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This thesis presentsnew robust
� �

analysisand synthesisfor the linear time-invariant systems

subject to nonlinear real parametric uncertainty. The uncertainty set is described by memoryless,

time-invariant, sector bounded,and slope-restrictednonlinearities.Our analysisand synthesisare based

on a Lur’e-Postnikov-type Lyapunov function with inherent propertiesof sector and slope restrictions.

The sufficient conditions for computing the overboundof the worst case
���

performanceare obtained

in terms of convex optimization over linear matrix inequalities. However, the controller synthesisis

formulated as nonlinear optimization over bilinear matrix inequalities.Thesebilinear matrix inequality

problemsare currently difficult to solve for globally optimal solutions.Nevertheless,by eliminating some

of design variables and alternating between three different linear matrix inequality problems, locally

optimal solutionscanbe obtained.

The numericalresultsof several examplesconfirm that new sufficient conditionsfor computingthe

overboundof the worst case
� �

performanceare less conservative than the sufficient conditions using

Popov criterion. In addition,we show that our designedrobust controllerscan retain stability and improve

performanceof the closed-loopuncertainsystems.Therefore,the unified approachleads to an effective

design tool which guaranteesboth stability and performanceof linear time-invariant systemsunder real

parametricuncertainty.
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1.1

(real parametric uncertainty)

[X�\� )'] \_^P` ] \a3bX�\c^ )ed_f ^P` d4f 3bgN  )ehji ^P` hji 3kX�\ (1.1)

[1]
` ] \

,
` d f ` h i[X� )'] ^P` ] 3bXl^ d4f gN  h i/X (1.2)` ] �2m monp rq ` ] ����
s��
tn�` ]  d \,u h!v +ut #%$'&�(*)'w �5+/-.-.-/+ w 
5x 3 + w.y � F 9�+/z H +%{}|  za+.-.-/-0+ �~\o�

(1.2) -

(nonlinear)

(memoryless)[X� ] Xl^ d \��Q^ d4f g�  h!v Xl^�u v \0�Q^�u vkf gN  h i�X�^�u�i \ �Q^�uli�f%g�� "� ) � 3A� 6778 � � ) � � 3
...� 
 x ) � 
 x 3

;=<<> (1.3)
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Ng �
� ) : 3 ��

1.1:X�n%���o����

,
g�n%���o����
,�

, N n*���o����
��
, � n4� � ����
 x �rn�� � � ��
 x� y F 9�+�� y H) 9�+ ��y�3 ����� ) ��+ ��3� ) �k+ ��3jn� ����� ���

��n
R

 x �

R

 x + � ) � 3A S�=� � ) � � 3 +/-.-.-/+ � 
5x ) � 
5x 3¡  � +9l¢ � y�) � y 3¤£ � y ¢¥� y + � y�) 9 3¦ 9�+9l¢P§ � y�) � y 3¤£ § � y ¢ � y +%{}|  za+.-.-/-0+ �~\ ¨ ��©��ª�  ) �'�5+/-.-.-/+¤�«
5x 3�¬ ) � � +.-/-.-0+ � 
 x 3

(quadrant)

1.2 � y�) � y 3
� y9l¢U�®5¯¡° v ¯e± v ¯ ¢ ��y

9�¢ ®5¯¡° v ¯'±v ¯ ¢²� y
1.2:� � ������
(worst-case

���
performance)� ���� ���
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1.2

³ . . 1944 Lur’e Postnikov [2]

(Lur’e system)

(integral)

- (Lur’e-Postnikov)³ . . 1962 Popov [3]

-

(Popov criterion)³ . . 1994 Boyd, El Ghaoui, Feron Balakrishnan [4]� �
(performanceoutput)³ . . 1997 Banjerdpongchai How [5, 6, 7]

���
Boyd et al.

(linear matrix inequalities)³ . . 1998 Park, Banjerdpongchai Kailath [8]

(slope restriction) -

³ . . 1998 Suykens,Vandewalle De Moor [9]

Park et al.

