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CHAPTER I

INTRODUCTION

This thesis is concerned with the approximation of fixed points for

nonexpansive self-mappings. The problem of this kind has widely been studied.

By a nonexpansive mapping we mean a map T from a normed linear space X

into itself such that

‖Tx− Ty‖ ≤ ‖x− y‖, for every x, y ∈ X.

A nonexpansive mapping T is said to have the fixed point property if the set

{x : Tx = x} is nonempty.

In 1965, Browder [1] established that a nonexpansive mapping from the unit

ball of a real Hilbert space into itself always possesses at least one fixed point. In

1967, Browder [2] used the Banach Fixed Point Theorem to prove the following :

Let H be a Hilbert space, and U the unit ball of H, i.e.,

U = {x ∈ H : ‖x‖ ≤ 1}, and T : U → U a nonexpansive mapping with the

fixed point property and yk the unique element of U satisfying yk = kTyk

for k ∈ (−1, 1). Then

lim
k→1

yk = y,

where y is the unique fixed point of T with the smallest norm.

In 1967, Halpern [3] gave a simple iterative method for approximating fixed

points of such map. In fact, he generated a sequence (xn) by the recursive formula

xn+1 = αn+1Txn, for n ∈ N0,
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where T is the nonexpansive mapping and (αn) is an appropriate sequence of

real numbers. Also he introduced the definition of an acceptable sequence as

follows : A sequence (αn) is said to be acceptable if, for any Hilbert space H,

any nonexpansive mapping T : U → U with the fixed point property, where U is

the unit ball of H, and for any point a ∈ U , the sequence (zn), defined by

z0 = a, zn = αnTzn−1, for n ∈ N,

converges to y, where y is the fixed point of T with the smallest norm.

Moreover, by using the above result of Browder, Halpern [3] gives necessary

conditions and sufficient conditions on (αn) to insure that the sequence of (xn)

converges to a fixed point of T . The statements are the followings :

The necessary conditions for the sequence (αn) to be acceptable are

(i) αn ∈ (−1, 1), (ii) lim
n→∞

αn = 1, and (iii)
∞∏

n=1

αn = 0.

The sufficient conditions for (αn) to be acceptable are

(i) αn < 1 for all n ∈ N, (ii) αn is an increasing sequence,

(iii) lim
n→∞

αn = 1 and

(iv) there exists an increasing sequence (kn) of positive integers such that

(a) lim
n→∞

(1− αn+kn)

(1− αn)
= 1 and (b) lim

n→∞
kn(1− αn) = ∞.

Let C be a closed convex subset of a normed linear space X and T a

nonexpansive mapping from C into itself, with the fixed point property.

Define a sequence (xn) in C recursively by

xn+1 = αnx0 + (1− αn)Txn, for n ∈ N0, (1.1)

where αn ∈ [0, 1] for each n and x0 ∈ C is arbitrary.
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In 1980, Reich [4] showed that if X is a uniformly smooth Banach space, i.e.,

the limit

lim
t→0

‖x + ty‖ − ‖x‖
t

, (1.2)

is attained uniformly for x, y ∈ S, where S = {x ∈ X : ‖x‖ = 1}, and a sequence

(αn) in [0,1] satisfies

αn =
1

na
, where 0 < a < 1,

then the sequence (xn) defined as in (1.1) converges to a fixed point of T .

In 1992, Wittmann [5] proved that if X is a Hilbert space and a sequence (αn)

in [0, 1] satisfies

lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞ and
∞∑

n=0

|αn+1 − αn| < ∞,

then the sequence (xn) in C defined as in (1.1) converges to a fixed point of T .

In 1997, Shioji and Takahashi [6] obtained the same result as Wittmann’s in the

case when X is a Banach space whose norm is uniformly Gâteaux differentiable,

i.e., for each y ∈ S, the limit (1.2) is attained uniformly for x ∈ S, where

S = {x ∈ X : ‖x‖ = 1}.
In our work, we confine our study on Banach spaces whose norm is uniformly

Gâteaux differentiable and we find conditions on (αn) weaker than those of Shioji

and Takahashi [6] that also give the same conclusion.



CHAPTER II

PRELIMINARIES

In this chapter, in order to make the subject more complete and

understandable definitions, theorems and propositions whose results will be

needed in our work will be stated, and examples of some definitions are also

given.

Notation

Let N,N0 and R denote the set of all positive integers, the set of all nonnegative

integers and the set of all real numbers, respectively. The set B stands for a real

Banach space and B∗ is its dual. For each x in B, ‖x‖ and 〈x〉 denote the norm

of x and the subspace of B spanned by x. If x ∈ B and f ∈ B∗, the value of f at

x is denoted by 〈x, f〉, and by ‖f‖ we mean the norm of the linear functional f .

Hahn-Banach Theorem

2.1 Definition Let X be a real vector space and p : X → R.

(i) If for any x, y in X , p(x + y) ≤ p(x) + p(y) then p is said to be

subadditive .

(ii) If for any x in X and for any α > 0, p(αx) = αp(x) then p is said to

be positively homogeneous .

(iii) If p is subadditive and positively homogeneous then p is called a

sublinear functional on X.



5

2.2 Theorem (Hahn-Banach Theorem) Let X be a real vector space, p : X → R

a sublinear functional on X and f : M → R a linear functional on a subspace

M of X satisfying

f(x) ≤ p(x), for all x ∈ M.

Then f has a linear extension f̃ from M to X such that

f̃(x) ≤ p(x), for all x ∈ X.

2.3 Definition Let (X, d) be a metric space and f : X → X. If there is a positive

real number k such that

d(f(x), f(y)) ≤ kd(x, y), for all x, y ∈ X,

then f is said to be a contraction mapping if k < 1 and f is said to be

a nonexpansive mapping if k = 1.

