)

E|G|(W̃ −W )2 = E
∣∣∣ n∑

i=1

Xi

( ∑
j∈Si

Xj

)2∣∣∣ ≤ E

n∑
i=1

|Xi|
( ∑

j∈Si

Xj

)2
, (2.11)

and √
E

[
1− 2

1 + W 2
EBG(W − W̃ )

]2
=

√
E

[
1− 2

1 + W 2
EBnXI

∑
j∈SI

Xj

]2

=

√√√√E
[
1− 2

1 + W 2

n∑
i=1

EBXi

∑
j∈Si

Xj

]2

=

√√√√E
[
1− 2

1 + W 2

n∑
i=1

∑
j∈Si

XiXj

]2
. (2.12)
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By (2.9), we have

E
∣∣∣G(W̃ −W )Wfw0(W )

(1 + W 2)2

∣∣∣ ≤ E
∣∣∣G(W̃ −W )fw0(W )

(1 + W 2)

∣∣∣
≤ πF (w0)(1− F (w0))E|G||W − W̃ |

= πF (w0)(1− F (w0))E
∣∣∣ n∑

i=1

Xi

( ∑
j∈Si

Xj

)∣∣∣
≤ πF (w0)(1− F (w0))E

n∑
i=1

|Xi|
∣∣∣( ∑

j∈Si

Xj

)∣∣∣ (2.13)

and

E
∣∣∣G(W̃ −W )Wfw0(W )

(1 + W 2)2

∣∣∣ ≤ πF (w0)(1− F (w0))E|G||W − W̃ ||W |

≤ πF (w0)(1− F (w0))
√

E|G|2|W − W̃ |2
√

EW 2

= πF (w0)(1− F (w0))

√√√√E
∣∣∣ n∑

i=1

Xi

∑
j∈Si

Xj

∣∣∣2E n∑
i=1

X2
i . (2.14)

Therefore, by (2.8) – (2.14) the theorem is proved.

In the case that Xn’s are independent we have the following corollary and example.

Corollary 2.14. Let X1, X2, . . . , Xn be independent random variables such that

EXi = 0 and EX4
i < ∞ for all i = 1, 2, . . . , n. Let W = X1 + X2 + · · ·+ Xn.

Then for all w0 ∈ R,∣∣∣P (W ≤ w0)− F (w0)
∣∣∣

≤ 3

√√√√E
[
1− 2

1 + W 2

n∑
i=1

X2
i

]2

+ 4π min
{ n∑

i=1

EX2
i ,

√√√√n
( n∑

i=1

EX2
i

)( n∑
i=1

EX4
i

)}
F (w0)(1− F (w0))

+ 12(π + 1)
n∑

i=1

E|Xi|3.

Proof. It follows from Theorem 2.13 by choosing Si = {i} and the fact that

|E{Xj |j /∈Si}Xi| = |E{Xj |j 6=i}Xi| = |EXi| = 0.
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Example 2.15. Let Y1, Y2, . . . , Yn be independent and identically distributed random

variables with zero means, EY 2
i =

1
2
, and E|Yi|5 < ∞. Let Xi =

Yi√
n

and W =

X1 + X2 + · · ·+ Xn. Then, for all w0 ∈ R,

|P (W ≤ w0)− F (w0)| ≤
C
4
√

n
+ C min{1

2
,

1√
2

√
E|Yi|4}F (w0)(1− F (w0)).



CHAPTER III

A NON-UNIFORM BOUND IN A COMBINATORIAL

CENTRAL LIMIT THEOREM

Let (aij) be an n × n matrix of real numbers and π a random permutation of

{1, 2, . . . , n}.

Let
µ := E(

∑
i

aiπ(i)) and σ2 := Var(
∑

i

aiπ(i)).

A theorem which has been proved under various conditions by Hoeffding([25]), Motoo

([26]) and others states that

V (π) :=
1
σ

(
∑

i

aiπ(i) − µ)

is approximately standard normally distributed. This theorem is always called a combi-

natorial central limit theorem. In this chapter, we shall investigate the rate of conver-

gence.

With these definitions, it was shown in Bolthasen([10]) that

V (π) =
∑

i

xiπ(i)

for some xij such that ∑
i

xij = 0 for each j = 1, 2, . . . , n and

∑
j

xij = 0 for each i = 1, 2, . . . , n.

For example, we can choose

xij =
aij − ai. − a.j + a..

σ

where ai. =
∑

j

aij

n
, a.j =

∑
i

aij

n
and a.. =

∑
i,j

aij

n2
.

Uniform estimates have been obtained by Von Bahr([27]) and Ho and Chen([28]),

but they yield the rate O
( 1√

n

)
only under some boundedness conditions like
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sup
i,j
|xij | ≤

K√
n

. (3.1)

The best uniform bound is obtained by Bolthausen([10]) in 1984. His argument is based

on an inductive approach of Stein’s method. The following is his result.

Theorem 3.1. There exists a constant C such that

sup
z∈R

|P (V (π) ≤ z)− Φ(z)| ≤ Cβ

where
β :=

1
n

∑
i,j

|xij |3.

We note that under the condition (3.1),

β ≤ K√
n

.

In this chapter, we give a non-uniform bound in a combinatorial central limit theorem of

V (π) under the boundedness condition (3.1). The argument is based on a concentration

inequality approach. Our result is the following.

Theorem 3.2. Assume that (3.1) hold. Then there exists a positive constant C such

that for every real number z,

|P (V (π) ≤ z)− Φ(z)| ≤ CK

(1 + |z|)3
√

n
.

This chapter is organized as follows. Auxiliary results are in section 3.1. The con-

centration inequality are proved in section 3.2 while the proof of main result is given in

section 3.3.

From now on, C stands for a positive constant with possibly different values in

different places and we assume (3.1) holds.

3.1 Auxiliary Results

In this section, we give auxiliary results which used in section 3.2 and section 3.3. To do

these, we need the following construction from Ho and Chen([28]).

Let I, J, L, M be uniformly distributed random variables on {1, 2, . . . , n} and ρ, τ

random permutations of {1, 2, . . . , n} such that

(I, J) and (L,M) are uniformly distributed on {(i, j)|i, j = 1, 2, . . . , n and i 6= j}
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(I, J), (L,M) and τ are independent,

(I, J) and ρ are independent and

ρ(α) =



τ(α) if α 6= I, J, τ−1(L), τ−1(M),

L if α = I,

M if α = J,

τ(I) if α = τ−1(L),

τ(J) if α = τ−1(M)

where ρ(ρ−1(α)) = ρ−1(ρ(α)) = α.

Next, we let

V (ρ) :=
∑

i

xiρ(i), V (τ) :=
∑

i

xiτ(i),

V̂ (ρ) := V (ρ)− xIρ(I) − xJρ(J) + xIρ(J) + xJρ(I),

it follows that (V̂ (ρ), V (ρ)) is an exchangeable pair and

V̂ (ρ)− V (ρ) = xIM + xJL − xIL − xJM are independent with V (τ). (3.2)

By the same argument of Lemma 2.1 in Barbour and Chen([2]), we have

Eρ(V̂ (ρ)) = (1− 2
n− 1

)V (ρ) (3.3)

and

E(V̂ (ρ)− V (ρ))2 =
4

n− 1
. (3.4)

Lemma 3.3. There exists a constant C such that

(i) |EV 3(ρ)| ≤ CK√
n

,

(ii) |EV 4(ρ)| ≤ CK.

Proof. For m ∈ N, let h : R2 → R be defined by

h(v̂, v) = (v̂ − v)(v̂m−1 + vm−1).
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Then h is antisymmetric. Since (V̂ (ρ), V (ρ)) is an exchangeable pair, by Proposition

2.10, we have

0 = E(V̂ (ρ)− V (ρ))(V̂ m−1(ρ) + V m−1(ρ))

= E(V̂ (ρ)− V (ρ))
{

2V m−1(ρ) + (V̂ m−1(ρ)− V m−1(ρ))
}

= 2E(V̂ (ρ)− V (ρ))V m−1(ρ) + E(V̂ (ρ)− V (ρ))(V̂ m−1(ρ)− V m−1(ρ))

= 2E(Eρ(V̂ (ρ))− V (ρ))V m−1(ρ) + E(V̂ (ρ)− V (ρ))(V̂ m−1(ρ)− V m−1(ρ))

= 2E
{

(− 2
n− 1

V (ρ))V m−1(ρ)
}

+ E(V̂ (ρ)− V (ρ))(V̂ m−1(ρ)− V m−1(ρ)) (by (3.3))

= − 4
n− 1

EV m(ρ) + E(V̂ (ρ)− V (ρ))(V̂ m−1(ρ)− V m−1(ρ)).

Hence

EV m(ρ) =
n− 1

4
E(V̂ (ρ)− V (ρ))(V̂ m−1(ρ)− V m−1(ρ)). (3.5)

Let

∆V := V (ρ)− V (τ) and ∆V̂ := V̂ (ρ)− V (τ).

Then

|∆V | = |xτ−1(L)τ(I) + xτ−1(M)τ(J) + xIL + xJM

− xIτ(I) − xJτ(J) − xτ−1(L)L − xτ−1(M)M |

≤ CK√
n

(3.6)

and

|∆V̂ | = |xτ−1(L)τ(I) + xτ−1(M)τ(J) + xIM + xJL

− xIτ(I) − xJτ(J) − xτ−1(L)L − xτ−1(M)M |

≤ CK√
n

. (3.7)

(i) By (3.2), (3.4) – (3.7), we have

|EV 3(ρ)| = n− 1
4

|E(V̂ (ρ)− V (ρ))(V̂ 2(ρ)− V 2(ρ))|

=
n− 1

4
|E(V̂ (ρ)− V (ρ))2(V̂ (ρ) + V (ρ))|

=
n− 1

4
|E(V̂ (ρ)− V (ρ))2(2V (τ) + ∆V̂ + ∆V )|
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≤ n− 1
2

|E(V̂ (ρ)− V (ρ))2V (τ)|+ n− 1
4

|E(V̂ (ρ)− V (ρ))2(∆V̂ + ∆V )|

≤ n− 1
2

E(V̂ (ρ)− V (ρ))2|EV (τ)|

+ CK
√

nE|V̂ (ρ)− V (ρ)|2

=
CK√

n
.

(ii) By (3.4) – (3.7), we have

|EV 4(ρ)| = n− 1
4

|E(V̂ (ρ)− V (ρ))(V̂ 3(ρ)− V 3(ρ))|

=
n− 1

4
|E(V̂ (ρ)− V (ρ))2(V̂ 2(ρ) + V̂ (ρ)V (ρ) + V 2(ρ))|

=
n− 1

4
|E(V̂ (ρ)− V (ρ))2(3V 2(τ) + 3V (τ)∆V̂ + 3V (τ)∆V

+ ∆V̂ ∆V + ∆V̂ 2 + ∆V 2)|

≤ CKn|E(V̂ (ρ)− V (ρ))2(EV 2(τ) + E|V (τ)|+ 1)|

≤ CKnE(V̂ (ρ)− V (ρ))2

= CK.

To prove the concentration inequality(Lemma 3.6), we construct the following sys-

tem.

Let I, J, L,M be uniformly distributed random variables on {1, 2, . . . , n} which sat-

isfy the following.

(I, J) and (L,M) are uniformly distributed random variables on

{(i, j)| i, j = 1, 2, . . . , n and i 6= j},

[(I, J), (L,M)] is uniformly distributed on

{[(i, j), (l, m)]| i, j, l,m = 1, 2, . . . , n and i 6= j, l 6= m and (i, j) 6= (l,m)} and

[(I, J), (L,M)] and ρ are independent.

Hence

P
(
[(I, J), (L,M)] = [(i, j), (l,m)]

)
=

1
n(n− 1)(n(n− 1)− 1)

for i, j, l,m = 1, 2, . . . , n, i 6= j, l 6= m and (i, j) 6= (l,m).

Let γ = 16β and
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c[(i, j), (l,m)] := |xil + xjm − xim − xjl|min(|xil + xjm − xim − xjl|, γ),

c′[(i, j), (l,m)] := c[(i, j), (l,m)]− Ec[(i, j), (ρ(i), ρ(j))],

C(ρ) :=
∑
i,j
i6=j

c′[(i, j), (ρ(i), ρ(j))],

C(τ) :=
∑
i,j
i6=j

c′[(i, j), (τ(i), τ(j))]

and Ĉ(ρ) := C(ρ)− c′[(I, J), (ρ(I), ρ(J))]− c′[(L,M), (ρ(L), ρ(M))]

+ c′[(I, J), (ρ(L), ρ(M))] + c′[(L,M), (ρ(I), ρ(J))].

It follows that (Ĉ(ρ), C(ρ)) is an exchangeable pair.

Lemma 3.4. There exists a constant C such that

(i) E(Ĉ(ρ)− C(ρ))2 ≤ CKγ2

n
,

(ii) E|Ĉ(ρ)− C(ρ)|3 ≤ CKγ3

n3/2
,

(iii) EC2(ρ) ≤ CKnγ2.

Proof. (i) Follows from the fact that

E(Ĉ(ρ)− C(ρ))2

= E
{

c′[(I, J), (ρ(L), ρ(M))] + c′[(L,M), (ρ(I), ρ(J))]

− c′[(I, J), (ρ(I), ρ(J))]− c′[(L,M), (ρ(L), ρ(M))]
}2

= E
{

c[(I, J), (ρ(L), ρ(M))]− Ec[(I, J), (ρ(I), ρ(J))]

+ c[(L,M), (ρ(I), ρ(J))]− Ec[(L,M), (ρ(I), ρ(J))]

− c[(I, J), (ρ(L), ρ(M))] + Ec[(I, J), (ρ(I), ρ(J))]

− c[(L,M), (ρ(L), ρ(M))] + Ec[(L,M), (ρ(L), ρ(M))]
}2

= E
{

c[(I, J), (ρ(L), ρ(M))] + c[(L,M), (ρ(I), ρ(J))]

− c[(I, J), (ρ(L), ρ(M))]− c[(L,M), (ρ(L), ρ(M))]
}2

≤ 4
{

Ec2[(I, J), (ρ(L), ρ(M))] + Ec2[(L,M), (ρ(I), ρ(J))]

+ Ec2[(I, J), (ρ(I), ρ(J))] + Ec2[(L,M), (ρ(L), ρ(M))]
}

= 8Ec2[(I, J), (ρ(L), ρ(M))] + 8Ec2[(I, J), (ρ(I), ρ(J))] (3.8)
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and c[(i, j), (l,m)] ≤ CKγ√
n

.

(ii) Using the same argument of (i).

(iii) By the fact that∑
i,j
i6=j

∑
l,m
l 6=m

c′[(i, j), (l,m)]

=
∑
i,j
i6=j

∑
l,m
l 6=m

(
c[(i, j), (l,m)]− Ec[(i, j), (ρ(i), ρ(j))]

)

=
∑
i,j
i6=j

∑
l,m
l 6=m

c[(i, j), (l,m)]− n(n− 1)
∑
i,j
i6=j

Ec[(i, j), (ρ(i), ρ(j))]

=
∑
i,j
i6=j

∑
l,m
l 6=m

c[(i, j), (l,m)]−
∑
i,j
i6=j

∑
s,t
s 6=t

c[(i, j), (s, t)]

= 0,

we have

EρĈ(ρ) = Eρ
{

C(ρ)− c′[(Ī , J̄), (ρ(Ī), ρ(J̄))]− c′[(L̄, M̄), (ρ(L̄), ρ(M̄))]

+ c′[(Ī , J̄), (ρ(L̄), ρ(M̄))] + c′[(L̄, M̄), (ρ(Ī), ρ(J̄))]
}

= C(ρ)− Eρ
{

c′[(Ī , J̄), (ρ(Ī), ρ(J̄))] + c′[(L̄, M̄), (ρ(L̄), ρ(M̄))]

− c′[(Ī , J̄), (ρ(L̄), ρ(M̄))]− c′[(L̄, M̄), (ρ(Ī), ρ(J̄))]
}

= C(ρ)− 1
n(n− 1)

∑
i,j
i6=j

c′[(i, j), (ρ(i), ρ(j))]− 1
n(n− 1)

∑
l,m
l 6=m

c′[(l, m), (ρ(l), ρ(m))]

+
1

n(n− 1)(n(n− 1)− 1)

∑
i6=j,l 6=m

(i,j) 6=(l,m)

c′[(i, j), (ρ(l), ρ(m))]

+
1

n(n− 1)(n(n− 1)− 1)

∑
i6=j,l 6=m

(i,j) 6=(l,m)

c′[(l, m), (ρ(i), ρ(j))]

= C(ρ)− 2
n(n− 1)

∑
i,j
i6=j

c′[(i, j), (ρ(i), ρ(j))]

+
2

n(n− 1)(n(n− 1)− 1)

∑
i6=j,l 6=m

(i,j) 6=(l,m)

c′[(i, j), (ρ(l), ρ(m))]
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= C(ρ)− 2
n(n− 1)

C(ρ) +
2

n(n− 1)(n(n− 1)− 1)

∑
i,j
i6=j

∑
l,m
l 6=m

c′[(i, j), (ρ(l), ρ(m))]

− 2
n(n− 1)(n(n− 1)− 1)

∑
i,j
i6=j

c′[(i, j), (ρ(i), ρ(j))]

= C(ρ)− 2
n(n− 1)

C(ρ) +
2

n(n− 1)(n(n− 1)− 1)

∑
i,j
i6=j

∑
l,m
l 6=m

c′[(i, j), (l,m)]

− 2
n(n− 1)(n(n− 1)− 1)

C(ρ)

=
(
1− 2

n(n− 1)− 1

)
C(ρ). (3.9)

By (3.9), we can apply the argument of (3.5), by using (3.9) and V̂ (ρ) = Ĉ(ρ), V (ρ) =

C(ρ) and m = 2, we have

EC2(ρ) =
n(n− 1)− 1

4
E(Ĉ(ρ)− C(ρ))2. (3.10)

Therefore, (iii) follows from (i).