³ . . 2002 Park [10]

-

1.3

1.
���

- [10]
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2.
��� ���

(bilinear matrix inequalities)

3.
� ����

1.4

-

[10]
���

[4, 5, 6, 7] (homotopy)� � � �
1.5

2 -���
3� �

(loop transformation) � �
4

������
3

5

6 . MATLAB���



2

���´
2.1

´
2.2

´
2.3��� ´

2.4

2.1

µ ) X}3!n� Lµ·¶j^ �¸ yº¹ � X y µ y K 9 (2.1)µ%yA »µ	�y �E��
s��
 +¼|  9½+.z�+/-.-/-0+ � X��E���
(2.1)

µ ) X~3
(positive semidefinite) N �Dµ ) X}3 N K 9N �¾��
 , (non-

smooth)
X µ ) X~3�K 9 µ )À¿ 3�K 9 ,9l¢LÁ�¢�z µ ) Á Xl^ ) z R Á 3 ¿ 3Â Á µ ) X}3D^ ) z R Á 3�µ )À¿ 3!K 9

(Lyapunov inequality)] �·Ã ^ Ã ]¾Ä 9 (2.2)] �²��
s��
 Ã  Ã � Ã �5+/-.-/-.+ Ã ��Å V� ) ��^ z 3�£,Æ (basis)
�����

(2.2)

(2.1)
µ·¶� 9 µ y  SR ] � Ã y R Ã ye]

(2.2)

(Schurcomplement),Ç ) X~3!I 9 È ) X}3*REÉ ) X~3�Ç ) X~3 �Ê� É ) X~3 � I 9 (2.3)



6È ) X}3! È ) X}3 � ,
Ç ) X~3¼ ¾Ç ) X~3 � É ) X~3

(affine)
X

(2.3)Ë È ) X}3 É ) X}3É ) X~3�� Ç ) X}32Ì I 9 (2.4)

1. (LMI feasibility problem)X µ ) X~3!K 9 (2.5)µ y +Í|  9�+/z�+/-.-.-.+ �
2. (semidefinite programming) -

minimize Î ��X
subjectto

µ ) X~3¼K 9 (2.6)Î ��� � µ·y +Í|  9�+/z�+/-.-.-�+ �

(interior point) (Nesterov Nemirovsky, 1994) (polynomial

time)

(least-squares) [11]

2.2

µ ) X + ¿ 3jn� "µ·¶.Ï ¶!^ �¸ yÐ¹ � X y µ y Ï ¶j^ 
¸Ñ ¹ � ¿ Ñ µ·¶.Ï Ñ ^ �¸ yº¹ � 
¸Ñ ¹ � X ye¿ Ñ µ y Ï Ñ K 9 (2.7)µ y Ï Ñ  Òµ	�y Ï Ñ �Ó� \ � \ +Ô|  9½+.z�+/-.-/-0+ � +4Õ  9½+.z�+/-.-/-�+ �X������
,
¿ ����
Î �"��� , § �"��
 µ y Ï Ñ |  9�+/z�+.-/-.-�+ � Õ  9�+.za+.-/-.-0+ �

minimize Î � Xl^ § � ¿
subjectto

µ ) X + ¿ 3!K 9 (2.8)
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NP [12], (heuristic)

(local) [13, 14, 15]

(2.8)
X ¿

(2.8) ,
¿ X

(2.8)

2.3 ÖL× ���
[16, 17]� )�Ø 3 Ù � )�Ø 3� hl)eØ �lR ] 3��Ê� d ^¥u� )�Ø 3 ��� ÙY Ù Y �� n� �Ú�Û¶ ?A@ � ) Õ�Ü 3 � � ) R Õ�Ü 3 §�Ü (2.9)���

(Parseval’s theorem)Ý �5+/-.-.-.+ Ý 
,� (orthonormal basis)
��
 �

( |¡Þ'ß Ý y z 9 ) N y )Àà 3w Ý y ( 9 Ý y )
(initial condition)

���Y Ù Y �� n� 
��¸ yÐ¹ � Y N y Y �� (2.10)� � g
(white Gaus-

sian noise) (zero mean) (unit covariance)N (stochasticprocess)N )'à 3jnp áÚ Þ¶ h Ý5â ° Þ �~ã ± d g )'ä 3 § ä��� Y Ù Y �� np æåºçÐèÞ'é Û W zê Ú �¶ N )Àà 3 � N )'à 3 § à (2.11)� �
(2.9), (2.10) (2.11) [16, 17]���

(finite)
] ur 9Y Ù Y ��  ?A@ d � Ã dÃ

(positive symmetric)] �·Ã ^ Ã ] ^ h � h  9



8���
(2.9)

(2.11) (2.9) (2.11)

(2.10) [16, 17] LTI

Ù�nC���� ���
[X� ] X�^ d \ ��^ d f·g�  h v�X + N  h i.X�� Ó� ) � 3 (2.12)

(impulse)

(2.10)� �
(2.12)

X ¶.Ï yE d4f Ý y +�|  z�+.-/-.-0+ � f Ý y��
,� N ¶.Ï y ) g» 9 3X ¶/Ï y � � Y Ù Y �� np 
,�¸ yÐ¹ � Y N ¶/Ï y Y �� (2.13)