2.4 Theorem (Banach Fixed Point Theorem) Let (X, d) be a complete metric

space and f : X → X a contraction mapping on X. Then f has precisely

one fixed point.

Duality Mapping and Differentiability of the Norm in

Banach Spaces

We will introduce the notion of a duality mapping of a Banach space

and state some relation between the duality mapping and the differentiability

of the norm of the Banach space. We present here the definitions of the terms

which will be used in our work and some of their examples, and also state some

important propositions concerning duality mapping and differentiability of the

norm of the Banach space but the proofs of them will be omitted, since they can

be found in Takahashi [7].
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2.5 Definition Let B be a Banach space. For each x ∈ B, let

Jx = {f ∈ B∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}.

The mapping J defined above is called the duality mapping of B.

J can be considered as a multi-valued mapping from B into B∗.

The following proposition give some basic properties of the duality mapping.

These properties play an important role in the proof of our main theorem.

2.6 Proposition Let B be a Banach space and let J be the duality mapping of

B. Then for each x ∈ B,

(i) Jx 6= ∅,

(ii) for each α ∈ R, J(αx) = αJx, and

(iii) for each f ∈ Jx, ‖x‖2 − ‖y‖2 ≤ 2〈x− y, f〉, for all y ∈ B.

The differentiability of the norm of the Banach space has an interesting relation

to the property that the duality mapping of B is single-valued. Now we present

the definitions of some types of differentiability on Banach spaces.

2.7 Definition For a Banach space B, let S = {x ∈ B : ‖x‖ = 1}.

(i) If the limit

lim
t→0

‖x + ty‖ − ‖x‖
t

, (2.1)

exists for each x, y ∈ S, then the norm of B is said to be Gâteaux

differentiable and B is said to be smooth .

(ii) If for each y ∈ S, the limit (2.1) is attained uniformly for x ∈ S, then

the norm of B is said to be uniformly Gâteaux differentiable and

B is said to have a uniformly Gâteaux differentiable norm .
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(iii) If for each x ∈ S, the limit (2.1) is attained uniformly for y ∈ S, then

the norm of B is said to be Fréchet differentiable and B is said to

have a Fréchet differentiable norm .

(iv) If the limit (2.1) is attained uniformly for x, y ∈ S, then the norm of

B is said to be uniformly Fréchet differentiable and B is said to

be uniformly smooth .

2.8 Remark In the definitions of differentiability of the norms of Banach spaces

above, we can see that

(i) if the norm of B is uniformly Fréchet differentiable, then it is

Fréchet differentiable, uniformly Gâteaux differentiable and Gâteaux

differentiable.

(ii) if the norm of B is uniformly Gâteaux differentiable, then it is Gâteaux

differentiable.

(iii) if the norm of B is Fréchet differentiable, then it is Gâteaux

differentiable.

2.9 Example Every Hilbert space has a uniformly Fréchet differentiable norm.

Proof. Let H be a Hilbert space, S := {x ∈ H : ‖x‖ = 1}.

We shall show that the limit

lim
t→0

‖x + ty‖ − ‖x‖
t

exists uniformly for x, y ∈ S and equals to 〈x, y〉, the inner product of

x and y.

Let ε > 0. Choose δ = min
{

1,
ε

5

}
.
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For 0 < |t| < δ, we have for each x, y ∈ S

∣∣∣∣
‖x + ty‖ − ‖x‖

t
− 〈x, y〉

∣∣∣∣ =

∣∣∣∣∣

√
〈x + ty, x + ty〉 − 1

t
− 〈x, y〉

∣∣∣∣∣

=

∣∣∣∣∣

√
〈x, x〉+ 2t〈x, y〉+ t2〈y, y〉 − 1

t
− 〈x, y〉

∣∣∣∣∣

=

∣∣∣∣∣

√
1 + 2t〈x, y〉+ t2 − 1

t
− 〈x, y〉

∣∣∣∣∣

=

∣∣∣∣∣
2〈x, y〉+ t√

1 + 2t〈x, y〉+ t2 + 1
− 〈x, y〉

∣∣∣∣∣ .

Let g(t) =
√

1 + 2t〈x, y〉+ t2 + 1. Then

∣∣∣∣
‖x + ty‖ − ‖x‖

t
− 〈x, y〉

∣∣∣∣ =

∣∣∣∣
2〈x, y〉+ t

g(t)
− 〈x, y〉

∣∣∣∣

≤
∣∣∣∣
2〈x, y〉+ t

g(t)
− 2〈x, y〉+ t

2

∣∣∣∣

+

∣∣∣∣
2〈x, y〉+ t

2
− 2〈x, y〉

2

∣∣∣∣

= |2〈x, y〉+ t|
∣∣∣∣

1

g(t)
− 1

2

∣∣∣∣ +
1

2
|t|

≤ (2‖x‖‖y‖+ |t|) |g(t)− 2|
2|g(t)| +

1

2
|t|

= (2 + |t|) |g(t)− 2|
2|g(t)| +

1

2
|t|.
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It is easy to see that 2− |t| ≤
∣∣∣∣∣

√
1 + 2t

〈x, y〉
‖x‖‖y‖ + t2 + 1

∣∣∣∣∣ ≤ 2 + |t|,

since

∣∣∣∣
〈x, y〉
‖x‖‖y‖

∣∣∣∣ ≤ 1.

Since |t| ≤ 1 and ‖x‖ = 1 = ‖y‖, we have
1

|g(t)| ≤
1

2− |t| .

We note that

|g(t)− 2| = |
√

1 + 2t〈x, y〉+ t2 − 1|

≤ |
√

1 + 2t〈x, y〉+ t2 − 1||
√

1 + 2t〈x, y〉+ t2 + 1|

= |2t〈x, y〉+ t2|

≤ 2|t|‖x‖‖y‖+ |t|2 = 2|t|+ |t|2

< 3|t|.