Lemma 3.5. Let γ = 16β. Then there exists a constant C such that

E(η(γ)− Eη(γ))4 ≤ CKγ4

n2

where η(γ) :=
n− 1

4
Eρ

{
|V̂ (ρ)− V (ρ)|min(|V̂ (ρ)− V (ρ)|, γ)

}
.

Proof. From the fact that

η(γ) =
n− 1

4
Eρ{|xIρ(I) + xJρ(J) − xIρ(J) − xJρ(I)|

×min(|xIρ(I) + xJρ(J) − xIρ(J) − xJρ(I)|, γ)}

=
1
4n

∑
i,j
i6=j

{|xiρ(i) + xjρ(j) − xiρ(j) − xjρ(i)|

×min(|xiρ(i) + xjρ(j) − xiρ(j) − xjρ(i)|, γ)}

=
1
4n

∑
i,j
i6=j

c[(i, j), (ρ(i), ρ(j))],

we have

E(η(γ)− Eη(γ))4 = E
{ 1

4n

∑
i,j
i6=j

c′[(i, j), (ρ(i), ρ(j))]
}4

=
1

256n4
EC4(ρ). (3.11)
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Hence, to prove the lemma, it suffices to show that

EC4(ρ) ≤ CKn2γ4.

Let ∆Ĉ = Ĉ(ρ)− C(τ),

∆C = C(ρ)− C(τ),

κ = {(i, j)| i, j = 1, 2, . . . , n, i 6= j} and

Γ = {(i, j) ∈ κ| i = I, J, τ−1(L), τ−1(M) or j = I, J, τ−1(L), τ−1(M)}.

Then

|Γ| ≤ Cn

and c′[(i, j), (ρ(i), ρ(j))] = c′[(i, j), (τ(i), τ(j))] on κ− Γ. Hence

∆C =
∑

(i,j)∈Γ

c′[(i, j), (ρ(i), ρ(j))]−
∑

(i,j)∈Γ

c′[(i, j), (τ(i), τ(j))],

which implies that

|∆C| =
∣∣∣ ∑
(i,j)∈Γ

c′[(i, j), (ρ(i), ρ(j))]−
∑

(i,j)∈Γ

c′[(i, j), (τ(i), τ(j))]
∣∣∣

≤
∑

(i,j)∈Γ

c[(i, j), (ρ(i), ρ(j))] +
∑

(i,j)∈Γ

c[(i, j), (τ(i), τ(j))]

≤ CKγ√
n
|Γ|

≤ CKn
1
2 γ (3.12)

where we have used the fact that c[(i, j), (l, m)] ≤ CKγ√
n

in the second inequality.

We observe that

|∆Ĉ| = |∆C + Ĉ(ρ)− C(ρ)| ≤ |∆C|+ |Ĉ(ρ)− C(ρ)| ≤ CKn
1
2 γ. (3.13)

Using the same technique of (3.10), we have

EC4(ρ) =
n(n− 1)− 1

4
E(Ĉ(ρ)− C(ρ))(Ĉ3(ρ)− C3(ρ)).
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By Lemma 3.4, (3.12) and (3.13), we have

E(Ĉ(ρ)− C(ρ))(Ĉ3(ρ)− C3(ρ))

= E[(Ĉ(ρ)− C(ρ))2{(Ĉ(ρ)− C(ρ))2 + 3Ĉ(ρ)C(ρ)}]

= E(Ĉ(ρ)− C(ρ))4 + 3E(Ĉ(ρ)− C(ρ))2C2(τ)

+ 3E(Ĉ(ρ)− C(ρ))2C(τ)(∆C + ∆Ĉ) + 3E(Ĉ(ρ)− C(ρ))2∆C∆Ĉ

≤ CKγ√
n

E|Ĉ(ρ)− C(ρ)|3 + 3E(Ĉ(ρ)− C(ρ))2EC2(τ)

+ CKn
1
2 γE(Ĉ(ρ)− C(ρ))2{E|C(τ)|2}

1
2 + CKnγ2E(Ĉ(ρ)− C(ρ))2

≤ CKγ4.

Therefore

EC4(ρ) ≤ CKn2γ4.

This completes the proof.

3.2 Concentration Inequality

In this section, we give a concentration inequality lemma which will be used in the next

section.

Lemma 3.6. (Concentration inequality) Let 0 < a ≤ c ≤ d and (1+a)β ≤ 1. Then

P (c ≤ V (ρ) ≤ d) ≤ CK

(1 + a)3
(d− c + β)

for some constant C.

Proof. Let γ = 16β and define g : R → R by

g(t) =


0 for t < c− γ

(1 + t + γ)3(t− c + γ) for c− γ ≤ t ≤ d + γ

(1 + t + γ)3(d− c + 2γ) for t > d + γ.

Therefore g is non-decreasing and
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g′(t) =


0 for t < c− γ

(1 + t + γ)3 + 3(1 + t + γ)2(t− c + γ) for c− γ < t < d + γ

3(1 + t + γ)2(d− c + 2γ) for t > d + γ

≥

0 for t < c− γ or t > d + γ

(1 + t + γ)2(1 + 4t + 4γ − 3c) for c− γ < t < d + γ

≥

0 for t < c− γ or t > d + γ

(1 + c)3(1 + 4c− 3c) for c− γ < t < d + γ

=

0 for t < c− γ or t > d + γ

(1 + c)3 for c− γ < t < d + γ.
(3.14)

Let

K(t) :=
n− 1

4
(V̂ (ρ)− V (ρ))[1 (0 ≤ t ≤ V̂ (ρ)− V (ρ))− 1 (V̂ (ρ)− V (ρ) ≤ t < 0)]

and h : R2 → R be defined by

h(v̂, v) = (v̂ − v)(g(v̂) + g(v)).

By the same argument of (3.5) and (3.14), we have

EV (ρ)g(V (ρ))

=
n− 1

4
E(V̂ (ρ)− V (ρ))(g(V̂ (ρ))− g(V (ρ)))

=
n− 1

4
E

[
(V̂ (ρ)− V (ρ))

∫ V̂ (ρ)−V (ρ)

0
g′(V (ρ) + t)dt

]
=

n− 1
4

E
[
(V̂ (ρ)− V (ρ))

×
∫

R
g′(V (ρ) + t)[1 (0 ≤ t ≤ V̂ (ρ)− V (ρ))− 1 (V̂ (ρ)− V (ρ) ≤ t < 0)]dt

]
= E[

∫
R

g′(V (ρ) + t)K(t)dt] (3.15)

≥ (1 + c)3E
[
1 (c ≤ V (ρ) ≤ d)

∫
|t|<γ

K(t)dt
]



31

= (1 + c)3
n− 1

4
E[1 (c ≤ V (ρ) ≤ d)|V̂ (ρ)− V (ρ)|min(γ, |V̂ (ρ)− V (ρ)|)]

= (1 + c)3
n− 1

4
E

{
Eρ[1 (c ≤ V (ρ) ≤ d)|V̂ (ρ)− V (ρ)|min(γ, |V̂ (ρ)− V (ρ)|)]

}
= (1 + c)3E[1 (c ≤ V (ρ) ≤ d)η(γ)]

≥ (1 + c)3E[1 (c ≤ V (ρ) ≤ d)η(γ)1 (η(γ) >
1
4
)]

≥ (1 + c)3

4
E[1 (c ≤ V (ρ) ≤ d)1 (η(γ) >

1
4
)]

=
(1 + c)3

4
E[1 (c ≤ V (ρ) ≤ d)− 1 (1 (c ≤ V (ρ) ≤ d), η(γ) ≤ 1

4
)]

≥ (1 + c)3

4
E[1 (c ≤ V (ρ) ≤ d)− 1 (η(γ) ≤ 1

4
)]

≥ (1 + c)3

4
[P (c ≤ V (ρ) ≤ d)− P (η(γ) ≤ 1

4
)]

which implies that

P (c ≤ V (ρ) ≤ d) ≤ 4
(1 + c)3

EV (ρ)g(V (ρ)) + P (η(γ) ≤ 1
4
)

≤ 4
(1 + a)3

EV (ρ)g(V (ρ)) + P (η(γ) ≤ 1
4
). (3.16)

By definition of g and Lemma 3.3(ii), we have

EV (ρ)g(V (ρ)) ≤ E|V (ρ)||g(V (ρ))|

≤ (d− c + 2γ)E|V (ρ)||1 + V (ρ) + γ|3

≤ C(d− c + 2γ)E|V (ρ)|(|V (ρ)|3 + 1)

= C(d− c + 2γ)(E|V (ρ)|4 + E|V (ρ)|)

≤ C(d− c + 2γ)(E|V (ρ)|4 + {E|V (ρ)|2}
1
2 )

≤ CK(d− c + 2γ)

≤ CK(d− c + β) (3.17)

where we have used the fact that γ ≤ 16 in the third inequality. Observe that

E|V̂ (ρ)− V (ρ)|3 = E|xIL + xJM − xIM − xJL|
3

≤ 16E
(
|xIL|

3 + |xJM |
3 + |xIM |

3 + |xJL|
3
)

= 64E|xIL|
3

=
64
n2

∑
i,j

|xij |3

=
64β

n
. (3.18)
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To bound P (η(γ) ≤ 1
4
), we note that

min(x, y) ≥ x− x2

4y
for x ≥ 0, y > 0.

From this fact and by (3.4) and (3.18), we have

E(η(γ)) =
n− 1

4
E{|V̂ (ρ)− V (ρ)|min(|V̂ (ρ)− V (ρ)|, 16β)}

≥ n− 1
4

E
{
|V̂ (ρ)− V (ρ)|

(
|V̂ (ρ)− V (ρ)| − |V̂ (ρ)− V (ρ)|2

64β

)}
=

n− 1
4

{
E|V̂ (ρ)− V (ρ)|2 − 1

64β
E|V̂ (ρ)− V (ρ)|3

}
≥ n− 1

4
{ 4

n− 1
− 1

64β

(64β

n

)
}

= 1− n− 1
4n

≥ 1− 1
4

=
3
4
.

Hence

P (η(γ) ≤ 1
4
) ≤ P (Eη(γ)− η(γ) ≥ 1

2
)

≤ CE(η(γ)− Eη(γ))4

≤ CKγ4

n2

≤ CKβ4

≤ CKβ

(1 + a)3
(3.19)

where we have used Lemma 3.5 in the third inequality and the fact that (1 + a)β ≤ 1 in

the last inequality. From (3.16), (3.17) and (3.19), we have

P (c ≤ V (ρ) ≤ d) ≤ CK(d− c + β)
(1 + a)3

.

Lemma 3.7. Let z ∈ R and fz be the solution of Stein’s equation. For z ≥ 12,

|u| < 2(1 +
z

4
) and (1 + z)β < 1, we have

Eg(V (ρ) + u) ≤ C

(1 + z
4)3

(1 +
z

4
β).
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where g : R → R be defined by

g(w) = (wfz(w))′.

Proof. Use the same argument as in Lemma 5.1 and Lemma 5.2 in Chen and Shao([11]).

3.3 Proof of the Main Results

It suffice to consider z ≥ 0 as we can apply the result to −W when z < 0. Let z ≥ 0.

If 0 ≤ z < 12, by Theorem 3.1, we have

|P (V (π) ≤ z)− Φ(z)| ≤ Cβ ≤ CK√
n
≤ CK

(1 + z)3
√

n
.

Assume that z ≥ 12.

Case 1. (1 + z)β > 1.

By Lemma 3.3(2),

P (V (π) ≥ z) = P (1 + V (π) ≥ 1 + z)

≤ E(1 + V (π))4

(1 + z)4

≤ CE(1 + V 4(π))
(1 + z)4

≤ CK

(1 + z)4
.

Hence

|P (V (π) ≤ z)− Φ(z)| = |(1− P (V (π) ≤ z))− (1− Φ(z))|

≤ P (V (π) > z)− (1− Φ(z))

≤ CK

(1 + z)4

≤ CKβ

(1 + z)3

≤ CK

(1 + z)3
√

n

where we have used the fact 1−Φ(z) ≤ e−
1
2
z2

z
√

2π
<

C

(1 + z)4
(see [23], eq. 25, p. 23) in the

second inequality.
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Case 2. (1 + z)β ≤ 1.

Let f be a real valued function. By the same argument of (3.15), we have

E[V (ρ)f(V (ρ))] = E

∫
R

f ′(V (ρ) + t)K(t)dt (3.20)

where K(t) is defined as in Lemma 3.6. If f(t) = t, by (3.20), we have

E

∫
R

K(t)dt = EV 2(ρ) = 1. (3.21)

Let fz be the solution of Stein’s equation defined by (2.1). Hence, by Stein’s equation

(2.1), (3.20) and (3.21)

P (V (π) ≤ z)− Φ(z) = P (V (ρ) ≤ z)− Φ(z)

= Ef ′z(V (ρ))− EV (ρ)fz(V (ρ))

= Ef ′z(V (ρ))− E

∫
R

f ′z(V (ρ) + t)K(t)dt

= Ef ′z(V (τ))− E

∫
R

f ′z(V (ρ) + t)K(t)dt

= E

∫
R
[f ′z(Va(τ))− f ′z(Va(ρ) + t)]K(t)dt

= R (3.22)

where

R = E

∫
R
[f ′z(V (τ))− f ′z(V (τ) + ∆V + t)]K(t)dt.

Since |V̂ (ρ) − V (ρ)| = |xIM + xJL − xIL − xJM | ≤
CK√

n
, K(t) = 0 for |t| >

CK√
n

which

implies that

R = E

∫
|t|≤CK√

n

[f ′z(V (τ))− f ′z(V (τ) + ∆V + t)]K(t)dt.

Let g : R → R be defined by g(w) = (wfz(w))′. By the fact that

|f ′z(w + s)− f ′z(w + t)−
∫ s

t
g(w + u)du| ≤ 1 (z −max(s, t) < w ≤ z −min(s, t))

(see [11], p. 250),
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we have

|R| ≤ R1 + R2

where

R1 = E

∫
|t|≤CK√

n

1 (z −max(0,∆V + t) < V (τ) ≤ z −min(0,∆V + t))K(t)dt and

R2 =
∣∣∣E ∫

|t|≤CK√
n

K(t)
∫ 0

∆V +t
g(V (τ) + u)du dt

∣∣∣.
For |t| ≤ CK√

n
, we see that for sufficiently large n,

z −max(0,
CK√

n
+ t) ≥ z − CK√

n
− |t| ≥ z − CK√

n
≥ z − 1 > 0 for z ≥ 12.

