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The objective of this thesis is to develop a finite element program for analyzing ground
movement problems in geotechnical engineering. The distinct features of the program include: 1)
the MIT soil model; 2) coupled displacement-pore pressure and consolidation analysis; and 3)
automatic time-stepping algorithm.

The computer program is developed from the basis of the finite element code of program
SNAC (Abbo and Sloan, 1997) and written in the FORTRAN language. The MIT model (MIT-E3,
Whittle, 1987) is an effective stress model with the critical state soil mechanics, which can capture
most real behaviors of natural normally and over-consolidated clay, including small-strain non-
linearity, strain softening, and anisotropic strength. The governing equations for coupled
consolidation are treated as a system of first-order differential equations and solved by the
backward Euler and Thomas and Gladwell scheme. The elasto-plastic finite element solutions are
obtained by using the automatic time-stepping algorithm with error control.

The developed program is verified numerically by analyzing a problem of triaxial
undrained compression-test. The verifications are carried out at the stress-strain relationship
integration, and at the finite element discretization. The results of these two verifications match
each other very well, indicating that the written code is numerically correct and accurate. In
addition, the program shows a higher efficiency, compared to _the original MIT one in terms of
superior computational  speed. Then, the developed program is also applied to analyze two-
dimensional problem in geotechnical engineering, namely; Plane Strain problem, strip footing. The
analysis also consider the boundary conditions of footing as flexible ‘and rough. The analysis
results have shown that the developed program can analyze selected problems accurately and

efficiently, thus providing a suitable analysis and design tool for geotechnical problems in practice.
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fuedudadiaguanenamaiupe Displacement Method, Force Method uax Mixed Method



#"15U Displacement Method aznnuua liUInnaun1snaausaf Node dusnuilslinsuan

1
A

Wagieaunisduiuyniedmusiiasa Aninisudaunisinennaleataa9FuunIsAaauEY
4 Y 4 4 e w e a4 . Y -
# Node 11 wazilana uFuInnIsAaeumangs siulsaunaula [u AvNIAY ANATEA
Aazgaunrnauinslalaansaanniiununisiedausn  suidenng nlumedinuinaseadunig
AR TN1TLIUHFENG1 Displacement-Based Finite Element Method @21l44 Force Method a
s A uAuulslings ual  wazli Mixed Method  aznnvus liia3unnnig
dl o U [~ o 1 1 v [ i’/ aae ¥ %3 aca A
Lm@ummef;’mmmﬂumLLﬂ?"Lummmemmjﬂu 19812 T UANNITIRII TINULE N
(Virtual Work Principle) @5198:n79 W lusedmssinug aapanudunusaassaulslidnsuan
finuNn e drudueniddeludneninusatiuilazld Displacement Method a¥eannag st

ANUFAMIUNNTAATZUTTTY I Te9UIN 1L Plane Strain wintiu

2.2.1 duguaasilyyu Plane Strain

' '
a a .

woudsieag luannangaatinfazdtAsziluy Plane Strain Asuanslugii 2.1 waa

(3 dd” a dl v é’ a dl [ dlzJ a
ga9udie Q HWuRa T Teilsenauseiuinaasaesssinunauiuiu ) uasNuRanIuaumun
I andounils taedl T =0l was Tinl=@ 898 Q daouvuiadiane h Tnai h IAnge

dl a o o i A [ AAQ‘/ A
HNLHANELNUIUIATBINAA  LINNIENINgUanaa Q mmuﬂuﬂfymmumwﬂﬂm Y¥N

WUbWeNgzane (Traction) t WNNIENIMLLIAA (Concentrated Load) R, uazusadmnuzaunss

C

neznfeauilvialINAmg (Body Load) f°

Concentrated
load, R'c

Support
points

917 2.1 wravesudsduiuiloun Plane Strain nalfussnsevinnauan t, £ uaz R,



|

LLN%QWJWﬂlﬂ?zﬁﬁGi'ﬂN'J@LﬂMiﬂ[ﬁl’W@NNﬁﬂ’]Wﬂ@ﬁ Plane Strian A%

1) VLsJﬁLLNﬂizﬁﬂﬁ‘ﬁuawmm@ﬁ@qﬂu I

2) UsINNELANANTERIANLANNMLNT ANATR L ATesunL 2

3) wsedmg £ 1A Component muFiAN19BIUNY 2

muuﬁgmﬁmmﬁﬂﬁﬂﬁﬁmm Plane Strain ﬁmwdw'ﬁuﬂdﬂﬂmmmuﬁﬁﬁmﬂﬂﬁ@
aunnandprasTyvuuuaNlRUuIZLURS S xy,z WuiTymaesdlnuweuwiy xy 1§ Favh

a

v 1
UTNIANNILLNNTENAaNTaazlszneUsag 2 Component AMNTANIGTBIUNL X,y AT

B f)f tX i Ré‘X
= : = - R = 21
e =C e

danniniaeaeusazemnsiqntarluses  Ukky) dnainmeundslifiussnnnszinneunele

< A ° = P o
ﬂmzﬁuﬂVlLL?\iﬂﬁ‘zwq’ﬂ%N 2 Component WNAWNUAR

U
U(x,y){V} (2.2)

PsunnANAzea (Strain) Ainaunan lanfalusaduiiesnainunaiinnside gy
A A A o aa A~ o
W NUTUNULARRUAINAY U el usaniauennsennme
T
€ :[g)o( Eyy Vv 522] (2.3)
amiuilymnnadniifiuinniseaeusanazTaiuauATaaEaaNIn (Small strain

and small displacement problem) Puazrldan
oU oV ow ou 8_V (2.4)

Egy =——3Eyy =——3E,; =——3Vyy = ——+
o =y Tyt T s S oy

WAZAIINLAL (Stress) ﬁ@gmimmﬂiummLﬁﬂﬁtﬁ?mmmmm’?‘ﬂm ¢ RnTuAe
a’ =[0'XX Oyp Tyy O'ZZ] (2.5)
Taeri
o= Cet+ o’ (2.6)
Tugumis | (26) C AelssndnLanAn LRSI E M1 1A A TLAY AN LLATEA
(Stress-Strain Transformed Matrix) mfaﬁm@ﬁlﬂummmﬁmm WaT o’ ABANABSANNLAL