2.4

2.1 (Elimination Lemma [4]) � �E��
s��

, ë �E��
s� \ ì ����
s� v ë Bì B

(orthogonalcomplement) ë ì�J��� \ � v � ^ ì � � ë � ^ ë � ì � Ä 9ì �B � ì B Ä 9 ë �B � ë B Ä 9
[4, 32–33] í

2.2 (Completion Lemma [18])
Ã È �V�������îÃ �r� � ��� � � �ï��� îÃ Ã���� îÃ �Ê� ÈË Ã �� È Ì K 9 (2.14)
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[18] íÃ È (2.14)
îÃ

2.2 (CompletionLemma)îÃ  Ë � 99 ð � Ì Ë Ã �� ) Ã R È ���03��Ê� Ì Ë � 99 ð Ìð ��� �����
(invertible)îÈ  îÃ �Ê�  Ë � 99�ñ � Ì Ë È �� ) È R Ã �Ê�.3���� Ì Ë � 99�ñ Ìñ  ) ��R È Ã 3 ð ���

2.5 ���� � ���� �



3 ò Æ
3.1 ��� � �� � ���

[4, 121–122]

[4, 14–18]´
3.2

��� ´
3.3´

3.4
��� ´

3.5� � ´
3.6´

3.7

3.2

Ng �
� ) : 3 ��

3.1:
���

LTI

(3.1) 3.1[X� ] Xl^ d \��Q^ d4f g�  h!v Xl^�u v \0�Q^�u vkf gN  h i�X�^�u�i \ �Q^�uli�f%g�� "� ) � 3A� 6778 � � ) � � 3
...� 
 x ) � 
 x 3

;=<<> (3.1)



11X�n~� � �ï� 

,
gtn~� � �ï� 
 �

, N n~� � �ï� 
 �
, � nD� � �¬��
5x �Ln·� � �¬��
5x�~y F 9�+¤� y«H) 9�+ � y 3 ����� ) ��+ ��3� ) �k+ ��3jn� ����� ���

��n
R

óx �

R

5x + � ) � 3A S�=� � ) � � 3 +/-.-.-/+ � 
5x ) � 
5x 3¡  � +9l¢ � y�) � y 3¤£ � y ¢¥� y + � y�) 9 3¦ 9�+9l¢P§ � y�) � y 3¤£ § � y ¢ � y +%{}|  za+.-.-/-0+ �~\ ¨ ��©��ª�  ) �'�5+/-.-.-/+¤�«
5x 3�ô ) � �ó+/-.-/-0+ � 
5x 3�~õy )'ö 3 § �sy )eö 3¤£ § ö u i�f

(well-posedness)
� � u2v \ ulv�f���

(3.1)
����� ) ��+ ��3 � ���� ÷ �� ��� � ø �� ¢ ÷ ��

´
3.3

3.3 F ù y +¤ú y'HF 9�+�� y H (loop transformation)[4, 129][X  ] X�^ d \��Q^ d4f gP^ d4ûýü�  h v�Xl^�u2v \ �Q^�ulv�f%g²^�u2v�û üN  h i/X�^�uli \ ��^�uli�f·gP^�uli�û ü
(3.2)¿  hjþ X�^�u þ \��Q^�u þ0f gP^�u þ0ûaü�  � ) � 3

ù y ¢ � y¤)eö 3ö ¢Pú y (3.3)w/y ¢ � õy )'ö 3 ¢Pÿ y (3.4)



12F ù y +�ú y H )ew.y +�ÿ y 3F ù y +�ú y«H F 9�+�� y«H
��sy )'ö 3A � yú y R ù y ) �~y )eö 3*R ù y ö 3 (3.5)

��� �� �Ê��� ) �2R�� � 3 (3.6)�  #%$'&�(*) úÊ� R ùÍ�ó+/-.-/-0+�ú~
5x R ù·
5x 3 , �  #%$'&½(%) ù*�ó+.-/-.-.+�ù·
óx 3 �  #·$e&�(*) �'�5+/-.-/-.+¤�«
óx 3
(3.2) [X  �] X�^ �d \ �Q^ �d f%gP^ �d û ü�  �h!v Xl^ �u v \��Q^ �u v�f g²^ �u v�û�üN  �hji X�^ �u i \���^ �u i�f gP^ �u i�ûýü¿  �h þ5X�^ �ulþ \ �Q^ �ulþ0f·gP^ �ulþ0û ü

��  �� ) � 3
9l¢ �� y�)'ö 3ö ¢²� y (3.7)� y )'w y�R ù y�3ú y R ù y ¢ § ��sy )'ö 3§ ö ¢ � y ) ÿ yDR ù y�3ú y R ù y (3.8)