Hence, by Lemma 3.6,

R1 ≤ E

∫
|t|≤CK√

n

1 (z −max(0,
CK√

n
+ t) < V (τ) ≤ z −min(0,

CK√
n

+ t))K(t)dt

= E

∫
|t|≤CK√

n

E{I,J,M,L}1 (z −max(0,
CK√

n
+ t) < V (τ) ≤ z −min(0,

CK√
n

+ t))K(t)dt

= E

∫
|t|≤CK√

n

P (z −max(0,
CK√

n
+ t) < V (τ) ≤ z −min(0,

CK√
n

+ t))K(t)dt

≤ C

z3
E

∫
R
(
CK√

n
+ |t|+ β)K(t)dt (by Lemma 3.6)

≤ CK

z3
√

n
E

∫
R

K(t)dt +
CK

z3
E

∫
R
|t|K(t)dt

≤ CK

(1 + z)3
√

n
+

CK

(1 + z)3
E

∫
R
|t|K(t)dt (by (3.21))

≤ CK

(1 + z)3
√

n
(3.23)

where we have used the fact that

E

∫
R
|t|K(t)dt =

n− 1
8

E|V̂ (ρ)− V (ρ)|3 ≤ CK√
n

(3.24)

in the last inequality. By Lemma 3.7, we have

R2 ≤
∣∣∣E ∫

|t|≤CK√
n

K(t)
∫ 0

CK√
n

+t
g(V (τ) + u)du dt

∣∣∣
=

∣∣∣EE{I,J,M,L}
∫
|t|≤CK√

n

K(t)
∫ 0

CK√
n

+t
g(V (τ) + u)du dt

∣∣∣
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=
∣∣∣E ∫

|t|≤CK√
n

K(t)
∫ 0

CK√
n

+t
Eg(V (τ) + u)du dt

∣∣∣
≤ CK

(1 + z
4)3

(1 +
z

4
β)E

∫
R
(
CK√

n
+ |t|)K(t)dt

≤ CK

(1 + z)3
√

n
(3.25)

where we have used the fact that (1 + z
4β) ≤ 1 + (1 + z)β ≤ CK, (3.21) and (3.24) in

the last inequality. Hence, by (3.22), (3.23) and (3.25), we have

|P (V (ρ) ≤ z)− Φ(z)| ≤ CK

(1 + z)3
√

n
.

�



CHAPTER IV

A NON-UNIFORM BOUND IN NORMAL

APPROXIMATION FOR MATRIX CORRELATION

STATISTICS

Let A = (aij) and B = (bij) be symmetric n× n matrices, and define

W := W (π) :=
∑
i,j
i6=j

aijbπ(i)π(j),

where π is a random permutation of {1, 2, . . . , n}. This W is always called “matrix

correlation statistics” and first introduced by Daniels([1]). In the definition of W , the

diagonal elements play no part, so that we may assume that aii = bii = 0 for all i ∈

{1, 2, . . . , n}.

Let

µ := E(W ) =
1

n(n− 1)

∑
i,j
i6=j

∑
l,m
l 6=m

aijblm,

A0 :=
1

n(n− 1)

∑
i,j
i6=j

aij ,

A12 :=
1
n

∑
i

{a∗i }2,

A22 :=
1

n(n− 1)

∑
i,j
i6=j

ã2
ij ,

A13 :=
1
n

∑
i

|a∗i |3,

where a∗i :=
1

n− 2

∑
j

j 6=i

(aij −A0)

and ãij := aij − a∗i − a∗j −A0,
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and make similar definitions for B. With these definitions and their analogues for the

matrix B, it was shown in Barbour and Eagleson([29]) that

W = µ + Ṽ (π) + ∆̃(π), (4.1)

σ2 := Var Ṽ (π) =
4n2(n− 2)2

n− 1
A12B12,

Var ∆̃(π) =
2n(n− 1)2

n− 3
A22B22,

Cov(Ṽ (π), ∆̃(π)) = 0,

where

Ṽ (π) := 2(n− 2)
∑

i

a∗i b
∗
π(i)

and ∆̃(π) :=
∑
i,j
i6=j

ãij b̃π(i)π(j).

To avoid trivial exceptions, we assume that A12B12 > 0, otherwise, Ṽ (π) = 0 a.s.

In 2005, Barbour and Chen([2]) gave a uniform Berry-Esseen bound for the normal

approximation to W . The following is their result.

Theorem 4.1. There exists a constant C such that

sup
z∈R

∣∣∣P(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣ ≤ C(δ + δ2 + δ2)

and

sup
z∈R

∣∣∣P(W − µ

σ
≤ z

)
− Φ(z)

∣∣∣ ≤ C(δ + δ2 + δ2)

where V (π) :=
Ṽ (π)

σ
, ∆(π) :=

∆̃
σ

, δ = 128δ1, δ1 = n4σ−3A13B13 and

δ2
2 := E∆2(π) =

Var ∆̃(π)

Var Ṽ (π)
=

(n− 1)3

2n(n− 2)2(n− 3)
· A22B22

A12B12
.

In this chapter, we use the idea of Barbour and Chen([2]) and Chen and Shao([3])

to prove a non-uniform Berry-Esseen bound for W . The following are our main results.

Theorem 4.2. There exists a constant C such that for every real number z,∣∣∣P(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣
≤ C

1 + |z|3
{

δ + δ2 + δ2 + δδ2 + δ(n
1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
+

Cδ2
2

1 + z2
. (4.2)
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In particular, if
2(n− 2)

σ
sup
i,j
|a∗i b∗j | ≤

K√
n

for some positive real number K, then

∣∣∣P(W − µ

σ
≤ z

)
− Φ(z)

∣∣∣
≤ CK

1 + |z|3
{

δ + δ2 + δ2 + δδ2 + δ(n
1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3

+ δδ2(n
1
2 δ)

1
3 +

1√
n

}
+

Cδ2
2

1 + z2
. (4.3)

Corollary 4.3. If δ1 ∼ n−1/2and δ2 ∼ n−1/2, then for any real number z∣∣∣P(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣ ≤ C

(1 + z2)
√

n
.

Furthermore, if
2(n− 2)

σ
sup
i,j
|a∗i b∗j | ≤

K√
n

for some positive real number K, then

∣∣∣P(W − µ

σ
≤ z

)
− Φ(z)

∣∣∣ ≤ CK

(1 + z2)
√

n
.

To simplify the theorem, we let aij ∼
1
np

and bij ∼
1
nq

for every i, j ∈ {1, 2, . . . , n}.

Then we have

a∗i ∼
1
np

, A12 ∼
1

n2p
, A13 ∼

1
n3p

, A22 ∼
1

n2p
,

b∗j ∼
1
np

, B12 ∼
1

n2q
, B13 ∼

1
n3q

, B22 ∼
1

n2q
and σ2 ∼ n3

n2(p+q)

which implies

2(n− 2)
σ

sup
i,j
|a∗i b∗j | ≤

K√
n

, δ1 ∼ n−1/2 and δ2 ∼ n−1/2

so by Corollary 4.3 ∣∣∣P(W − µ

σ
≤ z

)
− Φ(z)

∣∣∣ ≤ CK

(1 + z2)
√

n
.

This chapter is organized as follows. Auxiliary results are in section 4.1. The con-

centration inequality for non-uniform is proved in section 4.2, the proof of main result is

given in section 4.3 while the more general array is considered in section 4.4.

4.1 Auxiliary Results

In this section, we give auxiliary results which used in section 4.2 and section 4.3.
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For each i, j = 1, 2, . . . , n and a ≥ 0, let

xij :=
2(n− 2)

σ
a∗i b

∗
j and xa,ij := xij1 (|xij | ≤ 1 + a).

We note also that, with a∗i and b∗i defined as before,∑
i

a∗i =
1

n− 2

∑
i,j
i6=j

(aij −A0)

=
1

n− 2
{
∑
i,j
i6=j

aij −
∑
i,j
i6=j

A0}

=
1

n− 2
{n(n− 1)A0 − n(n− 1)A0}

= 0

and
∑

j

b∗j = 0,

which implies ∑
i

xij = 0 for each j = 1, 2, . . . , n and

∑
j

xij = 0 for each i = 1, 2, . . . , n. (4.4)

Let

β :=
1
n

∑
i,j

|xij |3.

We note that

β =
8(n− 2)3

nσ3

∑
i,j

|a∗i b∗j |3

≤ 8σ−3n2(
∑

i

|a∗i |3)(
∑

j

|b∗j |3)

= 8σ−3n2(nA13)(nB13)

= 8δ1

=
δ

16
. (4.5)

Let I, J, L, M, ρ and τ be defined as in Chapter 3.
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The first step is to construct an exchangeable pair. We then set

V (π) :=
1
σ

Ṽ (π) =
∑

i

xiπ(i), V (ρ) :=
∑

i

xiρ(i), V (τ) :=
∑

i

xiτ(i),

Va(π) :=
∑

i

xa,iπ(i), Va(ρ) :=
∑

i

xa,iρ(i), Va(τ) :=
∑

i

xa,iτ(i),

V̂ (ρ) := V (ρ)− xIρ(I) − xJρ(J) + xIρ(J) + xJρ(I),

V̂a(ρ) := Va(ρ)− xa,Iρ(I) − xa,Jρ(J) + xa,Iρ(J) + xa,Jρ(I),

∆(π) :=
1
σ

∆̃(π) =
1
σ

∑
i,j
i6=j

ãij b̃π(i)π(j),

∆(ρ) :=
1
σ

∑
i,j
i6=j

ãij b̃ρ(i)ρ(j)

and ∆̂(ρ) :=
1
σ

{
∆(ρ) +

∑
j

j 6=I,J

{ãIj (̃bρ(I)ρ(j) − b̃ρ(J)ρ(j)) + ãJj (̃bρ(J)ρ(j) − b̃ρ(I)ρ(j))}

+
∑

i
i6=I,J

{ãiI (̃bρ(i)ρ(I) − b̃ρ(i)ρ(J)) + ãiJ (̃bρ(i)ρ(J) − b̃ρ(i)ρ(I))}

+ ãJI (̃bρ(J)ρ(I) − b̃ρ(I)ρ(J)) + ãIJ (̃bρ(I)ρ(J) − b̃ρ(J)ρ(I))
}

it follows that (V̂ (ρ), V (ρ)), (V̂a(ρ), Va(ρ)) and (∆̂(ρ),∆(ρ)) are exchangeable pairs (see

[2]),

V̂ (ρ)− V (ρ) = xIM + xJL − xIL − xJM and independent with V (τ)

and

V̂a(ρ)− Va(ρ) = xa,IM + xa,JL − xa,IL − xa,JM and independent with Va(τ). (4.6)

Lemma 4.4. For any a ≥ 0, we have

Eρ(V̂a(ρ)) = (1− 2
n− 1

)Va(ρ) +
2

n(n− 1)

∑
i,j

xa,ij .

Proof.

Eρ(V̂a(ρ)) = Eρ(Va(ρ)− xa,Iρ(I) − xa,Jρ(J) + xa,Iρ(J) + xa,Jρ(I))

= Va(ρ)− Eρ(xa,Iρ(I) + xa,Jρ(J) − xa,Iρ(J) − xa,Jρ(I))
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= Va(ρ)− 1
n

∑
i

xa,iρ(i) −
1
n

∑
j

xa,jρ(j)

+
1

n(n− 1)

∑
i,j
i6=j

xa,iρ(j) +
1

n(n− 1)

∑
i,j
i6=j

xa,jρ(i)

= Va(ρ)− 2
n

∑
i

xa,iρ(i) +
2

n(n− 1)

∑
i,j
i6=j

xa,iρ(j)

= Va(ρ)− 2
n

Va(ρ) +
2

n(n− 1)

∑
i,j

xa,iρ(j) −
2

n(n− 1)

∑
i

xa,iρ(i)

= Va(ρ)− 2
n

Va(ρ) +
2

n(n− 1)

∑
i,j

xa,ij −
2

n(n− 1)

∑
i

xa,iρ(i)

= Va(ρ)− 2
n

Va(ρ) +
2

n(n− 1)

∑
i,j

xa,ij −
2

n(n− 1)
Va(ρ)

= (1− 2
n− 1

)Va(ρ) +
2

n(n− 1)

∑
i,j

xa,ij .

Lemma 4.5.

(i) E(V̂ (ρ)− V (ρ))2 =
4

n− 1
,

(ii) E(∆̂(ρ)−∆(ρ))2 = 8n−1E∆2(ρ) = 8n−1δ2
2 .

Proof. Follows the argument of Lemma 2.1 in Chen and Barbour([2]).

Lemma 4.6. Let a ≥ 0.

(i) If
δ

(1 + a)3
< 1, then

4
n− 1

− 17δ

16(n− 1)(1 + a)
≤ E(V̂a(ρ)− Va(ρ))2 ≤ 4

n− 1
.

(ii) E|V̂a(ρ)− Va(ρ)|3 ≤ 4δ

n
.

(iii) E|∆Va|3 ≤
32δ

n
where ∆Va := Va(ρ)− Va(τ).

(iv) E|∆V̂a|3 ≤
32δ

n
where ∆V̂a := V̂a(ρ)− Va(τ).

Proof. Let a ≥ 0 and let

ŷa,ij := xij1 (|xij | > 1 + a), αa :=
∑
i,j

x2
ij1 (|xij | > 1 + a),

and Λa :=
{
(i, j)

∣∣ |xij | > 1 + a
}
.
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Then, by (4.5),

|Λa| ≤
1

(1 + a)3
∑

(i,j)∈Λa

|xij |3 ≤
1

(1 + a)3
∑
i,j

|xij |3 =
nβ

(1 + a)3
≤ nδ

16(1 + a)3
, (4.7)

and αa ≤
1

1 + a

∑
i,j

|xij |31 (|xij | > 1 + a) ≤ nβ

1 + a
≤ nδ

16(1 + a)
. (4.8)

By the fact that

E(xIM + xJL − xIL − xJM )(ŷa,IM + ŷa,JL − ŷa,IL − ŷa,JM )

= E
[
xIM ŷa,IM + xIM ŷa,JL − xIM ŷa,IL − xIM ŷa,JM

+ xJLŷa,IM + xJLŷa,JL − xJLŷa,IL − xJLŷa,JM

− xILŷa,IM − xILŷa,JL + xILŷa,IL + xILŷa,JM

− xJM ŷa,IM − xJM ŷa,JL + xJM ŷa,IL + xJM ŷa,JM

]
= E

[
4xIM ŷa,IM + 4xIM ŷa,JL − 4xIM ŷa,IL − 4xIM ŷa,JM

]
and

E(ŷa,IM + ŷa,JL − ŷa,IL − ŷa,JM )2

= E
[
4ŷ2

a,IM
+ 4ŷIM ŷa,JL − 4ŷIM ŷa,IL − 4ŷIM ŷa,JM

]
= E

[
4xIM ŷa,IM + 4ŷIM ŷa,JL − 4ŷIM ŷa,IL − 4ŷIM ŷa,JM

]
,

we have

E(V̂a(ρ)− Va(ρ))2

= E
{
(xIM + xJL − xIL − xJM )− (ŷa,IM + ŷa,JL − ŷa,IL − ŷa,JM )

}2

= E(V̂ (ρ)− V (ρ))2

− 2E(xIM + xJL − xIL − xJM )(ŷa,IM + ŷa,JL − ŷa,IL − ŷa,JM )

+ E(ŷa,IM + ŷa,JL − ŷa,IL − ŷa,JM )2

= E(V̂ (ρ)− V (ρ))2 − 4E(xIM ŷa,IM )− 8E(xIM ŷa,JL) + 8E(xIM ŷa,IL)

+ 8E(xIM ŷa,JM ) + 4E(ŷa,IM ŷa,JL)− 4E(ŷa,IM ŷa,IL)− 4E(ŷa,IM ŷa,JM ). (4.9)

To give a bound of E(V̂a(ρ)− Va(ρ))2, we have to bound every terms on the right hand
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side of (4.9). Note that

E(xIM ŷa,IM ) =
1
n2

∑
i,m

ximŷa,im

=
1
n2

∑
i,m

x2
im1 (|xim| > 1 + a)

=
αa

n2
, (4.10)

E(xIM ŷa,JL) = ExIMxJL1 (|xJL| > 1 + a)

=
1

n2(n− 1)2
∑
i,j
i6=j

∑
l,m
l 6=m

ximxjl1 (|xjl| > 1 + a)

=
1

n2(n− 1)2
[ ∑

i,j

∑
l,m
l 6=m

ximxjl1 (|xjl| > 1 + a)

−
∑

i

∑
l,m
l 6=m

ximxil1 (|xil| > 1 + a)
]

= − 1
n2(n− 1)2

∑
i

∑
l,m
l 6=m

ximxil1 (|xil| > 1 + a) (by (4.4))

= − 1
n2(n− 1)2

[ ∑
i

∑
l,m

ximxil1 (|xil| > 1 + a)

−
∑

i

∑
m

x2
im1 (|xim| > 1 + a)

]
=

1
n2(n− 1)2

∑
i,m

x2
im1 (|xim| > 1 + a) (by (4.4))

=
αa

n2(n− 1)2
, and (4.11)

E(xIM ŷa,JM ) =
1

n2(n− 1)

∑
m

∑
i,j
i6=j

ximŷa,jm

=
1

n2(n− 1)

[ ∑
m

∑
i,j

ximŷa,jm −
∑
m

∑
i

ximŷa,im

]
= − 1

n2(n− 1)

∑
i,m

x2
im1 (|xim| > 1 + a) (by (4.4))

= − αa

n2(n− 1)
. (4.12)
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Similarly, we can show that E(xIM ŷa,IL) = − αa

n2(n− 1)
. (4.13)

By definition of Λa, we have

|E(ŷa,IM ŷa,JL)| ≤ 1
n2(n− 1)2

∑
i,j
i6=j

∑
l,m
l 6=m

|ŷa,imŷa,jl|

≤ 1
n2(n− 1)2

( ∑
i,j

|ŷij |
)2

=
1

n2(n− 1)2
[ ∑

i,j

|xij |1 (|xij | > 1 + a)
]2

≤ |Λa|
n2(n− 1)2

∑
i,j

|xij |21 (|xij | > 1 + a)

=
|Λa|αa

n2(n− 1)2
, (4.14)

and |E(ŷa,IM ŷa,IL)| and |E(ŷa,IM ŷa,JM )| are also less than or equal
|Λa|αa

n2(n− 1)
.