Since
2 + |t|
2− |t| < 3, we have

∣∣∣∣
‖x + ty‖ − ‖x‖

t
− 〈x, y〉

∣∣∣∣ ≤ (2 + |t|) |g(t)− 2|
2|g(t)| +

1

2
|t|

< (2 + |t|) 3|t|
2(2− |t|) +

1

2
|t|

≤ 3

2
(3|t|) +

1

2
|t|

= 5|t| ≤ ε.

Hence lim
t→0

‖x + ty‖ − ‖x‖
t

= 〈x, y〉 uniformly for x, y ∈ S and thus

‖ · ‖ is uniformly Fréchet differentiable.
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2.10 Proposition If B is a smooth Banach space, then the duality mapping J

of B is single-valued.

2.11 Corollary Let B be a Banach space.

(i) If B has a uniformly Gâteaux differentiable norm, then the duality

mapping J of B is single-valued.

(ii) If B has a Fréchet differentiable norm, then the duality mapping J of

B is single-valued.

(iii) If B has a uniformly Fréchet differentiable norm, then the duality

mapping J of B is single-valued.

2.12 Proposition If the norm of B is uniformly Gâteaux differentiable then the

single-valued duality mapping J is (norm to weak star) uniformly continuous

on each bounded subset of B.

Banach Limits

Since a Banach limit is an important tool of the proof in our main theorem,

in this section, we give a definition and some remarks on Banach limits.

We denote by l∞ the space of all real bounded functions on the nonnegative

integers.

2.13 Definition Let µ be a bounded linear functional on l∞ and (xn) ∈ l∞.

We write µ(xn) instead of µ((xn)). If µ satisfies µ(xn) = µ(xn+1) for all

(xn) ∈ l∞ and µ(1) = 1, then we call µ a Banach limit .
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2.14 Proposition There exists a Banach limit .

Proof. Let q : l∞ → R be defined by

q(xn) = lim sup
n→∞

x0 + x1 + · · ·+ xn−1

n
, for (xn) ∈ l∞.

Let c := {x = (xn) ∈ l∞ : x is a convergent sequence}. Then c is a

subspace of l∞.

If (xn) ∈ c, then the map l : c → R with l(xn) = lim
n→∞

xn is defined,

and l is a linear functional on c.

Moreover, it is known that l(xn) = lim
n→∞

x0 + x1 + · · ·+ xn−1

n
.

Clearly, q is a sublinear functional on l∞.

By the Hahn-Banach theorem, there exists a linear functional

µ : l∞ → R such that µ(xn) = l(xn) on c and

µ(xn) ≤ q(xn) for all (xn) ∈ l∞.

Next, we will show that µ is a Banach limit.

Since it is obvious that µ(1) = l(1) = 1 = ‖µ‖, it suffices to show that

µ(xn+1) = µ(xn), for all (xn) ∈ l∞.

We note that

µ(xn+1 − xn) = −µ(−(xn+1 − xn)) ≥ −q[−(xn+1 − xn)]

= lim inf
n→∞

(
xn+1 − x0

n

)
≥ 0,

and

µ(xn+1 − xn) ≤ q(xn+1 − xn) = lim sup
n→∞

(
xn+1 − x0

n

)
≤ 0.

Thus µ(xn+1) = µ(xn). Hence µ is a Banach limit.
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2.15 Proposition For every Banach limit µ,

lim inf
n→∞

xn ≤ µ(xn) ≤ lim sup
n→∞

xn, for (xn) ∈ l∞.

Proof. Let x = (xn) be arbitrary in l∞. First, we shall show that

µ(xn) ≥ 0 if xn ≥ 0 for all n ∈ N0.

If xn = 0, for all n ∈ N0, then the inequality is immediately obtained,

since µ(0) = 0.

Assume that there exists n ∈ N0 such that xn 6= 0. Then ‖x‖ > 0.

Suppose that µ(xn) < 0.

Let y = (yn) ∈ l∞ be such that for each n ∈ N0,

yn = 1− xn

‖x‖ .

Then ‖y‖ ≤ 1 but µ(y) > 1.

Hence ‖µ‖ = sup
z ∈ l∞
‖z‖ ≤ 1

|µ(z)| > 1, a contradiction.

Now we have µ(xn) ≥ 0 if xn ≥ 0 for all n ∈ N0.

Next, we shall show that inf
n∈N0

xn ≤ µ(xn) ≤ sup
n∈N0

xn.

We shall show only inf
n∈N0

xn ≤ µ(xn).

For ε > 0, choose n0 so that

inf
n∈N0

xn ≤ xn0 < inf
n∈N0

xn + ε,

Then xn + ε− xn0 > 0 for all n ∈ N0.

By µ(xn) ≥ 0 if xn ≥ 0 and µ(1) = 1, we have

inf
n∈N0

xn ≤ µ(xn) + ε.
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Since ε > 0 is arbitrary, inf
n∈N0

xn ≤ µ(xn).

Similarly, sup
n∈N0

xn ≥ µ(xn).

Hence, we have for each k ∈ N0,

inf
n≥k

xn ≤ µ(xk) ≤ sup
n≥k

xn

By µ(xn) = µ(xn+1), for all n ∈ N0, we then obtain that

lim inf
n→∞

xn ≤ µ(xn) ≤ lim sup
n→∞

xn.

2.16 Proposition For every Banach limit µ, if (an) and (bn) in l∞ are such that

an ≥ bn for every n ∈ N0, then µ(an) ≥ µ(bn).

Proof. Let (an) and (bn) be sequences in l∞ such that an ≥ bn for all

n ∈ N0.