�]
=
] ^ d \ �!` h v �h i

=
h ij^�uli \ �!` h v�d \

=
d \ � �Ê����^ d \ �!`�u2v \ � ����� �uli \

=
uli \ � �Ê����^�uli \ �!`�u2v \ � �Ê����d f

=
d f�^ d \ �!`Qu2v�f �uli�f

=
uli�f�^�u�i \ �!`Qu2v�f�d û

=
d û_^ d \ �!`Qu2v�û �uli�û

=
uli�û4^�u�i \ �j`�u2vkû�h!v

=
` h!v �hjþ

=
hjþ ^�u þ \	�j` h!v�u v \

=
`�u v \ � ����� �u þ \

=
u þ \ � �Ê����^�u þ \	�!`Qu v \ � �Ê����u vkf

=
`�u vkf �u þ0f

=
u þ0f ^�u þ \	�j`�u vkf�u vkû

=
`�u vkû �u þ0û

=
u þ0û ^�u þ \	�j`�u vkû`U ) �	RTu2v \ �!3���� F ù y +�ú y HF 9�+¤� y H (3.8)

)'w.y +�
 y 3) 9½+ ��ye3 w yA ù y w y� ù y
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3.4

-

[10] ���
3.1

��na��
5x��J��
5x 9�¢ � y�)'ö 3ö ¢¥� y (3.9)9�¢ � õy )'ö 3 ¢ � y (3.10)Á Ñ Ï y K 9 Õ  z�+.-/-.-0+��9�¢��ý� Ï y � Á}� Ï yýÚ v ¯¶ � y�)'ö 3 § ö (3.11)9�¢�� �.Ï y � Á �0Ï yýÚ v ¯¶�� � y'ö R�� y¤)eö 3�� § ö (3.12)9�¢���� Ï yÂ� Á�� Ï yýÚ v ¯¶ � õy )'ö 3 ö § ö (3.13)9�¢��	� Ï yÂ� Á�� Ï yýÚ v ¯¶ � ��yÊRE� õy )'ö 3�� ö § ö (3.14)9�¢���� Ï y � Á�� Ï yýÚ v ¯¶ � õy )'ö 3¤� y�)eö 3 § ö (3.15)9�¢���� Ï y � Á�� Ï yýÚ v ¯¶ � õy )'ö 3 � � y�ö R�� y¤)eö 3�� § ö (3.16)9�¢���� Ï yÂ� Á�� Ï yýÚ v ¯¶�� ��yÊRE� õy )'ö 3��5�~y )'ö 3 § ö (3.17)9�¢���� Ï yÂ� Á�� Ï yýÚ v ¯¶ � ��yÊRE� õy )'ö 3�� � � y ö RE�~y )'ö 3�� § ö (3.18)

: [10]

( )ì ) X}3Â�"X � Ã Xl^�Æ Á y Ú v ¯¶ �~y )'ö 3 § ö (3.19)

3.1 ì ) X~3A�LX � Ã XQ^PÆ �¸Ñ ¹ � 
 x¸ yÐ¹ � � Ñ Ï y (3.20)

(3.20)
������
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3.1 (multiplier) Á �.Ï y +/-.-/-¤Á�� Ï y
(3.20) (3.19)���

(3.20)

(3.19)

3.2 (3.20)

Æ �¸Ñ ¹ � 
 x¸ yÐ¹ � � Ñ Ï y  Æ 
 x¸ yº¹ � ) Á �.Ï y � y�^ Á�� Ï yÀ��y�^ Á�� Ï yÀ��y � y�3¤Ú v ¯¶ ö § ö^ Æ 
5x¸ yÐ¹ � ) Á � Ï y.R Á �0Ï y�^ Á�� Ï yÀ��y.R Á�� Ï yÀ��ye3¤Ú v ¯¶ �~y )'ö 3 § ö^ Æ 
5x¸ yÐ¹ � ) Á � Ï y R Á � Ï y ^ Á�� Ï y � y R Á � Ï y � y 3 Ú v ¯¶ � õy )eö 3 ö § ö^ Æ 
5x¸ yÐ¹ � ) Á�� Ï y R Á�� Ï y R Á � Ï y ^ Á � Ï y 3 Ú v ¯¶ � õy )eö 3�� y�)'ö 3 § ö (3.21)

Ú v ¯¶ ö § ö  zÆ � �y (3.22)Ú v ¯¶ � õy )'ö 3¤�sy )eö 3 § ö  zÆ F �sy ) � y¡3¡H � (3.23)Ú v ¯¶ � y¤)eö 3 § ö  
(3.2a) (3.24)Ú v ¯¶ � õy )'ö 3 ö § ö  
(3.2b) (3.25)