QI % o 1 dl = o
LTNRY (Initial Stress) TunanauNAziLNNLUANNINTZAN



222 UANNISARNBNULANAU

o d’l ad A dj 1 P A .
Wémmiwugmﬂjmqmmmmwmﬂmfﬂfsm NuaRausunie i (Internal  Virtual

a %

= a = | = a A Y o
Work) sTNLﬂ@"V]ﬂ@Q’]NLﬂu”’ﬁ‘ﬂ.ﬂqﬂluﬁi’)@Lﬂ@@uNWUﬂquLﬂ?ﬂmL@Nﬂuﬂqﬂiumaﬂﬂﬂ@@\‘]ﬂﬂﬂ’]?

=)

WPAAUARANAUARY RANWNAUIWaRNauIINAeuwan (External Virtual Work) BAR7nLa

©

= . O A P P = @ vo X
MEUaNAAeUENLLBNN NN TIARAUALERaUN RN TeauInTawduanns liAel

mumﬁﬂu@fmmﬂu = mumﬁ@ummmﬂu@ﬂ

[e70dQ= [T f*dQ+[U" tdr + Y TR, (2.7)
Q r i

Q

= _ra = - A @ = a o P aa
Iﬂﬂﬂ g A ANNHLATE ALAN AU UNALLAINIAINNITLARR UG LA NAUNH

= y oa X a = o
O AR mmmu‘wmmuslumamfﬂuamqmm@Lu'a\wmmezmmﬂu@ﬂ
=

N —_— el i & a ¥ [ i
UT, U™, U e nalrdeusaldlaundnanisdanndasnuus 2 7, RL

fE.6RLE AR LINNIENINEIUEN

2.2.3 aumsinludiadiuuddvsuilamaasuis
paldnataniudadnesudrsziiouds i lufiefwuiBududoanisutsunaieslu

raupresliym liiduefwustesiiaensdenui Node 184aALmuALYNTGL viae1anan3La

Fsunuresudsluilymaieiaalasednaedwus (Element Assembly) Nidausafiuan1ed

Node 2@3iaatuuws Auanslugin 2.2

N

31I7 2.2 Element Assembly A ldunuasudsluiloyun Plane Strain lussuuiingau x,y



BURNTaILENNmAT Q wasiuiia T 284 Element Assembly lugunish (2.7) @1813n

L
a o o o

& ! i
aeulielugtluauasnaesduiniarionefiunms Q° uazituiiie T° AN1anynefiuus

el Element Assembly 15aatl

z JE(Q)TGdQ(e) _ Z J‘U(e)TfB(e)dQ(e) +z J'Ufﬂfr(e)dr(e) _’_ZU;TRé (2.8)

e e o e Fl(e) ’’’’ l“;") i

auiniasineluannisi  (2.8)  amnIamAl W ineinnsa LN az R ANUALEN
&7z 1IN NI UNNIAE NI LLAA I ALNUFNIL AN URINIAaLNIEn1 s s ULR R
lan"y (Local Coordinate System) r,s 84UARALNUANULN UL ULNARTINTR9TTY1) (Global

Coordinate System) x,y

(0.1)

Local Coordinates - (r,s)

Global Coordinates - (x;y)

31/7 2.3 Global uaz Local Coordinate System dnuitiadiuus luiloyun 2 1

AMFULLALIUANINT Local coordinate I WAz s AZHANBETENINAIAGAUALGIARAAD —

1 uaz 1 ANAIALALAAILILN 2.3 Local Coordinate 2899alarnng e Amusainisown s

1%

Inensdszannsldanniinaes Node Tagldiarndunisilszaunad (Interpolation Function) fail

N N
r= Zh[(e)ri ;s = Zh[(e)sl. (2.9)

i=1 i=1

\Wa h A Wefdunistszunne was r, s, Aa Local coordinates #1131 Node i AnuanALl
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AMFLRAMUALLL Isoparametric’ wAaLFN1uNITIAReUATa99a Iar e T AN
ansniszanldainiEuiunisnaeusion Node ldlneldiaridulszanoudumaaiuiunig
#1 Local Coordinate AstiudmiLiaaiuus e lasin A9man Node Wi N wda 1nimesued

BUIuNIARUAI1899A (r,s) LWadmus (U”(rs)) Aa

N
u(r,s)= Zhi(e) (r,8)i, = H' (r,s)U (2.10)

i=1

e
B (r,s) An eridunldlunisldszunimnisindeusizedediuus e (Displacement
Interpolation Function ) 90 MIZULNARRINLRNIZUBILAALNYE 1,S

A A f—'ll o a & dl . o a o
a.(r,s) A8 FNIUA9ARDUAAEAINYEA e 1 Node | dalussLuNinIN@nIE

YRILDALNIGLT,S
(e) A a s o dl o . .
H Aa WATndaaIindUllszinnin1lAaaUsa (Displacement Interpolation
Matrix)
U A9 NAA5URILTNIUNTIARALAT Node 1991aaLuus e FalussLUnnim

N9IN VaTTYnn X,y

X = = - )y o Y
wananiliNIANAsearesgatanIeluefwus e () deaunsndszannls

di o a o al [ o dgj

ANUTHIUNNTARBUAIATINYINT Node 2aILaRLNIA 1 lWAN IRz
9 r,s)=B(r,s)U (2.11)
Tnedl B” A WAINENLAAIANNENNUTIZNINANNLATEALAZUFN1 NI ARDUE (Strain -

Displacement Transformation Matrix)