Then for each n ∈ N0, an − bn ≥ 0.

By Proposition 2.15, we have µ(an)− µ(bn) = µ(an − bn) ≥ 0

Hence µ(an) ≥ µ(bn).



CHAPTER III

APPROXIMATED SEQUENCES FOR

NONEXPANSIVE MAPPING

In this chapter, we will prove our main result which can be stated as follows :

Let B be a Banach space whose norm is uniformly Gâteaux differentiable, C

a closed convex subset of B. Let T : C → C be a nonexpansive mapping, i.e.,

‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ C.

Let (αn) be any sequence in [0, 1] satisfying

lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞ and
∞∑

n=0

(1− αn+2)|αn+1 − αn| < ∞. (3.1)

Let x0 ∈ C be arbitrary. Define (xn) in C by

xn+1 = αnx0 + (1− αn)Txn, for n ∈ N0. (3.2)

For each t ∈ (0, 1), define zt to be the unique element in C such that

zt = tx0 + (1− t)Tzt. (3.3)

If T has a fixed point and lim
t→0

‖zt − z‖ = 0 for some fixed point z of T then

lim
n→∞

‖xn − z‖ = 0.
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The following lemma guarantees the existence of zt in (3.3), for each t ∈ (0, 1).

3.1 Lemma Let (X, ‖ · ‖) be a Banach space and C a closed convex subset of X.

If T : C → C is a nonexpansive mapping, then for any x0 ∈ C and for any

t ∈ (0, 1), the mapping gt : C → C defined by gt(x) = tx0 + (1 − t)Tx, for

each x ∈ C, is a contraction. Hence by the Banach fixed point theorem gt

has a unique fixed point.

Proof. The conclusion that gt is a contraction is immediately obtained

from the assumption that T is nonexpansive and 0 < 1− t < 1.

From the above lemma, we have that for each x0 ∈ C, for each t ∈ (0, 1), there

is a unique zt in C such that

zt = tx0 + (1− t)Tzt.

3.2 Definition Let T : X → X. A subset A of X is said to be T -invariant if

Tx ∈ A for every x ∈ A.

It is noticed that if C has some additional condition, then there will be a fixed

point z of T such that lim
t→0

‖zt − z‖ = 0. This result is shown in Takahashi and

Ueda [8]. The statement is as follows :

3.3 Lemma Let B be a Banach space whose norm is uniformly Gâteaux

differentiable, let C be a weakly compact, convex subset of B and let

T : C → C be a nonexpansive mapping with fixed point property. Let

x ∈ C and for each 0 < t < 1, let zt be the unique element of C which

satisfies zt = tx + (1 − t)Tzt. Assume that each nonempty, T -invariant,

closed convex subset of C contains a fixed point of T . Then there is a fixed

point z of T such that lim
t→0

‖zt − z‖ = 0.
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The next two Lemmas state key properties of a Banach limit which are used

in the proof of our main theorem. The idea of the proofs are based on those of

Shioji and Takahashi [6]. We present here the proofs in detail.

3.4 Lemma Let a ∈ R and let (an) ∈ l∞. Then µ(an) ≤ a for all Banach limits

µ if and only if for each ε > 0, there exists p0 ∈ N such that

an + an+1 + · · ·+ an+p−1

p
< a + ε, for all p ≥ p0 and n ∈ N0.

Proof. To prove the necessity, assume that µ(an) ≤ a for all Banach

limits µ.

Define q : l∞ → R by

q((xn)) = lim sup
p→∞

sup
n∈N

1

p

n+p−1∑
i=n

xi, for all (xn) ∈ l∞.

Then q is a sublinear functional on l∞.

Clearly, q
∣∣〈(an)〉 is a linear functional on 〈(an)〉, the subspace of B

generated by (an).

By the Hahn-Banach Theorem, there exists a linear functional

µ : l∞ → R such that µ(xn) ≤ q(xn) for all (xn) ∈ l∞ and

µ
∣∣〈(an)〉 = q

∣∣〈(an)〉 .

Claim that µ is a Banach limit.

Since µ(xn) ≤ q(xn) on l∞, −q(−xn) ≤ −µ(−xn) = µ(xn) ≤ q(xn).

Thus for all (xn) ∈ l∞,

lim inf
p→∞

inf
n∈N

1

p

n+p−1∑
i=n

xi ≤ µ(xn) ≤ lim sup
p→∞

sup
n∈N

1

p

n+p−1∑
i=n

xi.



17

So

µ(xn+1 − xn) ≥ lim inf
p→∞

inf
n∈N

1

p

n+p−1∑
i=n

(xi+1 − xi)

= lim inf
p→∞

inf
n∈N

1

p
(xn+p − xn) ≥ 0

Similarly,

µ(xn+1 − xn) ≤ lim sup
p→∞

sup
n∈N

1

p
(xn+p − xn) ≤ 0.

This implies that µ(xn+1) = µ(xn), for all (xn) ∈ l∞.

It is clear that µ(1) = 1 and |µ(xn)| ≤ 1, for any (xn) ∈ l∞ and

‖xn‖ = 1.

Hence ‖µ‖ = sup
(xn) ∈ l∞
‖xn‖ = 1

|µ(xn)| = 1 = µ(1). Therefore we have the claim.

Since q
∣∣〈(an)〉 = µ

∣∣〈(an)〉 and µ is a Banach limit, then q(an) ≤ a.

Then for each ε > 0, there exists p0 ∈ N such that

an + an+1 + · · ·+ an+p−1

p
< a + ε, for all p ≥ p0 and n ∈ N0.

To prove the sufficiency, we assume that for each ε > 0, there exists

p0 ∈ N which satisfies

an + an+1 + · · ·+ an+p−1

p
< a + ε, (3.4)

for all p ≥ p0 and for all n ∈ N0.