(4.15)

By (4.7) – (4.15) and Lemma 4.5, we have

E(V̂a(ρ)− Va(ρ))2

≤ 4
n− 1

− 4αa

n2
− 8αa

n2(n− 1)2
− 16αa

n2(n− 1)
+

4|Λa|αa

n2(n− 1)2
+

8|Λa|αa

n2(n− 1)

=
4

n− 1
+

4αa

n2

(
− 1− 2

(n− 1)2
− 4

n− 1
+

|Λa|
(n− 1)2

+
2|Λa|
n− 1

)
≤ 4

n− 1
+

4αa

n2

(
− 1− 2

(n− 1)2
− 4

n− 1
+

nδ

16(1 + a)3(n− 1)2
+

nδ

8(1 + a)3(n− 1)

)
.

(4.16)

(i) Since
δ

(1 + a)3
< 1 and (4.16), we have

E(V̂a(ρ)− Va(ρ))2

≤ 4
n− 1

+
4αa

n2

(
− 1− 2

(n− 1)2
− 4

n− 1
+

n

16(n− 1)2
+

n

8(n− 1)

)
=

4
n− 1

+
4αa

n2

(−16n2 − 29n + 14
16(n− 1)2

)
(4.17)

≤ 4
n− 1

.
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Similarly, by (4.7)-(4.15) and Lemma 4.5, we have

E(V̂a(ρ)− Va(ρ))2

≥ 4
n− 1

− 4αa

n2
− 8αa

n2(n− 1)2
− 16αa

n2(n− 1)
− 4|Λa|αa

n2(n− 1)2
− 8|Λa|αa

n2(n− 1)

=
4

n− 1
− 4αa

n2(n− 1)2
(
(n− 1)2 + 2 + 4(n− 1) + |Λa|+ 2|Λa|(n− 1)

)
≥ 4

n− 1
− 4αa

n2(n− 1)2
(
(n− 1)2 + 2 + 4(n− 1) +

nδ

16(1 + a)3
+

n(n− 1)δ
8(1 + a)3

)
≥ 4

n− 1
− 4αa

n2(n− 1)2
(
(n− 1)2 + 2 + 4(n− 1) +

n

16
+

n(n− 1)
8

)
=

4
n− 1

− 4αa

n2(n− 1)2
(9n2

8
+

31n

16
− 1

)
≥ 4

n− 1
− 17n2αa

2n2(n− 1)2

=
4

n− 1
− 17αa

2(n− 1)2

≥ 4
n− 1

− 17nδ

32(n− 1)2(1 + a)

≥ 4
n− 1

− 17δ

16(n− 1)(1 + a)
,

which proves (i).

(ii) E|V̂a(ρ)− Va(ρ)|3 = E|xa,IL + xa,JM − xa,IM − xa,JL|
3

≤ 16E
(
|xa,IL|

3 + |xa,JM |
3 + |xa,IM |

3 + |xa,JL|
3
)

= 64E|xa,IL|
3

=
64
n2

∑
i,j

|xa,ij |
3

≤ 64
n2

∑
i,j

|xij |3

=
64β

n

≤ 4δ

n
.

(iii) E|∆Va|3 = E|xa,τ−1(L)τ(I) + xa,τ−1(M)τ(J) + xa,IL + xa,JM

− xa,Iτ(I) − xa,Jτ(J) − xa,τ−1(L)L − xa,τ−1(M)M |
3
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≤ 64E
(
|xa,τ−1(L)τ(I)|

3 + |xa,τ−1(M)τ(J)|
3 + |xa,IL|

3 + |xa,JM |
3

+ |xa,Iτ(I)|
3 + |xa,Jτ(J)|

3 + |xa,τ−1(L)L|
3 + |xa,τ−1(M)M |

3
)
. (4.18)

To bound (4.18), we note that

E|xa,IL|
3 =

1
n2

∑
i,l

|xa,il|
3

≤ 1
n2

∑
i,l

|xil|3

=
β

n
. (4.19)

Similarly, we have

E|xa,JM |
3 ≤ β

n
. (4.20)

Since I and τ are independent, so

E|xa,Iτ(I)|
3 =

1
n

∑
i

E|xa,iτ(i)|
3

=
1
n2

∑
i,j

|xa,ij |
3

≤ β

n
. (4.21)

By the same argument and using the fact that I, L and τ are independent, we have

E|Xa,τ−1(L)L|3 and E|Xa,τ−1(L)τ(J)|3 are less than
β

n
. (4.22)

By the same argument and using the fact that J,M and τ are independent, we have

E|Xa,Jτ(J)|3, E|Xa,τ−1(M)M |3 and E|Xa,τ−1(M)τ(J)|3 are less than
β

n
. (4.23)

Therefore, by (4.18) – (4.23),

E|∆Va|3 ≤
512β

n
≤ 32δ

n
.

(iv) We can prove by the same argument as (iii).

Lemma 4.7. Let a ≥ 0 be such that
δ

(1 + a)3
< 1. Then

(i) |EVa(ρ)| ≤ δ

16(1 + a)2
,

(ii) EV 2
a (ρ) ≤ 1,

and there exists a constant C such that

(iii) |EV 3
a (ρ)| ≤ Cδ,

(iv) |EV 4
a (ρ)| ≤ 3 + C(1 + a)δ.
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Proof. For m ∈ N, let h : R2 → R be defined by

h(v̂, v) = (v̂ − v)(v̂m−1 + vm−1).

Then h is antisymmetric. Since (V̂a(ρ), Va(ρ)) is an exchangeable pair, by Proposition

2.10, we have

0 = E(V̂a(ρ)− Va(ρ))(V̂ m−1
a (ρ) + V m−1

a (ρ))

= E(V̂a(ρ)− Va(ρ))
{

2V m−1
a (ρ) + (V̂ m−1

a (ρ)− V m−1
a (ρ))

}
= 2E(V̂a(ρ)− Va(ρ))V m−1

a (ρ) + E(V̂a(ρ)− Va(ρ))(V̂ m−1
a (ρ)− V m−1

a (ρ))

= 2E(Eρ(V̂a(ρ))− Va(ρ))V m−1
a (ρ) + E(V̂a(ρ)− Va(ρ))(V̂ m−1

a (ρ)− V m−1
a (ρ)) (4.24)

= 2E
{

(− 2
n− 1

Va(ρ) +
2

n(n− 1)

∑
i,j

xa,ij)V m−1
a (ρ)

}
+ E(V̂a(ρ)− Va(ρ))(V̂ m−1

a (ρ)− V m−1
a (ρ)) (by Lemma 4.4)

= − 4
n− 1

EV m
a (ρ) +

4
n(n− 1)

∑
i,j

xa,ijEV m−1
a (ρ)

+ E(V̂a(ρ)− Va(ρ))(V̂ m−1
a (ρ)− V m−1

a (ρ)).

Hence

EV m
a (ρ) =

n− 1
4

E(V̂a(ρ)−Va(ρ))(V̂ m−1
a (ρ)−V m−1

a (ρ))+
1
n

∑
i,j

xa,ijEV m−1
a (ρ). (4.25)

(i) Since

| 1
n

∑
i,j

xa,ij | =
1
n
|
∑
i,j

xij1 (|xij | ≤ 1 + a)|

=
1
n
|
∑
i,j

xij1 (|xij | > 1 + a)| (by (4.4))

≤ 1
n

∑
i,j

|xij |1 (|xij | > 1 + a)

≤ 1
n(1 + a)2

∑
i,j

|xij |3

=
β

(1 + a)2

≤ δ

16(1 + a)2
(4.26)
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and (4.25), we have |EVa(ρ)| ≤ δ

16(1 + a)2
.

(ii) We note that

| 1
n

∑
i,j

xa,ijEVa(ρ)| = (
1
n

∑
i,j

xa,ij)2

=
1
n2

(
∑

(i,j)∈Λa

xij1 (|xij | > 1 + a))2

≤ |Λa|
n2

∑
(i,j)∈Λa

|xij |21 (|xij | > 1 + a)

≤ |Λa|αa

n2
. (4.27)

By (4.8), (4.17), (4.25) and (4.27), we have

EV 2
a (ρ) =

n− 1
4

E(V̂a(ρ)− Va(ρ))2 +
1
n

∑
i,j

xa,ijEVa(ρ)

≤ 1 +
αa

n

(−16n2 − 29n + 14
16(n− 1)2

)
+

αa

16n

≤ 1.

(iii) By (4.6), (4.25), (4.26), Lemma 4.6, (i) and (ii), we have

|EV 3
a (ρ)| ≤ n− 1

4
|E(V̂a(ρ)− Va(ρ))(V̂ 2

a (ρ)− V 2
a (ρ))|+ | 1

n

∑
i,j

xa,ijEV 2
a (ρ)|

≤ n− 1
4

|E(V̂a(ρ)− Va(ρ))2(V̂a(ρ) + Va(ρ))|+ | 1
n

∑
i,j

xa,ij |

≤ n− 1
4

|E(V̂a(ρ)− Va(ρ))2(2Va(τ) + ∆V̂a + ∆Va)|+
δ

16(1 + a)2

≤ n− 1
2

|E(V̂a(ρ)− Va(ρ))2Va(τ)|+ n− 1
4

E(V̂a(ρ)− Va(ρ))2|∆V̂a|

+
n− 1

4
E(V̂a(ρ)− Va(ρ))2|∆Va|+

δ

16(1 + a)2

≤ n− 1
2

E(V̂a(ρ)− Va(ρ))2|EVa(τ)|

+
n− 1

4
{E|V̂a(ρ)− Va(ρ)|3}

2
3 {E|∆V̂a|3}

1
3

+
n− 1

4
{E|V̂a(ρ)− Va(ρ)|3}

2
3 {E|∆Va|3}

1
3 + δ

≤ Cδ.
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(iv) By (4.25), (4.26) and (iii), we have

EV 4
a (ρ) ≤ n− 1

4
|E(V̂a(ρ)− Va(ρ))(V̂ 3

a (ρ)− V 3
a (ρ))|+ | 1

n

∑
i,j

xa,ijEV 3
a (ρ)|

≤ n− 1
4

|E(V̂a(ρ)− Va(ρ))(V̂ 3
a (ρ)− V 3

a (ρ))|+ Cδ2

(1 + a)2

≤ n− 1
4

|E(V̂a(ρ)− Va(ρ))(V̂ 3
a (ρ)− V 3

a (ρ))|+ C(1 + a)δ. (4.28)

Then (iv) follows from Lemma 4.6, (4.28) and the following.

|E(V̂a(ρ)− Va(ρ))(V̂ 3
a (ρ)− V 3

a (ρ))|

= |E(V̂a(ρ)− Va(ρ))2{(V̂a(ρ)− Va(ρ))2 + 3V̂a(ρ)Va(ρ)}|

≤ E(V̂a(ρ)− Va(ρ))4 + 3E(V̂a(ρ)− Va(ρ))2V 2
a (τ)

+ 3E(V̂a(ρ)− Va(ρ))2|Va(τ)(∆Va + ∆V̂a)|+ 3E(V̂a(ρ)− Va(ρ))2|∆Va∆V̂a|

≤ 4(1 + a)E|V̂a(ρ)− Va(ρ)|3 + 3E(V̂a(ρ)− Va(ρ))2EV 2
a (τ)

+ 3E(V̂a(ρ)− Va(ρ))2|Va(τ)||(∆Va + ∆V̂a)|

+ 24(1 + a)E(V̂a(ρ)− Va(ρ))2|∆Va|

≤ 4(1 + a)E|V̂a(ρ)− Va(ρ)|3 +
12

n− 1

+ 3{E|V̂a(ρ)− Va(ρ)|3|Va(τ)|
3
2 }

2
3 {E|∆Va + ∆V̂a|3}

1
3

+ 24(1 + a){E|V̂a(ρ)− Va(ρ)|3}
2
3 {E|∆Va|3}

1
3 (by 2. and Lemma 4.6(1))

≤ 4(1 + a)E|V̂a(ρ)− Va(ρ)|3 +
12

n− 1

+ 3{E|V̂a(ρ)− Va(ρ)|3}
2
3 {E|∆Va + ∆V̂a|3}

1
3

+ 24(1 + a){E|V̂a(ρ)− Va(ρ)|3}
2
3 {E|∆Va|3}

1
3

≤ C(1 + a)δ
n

+
12

n− 1
.

Lemma 4.8. Let a ≥ 0 be such that
δ

(1 + a)3
< 1. Then there exist constants Ck such

that

|EV k
a (ρ)| ≤ Ck + Ck(1 + a)k−3δ + Ck(n

1
3 δ

2
3 )k−5(1 + a)k−3δ

for k = 1, 2, . . . , 17.

Proof. We shall prove by induction. The basis step follows from Lemma 4.7(i).
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Let k ∈ {1, 2, . . . , 16}, by Lemma 4.7, we may assume that 5 ≤ k ≤ 16.

Assume that there exist constants Cm such that

|EV m
a (ρ)| ≤ Cm + Cm(1 + a)m−3δ + Cm(n

1
3 δ

2
3 )m−5(1 + a)m−3δ (4.29)

for m = 1, 2, . . . , k − 1.

Case 1. n
1
3 δ

2
3 > 1.

It suffices to show that

|EV k
a (ρ)| ≤ Ck + Ck(n

1
3 δ

2
3 )k−5(1 + a)k−3δ.

Since n
1
3 δ

2
3 > 1, by (4.29), we have

|EV m
a (ρ)| ≤ Cm + Cm(n

1
3 δ

2
3 )m−5(1 + a)m−3δ (4.30)

for m = 1, 2, . . . , k − 1.

By (4.25),

|EV k
a (ρ)| ≤ n− 1

4
|E(V̂a(ρ)− Va(ρ))(V̂ k−1

a (ρ)− V k−1
a (ρ))|+ | 1

n

∑
i,j

xa,ijEV k−1
a (ρ)|.