AInaxNI99 (2.6) azlddnannuiiu o anlanieluedwud e (o) As

| | m n ,
"Awuildnssznnsunbuaz namanetewinid o x = Y AR w=) ki, uiaius
~

i i=1

BRI
1) isoparametric element Lfiﬂ m=n(a1UU Geometry Node Wil 21191 Displacement Node) Wag
h=h;
2) subparametric element Lfl‘l'a m<n(@°’1u')u Geometry Node £REINI AU Displacement Node) waz
order 184 h, fnan h’
3) superparametric element L‘fllﬂ m>n(a111 Geometry Node N1NN91 A1 Displacement Node)

WAT order U84 h, §4n7 A/



1"

o =CY¥ +o'? (2.12)
el CY Ae WAINENLAAIANNANRUTIZNINANNLALLATANNLATEA(Stress - Strain
Matrix)189a ALNYE e

Tuann19M (2.10) waz (2.11) Wuann1sinandnislseunaanreasaudslinsuanay

a 49{ a A dl o = dl 173 [ aa A
NATUATADLTNIUNITIARDUAT U WAZAINLATEA € B9 NS MUANN1TU892 59NEND 1 L1
o s a e [y T o Ho P o
n17a519a 8N I e A uAtiena 1938 AN s s U AL AR AULS NN NN TLAR B WAR

A = I 1% A
LAHNBAULATAIMNLATEHALANDUAIE AD

Y = ~
w9 (r,s)= Zh,@ (r,8)i, = H(r,s)U (2.13)
=i
£ (r,8)= B(ros)U (2.14)

WNUAN U, E,0,1U,E& AINEANNIT (2.9) D9 (2.13) luanns (2.8) azls

07 > J.B(‘f)TC(e)B(e)dQ(e) O=0" 3 J‘H(e>TfB(e>dQ(e>

e e ol
4> [HOTOds (2.15)
e 1,1

4> f B9 d0@ Ly R,

e ol

PAINTUA I NANN172999 89N AN AU UANNNT (2.14) Walilsanniraearzidedsinlusdie

audlnanisldliuaunisinaeudaviladag luuias Component 2e9 U uaiuau n A%

6

dl = o Z’/ "_ = o ZJ/ o/ dl veA
Wa n ARANWIUN Degree of freedom Maviualu U V3R 1uaUANNINGMNA HAANST LATiAR
. . = aa o a 6 o z
Simultaneous Equations 1245210138 I luslafimus Aafl
KU =R (2.16)
Tned K AslumIndaasAnNudaniaaad Element Assembly T9lFNNa1InnNsNmang
AnuLdanaecsazeamus (K?)undsenauniudaeis Direct Stiffness Method Ag

K=Y K=Y [B“CBdQ" (2.17)

e
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U fAa wnwefaasliununisimaeusaaaiusaulsldnsumaaslym way R fu

INABFTBIUINEUBNTNINTTINTUTULANIANUINNINTTINFONIAULILIAN7] AT

R=R,+R;—R, +R, (2.18)
R, A8 1NEDsILsNEuaNLiasann usednniisa Body Force
Ry=YRY =% [HYf"9dQ® (2.19)
e e
R A8 NAafuNNEuaniiasanuaaLLLengzataiavaa Surface Traction
Ry =Y RO =% [H 1 dr® (2.20)
e e rl(f’) AAAAA (o)
= - =2 a v @ A~ vy A o
R, A8 wnmasusaneluaannainaddslunatesudmiegudonauiiusanisuansein
R =Y R =3 [BYc"0dQ" (2.21)
P e

WAz R, AB LINIABSIDINTNIEUBNULILIAANRYYEE Concentrated Load

2.3 Lpandbusziiaudaiwlusafaiuus

A1N13 (2.15) ugnnnT Wl e s mudd miaIAT s FunnnaeReusia U d1msy
ﬁtymmmLLﬁqﬁfagi’Lu@mqmu@@mam (Static Equilibrium) lunisvnaAwssndamnudeands K
FENATUIULNAINT A NANAUSIEUINANNIARLAZANNIATEA B A A nHanead
ANHLATEA TUANNIS (2.4) WFEnd B d1asnatuanlaainsaaiiunsayius adk, 9 us
TUN1U AN BURNFaTaNATNTANN LIS INTIIaduAaze A LA K muanng (2.16) ayld
sruLfialanIzanuaasioawmus nliwssnd B azetluglresianwiiunisewius o4, 90
s fefulunsAnuansing B asasinsulasdaniiunsewius aa, oG TWdlusn
ANTRUNIOUIUE 9k, 96 aannganti azladn

2:2§+£8—y ey 2:2§+ia—y (2.22)
Or Oxor Oyor 0s Ox ds Oy Os

3
Yo A

Tedaulvieg luglwesnd e

o] [ o

or|_|or or| ox
51 @ 8_)/ 3 (2.23)
Os Os Os || oy
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o] [
= 5 _ 4 ox
VR 5 = J ﬁ (2.24)
Os oy

Taaifl J Aa Jacobian Matrix ¥3aLNFsNINLAANANNANTUESEMIN98YRUS 11 Local Coordinate

wazayus U Global Coordinate e lilaaunien x uaz y Tuaunns 2.10

o o) [ il w]n
g=|or or|_| o or or | %2 N
o o |T|ah Ao
O0s Os Os Os os Xy Yy

LLﬂzﬂuﬁuﬂu Global Coordinate #nu13nunlaineg

9_p19 (2.25)
ox or

2.4 NMFAUNLNTALTIAIAL

WEINGANUINNGI K uazianteasiaangeni R luaunng (2.16) D (2.20) atlugilueg
AURNTA NIUAIRUTANSAAINANNEINITANIZNIAREATNNTIGA b6

NTAUTINTALNATNTLAZLINIASITNFLATHRNTZA A Ae Nuum Sampling Point luls

¥
| °

WRNABINTEUTINIATUNNIAN UM UAAZ Sampling Point azlAnaednutin (Weighting

1 v
v o o

Factor) SN WAIANTRSBUANTATINNN AU AN TN ANTINALNATINTRINARTUIZNI N

o A

wWrsndviTalnman Sampling Point siufiuAftaetinviinges Sampling Point 11 1auiuau

o

v &
nnslesatl

[Fdii=>aF, (2.21)

%

o F Ao wesndutennnesifesduiinsamasiiavalamy 11 F Ae wsindiennines?