Let µ be a Banach limit and ε > 0 be given.

By the hypothesis, there exists p0 ∈ N which satisfies (3.4), for all

p ≥ p0 and for all n ∈ N0.
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Since µ is a Banach limit,

µ(an+p0−1) = · · · = µ(an+2) = µ(an+1) = µ(an).

Then by Proposition 2.16 and the properties of Banach limit,

µ(an) =
1

p0

(p0µ(an))

=
1

p0

[µ(an) + µ(an+1) + · · ·+ µ(an+p0−1)]

= µ

(
an + an+1 + · · ·+ an+p0−1

p0

)

≤ µ(a + ε)

= (a + ε)µ(1)

= a + ε.

Since ε > 0 is arbitrary, we get µ(an) ≤ a.

3.5 Lemma Let a be a real number and (an) ∈ l∞ be such that µ(an) ≤ a for

all Banach limits µ and lim sup
n→∞

(an+1 − an) ≤ 0. Then lim sup
n→∞

an ≤ a.

Proof. Let ε > 0 be given. Since µ(an) ≤ a for all Banach limit µ, by

Lemma 3.4, there exists p ∈ N such that

an + an+1 + · · ·+ an+p−1

p
< a +

ε

2
,

for all n ∈ N0.

If p = 1, it is obvious that lim sup
n→∞

an ≤ a.

Assume that p ≥ 2.

Since lim sup
n→∞

(an+1 − an) ≤ 0, there exists n0 ∈ N0 such that

an+1 − an <
ε

(p− 1)
, for all n ≥ n0.
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Let n ≥ n0 + p. Then for each i ∈ {0, 1, . . . , p− 1}, we have

an = an−i + (an−i+1 − an−i) + (an−i+2 − an−i+1) + · · ·+ (an − an−1)

≤ an−i +
iε

(p− 1)
.

So we get

pan ≤ (an+an−1+an−2+· · ·+an−p+1)+(0+1+2+· · ·+(p−1))
ε

(p− 1)

Thus

an ≤ an + an−1 + an−2 + · · ·+ an−p+1

p
+

1

p
.
p(p− 1)

2
.

ε

(p− 1)

≤ a + ε.

Hence lim sup
n→∞

an ≤ a + ε.

Since ε > 0 is arbitrary, lim sup
n→∞

an ≤ a.

In case that the Banach space B has a uniformly Gêteaux differentiable norm

we have a nice result on the convergence of nets in each bounded subset of B.

This is because in such a Banach space the duality mapping J is single-valued

and norm to weak star uniformly continuous on each bounded subset of B. We

state precisely the following lemma :

3.6 Lemma Let B be a Banach space such that the duality mapping J is

single-valued and norm to weak star uniformly continuous on each bounded

subset of B. For each t ∈ (0, 1), let zt be a point in B. If z ∈ B is such that

lim
t→0

zt = z, then for any x, y in B

lim
t→0
〈x− zt, J(y − zt)〉 = 〈x− z, J(y − z)〉.
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Proof. First we show that lim
t→0
〈x− y, J(y − zt)〉 = 〈x− y, J(y − z)〉.

Without loss of generality, we may assume that x 6= y. Therefore

‖x− y‖ > 0.

Let ε > 0 be given. Since J is uniformly continuous on each bounded

subset of B, it is continuous at y − z.

There exists a δ > 0 such that for every v ∈ B, ‖v − (y − z)‖ < δ

implies

|〈ω, Jv − J(y − z)〉| < ε

‖x− y‖ for every ω ∈ B with ‖ω‖ ≤ 1.

Since lim
t→0

zt = z, lim
t→0

y − zt = y − z.

Let γ be a positive real number such that |t| < γ, implies

‖(y − zt)− (y − z)‖ < δ.

Then for t ∈ (0, 1) with |t| < γ, ‖(y − zt)− (y − z)‖ < δ and hence

∣∣∣∣
〈

x− y

‖x− y‖ , J(y − zt)− J(y − z)

〉∣∣∣∣ <
ε

‖x− y‖ .

That is if t ∈ (0, 1) is such that |t| < γ, then

|〈x− y, J(y − zt)− J(y − z)〉| < ε.

Therefore lim
t→0
〈x− y, J(y − zt)〉 = 〈x− y, J(y − z)〉.

Next, we shall show that

lim
t→0
〈x− zt, J(y − zt)〉 = 〈x− z, J(y − z)〉.

Since ‖ · ‖2 is continuous and lim
t→0

zt = z, lim
t→0

‖y − zt‖2 = ‖y − z‖2.
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We have for each t ∈ (0, 1),

|〈x− zt, J(y − zt)〉 − 〈x− z, J(y − z)〉|

= |〈x− y + y − zt, J(y − zt)〉 − 〈x− y + y − z, J(y − z)〉|

= |〈x− y, J(y − zt)〉+ ‖y − zt‖2 − ‖y − z‖2 − 〈x− y, J(y − z)〉|

≤ |〈x− y, J(y − zt)〉 − 〈x− y, J(y − z)〉|+ | ‖y − zt‖2 − ‖y − z‖2|.

Then 0 ≤ lim
t→0

|〈x− zt, J(y − zt)〉 − 〈x− z, J(y − z)〉|
≤ lim

t→0
|〈x− y, J(y − zt)〉 − 〈x− y, J(y − z)〉|

+ lim
t→0

| ‖y − zt‖2 − ‖y − z‖2| = 0.

That is lim
t→0
〈x− zt, J(y − zt)〉 = 〈x− z, J(y − z)〉.

The following Lemma obtains some idea from Wittmann [5].