(4.31)

By (4.26), (4.30) and the fact that δ < (1 + a)3, we have

| 1
n

∑
i,j

xa,ijEV k−1
a (ρ)| ≤ Cδ

(1 + a)2
(Ck−1 + Ck−1(n

1
3 δ

2
3 )k−6(1 + a)k−4δ)

=
Ckδ

(1 + a)2
+ Ck(n

1
3 δ

2
3 )k−6(1 + a)k−6δ2

≤ Ck(1 + a)k−3δ + Ck(n
1
3 δ

2
3 )k−5(1 + a)k−3δ

≤ Ck(n
1
3 δ

2
3 )k−5(1 + a)k−3δ. (4.32)

Next, we consider

n− 1
4

∣∣∣E(V̂a(ρ)− Va(ρ))(V̂ k−1
a (ρ)− V k−1

a (ρ))
∣∣∣

=
n− 1

4

∣∣∣E(V̂a(ρ)− Va(ρ))2
k−2∑
i=0

V̂ i
a (ρ)V (k−2)−i

a (ρ)
∣∣∣

=
n− 1

4

∣∣∣E(V̂a(ρ)− Va(ρ))2
k−2∑
i=0

(
∆V̂a + Va(τ)

)i(
∆Va + Va(τ)

)(k−2)−i∣∣∣
≤ Ck(n− 1)E(V̂a(ρ)− Va(ρ))2

k−2∑
i=0

(
|∆V̂a|i + |Va(τ)|i

)(
|∆Va|(k−2)−i + |Va(τ)|(k−2)−i

)
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= Ck(n− 1)E(V̂a(ρ)− Va(ρ))2
k−2∑
i=0

(
|∆V̂a|i|∆Va|(k−2)−i + |∆V̂a|i|Va(τ)|(k−2)−i

+ |Va(τ)|i|∆Va|(k−2)−i + |Va(τ)|k−2
)

= Ck(n− 1)
{ k−2∑

i=0

E(V̂a(ρ)− Va(ρ))2(|∆V̂a|i|∆Va|(k−2)−i)

+
k−2∑
i=0

E(V̂a(ρ)− Va(ρ))2(|∆V̂a|i|Va(τ)|(k−2)−i)

+
k−2∑
i=0

E(V̂a(ρ)− Va(ρ))2(|Va(τ)|i|∆Va|(k−2)−i)

+
k−2∑
i=0

E(V̂a(ρ)− Va(ρ))2|Va(τ)|k−2
}

= Ck(n− 1)
{ k−2∑

i=0

E(V̂a(ρ)− Va(ρ))2(|∆V̂a|i|∆Va|(k−2)−i)

+
k−3∑
i=1

E(V̂a(ρ)− Va(ρ))2(|Va(τ)|i|∆Va|(k−2)−i)

+
k−3∑
i=1

E(V̂a(ρ)− Va(ρ))2(|Va(τ)|i|∆V̂a|(k−2)−i)

+
k−2∑
i=0

E(V̂a(ρ)− Va(ρ))2|Va(τ)|k−2
}

:= B1 + B2 + B3 + B4 (4.33)

where

B1 := Ck(n− 1)
k−2∑
i=0

E(V̂a(ρ)− Va(ρ))2(|∆V̂a|i|∆Va|(k−2)−i)

B2 := Ck(n− 1)
k−3∑
i=1

E(V̂a(ρ)− Va(ρ))2(|Va(τ)|i|∆Va|(k−2)−i)

B3 := Ck(n− 1)
k−3∑
i=1

E(V̂a(ρ)− Va(ρ))2(|Va(τ)|i|∆V̂a|(k−2)−i)

B4 := Ck(n− 1)
k−2∑
i=0

E(V̂a(ρ)− Va(ρ))2|Va(τ)|k−2.
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Since ∆Va = Va(ρ)− Va(τ) and ∆V̂a = V̂a(ρ)− Va(τ),

|∆Va| = |xa,τ−1(L)τ(I) + xa,τ−1(M)τ(J) + xa,IL + xa,JM

− xa,Iτ(I) − xa,Jτ(J) − xa,τ−1(L)L − xa,τ−1(M)M |

≤ 8(1 + a) (4.34)

and

|∆V̂a| = |xa,τ−1(L)τ(I) + xa,τ−1(M)τ(J) + xa,IM + xa,JL

− xa,Iτ(I) − xa,Jτ(J) − xa,τ−1(L)L − xa,τ−1(M)M |

≤ 8(1 + a). (4.35)

By (4.34) and (4.35), we have

B1 ≤ Ck(n− 1)(1 + a)k−3E(V̂a(ρ)− Va(ρ))2|∆Va|

or

B1 ≤ Ck(n− 1)(1 + a)k−3E(V̂a(ρ)− Va(ρ))2|∆V̂a|.

From these and the fact that

E(V̂a(ρ)− Va(ρ))2|∆V̂a| ≤ {E|V̂a(ρ)− Va(ρ)|3}
2
3 {E|∆V̂a|3}

1
3 ≤ Cδ

n

and

E(V̂a(ρ)− Va(ρ))2|∆Va| ≤ {E|V̂a(ρ)− Va(ρ)|3}
2
3 {E|∆V̂a|3}

1
3 ≤ Cδ

n
,

we have

B1 ≤ Ck(1 + a)k−3δ ≤ (n
1
3 δ

2
3 )k−5(1 + a)k−3δ. (4.36)

By Lemma 4.6(i) and (4.30),

B4 = Ck(n− 1)
k−2∑
i=0

E(V̂a(ρ)− Va(ρ))2E|Va(τ)|k−2

≤ CkE|Va(τ)|k−2

≤

Ck|EVa(τ)|k−2 if k is even

Ck(|EVa(τ)|k−1)
k−2
k−1 if k is odd

≤

Ck(Ck−2 + Ck−2(n
1
3 δ

2
3 )k−7(1 + a)k−5δ) if k is even

Ck(Ck−1 + Ck−1(n
1
3 δ

2
3 )k−6(1 + a)k−4δ)

k−2
k−1 if k is odd
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≤

Ck(Ck−2 + Ck−2(n
1
3 δ

2
3 )k−7(1 + a)k−5δ) if k is even

Ck(Ck−1 + Ck−1(n
1
3 δ

2
3 )k−6(1 + a)k−4δ) if k is odd

≤ Ck + Ck(n
1
3 δ

2
3 )k−5(1 + a)k−3δ. (4.37)

To bound B2, let

B2 :=
k−3∑
i=1

B2,i

where B2,i = Ck(n− 1)E(V̂a(ρ)− Va(ρ))2(|Va(τ)|i|∆Va|(k−2)−i).

Case 1.1
2(k − 2)

i
> 3.

By Lemma 4.6(i), (ii) and (4.30),

B2,i ≤ Ck(n− 1)
{
E|V̂a(ρ)− Va(ρ)|

2(k−2)
i |Va(τ)|k−2

} i
k−2

{
E|∆Va|k−2

} (k−2)−i
k−2

≤ Ck(n− 1)
{
E|V̂a(ρ)− Va(ρ)|

2(k−2)
i

} i
k−2

{
E|Va(τ)|k−2

} i
k−2

{
E|∆Va|k−2

} (k−2)−i
k−2

≤ Ck(n− 1)
{
(1 + a)

2(k−2)
i

−3E|V̂a(ρ)− Va(ρ)|3
} i

k−2
{
E|Va(τ)|k−2

} i
k−2

×
{
(1 + a)k−5E|∆Va|3

} (k−2)−i
k−2

≤ Ck(n− 1)
{
(1 + a)

2(k−2)
i

−3 δ

n

} i
k−2

{
E|Va(τ)|k−2

} i
k−2

{
(1 + a)k−5 δ

n

} (k−2)−i
k−2

= Ck(1 + a)k−3−iδ
{
E|Va(τ)|k−2

} i
k−2 .

Case 1.1.1 k is odd.

B2,i ≤ Ck(1 + a)k−3−iδ
{
E|Va(τ)|k−1

} i
k−1

≤ Ck(1 + a)k−3−iδ(Ck−1 + Ck−1(n
1
3 δ

2
3 )k−6(1 + a)k−4δ)

i
k−1 .

If Ck−1(n
1
3 δ

2
3 )k−6(1 + a)k−4δ ≤ 1, then

B2,i ≤ Ck(1 + a)k−3−iδ ≤ Ck(n
1
3 δ

2
3 )k−5(1 + a)k−3δ.

If Ck−1(n
1
3 δ

2
3 )k−6(1 + a)k−4δ > 1, then

B2,i ≤ Ck(1 + a)k−3−iδ((n
1
3 δ

2
3 )k−6(1 + a)k−4δ)

i
k−1

≤ Ck(1 + a)k−3−iδ((n
1
3 δ

2
3 )k−6(1 + a)k−1)

i
k−1

≤ Ck(1 + a)k−3δ(n
1
3 δ

2
3 )k−6

≤ Ck(n
1
3 δ

2
3 )k−5(1 + a)k−3δ.
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Case 1.1.2 k is even.

B2,i ≤ Ck(1 + a)k−3−iδ
{
E|Va(τ)|k−2

} i
k−2

≤ Ck(1 + a)k−3−iδ(Ck−2 + Ck−2(n
1
3 δ

2
3 )k−7(1 + a)k−5δ)

i
k−2 .

If Ck−1(n
1
3 δ

2
3 )k−7(1 + a)k−5δ ≤ 1, then

B2,i ≤ Ck(1 + a)k−3−iδ ≤ Ck(n
1
3 δ

2
3 )k−5(1 + a)k−3δ.

If Ck−1(n
1
3 δ

2
3 )k−7(1 + a)k−5δ > 1, then

B2,i ≤ Ck(1 + a)k−3−iδ((n
1
3 δ

2
3 )k−7(1 + a)k−5δ)

i
k−2

≤ Ck(1 + a)k−3−iδ((n
1
3 δ

2
3 )k−7(1 + a)k−2)

i
k−2

≤ Ck(1 + a)k−3δ(n
1
3 δ

2
3 )k−7

≤ Ck(n
1
3 δ

2
3 )k−5(1 + a)k−3δ.

Case 1.2
2(k − 2)

i
≤ 3.

By Lemma 4.6(i), (ii) and (4.30),

B2,i ≤ Ck(n− 1)
{
E|V̂a(ρ)− Va(ρ)|

2(k−2)
i

} i
k−2

{
E|Va(τ)|k−2

} i
k−2

{
E|∆Va|k−2

} (k−2)−i
k−2

≤ Ck(n− 1)
{
E|V̂a(ρ)− Va(ρ)|3

} 2
3
{
E|Va(τ)|k−2

} i
k−2

{
(1 + a)k−5E|∆Va|3

} (k−2)−i
k−2

≤ Ck(n− 1)
{ δ

n

} 2
3
{
E|Va(τ)|k−2

} i
k−2

{
(1 + a)k−5 δ

n

} (k−2)−i
k−2

≤ Ckn
1
3
− (k−2)−i

k−2 δ
2
3
+

(k−2)−i
k−2 (1 + a)

(k−5)(k−2−i)
k−2

{
E|Va(τ)|k−2

} i
k−2

= Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ3− 3i

k−2 (1 + a)
(k−5)(k−2−i)

k−2
{
E|Va(τ)|k−2

} i
k−2

= Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δδ2− 3i

k−2 (1 + a)
(k−5)(k−2−i)

k−2
{
E|Va(τ)|k−2

} i
k−2

≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)3(2− 3i

k−2
)(1 + a)

(k−5)(k−2−i)
k−2

{
E|Va(τ)|k−2

} i
k−2

= Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)

k2−k−4i−2−ki
k−2

{
E|Va(τ)|k−2

} i
k−2

≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i

{
E|Va(τ)|k−2

} i
k−2

where we have used the fact that
k2 − k − 4i− 2− ki

k − 2
≤ k − 3− i for i ≥ 2(k − 2)

3
in

the last inequality.

Case 1.2.1 k is odd.

B2,i ≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i{E|Va(τ)|k−1}

i
k−1

≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i(Ck−1 + Ck−1(n

1
3 δ

2
3 )k−6(1 + a)k−4δ)

i
k−1 .
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If Ck−2(n
1
3 δ

2
3 )k−6(1 + a)k−4δ ≤ 1, then

B2,i ≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i ≤ Ck(n

1
3 δ

2
3 )k−5δ(1 + a)k−3

where we have used the fact that
4 + 3i− 2k

k − 2
≤ k−5 for i ≤ k−3 in the last inequality.

If Ck−1(n
1
3 δ

2
3 )k−6(1 + a)k−4δ > 1, then

B2,i ≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i{(n

1
3 δ

2
3 )k−6(1 + a)k−4δ

} i
k−1

≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i{(n

1
3 δ

2
3 )k−6(1 + a)k−1

} i
k−1

= Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2

+
(k−6)i

k−1 δ(1 + a)k−3

≤ Ck(n
1
3 δ

2
3 )k−5δ(1 + a)k−3

where we have used the fact that
4 + 3i− 2k

k − 2
+

(k − 6)i
k − 1

≤ k−5 for
2(k − 3)

3
≤ i ≤ k−3

in the last inequality.

Case 1.2.2 k is even.

B2,i ≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i

{
E|Va(τ)|k−2

} i
k−2

≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i(Ck−2 + Ck−2(n

1
3 δ

2
3 )k−7(1 + a)k−5δ)

i
k−2 .

If Ck−2(n
1
3 δ

2
3 )k−7(1 + a)k−5δ ≤ 1, then

B2,i ≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i ≤ Ck(n

1
3 δ

2
3 )k−5δ(1 + a)k−3

where we have used the fact that
4 + 3i− 2k

k − 2
≤ k−5 for i ≤ k−3 in the last inequality.

If Ck−1(n
1
3 δ

2
3 )k−7(1 + a)k−5δ > 1, then

B2,i ≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i(n

1
3 δ

2
3 )k−7(1 + a)k−5δ

} i
k−2

≤ Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2 δ(1 + a)k−3−i

{
(n

1
3 δ

2
3 )k−7(1 + a)k−2

} i
k−2

= Ck(n
1
3 δ

2
3 )

4+3i−2k
k−2

+
(k−7)i

k−2 δ(1 + a)k−3

≤ Ck(n
1
3 δ

2
3 )k−5δ(1 + a)k−3

where we have used the fact that
4 + 3i− 2k

k − 2
+

(k − 7)i
k − 2

≤ k−5 for
2(k − 2)

3
≤ i ≤ k−3

and k ≤ 17 in the last inequality.
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Therefore

B2,i ≤ Ck(n
1
3 δ

2
3 )k−5δ(1 + a)k−3

for i = 1, 2, . . . , k − 3 which implies

B2 ≤ Ck(n
1
3 δ

2
3 )k−5δ(1 + a)k−3. (4.38)

For B3, we can use the same argument of B2 to show that

B3 ≤ Ck(n
1
3 δ

2
3 )k−5δ(1 + a)k−3. (4.39)

Therefore, by (4.31) – (4.33) and (4.36) – (4.39),

|EV k
a ρ| ≤ Ck + Ck(n

1
3 δ

2
3 )k−5(1 + a)k−3δ if n

1
3 δ

2
3 > 1.

Case 2. n
1
3 δ

2
3 ≤ 1.

We can prove by the similar argument of case 1 by replacing n
1
3 δ

2
3 with 1.

Therefore, the lemma holds.

To prove the concentration inequality(Lemma 4.11), we construct the following sys-

tem.

Let I, J, L,M be defined as in Chapter 3 and

ca[(i, j), (l, m)] := |xa,il + xa,jm − xa,im − xa,jl|min(|xa,il + xa,jm − xa,im − xa,jl|, δ),

c′a[(i, j), (l, m)] := ca[(i, j), (l,m)]− Eca[(i, j), (ρ(i), ρ(j))],

Ca(ρ) :=
∑
i,j
i6=j

c′a[(i, j), (ρ(i), ρ(j))],

Ca(τ) :=
∑
i,j
i6=j

c′a[(i, j), (τ(i), τ(j))]

and Ĉa(ρ) := Ca(ρ)− c′a[(I, J), (ρ(I), ρ(J))]− c′a[(L,M), (ρ(L), ρ(M))]

+ c′a[(I, J), (ρ(L), ρ(M))] + c′a[(L,M), (ρ(I), ρ(J))].

It follows that (Ĉa(ρ), Ca(ρ)) is an exchangeable pairs.