Sampling Point i lu IT uaz o, Aa AndaatmTngeg Sampling Point | NsRuTIN I LA

anunsnnssyinlFuulaLR LD vikTR aediiR uavanuila
FaemAnnisianunsadsuiugunisdniunnsauiingmisiniarream s ndasaLde

(e)

inFeaagedus K uaznninasusanszitsaaedmud R,” R uag R 18asl
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K9=>aK"=>aBCB" (2.22)

Ry =T R = S 22
J J

R =Y R = Fa )/ 224
J J

RO =Y R =Y a5 o] (225
J J

NNTANMUARN AU LAZ AT UTINE WS LA Sampling Point 1N138WALNTALTNEFY
T oA el \ = H aa X o
WUUUNBE VAN 11U Newton-Cotes Formulas, Gauss Formulas 9 luivaadnsiag g

AW IS LLNAALRNIZUDILD A kNG

2.5 mamnataagrasiigmaluiidadu

o

naualaaaastioyun Widadu Inaialilasl49an12909 Newton-Ralphson Adil

AR(M) ek t+AtR _ HAtF(H) (2_26)
thy 1) AU = AR (2.27)
1+A1U(a> = 1+AIU(i-1) L AU (2.28)
+A A
OG0 <y BRI _ e (2.29)

Aauanasnanwlugiin 2.4

Load |

'I"'“"Inl-l'— -‘+\-"\-":I1- .'+.'.IE_ .‘+‘|.IF.1|

; e
ERET . S I"'l|I IE ﬁf

1
—_————

i
———
1

|

-
:

+
o
s
— 3t

: B -
4 W A+l Displacemnt

Initial stress meshod

7U7 2.4 Fawuaiaanuealnymi ldidadu wuy Newton-Ralphson



un 3
NOHGNANAANKIUTUAY
3.1 unin

TunrsdisnzitymRenlareuandieiuanndainssuygi 19w Shallow Foundation,
Retaining Wall, Earth Dam, Underground Opening #azifayunaislanuidanssny givldesng
gnsiestiuazsiasld Constitutive Laws 130aNITWAANANANRUSIZNING Stress-Strain 71
asUNennAnsINAulAetinegniianae

S| 2 dl a o a = %’/ 1 d”
duszezinaruaiiudeinisas eidlovn e uidminssud gise g uunuguaeg
A A 1 v o = a d%/ A a e a
Hook's Law %78 Elastic Model usisann loiHn1swmumgeinatafinaunivednssiiaies
nwisatlyiinaadasiunasiifaesdan 1w Ultimate Bearing Capacity ,Slope Stability
s

o naaRnusnimLIdmdudanuuulans  uazlaiinisdszendlddniununaiuem

{mel Druker and Prager (1952) gl Elastic-Perfectly Plastic Material 749 Yield Function %38

Yield Surface luRnpaaunvirailasuilasuunaluneiing Plastic Strain #axu1 Chen

(1982) l#Wmu1 Hardening Plasticity

3.2 WANAANRIULNNLTILAU

]
vy

Wunnsunuadn fuldld Elastic Material (% Hardin, 1972) @ausngmandangns
MU 3L ANBRAGI AN  (Effective Stress Increment) N3eNNABNIARUALLAAAINLATEA
X 4 v e e o=
AUNNTUHNLEH U wAftmineusdwRnsAanateanty lddnunauselssdninadan

a ~ A e ! o ~ \ A Ao X X , A o
LWNuuqzﬂJﬁqN’]ﬂV?@u@ﬂN’]ﬂLL@LL‘VTuﬂmf]N ﬂr.nllLﬂ?ﬂﬁﬁQuLWNV]Lﬂﬁmuﬂ’]uqzvlmﬂqﬂq?ﬂﬂumq

v
o I

V2 .z - .4 ox Y
Tianun  satiuanananaldanlFunnAnueATe ag NN A ATWienNag N LU IE T uaag
1 =
Aoupa
= , A o A oYy A o , a a , o
1) ANPTUARIUIANN AN AW IA et usa s AV ENadouIiNean UAY
FENANNATLAZIUANTIN  ANHLATEAZIUIANILLILAA4RN  (Elastic  Strain

Increment)
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2)  ANMNATEAAIANT I AN AWE I H BN L s L ANB AR AN DN LAY
FONANNATLARIANTIN  ANATEARI AN WL LNANGRAN  (Plastic  Strain
Increment)

o 2’, = [ 7l

patiugnNnrnd s uannislagn

e=&+¢? (3.1)
~

e

Lo - = ! - % - - \ - =
& PRINAATUBIANNIATEAAIUA NN AT ANNLATLARIUANLLLBANE IR-
WaN&mn (Elasto-Plastic Strain Increment )

£° PANNANTIAIATNIATLARIUANLULAANARN

£7 ARNAAFIRIANNLATH AR VAN LLLNANGRN
] = ] QI [ a a a da’d s o %
N1guLNANLATEAAR IR aa N UL LA @ ANLAaZLUUNAE AN s e minnnin 19
ANNNTDANHI AN AN RN UTTZ 199N U 159192 RANTNAR AN T LA NATLARIUANLULDANE

% o & 1

ANUATANNA NN UTUAINUE 199U LR N B ARG WAL AU AN NLATEARIUANLLLNARAN LT

azdouls  TWNENIINNTANEI AN AN UT I N9LN I 9 s L AN TN AR U NTL AN NLATER

AVBNNNINNA LA 7T

3.2.1 AANNLATEARIWLNNLLUARAFRAN
Taein 1A 18T AR ULAN LULAANAANAZHAILALININ AT NLATE AR LN N LI
v 1 1
WANRAN  NIN  ATUA N AN UG 799N AN A RN L AN NLATE AZI WA
wuuaanaAnailuwuid e uazinaziili Isotropic Model (11 Roscoe and Burland, 1968)
v