3.7 Lemma Let B be a Banach space and C a closed convex subset of B. Let

T : C → C be a nonexpansive mapping such that the set F of all fixed

points of T is nonempty. Let (αn) be a sequence in [0, 1] satisfying (3.1), i.e.

lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞ and
∞∑

n=0

(1− αn+2)|αn+1 − αn| < ∞.

Let x0 ∈ C and define (xn) as in (3.2), i.e.

xn+1 = αnx0 + (1− αn)Txn, for n ∈ N0.

Then the sequence (xn) and (Txn) are bounded.

Proof. In proving this lemma, we have two cases to consider :

Case 1. 0 ∈ F .

For each n ∈ N0, ‖Txn‖ = ‖Txn−0‖ = ‖Txn−T0‖ ≤ ‖xn−0‖ = ‖xn‖.
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Let n ∈ N0 be such that ‖xn‖ ≤ ‖x0‖. Thus

‖xn+1‖ = ‖αnx0 + (1− αn)Txn‖ ≤ αn‖x0‖+ (1− αn)‖xn‖

≤ αn‖x0‖+ (1− αn)‖x0‖ = ‖x0‖.

Then ‖xn‖ ≤ ‖x0‖ for all n ∈ N0. Hence (xn) and (Txn) are bounded.

Case 2. 0 /∈ F .

Let p be a point in F . Let C̃ = {x− p : x ∈ C} and define T̃ : C̃ → C̃

by

T̃ (x) = T (x + p)− p, for all x ∈ C̃.

Then ‖T̃ x− T̃ y‖ = ‖(T (x + p)− p)− (T (y + p)− p)‖
≤ ‖(x + p)− (y + p)‖ = ‖x− y‖, for all x, y ∈ C̃.

Then T̃ is nonexpansive and 0 ∈ F (T̃ ), where F (T̃ ) is the set of all

fixed points of T̃ .

Set x̃0 = x0 − p and for each n ∈ N0, let x̃n+1 = αnx̃0 + (1− αn)T̃ x̃n.

From Case 1, we have (x̃n) and (T̃ x̃n) are bounded.

We claim that x̃n = xn − p, for all n ∈ N0.

We already have x̃0 = x0 − p.

Let n ∈ N0 be such that x̃n = xn − p. Then

x̃n+1 = αnx̃0 + (1− αn)T̃ x̃n = αn(x0 − p) + (1− αn)T̃ (xn − p)

= αn(x0 − p) + (1− αn){T [(xn − p) + p]− p}

= αnx0 − αnp + (1− αn)[T (xn)− p]

= αnx0 + (1− αn)Txn − p

= xn+1 − p.
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Thus x̃n = xn − p, for all n ∈ N0, and we have the claim.

So we have ‖xn‖ = ‖x̃n + p‖ ≤ ‖x̃n‖+ ‖p‖ and

‖Txn‖ = ‖T (x̃n + p)‖ = ‖T̃ x̃n + p‖ ≤ ‖T̃ x̃n‖+ ‖p‖.

Hence our requirement is proved.

The following two Lemmas are based on the idea of the work of Shioji and

Takahashi [6].

The first lemma states some asymptotic behavior of (xn), defined in

Lemma 3.7.

3.8 Lemma With the same hypothesis as in Lemma 3.7, we have

lim
n→∞

‖xn+1 − xn‖ = 0.

Proof. By Lemma 3.7, we obtain that (xn) and (Txn) are bounded.

Let M := sup{‖Txn‖ : n ∈ N0}. Then for each n ∈ N0, we have

‖xn+1 − xn‖ = ‖[αnx0 + (1− αn)Txn]− [αn−1x0 + (1− αn−1)Txn−1]‖

= ‖(αn − αn−1)x0 + (Txn − Txn−1)

− αn(Txn − Txn−1) + (αn−1 − αn)Txn−1‖

= ‖(αn − αn−1)(x0 − Txn−1) + (1− αn)(Txn − Txn−1)‖

≤ |αn − αn−1|(‖x0‖+ M) + (1− αn)‖xn − xn−1‖.
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Since for each k ∈ N0, xk+1 = αkx0 + (1 − αk)Txk, we have for each

m,n ∈ N0,

‖xn+m+1 − xn+m‖

≤ |αn+m − αn+m−1|(‖x0‖+ M) + (1− αn+m)‖xn+m − xn+m−1‖

≤
[
|αn+m − αn+m−1|+

n+m−2∑

k=m

(1− αk+2)|αk+1 − αk|
]

(‖x0‖+ M)

+
n+m−1∏

k=m

(1− αk+1)‖xm+1 − xm‖

≤
[
|αn+m − αn+m−1|+

n+m−2∑

k=m

(1− αk+2)|αk+1 − αk|
]

(‖x0‖+ M)

+ exp

(
−

n+m−1∑

k=m

αk+1

)
‖xm+1 − xm‖. (3.5)

Since lim
n→∞

αn = 0 and
∞∑

n=0

αn = ∞, we have for each m ∈ N0,

lim
n→∞

|αn+m − αn+m−1| = 0 and lim
n→∞

exp

(
−

n+m−1∑

k=m

αk+1

)
= 0.

Therefore for each m ∈ N0, we have from (3.5) that

lim sup
n→∞

‖xn+1 − xn‖

= lim sup
n→∞

‖xn+m+1 − xn+m‖

≤ lim sup
n→∞

{[
|αn+m − αn+m−1|+

n+m−2∑

k=m

(1− αk+2)|αk+1 − αk|
]

(‖x0‖+ M)

+ exp

(
−

n+m−1∑

k=m

αk+1

)
‖xm+1 − xm‖

}

= (‖x0‖+ M)
∞∑

k=m

(1− αk+2)|αk+1 − αk|. (3.6)

Let ε > 0 be arbitrary. We can choose m large enough that

∞∑

k=m

(1− αk+2)|αk+1 − αk| < ε

(‖x0‖+ M)
and then

lim sup
n→∞

‖xn+m+1 − xn+m‖ < ε. This implies that lim
n→∞

‖xn+1 − xn‖ = 0.
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The next lemma is an essential result needed in proving our theorem.