Lemma 4.9. Let a ≥ 0 be such that
δ

(1 + a)3
< 1. Then

(i) E(Ĉa(ρ)− Ca(ρ))2 ≤ 96δ2

n− 1
,

(ii) E|Ĉa(ρ)− Ca(ρ)|3 ≤ Cδ4

n
for some constant C,

(iii) EC2
a(ρ) ≤ 16nδ2.
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Proof. (i) By the same argument of (3.8), we have

E(Ĉa(ρ)− Ca(ρ))2

≤ 8Ec2
a[(I, J), (ρ(L), ρ(M))] + 8Ec2

a[(I, J), (ρ(I), ρ(J))]

=
8

n(n− 1)(n(n− 1)− 1)

∑
i,j
i6=j

(i,j) 6=

∑
l,m
l 6=m
(l,m)

Ec2
a[(i, j), (ρ(l), ρ(m))]

+
8

n(n− 1)

∑
i,j
i6=j

Ec2
a[(i, j), (ρ(i), ρ(j))]

=
8

n(n− 1)(n(n− 1)− 1)

∑
i,j
i6=j

(i,j) 6=

∑
l,m
l 6=m
(l,m)

c2
a[(i, j), (l, m)]

+
8

n2(n− 1)2
∑
i,j
i6=j

∑
l,m
l 6=m

c2
a[(i, j), (l, m)]

≤ 16
n2(n− 1)2

∑
i,j
i6=j

∑
l,m
l 6=m

c2
a[(i, j), (l, m)] +

8
n2(n− 1)2

∑
i,j
i6=j

∑
l,m
l 6=m

c2
a[(i, j), (l, m)]

≤ 24δ2

n2(n− 1)2
∑
i,j
i6=j

∑
l,m
l 6=m

|xa,il + xa,jm − xa,im − xa,jl|2

= 24δ2E(V̂a(ρ)− Va(ρ))2

≤ 96δ2

n− 1

where we have used Lemma 4.6(i) in the last inequality.

(ii) By the same argument of (i) and Lemma 4.6(ii), we have

E|Ĉa(ρ)− Ca(ρ)|3 = E|ca[(I, J), (ρ(I), ρ(J))] + ca[(L,M), (ρ(L), ρ(M))]

− ca[(I, J), (ρ(L), ρ(M))]− ca[(L,M), (ρ(I), ρ(J))]|3

≤ Cδ3E|V̂a(ρ)− Va(ρ)|3

≤ Cδ3
(4δ

n

)
=

Cδ4

n
.

(iii) By the same argument of (3.9), we have

EρĈa(ρ) =
(
1− 2

n(n− 1)− 1

)
Ca(ρ). (4.40)
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Applying the argument of (4.24) by using (4.40) and V̂a(ρ) = Ĉa(ρ), Va(ρ) = Ca(ρ) and

m = 2, respectively. Then

EC2
a(ρ) =

n(n− 1)− 1
4

E(Ĉa(ρ)− Ca(ρ))2. (4.41)

Therefore, (iii) follows from (i).

Lemma 4.10. Let a ≥ 0 be such that (1 + a)δ < 1. Then

E(ηa(δ)− Eηa(δ))4 ≤ Cδ4

where ηa(δ) :=
n− 1

4
Eρ

{
|V̂a(ρ)− Va(ρ)|min(|V̂a(ρ)− Va(ρ)|, δ)

}
.

Proof. By the same argument of (3.11), we have

E(ηa(δ)− Eηa(δ))4 =
1

256
EC4

a(ρ),

so it suffices to show that

EC4
a(ρ) ≤ Cn4δ4.

Let κ and Γ be defined as in Lemma 3.5. Then

|Γ| ≤ Cn (4.42)

and c′a[(i, j), (ρ(i), ρ(j))] = c′a[(i, j), (τ(i), τ(j))] on κ− Γ. Hence

∆Ca =
∑

(i,j)∈Γ

c′a[(i, j), (ρ(i), ρ(j))]−
∑

(i,j)∈Γ

c′a[(i, j), (τ(i), τ(j))], (4.43)

which implies that

E|∆Ca|3 = E
∣∣∣ ∑
(i,j)∈Γ

c′a[(i, j), (ρ(i), ρ(j))]−
∑

(i,j)∈Γ

c′a[(i, j), (τ(i), τ(j))]
∣∣∣3

= E
∣∣∣ ∑
(i,j)∈Γ

ca[(i, j), (ρ(i), ρ(j))]−
∑

(i,j)∈Γ

ca[(i, j), (τ(i), τ(j))]
∣∣∣3

≤ Cn2E
∑
i,j
i6=j

|ca[(i, j), (ρ(i), ρ(j))]|3

≤ Cn2δ3
∑
i,j
i6=j

E|xa,iρ(i) + xa,iρ(j) − xa,iρ(j) − xa,jρ(i)|3

= Cn3(n− 1)δ3E|V̂a(ρ)− Va(ρ)|3

≤ Cn3δ4. (by Lemma 4.6(ii)) (4.44)
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We observe that

E|∆Ĉa|3 = E|∆Ca + Ĉa(ρ)− Ca(ρ)|3

≤ C
(
E|∆Ca|3 + E|Ĉa(ρ)− Ca(ρ)|3

)
≤ Cn3δ4. (4.45)

Using the same technique of (4.41), we have

EC4
a(ρ) =

n(n− 1)− 1
4

E(Ĉa(ρ)− Ca(ρ))(Ĉ3
a(ρ)− C3

a(ρ)). (4.46)

By Lemma 4.9, (4.44), (4.45) and the fact that

|∆Ĉa| = |Ĉa(ρ)− Ca(τ)|

= |Ca(ρ)− Ca(τ)− c′a[(I, J), (ρ(I), ρ(J))]− c′a[(L,M), (ρ(L), ρ(M))]

+ c′a[(I, J), (ρ(L), ρ(M))] + c′a[(L,M), (ρ(I), ρ(J))]|

≤ |∆Ca|+ |ca[(I, J), (ρ(I), ρ(J))]|+ |ca[(L,M), (ρ(L), ρ(M))]|

+ |ca[(I, J), (ρ(L), ρ(M))]|+ |ca[(L,M), (ρ(I), ρ(J))]|

≤ |∆Ca|+ 16(1 + a)δ

≤ 2|Γ(I, J)|(1 + a)δ + 16(1 + a)δ (by (4.43))

≤ Cn, (by (4.42))

we have

E(Ĉa(ρ)− Ca(ρ))(Ĉ3
a(ρ)− C3

a(ρ))

= E[(Ĉa(ρ)− Ca(ρ))2{(Ĉa(ρ)− Ca(ρ))2 + 3Ĉa(ρ)C(ρ)}]

= E(Ĉa(ρ)− Ca(ρ))4 + 3E(Ĉa(ρ)− Ca(ρ))2C2
a(τ)

+ 3E(Ĉa(ρ)− Ca(ρ))2Ca(τ)(∆Ca + ∆Ĉa)

+ 3E(Ĉa(ρ)− Ca(ρ))2∆Ca∆Ĉa

≤ 16(1 + a)δE|Ĉa(ρ)− Ca(ρ)|3 + 3E(Ĉa(ρ)− Ca(ρ))2EC2
a(τ)

+ 3E(Ĉa(ρ)− Ca(ρ))2|Ca(τ)||∆Ca + ∆Ĉa|

+ CnE(Ĉa(ρ)− Ca(ρ))2|∆Ca|

≤ CE|Ĉa(ρ)− Ca(ρ)|3 + 3E(Ĉa(ρ)− Ca(ρ))2EC2
a(τ)

+ 3{E|Ĉa(ρ)− Ca(ρ)|3|Ca(τ)|
3
2 }

2
3 {E|∆Ca + ∆Ĉa|3}

1
3

+ Cn{E|Ĉa(ρ)− Ca(ρ)|3}
2
3 {E|∆Ca|3}

1
3
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= CE|Ĉa(ρ)− Ca(ρ)|3 + 3E(Ĉa(ρ)− Ca(ρ))2EC2
a(τ)

+ 3{E|Ĉa(ρ)− Ca(ρ)|3E|Ca(τ)|
3
2 }

2
3 {E|∆Ca + ∆Ĉa|3}

1
3

+ Cn{E|Ĉa(ρ)− Ca(ρ)|3}
2
3 {E|∆Ca|3}

1
3

≤ CE|Ĉa(ρ)− Ca(ρ)|3 + 3E(Ĉa(ρ)− Ca(ρ))2EC2
a(τ)

+ 3{E|Ĉa(ρ)− Ca(ρ)|3}
2
3 {EC2

a(τ)}
1
2 {E|∆Ca + ∆Ĉa|3}

1
3

+ Cn{E|Ĉa(ρ)− Ca(ρ)|3}
2
3 {E|∆Ca|3}

1
3

≤ Cδ4

n
+ 3

( 96δ2

n− 1

)
(16nδ2) + 3

(Cδ4

n

) 2
3 (16nδ2)

1
2 (Cn3δ4)

1
3

+ Cn
(Cδ4

n

) 2
3 (Cn3δ4)

1
3

≤ Cδ4

n
+ Cδ4 + Cnδ5 + Cn2δ4

≤ Cn2δ4.

Therefore

EC4
a(ρ) ≤ Cn4δ4.

This complete the proof.

4.2 Concentration Inequality

In this section, we give a concentration inequality lemma which we will use to prove the

main theorem in the next section.

Lemma 4.11. (Concentration inequality) Assume that (1 + z)5δ < 1. Then for

every z ≥ 0,

max
{

P
(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)
, P

(
z ≤ Vz(ρ) ≤ z + |∆(ρ)|, |∆(ρ)| ≤ z

3
)}

≤ C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
for some constant C.

Proof. We shall show only the case that

P
(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

≤ C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
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For the case

P
(
z ≤ Vz(ρ) ≤ z + |∆(ρ)|, |∆(ρ)| ≤ z

3
)

≤ C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
,

we can prove by the same argument.

For any γ ∈ R, we define fγ : R → R by

fγ(w) =


0 for w ≤ z − |γ| − δ

(1 + |w|3)(w − z + |γ|+ δ) for z − |γ| − δ ≤ w ≤ z + δ

(1 + |w|3)(|γ|+ 2δ) for w > z + δ.

First, we note that

min(x, y) ≥ x− x2

4y
for x ≥ 0, y > 0,

so that, by Lemma 4.6(i), (ii) and the fact that δ < 1, we have

E(ηz(δ)) =
n− 1

4
E{|V̂z(ρ)− Vz(ρ)|min(|V̂z(ρ)− Vz(ρ)|, δ)}

≥ n− 1
4

E
{
|V̂z(ρ)− Vz(ρ)|

(
|V̂z(ρ)− Vz(ρ)| − |V̂z(ρ)− Vz(ρ)|2

4δ

)}
=

n− 1
4

{
E|V̂z(ρ)− Vz(ρ)|2 − 1

4δ
E|V̂z(ρ)− Vz(ρ)|3

}
≥ n− 1

4
{ 4

n− 1
− 17δ

16(n− 1)(1 + a)
− 1

4δ

(4δ

n

)
}

= 1− 17δ

64(1 + a)
− n− 1

4n

≥ 1− 17δ

64
− 1

4

≥ 1
4
. (4.47)

Let

M(t) =
n− 1

4
(V̂z(ρ)− Vz(ρ)){1 (0 ≤ t ≤ V̂z(ρ)− Vz(ρ))− 1 (V̂z(ρ)− Vz(ρ) ≤ t < 0)}.

From the facts that

M(t) ≥ 0 for all t,

f ′∆(ρ)(w) ≥ 1 + |w|3 for z − |∆(ρ)| − δ ≤ w ≤ z + δ and

f ′∆(ρ)(w) ≥ 0 for all w,
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and (4.47), we have

n− 1
4

E
{(

V̂z(ρ)− Vz(ρ)
)(

f∆(ρ)(V̂z(ρ))− f∆(ρ)(Vz(ρ))
)}

=
n− 1

4
E

{(
V̂z(ρ)− Vz(ρ)

) ∫ V̂z(ρ)−Vz(ρ)

0
f ′∆(ρ)

(
Vz(ρ) + t

)
dt

}
= E

{∫ ∞

−∞
f ′∆(ρ)

(
Vz(ρ) + t

)
M(t)dt

}
≥ E

{
(1 + |Vz(ρ)|3)1 (z − |∆(ρ)| ≤ Vz(ρ) ≤ z)

∫
|t|≤δ

M(t)dt
}

≥ E
{

(1 + |Vz(ρ)|3)1
(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
) ∫

|t|≤δ
M(t)dt

}
=

n− 1
4

E
{

(1 + |Vz(ρ)|3)1
(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

× |V̂z(ρ)− Vz(ρ)|min(|V̂z(ρ)− Vz(ρ)|, δ)
}

=
n− 1

4
E

{
(1 + |Vz(ρ)|3)1

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

× Eρ|V̂z(ρ)− Vz(ρ)|min(|V̂z(ρ)− Vz(ρ)|, δ)
}

= E
{

(1 + |Vz(ρ)|3)1
(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)
ηz(δ)

}
= E

{
(Eηz(δ) + {ηz(δ)− Eηz(δ)})(1 + |Vz(ρ)|3)

× 1
(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)}

≥ Eηz(δ)E(1 + |Vz(ρ)|3)1
(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

−
∣∣∣E{ηz(δ)− Eηz(δ)}(1 + |Vz(ρ)|3)1

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)∣∣∣

≥ 1
4

(
1 +

(2z

3
)3

)
P

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

−
∣∣∣E{ηz(δ)− Eηz(δ)}(1 + |Vz(ρ)|3)1

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)∣∣∣. (4.48)

Next, we will bound the second term on the right hand side of (4.48).

By the Cauchy-Schwarz inequality, Lemma 4.8 and Lemma 4.10, we have

E
∣∣∣{ηz(δ)− Eηz(δ)}(1 + |Vz(ρ)|3)1

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)∣∣∣

= E
{(1

2
1
(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
))(

2(1 + |Vz(ρ)|3)|ηz(δ)− Eηz(δ)|
)}

≤ 1
8
E1

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

+ 2E(1 + |Vz(ρ)|3)2|ηz(δ)− Eηz(δ)|2

≤ 1
8
P

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

+ 2{E(1 + |Vz(ρ)|3)4}
1
2 (E|ηz(δ)− Eηz(δ)|4)

1
2



64

≤ 1
8

(
1 +

(2z

3

)3)
P

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

+ C(1 + E|Vz(ρ)|12)(E|ηz(δ)− Eηz(δ)|4)
1
2

≤ 1
8

(
1 +

(2z

3

)3)
P

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

+ C(1 + (n
1
3 δ

2
3 )7(1 + z)9δ + (1 + z)9δ)δ2

≤ 1
8

(
1 +

(2z

3

)3)
P

(
z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

+ C(1 + (n
1
3 δ

2
3 )7)δ (4.49)

By (4.48) and (4.49), we have

P (z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
) ≤ C

1 +
(2z

3

)3

{
B + δ + δ(n

1
2 δ)

14
3

}
, (4.50)

where B =
n− 1

4
E

(
V̂z(ρ)− Vz(ρ)

)(
f∆(ρ)(V̂z(ρ))− f∆(ρ)(Vz(ρ))

)
.

By Lemma 4.4 and the exchangeability of (V̂z(ρ), Vz(ρ)) and (∆̂(ρ),∆(ρ)), we have

0 = E
(
V̂z(ρ)− Vz(ρ)

)(
f∆(ρ)(V̂z(ρ)) + f

∆̂(ρ)
(Vz(ρ))

)
= E

(
V̂z(ρ)− Vz(ρ)

)[
2f∆(ρ)(Vz(ρ)) +

(
f∆(ρ)(V̂z(ρ))− f∆(ρ)(Vz(ρ))

)
+

(
f
∆̂(ρ)

(Vz(ρ))− f∆(ρ)(Vz(ρ))
)]

= 2E
(
V̂z(ρ)− Vz(ρ)

)
f∆(ρ)(Vz(ρ))

+ E
(
V̂z(ρ)− Vz(ρ)

)(
f∆(ρ)(V̂z(ρ))− f∆(ρ)(Vz(ρ))

)
+ E

(
V̂z(ρ)− Vz(ρ)

)(
f
∆̂(ρ)

(Vz(ρ))− f∆(ρ)(Vz(ρ))
)

= 2E
(
Eρ

(
V̂z(ρ)− Vz(ρ)

))
f∆(ρ)(Vz(ρ))

+ E
(
V̂z(ρ)− Vz(ρ)

)(
f∆(ρ)(V̂z(ρ))− f∆(ρ)(Vz(ρ))

)
+ E

(
V̂z(ρ)− Vz(ρ)

)(
f
∆̂(ρ)

(Vz(ρ))− f∆(ρ)(Vz(ρ))
)

= 2E
(
− 2

n− 1
Vz(ρ) +

2
n(n− 1)

∑
i,j

xz,ij

)
f∆(ρ)(Vz(ρ)) (by Lemma 4.4)

+ E
(
V̂z(ρ)− Vz(ρ)

)(
f∆(ρ)(V̂z(ρ))− f∆(ρ)(Vz(ρ))

)
+ E

(
V̂z(ρ)− Vz(ρ)

)(
f
∆̂(ρ)

(Vz(ρ))− f∆(ρ)(Vz(ρ))
)

= − 4
n− 1

Ef∆(ρ)(Vz(ρ))
(
Vz(ρ)− 1

n

∑
i,j

xz,ij

)
+ E

(
V̂z(ρ)− Vz(ρ)

)(
f∆(ρ)(V̂z(ρ))− f∆(ρ)(Vz(ρ))

)
+ E

(
V̂z(ρ)− Vz(ρ)

)(
f
∆̂(ρ)

(Vz(ρ))− f∆(ρ)(Vz(ρ))
)
.
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Hence

B = B1 + B2 (4.51)

where

B1 = Ef∆(ρ)(Vz(ρ))
(
Vz(ρ)− 1

n

∑
i,j

xz,ij

)
and

B2 = −n− 1
4

E
(
V̂z(ρ)− Vz(ρ)

)(
f
∆̂(ρ)

(Vz(ρ))− f∆(ρ)(Vz(ρ))
)
.