(a) � �"! #%$'& ¯(*)�+-,/.10324. (b) � �5! #6$�& ¯(7)	8+ ,/.109.�2�.
3.2:
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(3.22)

(3.23) (3.24) (3.25)

(3.2)

(3.20) (3.19)

(3.24)

(3.20) (combination)

3.5 ÖL× ´
2.3

� �
(3.2)

ø ��ø �� np ;:=<�> 
,�¸ yÐ¹ � Ú Û¶ N y�)'à 3 � N y¤)Àà 3 § à (3.26)

� N � )Àà 3 +.-.-/-.+ N 
 � )Àà 3�� (3.2)� w g �5+.-/-.-0+ w g 
,� � (
g �ó+.-/-.-.+ g 
,� )

(initial condition) (
X ¶  9 )� N � )Àà 3 +.-/-.-.+ N 
,� )Àà 3�� (3.2)X y�) 9 32 d4f Ý y +l|  za+.-/-.-0+ � f � Ý �5+.-/-.-0+ Ý 
,� � ��
,� ø ��ø ��

3.1 (
���

) (3.20)Ã  Ã �EI 9 Á K 967777778
] � ) Ã ^ h �v@? � h v/3D^ h �i h i^ ) Ã ^ h �v ? � h!v 3 ] ) : 3 ��.Ï � ) : 3 �� Ï �d �\ ) Ã ^ h �v ? � hjv 3�^�u��i \ hji^ ? � h!v.] ^�ê � � h!v ? � h!v0d \ ^ d �\ h �v ? �^4uC�i \ u i \4R�Æóê � ) : 3k�� Ï �? � h vA^�ê � ð h v ] ? � ^�ê � ð h v d \ RcÆ,ê �

;=<<<<<<> ¢P9 (3.27)

? �  � �j�a^ ð � � ^ � ð � �? �  *� � RA� � ^ ð � � R ð � �? �  *� � RA� � ^ � � � R � � �? �  *� � RA� � RA� � ^B� �� Ñ  #%$'&�(*) Á Ñ Ï � +.-/-.-/+�Á Ñ Ï 
 x 3!K 9�+ Õ  z�+/-.-.-.+=�êDC	 #%$'&�(*)Àä C�Ï ��+.-.-/-0+ ä C�Ï 
5x 3jK 9�+ Õ  z�+ Æ
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�  #·$e&�(*) � � +/-.-/-.+¤� 
 x 3!K 9ð  #·$e&�(*) � � +.-/-.-/+ � 
 x 3¼K 9
(upper bound)

���
(3.1)

minimize
?A@ d �f � Ã ^ h �v ? ¶ h!v   d4f

subjectto
)FE - Æ1G,3 + Ã I 9�+ � Ñ K 9�+ êDC�K 9 (3.28)

? ¶  � ) � � ^H� � 3D^ ð ) � � ^H� � 3D^ � ð ) � � ^H� � ^H� � ^I� � 3
: (3.1)

X ) 9 3
(3.26) (3.20)[ì ) X}3·^ N � N ¢P9 (3.29)X

(3.1),ø �� ¢ ì ) X ) 9 3�3 (3.30)

(3.29)

(3.20) N � N ,
9 K ÆóX �DÃ [X�^PÆ�� � � � h v [XQ^PÆóX � h �v � � � h v [XCR�Æ�� � � � h v [X�^PÆ [� � � � h v0XQ^PÆóX � h �v ð � � h v [XRcÆ [� � � � h!v X*^lÆ0� � � � [�*^lÆ [� � � � � h!v XÂRÔÆ0� � � � [�Q^PÆ�� � ð � � h!v [XCR�Æ�� � � � [�Q^PÆóX � h �v � ð � � h!v [XRcÆ�� � ð � � h!v [XCR�Æ [� � � � � h!v XQ^²Æ0� � � � [�Q^�X � h �i hji X�^PÆóX � h �i u i \��Q^�� � u �i \ u i \�� (3.31)

(3.29) (3.31)
X� y¤) � y R � yehjy Ï v X}3 ¢²9½+ |  z�+.-/-.-0+ �~\ (3.32)

[�sy ) [�sy�RM��y h y Ï v [X}3 ¢²9½+ |  za+.-/-.-0+ � \ (3.33)J
-Procedure[4, 23–24] (3.31)9 K ÆóX � Ã [X�^PÆ�� � � � h!v [XQ^PÆóX � h �v � �j� h!v [XCR�Æ�� � �j� h!v [X�^PÆ [� � � � h!v XQ^PÆóX � h �v ð � � h!v [XRcÆ [� � � � h!v X*^lÆ0� � � � [�*^lÆ [� � � � � h!v XÂRÔÆ0� � � � [�Q^PÆ�� � ð � � h!v [XCR�Æ�� � � � [�Q^PÆóX � h �v � ð � � h!v [XRcÆ�� � ð � � h v [XCR�Æ [� �D� � � h v�XQ^²Æ0� � � � [�Q^�X � h �i h i/X�^PÆóX � h �i uli \ �Q^�� � u �i \ uli \ �^�ÆóX � h �v � ê � �2R�Æ�� � ê � ��^PÆóX � ] � h �v ð êÊ� [��^PÆ�� � d �\ h �v ð êÊ� [��REÆ [� � êÊ� [� (3.34)