Qll & o a e o dl @ A ' o o A
UAZINETAINUNIN LA NI UR AT AR NUANY

el

o A 1

K e lupaatinnejuidialiuimns (Elastic Bulk Modulus)
G Pa lupdatinveuusaen (Elastic Shear Modulus)
o A9 MUK AT NAR AN TSR (Effective Volumetric  Stress

Increment)
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§ A NLABFIBIUUN LT eIV LN (Deivatoric Stress Increment)

1+e, _
05

LAY K= (3.4)

K

Tnei? e, Aa Initial Void Ratio 4oy K A ANdUaa9 Swelling Line lulaazunsy e-in

(P)ua 8Rsduaed G/K WuArpsinAuulalaensaannemnsngdauilagad (Poisson’s Ratio)

(% g
At
2G 3(1-2v
_:(___) (3.5)
K (1+7)
AINANNIT (3.4) Uaz (3.5) arlidn K ey G AuagiuA & Tmunaaudl A
ANNUFNT L UINMUL B LI A ILANAL AN AT AZIAN LU LD AR AN Tl T L& um 99 (Non-

Linear Elastic)

3.2.2 AANLATEARIULNNLLLUNAIFAN

gﬂﬁfﬂﬂa‘?m?ummﬁuﬁuﬁa‘wdﬁmuwLmﬂﬁ‘zﬁw%mmmﬁmﬁummLﬂ?ﬂmmmﬂlu
LULNATARN AR

é” =AP (3.6)

q, =M (3.7)

Teft A e FaANangsn (Plastic Multiplier) u‘??@ﬂ?mmamm%ﬁmu@mmmm

APATEAANUANILINAIARN Uaz P ARNBeTIR AT AN IT8dpaLLAS e A RN

WANAFN T9un b6iann Gradient 484 Plastic Potential Function fauanglugili 3.1

p-2g (3.8)
lolo;

P':a—g (3.9)
Os

ANNIT (3.7) hanspaudNRfandne ¢, Teiludaulsane s ifea iy In-Elastic

wesAveglugtlunsingunataRnIas hardening parameter 4,
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gﬂﬁ 3.1 Plastic Petential Surface g and Plastic strain increment direction

ANANNTT (3.1) (3.2) (3.6) LAY (3.7) AINIINNALMNIUIAVBIFIATUNAAFN AR
o =K(é-AP) (3.9)
§=2G(e—AP") (3.10)

L 2G(Q':é)+ KQé
~ H+2G(0": P)+KOP

(3.11)

3.2.3 Yield Function

Plastic Model 597 sieetlszneausat Yield function @91flu function 11 Stress Space

TffinvungaLIIATe4 Elastic Region 189ANAILARAIlIgLN 3.2

AS
Elastic
Elasto-Plastic
Elastic
/ "o
Elastic
(o ij)=O

gﬂﬁ 3.2 Yield Surface &14§U Plastic Model
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Stress Point #1agnnelu Yield Surface az¥inlif f(Stress State) <0 uavazat/luaniu

Elastic #91 Stress Point fiagj111 Yield Surface azvinlii f(Stress State) = 0 wazazag/Tuaniuy

Elasto-Plastic
Secound Order Q luaun1? (3.11) @ 113U teann Gradient 989 Yield Function

WeUAY Stress State TauaAAIne
0
0Ll (3.12)
loloz
0
_o (3.13)

Q'
os
3.2.4 Elastic Unloading wag Plastic Loading
411150 Stress Increment uﬁ\‘l"]ﬁﬁ“uﬁuﬁ Elasto-Plastic State (g Yield Surface)
WA w30y WLNA Elastic Strain %58 Plastic Strain file Wuatiy Stress State Uaz Strain

Increment 419151 Elastic Unloading azlfdn
(3.14n)

0:5<0

Y (0" S)+0& <0 (3.149)
Y 2G(0'": &)+ KQé <0 (3.14p)
(3.15)

WAT@MFL Plastic Loading azl4an
2G(Q'":é)+ KQé >0



uny 4
LUUAINADIAY

4.1 UNU

@ A o ° ol o o ' a - =

WunmufuadiuuuaaasdulianuddyadsunnlunnsmasiiilymSeula
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wenlfmunzaniutloym

anFunsmmeitlyuamenlarauanludunuviian  wwudanaesninisdlussidey
'3%11/\111&57@5Luuﬁﬁ@gimfmLmuﬁmmﬁfmﬁmﬁu Linear Isotropic Elastic Model (LIE Model),
Rigidly Perfectly Plastic Model (RPP Model), Elastic Perfectly Plastic Model (EPP Model) L1
Mohr-Colomb Model, Von Mises Model %38 Tresca Model, uaziuuaiaasnunieanldlunis
Anrzidilymtenlareundniunumtiaana Critical State Soil Model i MCC Model,
CASM Model, MIT-E1 Model 138 MIT-E3 Model

Asuanudds luanetnusatiuiidan MuLua1aesmiu MIT-E3

4.2 WUUINNDIAYW MIT-E3

LULANAB9AYE MIT-E3 il Effective Stress Model @1115U Overconsolidated clays

ne'lé Cyclic Loading Tewmuntulng Whittle (1987)

4.2.1 4aAUa9bLUaNaa9n 1l MIT-E3

Y o

WLATAeAL MIT-E3 IXsasngfngsaiign ”mﬁmjmmﬁu%mﬁ
1) Anisotropy

2) Small Strain Nonrinearity

3) Strain Softening Behavior

4) Undrained Cyclic Loading

5) Coupled Volumetric — Shear Behavior
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6) Shear Induced Pore Pressure