3.9 Lemma Let B be a Banach space such that the duality mapping J is

single-valued and norm to weak star uniformly continuous on each bounded

subset of B. Let C be a closed convex subset of B and x0 be arbitrary in

C. Let T, (αn) and (xn) be as in the hypothesis of Lemma 3.7, and for each

t ∈ (0, 1) defined zt as in (3.3), i.e.,

zt = tx0 + (1− t)Tzt.

Then

lim sup
n→∞

〈x0 − z, J(xn − z)〉 ≤ 0.

Proof. Let µ be a Banach limit and t ∈ (0, 1).

By the boundedness of (xn), we have {‖xn− zt‖ : n ∈ N0} is bounded.

It implies that {‖xn − zt‖2 : n ∈ N0} is also bounded. Then for each

n ∈ N0,

‖xn − Tzt‖2 = ‖αn−1x0 + (1− αn−1)Txn−1 − Tzt‖2

≤ (αn−1‖x0 − Txn−1‖+ ‖Txn−1 − Tzt‖)2

≤ (αn−1(‖x0‖+ M) + ‖xn−1 − zt‖)2

≤ αn−1(‖x0‖+ M)2 + 2αn−1(‖x0‖+ M)‖xn−1 − zt‖

+ ‖xn−1 − zt‖2

From the assumption that lim
n→∞

αn = 0, we have

‖xn − Tzt‖2 ≤ ‖xn−1 − zt‖2.

Since µ is a Banach limit, from Proposition 2.16, we obtain

µ(‖xn − Tzt‖2) ≤ µ(‖xn − zt‖2). (3.7)
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Since (1− t)(xn − Tzt) = (xn − zt)− t(xn − x0), we have that

(1− t)2‖xn − Tzt‖2 = ‖(xn − zt)− t(xn − x0)‖2 (3.8)

By Proposition 2.6(iii) and J is single-valued we have for each y ∈ B,

‖xn − zt‖2 − ‖y‖2 ≤ 2〈xn − zt − y, J(xn − zt)〉.

Or for each y ∈ B,

‖y‖2 ≥ ‖xn − zt‖2 − 2〈xn − zt − y, J(xn − zt)〉. (3.9)

Hence from (3.8) and (3.9) with y = (xn − zt)− t(xn − x0) we have

(1− t)2‖xn − Tzt‖2 ≥ ‖xn − zt‖2 − 2〈t(xn − x0), J(xn − zt)〉

= ‖xn − zt‖2 − 2t〈xn − zt − x0 + zt, J(xn − zt)〉

= ‖xn − zt‖2 − 2t〈xn − zt, J(xn − zt)〉

+ 2t〈x0 − zt, J(xn − zt)〉

= ‖xn − zt‖2 − 2t‖xn − zt‖2 + 2t〈x0 − zt, J(xn − zt)〉

= (1− 2t)‖xn − zt‖2 + 2t〈x0 − zt, J(xn − zt)〉.

By Proposition 2.16 and (3.7) we get

(1−t)2µ(‖xn−zt‖2) ≥ (1−2t)µ(‖xn−zt‖2)+2t µ(〈x0−zt, J(xn−zt)〉).

Hence

t

2
µ(‖xn − zt‖2) ≥ µ(〈x0 − zt, J(xn − zt)〉). (3.10)

Since µ and ‖ · ‖2 are continuous, we have

lim sup
t→0

t

2
µ(‖xn − zt‖2) = lim sup

t→0

t

2
lim sup

t→0
µ(‖xn − zt‖2)

= 0 · µ(lim sup
t→0

‖xn − zt‖2)

= 0 · µ(‖xn − z‖2) = 0. (3.11)
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By Lemma 3.6 we have for each n ∈ N0,

lim
t→0
〈x0 − zt, J(xn − zt)〉) = 〈x0 − z, J(xn − z)〉. (3.12)

From µ is continuous and (3.12), we obtain

lim sup
t→0

µ(〈x0 − zt, J(xn − zt)〉) = µ(lim sup
t→0

〈x0 − zt, J(xn − zt)〉)

= µ(〈x0 − z, J(xn − z)〉). (3.13)

By (3.10), (3.11) and (3.13), we have

0 ≥ µ(〈x0 − z, J(xn − z)〉).

We claim that lim
n→∞

|〈x0 − z, J(xn+1 − z)〉 − 〈x0 − z, J(xn − z)〉| = 0.

Let ε > 0 be given.

Since J is norm to weak star uniformly continuous on each bounded

subset of B and J is norm to weak star uniformly continuous on

{xn − z : n ∈ N0}.

Then there exists a δ > 0, such that for every n ∈ N0 if

‖(xn+1 − z)− (xn − z)‖ < δ then

|〈x0 − z, J(xn+1 − z)〉 − 〈x0 − z, J(xn − z)〉| < ε.

From Lemma 3.8, there exists an N ∈ N0 such that for any

n ≥ N, ‖xn+1 − xn‖ < δ. Hence we have the claim.

By Lemma 3.5, we get

lim sup
n→∞

〈x0 − z, J(xn − z)〉 ≤ 0.
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This Theorem is developed from some proof of Shioji and Takahashi’s work [6]

under our sufficient conditions.

3.10 Theorem Let B be a Banach space whose norm is uniformly Gâteaux

differentiable and T a nonexpansive mapping on a closed convex subset

C of B such that the set F of all fixed points of T is nonempty. Let (αn) be

a sequence in [0, 1] which satisfies

lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞ and
∞∑

n=0

(1− αn+2)|αn+1 − αn| < ∞.