17[X� ] X�^ d \�� K X~� �s� [�~�ML �6778 X� [� ;=<<> �
677777778
] � ) Ã ^ h �v@? � h v/3D^ h �i h i^ ) Ã ^ h �v ? � h!v 3 ] ) : 3k��.Ï � ) : 3k�� Ï �d �\ ) Ã ^ h �v ? � hjv 3D^�uC�i \ hji^ ? � hjv.] ^�ê � � h!v ? � h!v0d \ ^ d �\ h �v ? �^4u �i \ u i \4R�Æóê � ) : 3 �� Ï �? � h!v ^�êÊ� ð hjv0] ? � ^�êÊ� ð h!v.d \ RcÆóêÊ�

; <<<<<<<>
6778 X� [� ;=<<> ¢P9 (3.35)

(3.27)ì ) X ) 9 3�3 (3.30)ì ) X ) 9 3�3 ¢ X ) 9 3 � Ã X ) 9 3D^�X ) 9 3 � h �v � ) � � ^B� � 3 h v0X ) 9 3^�X ) 9 3 � h �v ð ) � � ^B� � 3 hjv X ) 9 3^�X ) 9 3 � h �v � ð ) � � ^B� � ^B� � ^B� � 3 h v0X ) 9 3ì ) X ) 9 3¤3 ¢ X ) 9 3 � � Ã ^ h �v@? ¶ h!v  }X ) 9 3 (3.36)� � ì ) X ) 9 3�3 ¢ ?A@ d �f � Ã ^ h �v ? ¶ h v�  d f (3.37)

(3.27) (3.29) (3.30)ø �� ¢ ?A@ d �f � Ã ^ h �v@? ¶ h v  Êd f (3.38)� �ø ��
(3.38) (3.27) (3.28) í

3.3
���Ã

,
� Ñ , ê C � ð� �

3.4
�A� +.-.-/-.+ � �

(3.27) 678 ] � Ã ^ Ã ] ^ h �i hji ) : 3k��.Ï �d �\ Ã ^�uC�i \ h i^%� � h v ] ^�ê � � h v � � h v d \ ^ d �\ h �v � �^4uC�i \ uli \ R�Æóê � ;=<> ¢¥9 (3.39)

(3.38) ø �� ¢ ?A@ d �f � Ã ^ h �v � � � hjv� }d4f (3.40)
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���
[4, 121–122]

3.6 � ���� ���� �
sector bounded

sector bounded and
slope restriction

3.3: � �� ���� ��� ) Ã + � Ñ + ê Có3) Ã + � Ñ + ê C 3 (3.27)
� �) Ã + � Ñ + êDCó3 ���
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3.7 ���
(3.20)���
���



4 ò Æ
4.1 ���� � ��� N� � ���
NP (Richter De Carlo, 1983) [19,

20]

(Popov multiplier)

[5, 6, 7]´
4.2

���´
4.3 2

´
4.3.1´

4.3.2
´
4.3.3´

4.4
´
4.5

4.2

Ng � �� ) : 3
�ü ¿N

4.1:
���
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LTI

(4.1) 4.1[X� ] X�^ d \��Q^ d4f gP^ d4ûýü�  h v�Xl^�u2v \ �Q^�ulv�f%g²^�u2v�û üN  hji X�^�u i \���^�u i�f gP^�u i�ûýü¿  hjþ X�^�u þ \��Q^�u þ0f gP^�u þ0ûaü�� Ó� ) � 3A� 6778 � � ) � � 3
...� 
 x ) � 
 x 3

; <<>
(4.1)

XÓn*���o����

,
g n%���»����
��

,
ü n·���o����
	O

, N nc� � � ��
 �
,
¿ nc� � � ��
�P

,� n*� � � ��
5x ��n¦� � � ��
5x�~y F 9½+¤� y«H ) 9�+ ��y�3����� ) �k+ ��3 � ) �k+ ��3jn� ����� ���
��n