7) Bounding Surface Plasticity

4.2.2 Wasyiatuaauuudiaasfiu MIT-E3

%
¥ K

WLLANABAU MIT-E3 gﬂamﬂumu‘ﬂmﬂfﬁ?\mfguuﬁugmmmmqwﬁwmmﬁﬂLu_m
Incrementally, Linearized Theory of Rate Independent, Elasto-Plasticity palinanalfuanlusia
48 3.2 YANN1IVRILLLANABIAN MIT-E3 19151 Unload-Reload i Hydrostatic Compression
uamslugi 4.1 uaz Bounding Surface uas Critical State Cone uamslugild 4.2

ANN19U8D9 Boundaring Surface PAILLLANA8 A MIT-E3 (Kavvdas,1982) R

f=(s=a'b):(s—a'b)—c’c'2a'-c")=0 (4.1)
Tnef
s A8 Deviatoric Stress tensor
o' Aa Volumetric Stress
a' fp ﬁQLLﬂiﬁmmmmmm Bounding Surface
b Aa Second order tensor ﬁ@%mmmm’]\iﬁq (Orientation) 284 Bounding Surface
¢ Ae Fulsfipaunngsrendizes Bounding Surface
41N"3384 Critical State Envelop TukuuSNa89R% MIT-E3 Aa
h=(s—0'E):(s—0'é)—k’c"=0 (4.2)
T h=(s,—0'&):(s,—c'E)—k*c"” =0 (4.3)
Tned
& =(C.-C) @4
2
k =%(CC +C) (4.5)
C - \E Osind're (4.6)
3 3-sing',.

C. :\P—“IWTC 4.7)
3 3+sing',



ANN19129 Hardening Rule 8 %3ULLLA 8971 MIT-E3 Ag
d'=a' e
LAY b= l//0<rx>$(s—a'b)ép
4nn"3 Flow Rule Aa
P, =2ca're

AH czx(Q'+<rc>s)

P=P +Fg,
H=H,+Hg,
o
g ={(a-a')(a'-a' )}
g ={(a-a' Hla'y=a'y )}
1
H, =K—(1+e){(05'—05'o Yal O, 1| B [}
0
B = —{2020{'1’0+ (771 : le)}
P,=0
LS
S
n=—
O
O‘- foro'>co'
5: g‘rev
r‘:V foro-'rev > U'
O

1/2

& =AM=1,): (0= 1,0,)}
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(4.10n)
(4.107)
(4.10m)
(4.109)

(4.10a)
(4.10%)

(4.10)

(4.10°)
(4.10 )

(4.11)

(4.12)

(4.13)
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4.2.3 WSIALAASR NS LR LUANADIAU MIT-E3

v

LULAABIAY MIT-E3 finsnflmedianun 15 62 deansnsnmidainnisnaasduies
ﬂﬁﬁﬁmiﬁﬂﬂ W Tmedia 15 fatszneudas

1) Initial Void Ratio ,e,

2) Slope of Vergin Compression Line in Oedometer Test, A

3) Nonlinear Volumetric Swelling Behaviour, C

4)n

5) Irrecoverable plastic strain, h

6) Konc
7) 2G/K

8) ¢'TC

9) ¢'TE
10) Undrained Shear Strength,c

11) Amount of Post-Peak Strain Softening, St

12) Nonlinearity at Small Strains in Undrained Shear, @
13) Shear Induced Pore Pressure for OC Clay, y

14) Small Strain Compressibility at Load Reversal, x|
15) Rate of Evoluation of Anisotropy, ¥,

1 v v
N1INARBINB U AN ISV AT AR ANITLLaNa13289 Whittle (1987)
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gﬂﬁ 4.3 Stress Path 2189 Undrained Triaxial Compression Test (BBC)
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Coupled Consolidation $aNfLLLLANA BN A MIT-E3

5.2.1 n1gAsaadaullsunsngau Stress-Strain Relation Integration

Tlsunsnludnenfnuslal49s  Explicit Integration with Automatic Error Control
A5 LULRNARIAY MIT-E3 Gatdualne Sloan et al (2001) wraumsuiunadnsannlisunsy

Stress-Strain Integration TN IAg Whittle (1987) Haniaifzauiiauuandlugii 5.1uae5.2



(0,40.)20",

g 'W2g'p

w

(g’

0.5

0.4

0.3

0.2

0.5

Original
——  Geosys |

0.2

0.4 0.6 0.3

(-2

Qriginal
—i— (Geosys

4 B
Axial Strain , |€,| (%)

717 5.1 nan1sFaLHLANYNFABITY Stress-Strain Integration

28



duccess inc. | Failed inc. | Total inc. | Talerance | Used time(s)
MIT subroutine (Comp.) - - 10000 1.0d-6* 162.63
MIT subroutine (Ext) - - 10000 1.0d4-6* 162 .43
Mew algorithm (Comp.) 102 7 1049 0.001 .05
Mew algorithm (Ext.) 131 10 141 0.001 .10

* Talerance of strain increment size(mas. strain increment size)

717 5.2 nan1sufatineLlsE@nan naes Stress-Strain Integration
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DOF Symbol
Displacement .
Pore Pressure L]
Shape Functions
Node s f f*
1 1 0 21(r-0.5) r
2 0.5 0.5 4rs -
3 0 1 2s(s-0.5) S
4 0 0.5 4s(1-1-s) -
5 0 0 2(1-r-s)(1-r-s-0.5) (1-r-s)
6 0.5 0 4r(1-1-s) -
Derivatives of Shape Function
Node of /or of / Os of /or* Of / &s*
1 2(2r-0.5) 0 1 0
2 4s 4r - -
3 0 2(2s-0.5) 0 1
4 -4s 4(1-r-2s) - -
5 “2[(1-r-s)+(1-1-s-0.5)] | -2[(1-r-s)+(1-r-s-0.5)] -1 -1
6 4(1-2r-s) -4r - -

* For pore pressure node

517 n-1 6-Noded Element #115UN53tAS1SMLL Coupled Analysis



Shape Functions

DOF Symbol
Displacement ®
Pore Pressure =]