By the definition of f∆(ρ), (4.26), Lemma 4.7 and Lemma 4.8,

|B1| ≤ E
∣∣f∆(ρ)(Vz(ρ))

(
Vz(ρ)− 1

n

∑
i,j

xz,ij

)∣∣
≤ E

{∣∣(1 + |Vz(ρ)|3)(|∆(ρ)|+ 2δ)
∣∣(∣∣Vz(ρ)

∣∣ +
∣∣ 1
n

∑
i,j

xz,ij

∣∣)}
= E

{
|∆(ρ)||Vz(ρ)|+ |∆(ρ)|

∣∣ 1
n

∑
i,j

xz,ij

∣∣ + 2δ|Vz(ρ)|+ 2δ
∣∣ 1
n

∑
i,j

xz,ij

∣∣
+ |∆(ρ)||Vz(ρ)|4 + |∆(ρ)|

∣∣ 1
n

∑
i,j

xz,ij

∣∣|Vz(ρ)|3 + 2δ|Vz(ρ)|4

+ 2δ
∣∣ 1
n

∑
i,j

xz,ij

∣∣|Vz(ρ)|3
}

≤ C
{

E|∆(ρ)||Vz(ρ)|+ δ

(1 + z)2
E|∆(ρ)|+ δE|Vz(ρ)|+ δ2

(1 + z)2

+ E|∆(ρ)||Vz(ρ)|4 +
δ

(1 + z)2
E|∆(ρ)||Vz(ρ)|3 + δE|Vz(ρ)|4

+
δ2

(1 + z)2
E|Vz(ρ)|3

}
≤ C

{{
E|∆(ρ)|2

} 1
2
{
E|Vz(ρ)|2

} 1
2 +

δ

(1 + z)2
{
E|∆(ρ)|2

} 1
2 + δ

{
E|Vz(ρ)|2

} 1
2

+
δ2

(1 + z)2
+

{
E|∆(ρ)|2

} 1
2
{
E|Vz(ρ)|8

} 1
2 +

δ

(1 + z)2
{
E|∆(ρ)|2

} 1
2
{
E|Vz(ρ)|6

} 1
2

+ δE|Vz(ρ)|4 +
δ2

(1 + z)2
{
E|Vz(ρ)|4

} 3
4

}
≤ C

{
δ2 +

δδ2

(1 + z)2
+ δ +

δ2

(1 + z)2
+ δ2

{
1 + (n

1
3 δ

2
3 )3(1 + z)5δ + (1 + z)5δ

} 1
2

+
δδ2

(1 + z)2
{
1 + (n

1
3 δ

2
3 )(1 + z)3δ + (1 + z)3δ

} 1
2

+ δ(1 + (1 + z)δ) +
δ2

(1 + z)2
{
1 + (1 + z)δ

} 3
4

}
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≤ C
{

δ2 + δδ2 + δ + δ2 + δ2

{
1 + (n

1
3 δ

2
3 )3

} 1
2 + δδ2

{
1 + (n

1
3 δ

2
3 )

} 1
2

}
≤ C

{
δ + δ2 + δ2 + δδ2 + δ2(n

1
2 δ) + δδ2(n

1
2 δ)

1
3

}
. (4.52)

As to B2, we note that

|f
∆̂(ρ)

(w)− f∆(ρ)(w)| ≤ (1 + |w|3)||∆̂(ρ)| − |∆(ρ)|| ≤ (1 + |w|3)|∆̂(ρ)−∆(ρ)|,

(see [3]).

Hence, by the Hölder inequality, (4.34), Lemma 4.5, Lemma 4.6 and Lemma 4.8,

|B2| ≤
n− 1

4
E

{
|V̂z(ρ)− Vz(ρ)||f

∆̂(ρ)
(Vz(ρ))− f∆(ρ)(Vz(ρ))|

}
≤ n− 1

4
E

{
|V̂z(ρ)− Vz(ρ)|(1 + |Vz(ρ)|3)|∆̂(ρ)−∆(ρ)|

}
≤ n− 1

4

{
E|V̂z(ρ)− Vz(ρ)|2(1 + |Vz(ρ)|3)2

} 1
2
{

E|∆̂(ρ)−∆(ρ)|2
} 1

2

≤ n− 1
4

{
E|V̂z(ρ)− Vz(ρ)|2(1 + (|Vz(τ)|+ |∆Vz|)3)2

} 1
2
{

E|∆̂(ρ)−∆(ρ)|2
} 1

2

≤ C(n− 1)
{

E|V̂z(ρ)− Vz(ρ)|2(1 + |Vz(τ)|3 + |∆Vz|3)2
} 1

2
{

E|∆̂(ρ)−∆(ρ)|2
} 1

2

≤ C(n− 1)
{

E|V̂z(ρ)− Vz(ρ)|2 + E|V̂z(ρ)− Vz(ρ)|2E|Vz(τ)|6

+ E|V̂z(ρ)− Vz(ρ)|2|∆Vz|6)
} 1

2
{

E|∆̂(ρ)−∆(ρ)|2
} 1

2

≤ C(n− 1)
{ C

n− 1
+

C

n− 1
E|Vz(τ)|6

+
{
E|V̂z(ρ)− Vz(ρ)|3

} 2
3
{
E|∆Vz|18

} 1
3

} 1
2 {δ2

2

n
}

1
2

≤ Cn
1
2 δ2

{ C

n− 1
+

C

n− 1
(1 + n

1
3 δ

2
3 (1 + a)3δ + (1 + a)3δ)

+
{ δ

n

} 2
3
{
(1 + a)15E|∆Vz|3

} 1
3

} 1
2

≤ Cn
1
2 δ2

{ C

n− 1
+

C

n− 1
(1 + n

1
3 δ

2
3 ) +

{ δ

n

} 2
3
{
(1 + a)15

δ

n

} 1
3

} 1
2

≤ Cn
1
2 δ2

{ C

n− 1
+

C

n− 1
(1 + n

1
3 δ

2
3 ) +

(1 + a)5δ
n

} 1
2

≤ C{δ2 + δ2(n
1
2 δ)

1
3 }. (4.53)
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Hence by (4.50)-(4.53),

P (z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

≤ C

1 +
(

2z
3

)3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}

≤ C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}

4.3 Proof of the Main Result

It suffices to consider z ≥ 0 as we can apply the result to −W when z < 0. Let z ≥ 0.

Case 1. 0 ≤ z < 1.

By Theorem 4.1, we have∣∣∣P(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣ ≤ C(δ + δ2 + δ2) ≤
C

1 + z3
(δ + δ2 + δ2).

Case 2. z ≥ 1.

If
δ

(1 + z)3
≥ 1, then

∣∣∣P(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣ ≤ 1 ≤ Cδ

(1 + z)3
≤ Cδ

1 + z3
.

Assume that
δ

(1 + z)3
< 1.

We observe that

−P (z − |∆(π)| ≤ V (π) ≤ z) ≤ −P (V (π) ≤ z) + P (V (π) ≤ z − |∆(π)|)

= −P (V (π) ≤ z) + P
(W − µ

σ
−∆(π) ≤ z − |∆(π)|

)
≤ P

(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

≤ P
(W − µ

σ
−∆(π) ≤ z + |∆(π)|

)
− P (V (π) ≤ z)

≤ P (z ≤ V (π) ≤ z + |∆(π)|) (4.54)
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and

P (z − |∆(π)| ≤ V (π) ≤ z)

= P (z − |∆(π)| ≤ V (π) ≤ z, |∆(π)| ≤ z

3
) + P (z − |∆(π)| ≤ V (π) ≤ z, |∆(π)| > z

3
)

≤ P (z − |∆(π)| ≤ V (π) ≤ z, |∆(π)| ≤ z

3
) + P (|∆(π)| > z

3
)

= P (z − |∆(π)| ≤ V (π) ≤ z, |∆(π)| ≤ z

3
, max
1≤i≤n

|xiπ(i)| ≤ 1 + z)

+ P (z − |∆(π)| ≤ V (π) ≤ z, |∆(π)| ≤ z

3
, max
1≤i≤n

|xiπ(i)| > 1 + z) + P (|∆(π)| > z

3
)

≤ P (z − |∆(π)| ≤ Vz(π) ≤ z, |∆(π)| ≤ z

3
) + P (V (π) ≥ 2z

3
, max
1≤i≤n

|xiπ(i)| > 1 + z)

+ P (|∆(π)| > z

3
)

≤ P (z − |∆(π)| ≤ Vz(π) ≤ z, |∆(π)| ≤ z

3
) +

∑
i

P (V (π) ≥ 2z

3
, |xiπ(i)| > 1 + z)

+ P (|∆(π)| > z

3
)

= P (z − |∆(π)| ≤ Vz(π) ≤ z, |∆(π)| ≤ z

3
) +

∑
i

P (|xiπ(i)| > 1 + z) + P (|∆(π)| > z

3
)

= P (z − |∆(π)| ≤ Vz(π) ≤ z, |∆(π)| ≤ z

3
) +

∑
i

E|xiπ(i)|3

(1 + z)3
+

E|∆(π)|2

( z
3)2

= P (z − |∆(π)| ≤ Vz(π) ≤ z, |∆(π)| ≤ z

3
) +

Cδ

1 + z3
+

Cδ2
2

1 + z2
. (4.55)

Next, we give the argument for

P (z − |∆(π)| ≤ Vz(π) ≤ z, |∆(ρ)| ≤ z

3
).

Case 2.1 (1 + z)5δ ≥ 1.

P (z − |∆(π)| ≤ Vz(π) ≤ z, |∆(ρ)| ≤ z

3
)

≤ P (Vz(π) ≥ 2z

3
)

≤ E|Vz(π)|8

(2z
3 )8

≤ CE|Vz(π)|8

(1 + z)8

≤ C(1 + (1 + z)5δ + (n
1
2 δ)2(1 + z)5δ)

(1 + z)8

≤ C

(1 + z)8
+

C((1 + z)5δ + (n
1
2 δ)2(1 + z)5δ)

(1 + z)8
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≤ C(1 + z)5δ
(1 + z)8

+
C(n

1
2 δ)2(1 + z)5δ
(1 + z)8

≤ Cδ

(1 + z)3
+

C(nδ2)δ
(1 + z)3

≤ C(δ + δ(n
1
2 δ)2)

1 + z3
.

Case 2.2 (1 + z)5δ < 1.

By Lemma 4.11, we see that

P (z − |∆(ρ)| ≤ Vz(ρ) ≤ z, |∆(ρ)| ≤ z

3
)

≤ C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
.

Therefore by (4.54) and (4.55), we have

P
(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

≥ −P (z − |∆(π)| ≤ Vz(π) ≤ z, |∆(π)| ≤ z

3
)− Cδ

1 + z3
− Cδ2

2

1 + z2

≥ − C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
− Cδ

1 + z3
− Cδ2

2

1 + z2

= − C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
− Cδ2

2

1 + z2
.

Similarly, we can show that

P
(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

≤ C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
+

Cδ2
2

1 + z2
.

Therefore (4.2) holds.

To prove (4.3), we observe that

V (π) =
∑

i

xiπ(i) and sup
i,j
|xij | ≤

K√
n
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so by Theorem 3.2, we have

|P (V (π) ≤ z)− Φ(z)| ≤ C

(1 + z3)
√

n
. (4.56)

Hence (4.3) follows from (4.2), (4.56) and the fact that∣∣∣P(W − µ

σ
≤ z

)
− Φ(z)

∣∣∣ ≤ ∣∣∣P(W − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣ + |P (V (π) ≤ z)− Φ(z)|.

�

4.4 General Array

We now consider the more general statistic

X := X(π) :=
∑
i,j

C(i, j;π(i), π(j))

studied by Zhao et al.([30]), where C is an arbitrary 4-dimensional array and π is a

random permutation of {1, 2, . . . , n}.

Define

C(+, j; l, m) :=
∑

i
i6=j

C(i, j; l,m)

C(+,+; l, m) :=
∑
i,j
i6=j

C(i, j; l,m)

C(i,+;+,m) :=
∑

j
j 6=i

∑
l

l 6=m

C(i, j; l,m)

C((++); l, m) :=
∑

i

C(i, i; l, m)

C((++); (++)) :=
∑

i

∑
l

C(i, i; l, l).
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With this notation, we set

C̃(i, j; l,m)

:= C(i, j; l, m)

− n− 1
n(n− 2)

{
C(i,+; l, m) + C(+, j; l,m) + C(i, j; l,+) + C(i, j; +,m)

}
− 1

n(n− 2)
{
C(+, i; l, m) + C(j,+; l,m) + C(i, j; +, l) + C(i, j;m,+)

}
− 1

(n− 1)(n− 2)
{
C(+,+; l,m) + C(i, j; +,+)

}
+

( n− 1
n(n− 2)

)2{
C(i, +; l,+) + C(i,+;+,m) + C(+, j; l,+) + C(+, j; +,m)

}
+

n− 1
n2(n− 2)2

{
C(+, i; l,+) + C(+, i; +,m) + C(j,+; l,+) + C(j, +;+,m)

+ C(i,+;+, l) + C(i, +;m,+) + C(+, j; +, l) + C(+, j;m,+)
}

+
1

n2(n− 2)2
{
C(+, i; +, l) + C(+, i;m,+) + C(j, +;+, l) + C(j, +;m,+)

}
− 1

n(n− 2)2
{
C(i,+;+,+) + C(+, j; +,+) + C(+,+; l,+) + C(+,+;+,m)

}
− 1

n(n− 1)(n− 2)2
{
C(+, i; +,+) + C(j, +;+,+) + C(+,+;+, l) + C(+,+;m,+)

}
+

1
(n− 1)2(n− 2)

{
C(+,+;+,+)

}
and

2(n− 2)c∗(i, l)

:=
n− 1

n(n− 2)
{
C(i, +; l,+) + C(+, i; +, l)

}
+

1
n(n− 2)

{
C(i,+;+, l) + C(+, i; l,+)

}
− 1

n(n− 2)
{
C(i,+;+,+) + C(+, i; +,+) + C(+,+; l,+) + C(+,+;+, l)

}
+

2
n2(n− 2)

C(+,+;+,+)

+ C(i, i; l, l)− n−1
{
C(i, i; (++)) + C((++); l, l)

}
+ n−2C((++); (++)).
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Let

µ :=
1

n(n− 1)
C(+,+;+,+) +

1
n

C((++); (++))

C12 :=
1
n2

∑
i

∑
l

{c∗(i, l)}2,

C22 :=
1

n2(n− 1)2
∑
i,j
i6=j

∑
l,m
l 6=m

{C̃(i, j; l, m)}2,

C13 :=
1
n2

∑
i

∑
l

|c∗(i, l)|3.