Let x0 ∈ C and define a sequence (xn) in C recursively by

xn+1 = αnx0 + (1− αn)Txn, for n ∈ N0.

For each t ∈ (0, 1), let zt be the unique element in C such that

zt = tx0 + (1− t)Tzt.

Assume that there is a fixed point z of T such that lim
t→0

‖zt − z‖ = 0. Then

lim
n→∞

‖xn − z‖ = 0.

Proof. By Proposition 2.6(iii) we have for each f ∈ J(xn+1 − z),

‖xn+1 − z‖2 − ‖(xn+1 − z)− αn(x0 − z)‖2 ≤ 2〈αn(x0 − z), f〉.

Since the duality mapping is single-value, we have

‖(xn+1 − z)− αn(x0 − z)‖2 ≥ ‖xn+1 − z‖2 − 2αn〈x0 − z, J(xn+1 − z)〉.
(3.14)

From the identity (1 − αn)(Txn − z) = (xn+1 − z) − αn(x0 − z) , we

have from (3.14) for each n ∈ N0

(1− αn)2 ‖(Txn − z)‖2 ≥ ‖xn+1 − z‖2 − 2αn〈x0 − z, J(xn+1 − z)〉.
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Thus for each n ∈ N0,

‖xn+1 − z‖2 ≤ (1− αn)2‖Txn − Tz‖2 + 2αn〈x0 − z, J(xn+1 − z)〉

≤ (1− αn)‖xn − z‖2 + 2(1− (1− αn))〈x0 − z, J(xn+1 − z)〉.
(3.15)

Let ε > 0 be given. Since lim sup
n→∞

〈x0 − z, J(xn − z)〉 ≤ 0, there exists

an m ∈ N0 such that for n ≥ m,

〈x0 − z, J(xn − z)〉 ≤ ε

2
.

Thus for n ∈ N0, (3.15) implies

‖xn+m − z‖2 ≤ (1− αn+m−1)‖xn+m−1 − z‖2 + (1− (1− αn+m−1))ε

≤
n+m−1∏

k=m

(1− αk)‖xm − z‖2 +

(
1−

n+m−1∏

k=m

(1− αk)

)
ε

≤ exp

(
−

n+m−1∑

k=m

αk

)
‖xm − z‖2 + ε. (3.16)

Since
∞∑

n=0

αn = ∞, we obtain from (3.16) that

lim sup
n→∞

‖xn − z‖2 = lim sup
n→∞

‖xn+m − z‖2 ≤ ε.

Because ε > 0 is arbitrary, lim sup
n→∞

‖xn − z‖2 = 0 and this implies

lim
n→∞

‖xn − z‖2 = 0 and thus

lim
n→∞

‖xn − z‖ = 0.
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3.11 Corollary Let B be a Banach space whose norm is uniformly Gâteaux

differentiable, C a weakly compact convex subset of B, and x0 be any point

in C. If T : C → C is a nonexpansive mapping such that every nonempty,

T-invariant, closed convex subset of C contains a fixed point of T , and (αn)

is a sequence in [0, 1] such that

lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞ and
∞∑

n=0

(1− αn+2)|αn+1 − αn| < ∞,

then the sequence (xn) in C defined by

xn+1 = αnx0 + (1− αn)Txn, for n ∈ N0,

converges strongly to a fixed point z of T .

Proof. The result is obtained immediately from Lemma 3.3 and

Theorem 3.10.

From the proof of Theorem 3.10 we note that the condition that the norm of

B is uniformly Gâteaux differentiable is used only to make sure that the duality

mapping of B is single-valued and norm to weak star uniformly continuous on

each bounded subset of B, so we have the immediate corollary.

3.12 Corollary Let B be a Banach space such that the duality mapping J is

single-valued and norm to weak star uniformly continuous on every bounded

subset of B. Let T be a nonexpansive mapping on a closed convex subset

C of B such that the set F of all fixed points of T is nonempty. Let (αn) be

a sequence in [0, 1] which satisfies

lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞ and
∞∑

n=0

(1− αn+2)|αn+1 − αn| < ∞.

Let x0 ∈ C and define a sequence (xn) in C recursively by

xn+1 = αnx0 + (1− αn)Txn, for n ∈ N0.
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For each t ∈ (0, 1), let zt be the unique element in C such that

zt = tx0 + (1− t)Tzt.

Assume that there is a fixed point z of T such that lim
t→0

‖zt − z‖ = 0. Then

lim
n→∞

‖xn − z‖ = 0.

Proof. The result is obtained from the proof of Theorem 3.10.

The assumption that the sequence (αn) in [0,1] satisfying

lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞ and
∞∑

n=0

(1− αn+2)|αn+1 − αn| < ∞

can be obtained if (αn) is a decreasing sequence in [0,1] with lim
n→∞

αn = 0,
∞∑

n=0

αn = ∞. Hence we have the following corollary.

3.13 Corollary Let B be a Banach space such that the duality mapping J is

single-valued and norm to weak star uniformly continuous on every bounded

subset of B. Let T be a nonexpansive mapping on a closed convex subset

C of B such that the set F of all fixed points of T is nonempty. Let (αn) be

a decreasing sequence in [0, 1] which satisfies

lim
n→∞

αn = 0, and
∞∑

n=0

αn = ∞.

Let x0 ∈ C and define a sequence (xn) in C recursively by

xn+1 = αnx0 + (1− αn)Txn, for n ∈ N0.

For each t ∈ (0, 1), let zt be the unique element in C such that

zt = tx0 + (1− t)Tzt.

Assume that there is a fixed point z of T such that lim
t→0

‖zt − z‖ = 0. Then

lim
n→∞

‖xn − z‖ = 0.
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