44

Node r s f f*
1 1 0 (32/3)r(r-0.25)(r-0.5)(r-0.75) 2r(r-0.5)
2 0.75 | 0.25 (128/3)r(1-r-s)(r-0.25)(r-0.5) -
3 0.5 0.5 64r(1-r-s)(r-0.25)(s-0.25) 4rs
4 0.25 | 0.75 (128/3)r(1-r-s)s-0.25)(s-0.5) -
5 0 1 (32/3)s(s-0.25)(s-0.5)(s-0.75) 2s(s-0.5)
6 0 0.75 (128/3)s(1-1-s)(s-0.25)(s-0.5) -
7 0 0.5 64s(1-r-s)(s-0.25)(1-r-s-0.5) 4s(1-r-s)
8 0 0.25 (128/3)s(1-r-s)(1-r-s-0.25)(1-r-s-0.5) -
9 0 0 (32/3)(1-1-s)(1-1-s-0.25)(1-r-s-0.5)(1-r-s-0.75) | 2(1-r-s)(1-r-s-0.5)
10 0.25 0 (128/3)s(1-r-s)(1-r-s-0.25)(1-r-s-0.5) -
11 0.5 0 64r(1-r-s)(1-r-s-0.25)(1-r-s-0.5) 4r(1-1-s)
12 0.75 0 (128/3)rs(1-r-s)(r-0.25) -
13 0.5 1.0.25 128rs(1-r-s)(r-0.25) -
14 0.25 | 0.5 128rs(1-1-5)(5-0.25) -
15 0.25 | 0.25 128rs(1-r-s)(1-r-s-0.25) -

)

1% n-2 15-Noded Element #1%15Un159LAFI£LUL Coupled Analysis (1 11 2)




Derivatives of Shape Function
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Node of /dr of / 3s of /or* | of / 3s*

1 (32/3)[(r-0.5)(r-0.75)(2r- 0 2(2r- 0
0.25)+1(r-0.25)((r-0.75)+(r- 0.5)

0.5))]
2 (128/3)s[(r-0.5)(2r-0.25)+r (128/3)r(r-0.25)(r-0.5)
(r-0.25)]
3 64s(s-0.25)(2r-0.25) 64r(r-0.25)(2s-0.25) 4s 4r
4 (128/3)s(s-0.25)(s-0.5) (128/3)r[(s-0.5)(2s-0.25)+s(s- - -
0.25)]
5 0 (32/3)[(s-0.5)(s-0.75)(2s- 0 2(2s-
0.25)+s(5-0.25)(2s-1.29)] 0.5)
6 -(128/3)s(s-0.25)(s-0.5) (128/3)[(1-r-s)((s-0.5)(2s- -
0.25)+s(s-0.25))+s(s-0.25)(s-
0.9)]
7 -64s(s-0.25)[(1-1-s-0.5)+(1- 64[(1-r-s)(1-r-s-0.25)(2s- -4s 4(1-1-
r-s)] 0.25)-s(s-0.25)((1-r-s-0.25)+ 2s)
(1-r-s))]

8 -(128/3)s[(1-1-s-0.5)((1-r-s- | (128/3)[(1-r-8)(1-r-s-0.25)(1-

0.25)+(1-r-s))+(1-r-s)(1-r-s- | 1-5-0.5)-s((1-r-s-0.5)((1-1-s-
0.5)] 0.25)+(1-r-8))+(1-r-s)(1-r-s-
0.25)]

9 -(32/3)[(1-1-5-0.5)(1-1-s- -(32/3)[(1-r-s-0.5)(1-1-s-0.75) | -2[(1-r- | -2[(1-r-
0.75)(1-r-s-0.5)-1(1-1-s-0.5) | ((1-r-s-0.25)+(1-r-s))+(1-r-s) | s)+(1-r- | s)+(1-r-
((1-r-s-0.25)+(1-r-8))H(1-r- | (1-r-s-0.25)((1-r-s-0.5)+(1-r- | s-0.5)] | s-0.5)]

s)(1-r-s-0.25)] s-0.75))]

10 (128/3)[(L-r-s)*(1-r-s-0.25) | -(128/3)r[(1-r-s-0.5)((1-r-s-
(1-1-s-0.5)-r((1-r-s-0.5)((1-r- | 0.25)+(1-r-s))+(1-r-s)(1-r-s-
s-0.25)+(1-r-s)))+(1-r-s)(1- 0.25)]

r-s-0.25)]

11 64[(1-r-s)(1-r-s-0.25)(2r- -641(r-0.25)[(1-1-s-0.25)+(1- | 4(1-2r- -4r

0.25)-1(r-0.25)((1-r-s-0.25)+ r-s)] s)
(1-r-s))]
12 (128/3)[(1-r-s)((r-0.5)(2r= -(128/3)r(r-0.25)(r-0.5)
0.25))+1(r-0.25))-r(r-0.25)(r-

0.5)]

13 128s[(1-r-s)(2r-0.25)-1(1- 1281(r-0.25)(1-r-2s)
0.25)]

14 128s(s-0.25)(1-2r-s) 1281 (1-1-s)(25-0.25)-5s(s-

0.25)]

15 128s[(1-r-s)*(1-1-s-0.25)-r | 128r[(1-r-s)(1-1-s-0.25)-s((1-
(1-2r-s)] r-s)+(1-r-s-0.25))]

* For pore pressure node

gﬂ‘l‘?‘i n-2 15-Noded Element #1151UN159LAF12MLLL Coupled Analysis (2 lu 2)
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> 0

DOF Symbol
Displacement .
Pore Pressure L]

3 Points Scheme (for Pore Pressure Nodes)

47

Point r S Weight
1 0.666666666666666 | 0.166666666666666 | 0.166666666666666
2 0.166666666666666 | 0.666666666666666 | 0.166666666666666
3 0.166666666666666 | 0.166666666666666 | 0.166666666666666