With these definitions, it was shown in Barbour and Chen([2]) that∑
i

c∗(i, l) =
∑

l

c∗(i, l) = 0, (4.57)

C̃(+, j; l,m) = C̃(i,+; l, m) = C̃(i, j; +,m) = C̃(i, j; l, +) = 0

and

X = µ + Ṽ (π) + ∆̃(π),

EṼ (π) = E∆̃(π) = EṼ (π)∆̃(π) = 0,

σ2 := Var Ṽ (π) =
4n2(n− 2)2

n− 1
C12,

Var ∆̃(π) ≤ 2n(n− 1)2

n− 3
C22,

where Ṽ (π) := 2(n− 2)
∑

i

c∗(i, π(i)) and ∆̃(π) :=
∑
i,j
i6=j

C̃(i, j;π(i), π(j)).

This decomposition is the analogue of that given in (4.1).

For each i, j = 1, 2, . . . , n and a ≥ 0, let

cij :=
2(n− 2)

σ
c∗(i, j) and ca,ij := cij1 (|cij | ≤ 1 + a).

By (4.57), we have ∑
i

cij = 0 for each j = 1, 2, . . . , n and

∑
j

cij = 0 for each i = 1, 2, . . . , n,

In 2005, Barbour and Chen([2]) gave a uniform Berry-Esseen bound for the normal

approximation to X. The following is their result.



73

Theorem 4.12. There exists a constant C such that

sup
z∈R

∣∣∣P(X − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣ ≤ C(δ + δ2 + δ2)

and

sup
z∈R

∣∣∣P(X − µ

σ
≤ z

)
− Φ(z)

∣∣∣ ≤ C(δ + δ2 + δ2)

where V (π) :=
Ṽ (π)

σ
, δ = 128δ1, δ1 = n4σ−3C13 and δ2

2 := E∆2(π) ≤ 2n(n− 1)2C22

(n− 3)σ2
.

The argument is exactly as for Lemma 4.11 and its proof remains true in this context,

with the new definitions fo V (π), δ1 and δ2. This leads to the following theorem.

Theorem 4.13. There exists a constant C such that for every real number z,∣∣∣P(X − µ

σ
≤ z

)
− P (V (π) ≤ z)

∣∣∣
≤ C

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3 + δδ2(n

1
2 δ)

1
3

}
+

Cδ2
2

1 + z2
.

In particular, if
2(n− 2)

σ
sup
i,j
|c∗(i, j)| ≤ K√

n
for some positive real number K, then

∣∣∣P(X − µ

σ
≤ z

)
− Φ(z)

∣∣∣
≤ CK

1 + z3

{
δ + δ2 + δ2 + δδ2 + δ(n

1
2 δ)2 + δ(n

1
2 δ)

14
3 + δ2(n

1
2 δ) + δ2(n

1
2 δ)

1
3

+ δδ2(n
1
2 δ)

1
3 +

1√
n

}
+

Cδ2
2

1 + z2
.



CHAPTER V

A NON-UNIFORM BOUND IN NORMAL

APPROXIMATION FOR INDEPENDENT BOUNDED

RANDOM VARIABLES

5.1 Main Results

Let X1, X2, . . . , Xn be independent and not necessary identically distributed random

variables with zero means and finite variances.

Define

W =
n∑

i=1

Xi

and assume that Var(W ) = 1.

In this chapter, we give a non-uniform bound in normal approximation for W by

using Stein’s method without use of the concentration inequality. This method is simple

and give a shaper result than the previous work.

Chen and Shao([11]) gave a non-uniform Berry-Esseen bound without assuming the

existence of third moments. Their argument is based on a concentration inequality

approach of Stein’s method. In a special case, when random variables are bounded, they

simplify the proof of uniform bound by not using the concentration inequality (see [12]).

Their theorem is as follows.

Theorem 5.1. Assume that |Xi| ≤ δ for i = 1, 2, . . . , n. Then

sup
z∈R

|P (W ≤ z)− Φ(z)| ≤ 3.3δ.

In this chapter, we use the idea of Chen and Shao([12]) to find a non-uniform Berry-

Esseen bound for independent bounded random variables without use of the concentra-

tion inequality approach. The followings are our main results.
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Theorem 5.2. Assume that |Xi| ≤ δ for i = 1, 2, . . . , n. Then there exists a constant

Cδ which depend on δ such that for every real number z,

|P (W ≤ z)− Φ(z)| ≤ Cδe
− |z|

2 δ

where Cδ = 4.45 + 2.21e2δ+(δ−2(e2δ−1−2δ)).

Theorem 5.3. Assume that |Xi| ≤ δ for i = 1, 2, . . . , n. Then there exists a constant C

which does not depend on δ such that for every real number z,

|P (W ≤ z)− Φ(z)| ≤ Cδ

1 + |z|3
.

Observe from Theorem 5.2 that if δ → 0 we have Cδ → 20.78.

To illustrate our results, we give an example of non-uniform bound in normal ap-

proximation of the binary expansion of a random integer.

Let n ≥ 2 and X be a random variable uniformly distributed over {0, 1, . . . , n− 1}.

Let k be such that 2k−1 < n ≤ 2k. Write the binary expansion of X

X =
k∑

i=1

Xi2k−i

and let S = X1 + X2 + · · ·+ Xk be the number of ones in the binary expansion of X.

When n = 2k, the distribution of S is the binomial distribution for k trials with

mean
k

2
and variance

k

4
. Let Yi =

Xi − (1/2)√
k/4

for i = 1, 2, . . . , k. Then |Yi| ≤
1√
k

and

S − (k/2)√
k/4

=
k∑

i=1

Yi and hence, by Theorem 5.2 and Theorem 5.3, for every real number

z, ∣∣∣P(S − (k/2)√
k/4

≤ z
)
− Φ(z)

∣∣∣ ≤ Cke
− |z|

2

k1/2

and ∣∣∣P(S − (k/2)√
k/4

≤ z
)
− Φ(z)

∣∣∣ ≤ C

(1 + |z|3)k1/2

where Ck = 4.45 + 2.21e
2√
k
+(k(e

2√
k−1− 2√

k
)).

Note that if n 6= 2k, then X1, X2, . . . , Xk are not independent, so we cannot apply

Theorem 5.2 and Theorem 5.3.
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5.2 Proof of Main Results

For each i = 1, 2, . . . , n, assume that |Xi| ≤ δ and let

W (i) = W −Xi.

To prove the main result, we need the following proposition and lemmas.

Proposition 5.4. ([12]) Let g(w) = (wfz(w))′. Then

g(w) ≤

4(1 + z2)e
z2

8 (1− Φ(z)) if w ≤ z
2

4(1 + z2)e
z2

2 (1− Φ(z)) if w > z
2 .

Lemma 5.5. (Bennet-Hoeffing inequality, [12]) Let η1, η2, . . . , ηn be independent random

variables satisfying Eηi ≤ 0, ηi ≤ a for 1 ≤ i ≤ n and
n∑

i=1

Eη2
i ≤ B2

n. Put Sn =
∑n

i=1 ηi.

Then

EetSn ≤ exp(a−2(eta − 1− ta)B2
n)

for t > 0.

Lemma 5.6. For s, t ≤ δ and z ≥ 2, we have

|E(W (i) + t)fz(W (i) + t)− E(W (i) + s)fz(W (i) + s)|

≤ (2.43 + 1.47e2δ+(δ−2(e2δ−1−2δ)))e−
z
2 (|s|+ |t|).

Proof. Since f(x) =
1 + z2

z
e−

3z2

8
+ z

2 is a decreasing function on [2,∞), so f(2) = 1.52 is

the maximum value of f on [2,∞), which implies

1 + z2

z
e−

3z2

8 ≤ 1.52e−
z
2 (5.1)

for z ≥ 2.

Similarly, we can show that
1 + z2

z
e−z ≤ 0.92e−

z
2 (5.2)

for z ≥ 2. Let g(w) = (wfz(w))′. By Proposition 5.4, (5.1), (5.2), Lemma 5.5 and the

fact that

1− Φ(w) ≤ e−
w2

2

√
2πw

for w > 0, (5.3)
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(see [23], eq.25, p.23), we have for any u ≤ δ,

Eg(W (i) + u) = Eg(W (i) + u)1 (W (i) + u ≤ z

2
) + Eg(W (i) + u)1 (W (i) + u >

z

2
)

≤ 4(1 + z2)e
z2

8 (1− Φ(z)) + 4(1 + z2)e
z2

2 (1− Φ(z))P (W (i) + u >
z

2
)

≤ 4√
2π

1 + z2

z
e

z2

8 e−
z2

2 +
4√
2π

1 + z2

z
e

z2

2 e−
z2

2 P (W (i) + u >
z

2
)

≤ 4√
2π

1 + z2

z
e−

3z2

8 +
4√
2π

1 + z2

z
e−z+2uEe2W (i)

≤ 2.43e−
z
2 + 1.47e−

z
2
+2uEe2W (i)

≤ 2.43e−
z
2 + 1.47e−

z
2
+2ue(δ−2(e2δ−1−2δ))

≤ 2.43e−
z
2 + 1.47e−

z
2
+2δ+(δ−2(e2δ−1−2δ)),

which give

|E(W (i) + t)fz(W (i) + t)− E(W (i) + s)fz(W (i) + s)|

= |
∫ t

s
Eg(W (i) + u)du|

≤ (2.43 + 1.47e2δ+(δ−2(e2δ−1−2δ)))e−
z
2 (|s|+ |t|).

5.2.1 Proof of Theorem 5.2.

It suffices to consider z ≥ 0 as we can apply the result to −W when z < 0.

If 0 ≤ z < 2, by Theorem 5.1 we have

|P (W ≤ z)− Φ(z)| ≤ 3.3δ ≤ 3.3(2.72)e−1δ ≤ 8.98e−
z
2 δ ≤ Cδe

− z
2 δ

where we have used the fact that 2.72e−1 > 1 in the second inequality.

Assume that z ≥ 2.

Case 1. z ≤ 2δ.

Since δ ≥ 1, so 3.3eδ < 2.21e2δ. Therefore, by Theorem 5.1, we have

|P (W ≤ z)− Φ(z)| ≤ 3.3δ ≤ 3.3eδe−
z
2 δ ≤ 2.21e2δe−

z
2 δ ≤ Cδe

− z
2 δ.

Case 2. z > 2δ.

Let Ki(t) = EXi[1 (0 ≤ t ≤ Xi)− 1 (Xi ≤ t < 0)].
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Hence
n∑

i=1

∫ ∞

−∞
Ki(t)dt =

n∑
i=1

EX2
i = 1.

By the fact that |Xi| ≤ δ, we have Ki(t) = 0 for |t| > δ. This implies

n∑
i=1

∫ ∞

∞
P (W (i) + t ≤ z)Ki(t)dt =

n∑
i=1

∫
|t|≤δ

P (W −Xi + t ≤ z)Ki(t)dt

≥
n∑

i=1

∫
|t|≤δ

P (W ≤ z − 2δ)Ki(t)dt

= P (W ≤ z − 2δ). (5.4)

Write f = fz. Then

EWf(W ) =
n∑

i=1

EXif(W )

=
n∑

i=1

EXi(f(W )− f(W (i))

=
n∑

i=1

EXi

∫ Xi

0
f ′(W (i) + t)dt

=
n∑

i=1

E

∫ ∞

−∞
f ′(W (i) + t)Xi(1 (0 ≤ t ≤ Xi)− 1 (Xi ≤ t < 0))dt

=
n∑

i=1

E

∫ ∞

−∞
f ′(W (i) + t)Ki(t)dt

=
n∑

i=1

E

∫ ∞

−∞

{
(W (i) + t)f(W (i) + t) + 1 (W (i) + t ≤ z)− Φ(z)

}
Ki(t)dt

=
n∑

i=1

E

∫ ∞

−∞
(W (i) + t)f(W (i) + t)Ki(t)dt

+
n∑

i=1

∫ ∞

−∞
P (W (i) + t ≤ z)Ki(t)dt− Φ(z)

where we have used (2.1) in the sixth equality.

By Lemma 5.6, we have

n∑
i=1

∫ ∞

−∞
P (W (i) + t ≤ z)Ki(t)dt− Φ(z)
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=
n∑

i=1

E

∫ ∞

−∞

{
Wf(W )− (W (i) + t)f(W (i) + t)

}
Ki(t)dt

≤
n∑

i=1

E

∫ ∞

−∞

∣∣Wf(W )− (W (i) + t)f(W (i) + t)
∣∣Ki(t)dt

=
n∑

i=1

E

∫
|t|≤δ

∣∣(W (i) + Xi)f(W (i) + Xi)− (W (i) + t)f(W (i) + t)
∣∣Ki(t)dt

=
n∑

i=1

E

∫
|t|≤δ

∣∣EXi{(W (i) + Xi)f(W (i) + Xi)} − E(W (i) + t)f(W (i) + t)
∣∣Ki(t)dt

≤ C̃δe
− z

2

n∑
i=1

E

∫
|t|≤δ

(|Xi|+ |t|)Ki(t)dt

= C̃δe
− z

2

n∑
i=1

{
E|Xi|EX2

i + 0.5E|Xi|3
}

≤ 1.5C̃δe
− z

2 δ (5.5)

where C̃δ = 2.43 + 1.47e2δ+(δ−2(e2δ−1−2δ)).

Since z > 2δ, we have
4δ2 − 4zδ

2
< 0. Hence

Φ(z)− Φ(z − 2δ) =
1√
2π

∫ z

z−2δ
e−

t2

2 dt

≤ 2δ√
2π

e−
(z−2δ)2

2

=
2δ√
2π

e−
z2

2
− 4δ2−4zδ

2

≤ 2δ√
2π

e−
z2

2

≤ 0.8e−
z
2 δ. (5.6)

By (5.4) – (5.6), we have

P (W ≤ z − 2δ)− Φ(z − 2δ)

≤
n∑

i=1

∫ ∞

−∞
P (W (i) + t ≤ z)Ki(t)dt− Φ(z − 2δ)

= Φ(z)− Φ(z − 2δ) +
n∑

i=1

∫ ∞

−∞
P (W (i) + t ≤ z)Ki(t)dt− Φ(z)

≤ 0.8e−
z
2 δ + 1.5C̃δe

− z
2 δ

= Cδe
− z

2 δ
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where Cδ = 4.45 + 2.21e2δ+(δ−2(e2δ−1−2δ)).

Hence

P (W ≤ z)− Φ(z) ≤ Cδe
− z+2δ

2 δ ≤ Cδe
− z

2 δ.

Similarly, we can show that P (W ≤ z)− Φ(z) ≥ −Cδe
− z

2 δ.

Hence |P (W ≤ z)− Φ(z)| ≤ Cδe
− z

2 δ. �

5.2.2 Proof of Theorem 5.3.

In view of Theorem 5.1, we may without loss of generality, assume z ≥ 2.

Case 1. (1 + z)δ ≥ 1.

Let

Yi = Xi1 (|Xi| ≤ z)− EXi1 (|Xi| ≤ z),

T =
n∑

i=1

Yi,

r =
n∑

i=1

EXi1 (|Xi| > z).

Thus W = T − r when max
1≤j≤n

|Xj | ≤ z.

Hence

P (W ≥ z) = P (T ≥ z + r) + P ( max
1≤j≤n

|Xj | > z)

≤ P (T ≥ z + r) +
n∑

i=1

E|Xi|3

z3

≤ P (T ≥ z + r) +
δ

z3

≤ P (T ≥ z + r) +
Cδ

1 + z3
. (5.7)

By the Rosenthal inequality, we have

E|T |4 ≤ C{(E|T |2)2 +
n∑

i=1

E|Xi|41 (|Xi| ≤ z)}

≤ C(1 + zδ)
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and hence

P (T ≥ z + r) ≤ ET 4

(z + r)4

≤ ET 4

(z − 1)4

≤ CET 4

z4

≤ C(1 + zδ)
z4

≤ C

z4
+

δ

z3

≤ C

1 + z4
+

Cδ

1 + z3

≤ C

(1 + z)(1 + z3)
+

Cδ

1 + z3

≤ Cδ

1 + z3
(5.8)

where we have used the fact that |r| ≤
n∑

i=1

EX2
i = 1 in the last inequality.

By (5.7) and (5.8), we have

P (W ≥ z) ≤ Cδ

1 + z3
.

Hence

|P (W ≤ z)− Φ(z)| ≤ P (W ≥ z) + 1− Φ(z)

≤ Cδ

1 + z3
+

C

(1 + z)4

≤ Cδ

1 + z3
.

Case 2. (1 + z)δ < 1.

It follows from Theorem 5.2 and the fact that δ <
1

1 + z
≤ 1

3
.

This prove the theorem. �
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