6 Points Scheme (for Displacement Nodes)

Point r s Weight
1 0.816847572980459 | 0.091576213509771 | 0.054975871827661
2 0.091576213509771 | 0.816847572980459 | 0.054975871827661
3 0.091576213509771 | 0.091576213509771 | 0.054975871827661
4 0.108103018168070 | 0.445948490915965 | 0.111690794839006
S 0.445948490915965 | 0.108103018168070 | 0.111690794839006
6 0.445948490915965 | 0.445948490915965 | 0.111690794839006

gﬂ‘l‘?‘i a-1 Coordinates and Weighted Factors of Gauss Points for 6-Noded Element
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DOF Symbol
Displacement e
Pore Pressure |
16 Gauss Points Scheme
Point r S Weight
1 0.333333333333333 | 0.333333333333333 0.072157803838894
2 0.658861384496478 | 0.170569307751761 0.051608685267359
3 0.170569307751761 | 0.658861384496478 0.051608685267359
4 0.170569307751761 | 0.170569307751761 0.051608685267359
5 0.898905543365938 | 0.050547228317031 0.016229248811599
6 0.050547228317031 | 0.898905543365938 0.016229248811599
7 0.050547228317031 | 0.050547228317031 0.016229248811599
8 0.081414823414554 | 0.459292588292723 0.047545817133642
9 0:459292588292723 | 1 0.081414823414554 0.047545817133642
10 0.459292588292723 | 0.459292588292723 0.047545817133642
11 0.008394777409958 | 0.263112829634638 0.013615157087217
12 0.008394777409958 | 0.728492392955404 0.013615157087217
13 0.728492392955404 | 0.008394777409958 0.013615157087217
14 0.728492392955404 | 0.263112829634638 0.013615157087217
15 0.263112829634638 | 0.728492392955404 0.013615157087217
16 0.263112829634638 | 0.008394777409958 0.013615157087217

gﬂ‘ﬁ -2 Coordinates and Weighted Factors of Gauss Points for 15-Noded Element
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Input Boston Empira Londan
Parameter |Blua Clay lay Clay
By 1.12 1.26 1.21
Kane 0.48 0.62 0.82
Ky 0.001 0.0035 0.001
A 0.184 0.274 172
2G/K 1105 Q.88 0.89
t're 33.40 23.5° 22.5°
¥ 45.99 21.5° 22.5
& 0,55 Q.75 0.80
5, 4.5 3.0 39
C 22.0 p 24.0 55.0
n 1.60 1.75 1.50
@ 0.07 0.20 0.20
h 8.2, 0.2 0
. 0.5 0.5 0.5
Vo 100.0 100.0 1000 _|

gﬂﬁ A-1 Input Parameters for MIT-E3 Soil Model
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System of first order differentiation equations for finite element coupled Consolidation
Kep LU 0 0|U Fe
e =
L' o|p 0 H|P 0

Kep = Zkep = ZJAVeBuTDepBudV

where

elem. elem.
L=1=>[ BimN,dv
elem. elem.
k
H= ;;h = _;,IV" B! y—prdV

are the global elasto-plastic stiffness, copoupling and flow matrices and

Fo =3[ Nlbdv + [ Niids

elem. elem.
k
0=>4q=-> [ NyadS-| B} bV
elem. elem. elem. W

are the global force rate and fluid supply vectors.

and bwz[O 7. 0]

m=[l 110 0 O]Tforthree—dimension problem

Automatic time stepping scheme for elasto-plastic consolidation (Sloan and Abbo, 1999)

System of nonlinear equations:

RX,X)=F()-C, (X)X =KX =0

K, (X) L {00 P
o 580 hiB A e

W el e

Newton-Raphson iteration (€ =1)

where

OR vi-ly [ Vi1
{5()( )}_ ., (X|+onx
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P Ll LI L ‘[ O }
" On I ol p-| |HP™

o Fnext _(Fnint)i—l O
or RV ™")= S el I
on-L'U™ HP'
. oR ~ . 1" 4
5V1 — | Xl—l R Vl—l
{GV( )} )
Vi=rT+or!
and X' =X _ +6nv'

where  (F")=[ Blodv =K, (X, )T + LB

Terminating check for Newton-Raphson iteration

9h“517"‘

/”17" H < TOLERANCE

where U corresponds to the displacement entries in )?

and U corresponds to the velocity entries in V.

Approximation or R(VnH) and Drift Correction

ext int \i-1 ext int
F’l (F” ) Fn—l _Fn—l

R, )= ho 7 h +Drift Correction
On-L'U" HP™
—FneXt _ (Fnint )l_l Fneflt il Fnu—li Fneiclt B Fnlfi
RV kL | h |
On-L'U! HP™ 0
Fnaxt " (Fnim )i—l
R(Vni_l) ~ h

Oon- 0 - gp-

Automatic algorithm

Step 1. Initialization

1.1 Enter wt the X,D,Xto, Tolerance, time step At, State parameter at current
integration point

1.2 Set t=t, and h=min{h, Dt}

last
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Step 2. Main subincrementation

2.1 Compute sz and )?Hh using Newton-Raphson algorithm, if the solution
fails to converge, set

h<«——0.25h
and try again

2.2 Estimate error for the current subincrement using

t+h

1. .
Error, Eh“Ut_UHh
where U denotes the velocity component of X.

2.3 Estimate relative error for current subincrement using

gIrr u r 7
R/, = Error, /HUt+h
where U, is the displacement component of X ,,,

2.41f R", > TOLERANCE then
¢ = max{0.8\/TOLERANCE R", 0.1}

h<«——qh

return to step 2.1

else

- update new displacement and pore pressure using
T -
Xt+h = Xt +E(Xt +Xt+h)
-for each integration point compute strains
h . .
Ae =B E(ut +ut+h)
- update new stresses and state parameters by integrating

constitutive laws
- estimate a new subincrement size factor by
q= min{0.8\/TOLERANCE/Rf‘+h ,2.0}

if previous subincrement was unsuccessful, then g = min{q,l.O}

t«<—t+h
h=qh



By, = min{h, At}

h——min{h,t, + At —t}

return to step 2.1
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