R

óx �

R

5x + � ) � 3A � � � ) � � 3 +/-.-.-/+ � 
 x ) � 
 x 3   � +9l¢ �~y ) � y¡3¤£ � y ¢¥� y + �~y ) 9 3¦ 9�+9l¢P§ �sy ) � y¡3¤£ § � y ¢ ��y +%{}|  za+.-.-/-0+ � \ ¨ ��©��ª�  ) � � +.-/-.-0+�� 
 x 3 �  ) � �,+.-/-.-0+ � 
5x 3

´
3.3 u i�f

(well-posedness)
� � u2v \

,
u2vkf

,
u2vkû u�i \

(4.1)

N
N  Ë ]6Q dQh Q 9 Ì (4.2)

[X Q  ]6Q X Q ^ dQ¤¿ü  h Q X Q (4.3)



22îX� RK Xs� X~� Q L �[îX� î] îX�^ îd \��Q^ îd4f g�  îh v îXQ^ îu2v \ �Q^ îu2vkf%gN  îhji îX�^ îu i \���^ îu i�f g�� Ó� ) � 3 (4.4)

6778 î] îd \ îd4fîh v îulv \ îu2v�fîhji îu i \ îu i�f ;=<<>  
677778 ] d_û�h Q d \ d4fd Q hjþ ] Q ^ d Q u þ0û h Q d Q u þ \ d Q u þ0fh v 9 9 9hji u i�ûýh Q 9 9

;=<<<<>� �
(4.1)

�²�²� ) �k+ ��3� � N
(4.2)� �

(4.4)
� �

(4.4)
��� ] Q

,
d Q

,h Q ÷ �� K ø ��
minimize

?A@ îd �f K îÃ ^ îh �vS? ¶ îh!v L îd4f
subjectto

îÃ I 9�+ � Ñ K 9�+ ê C K 9�+677777778
î]c�j) îÃ ^ îh��vT? � îh v/3¤^) îÃ ^ îh �v ? � îh v.3 î] ^ îh �i îh i ) : 3k��.Ï � ) : 3��� Ï �îd �\ ) îÃ ^ îh �v@? � îhjv 3^ ? � îhjv î] ^�ê � � îh!v ? � îh!v îd \ý^îd �\ îh �v ? �¼R�Æóê � ) : 3��� Ï �? � îh v¦^�ê � ð îh v ] ? � ^�ê � ð îh v îd \ RcÆóê �

;=<<<<<<<> ¢¥9
(4.5)

(4.5)) îÃ + � Ñ + ê C 3 )e]6Q + dQ + hSQ 3
(4.5)

NP´
4.3

4.1
)'] Q + d Q + h Q 3 (4.5)���)'] Q + d Q + h Q 3 (4.5)
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4.3 � �
NP

(4.5) ) � Ñ + êDCó3 -)']%Q + d%Q + hTQ 3 )e]6Q + dQ + hSQ 3
(4.5)

) îÃ + � Ñ + êDCó3) � Ñ + ê C 3 (4.5)) îÃ + ]6Q + dQ + hSQ 3
2.1 (Elimination Lemma)]6Q ´

4.3.1´
4.3.2´

4.3.3

4.3.1 )e]6Q + dQ + hSQ 3 (4.5)
� �

(4.1) (4.2)îÃ îÃ n� Ë Ã �¤� Ã � �Ã �� � Ã ��� Ì (4.6)

(4.5)?A@ ��d �f ) Ã ��� ^ h �v@? ¶ hjv 3 d4f ^ d �f Ã � � d Q u þ0f ^�u �þ0f d �Q Ã	�� � d4f ^�u �þ.f d �Q Ã �¤� d Q u þ0f·  (4.7)

(4.5)6777777777777777778

]c�A) Ã �¤� ^ h��vS? � h!v 3�^) Ã ��� ^ h �v ? � h!v 3 ] ^ h �i hAi ^h �þ d �Q Ã �� � ^ Ã � � d Q hjþ ) : 3k��.Ï � ) : 3k�� Ï � ) : 3��� Ï �h �Q d �û ) Ã �¤� ^ h �v ? � h v/3¤^] � Q Ã �� � ^ h �Q uC�þ0û d �Q Ã �� � ^Ã �� � ] ^ Ã �¤� d%Q�h þ ^ h��Q u �i�û h i h �Q d �û Ã � � ^ Ã �� � d û hSQ ^] � Q Ã �¤� ^ Ã �¤� ]6Q ^ h �Q uC�þ0û d �Q Ã �¤� ^Ã ��� d%Q ulþ0û hTQ ^ h��Q u �i�û uli�û hSQ ) : 3k�� Ï � ) : 3��� Ï �d �\ ) Ã ��� ^ h �v ? � hjv 3¤^u��þ \ d �Q Ã �� � ^ ? � h!v.] ^�ê � � h!v d �\ Ã � �A^�uC�þ \ d �Q Ã ����^? � hjv.d_û�h Q ? � h!v0d \a^d �\ h �vT? � REÆ,ê � ) : 3��� Ï �? � h vÂ^�ê � ð h v ] ê � ð h v d û hSQ ? � ^�ê � ð h v d \ RcÆóê �

; <<<<<<<<<<<<<<<<<>
¢²9

(4.8)



24)e] Q + d Q + h Q 3 ) � Ñ + êDCó3
minimize

)9U - G,3
subjectto

)9U - � 3 + îÃ I 9�+ � Ñ K 9�+ ê C K 9 (4.9)

4.3.2

(4.5)
] Qî] ]6Qî] ¶�n� Ë ] d û hSQd Q hjþ d Q u þ.ûýh Î Ì îVMn� Ë 9� Ìî] î]  î] ¶ ^ îV ]6Q îV��

, (4.5)î� ^ ì ] � Q ë � ^ ë ]6Q ì � Ä 9 (4.10)î� ,
ì

, ë
î� n� 677777778

î] �¶ ) îÃ ^ îh �v ? � îh!v 3¤^) îÃ ^ îh �vS? � îh!v 3 î] ¶j^ îh �i îhji ) : 3���0Ï � ) : 3k�� Ï �îd �\ ) îÃ ^ îh �vT? � îh v.3�^? � îh v î] ¶ ^�ê � �� îh v ? � îh v îd \ ^îd �\ îh �v ? � R�Æóê � ) : 3k�� Ï �? � îh!v ^�êÊ� �ð îh!v î] ¶ ? � ^�êÊ� �ð îh!v îd \ RcÆ,êÊ�
;=<<<<<<<> (4.11)

ì n� 6778 îV 99
;=<<> ë np 6778 ) îÃ ^ îh �v@? � îh!v 3 îV99

;=<<>
2.1 (Elimination Lemma) (4.10)ì �B î� ì B Ä 9 (4.12)ë �B î� ë B Ä 9 (4.13)ì B ë B (orthogonalcomplement)

ì ë ,ì B� 6778 îV B 9 99 � 99 9 � ;=<<> ë BE 6778 ) îÃ ^ îh �v@? � îh!v 3 �Ê� îV B 9 99 � 99 9 � ;=<<>îÃ îÈîÃ  Ë Ã �¤� Ã � �Ã �� � Ã ��� Ì îÈ  ) îÃ ^ îh �v ? � îh v/3 �Ê�  Ë ÈÔ��� ÈÔ� �È � � � È ��� Ì



25Ã ��� ÈÔ��� �E��� ÈÔ� � Ã ��� , ÈQ�¤� , Ã � �ÈÔ� �c ) ��R ÈÔ��� ) Ã ��� ^ h �v ? � hjv 3�3 Ã �~�� � ,
OUnp h Q È � � � W n� Ã � � d Q , (4.12)677777778

] � ) Ã ��� ^ h �v ? � h!v 3D^ h �þ W �%^) Ã �¤� ^ h �v@? � h!v 3 ] ^ W hjþ ^ h �i hAi ) : 3k��.Ï � ) : 3��� Ï �d �\ ) Ã ��� ^ h �vT? � h v/3¤^u��þ \1W ��^ ? � h v ] ^�ê � � h v ? � h v d \ ^d �\ h �v ? � REÆ,ê � ) : 3��� Ï �? � h!v ^�êÊ� ð h!v0] ? � ^�êÊ� ð h!v�d \ RcÆóêÊ�
;=<<<<<<<> Ä 9 (4.14)

(4.13)67777777778
ÈÔ��� ]_� ^ ] ÈQ�¤� ^�O �·dÔ�û ^ d_û OQ^)ehji ÈÔ��� ^�u i�û OQ3�� )ehji ÈÔ��� ^�u i�û OÔ3 ) : 3���0Ï � ) : 3k�� Ï �d �\ ^ ? � h v ] È �¤� ^? � h!v0d4û OÓ^�ê � � h!v ÈÔ��� ? � h v d \ ^d �\ h �v ? �!R�Æóê � ) : 3 �� Ï �? � h!v ÈÔ��� ^�êÊ� ð hjv.] ÈÔ��� ^êÊ� ð hjv0d_û O ? � ^�ê}� ð h!v0d \ RcÆ,ê}�

; <<<<<<<<<> Ä 9 (4.15)

(Schurcomplement) (4.15)67777777778
ÈÔ�¤� ] �!^ ] ÈÔ��� ^�OQ� d �û ^ d4û O ) : 3���0Ï � ) : 3k�� Ï � ) : 3��� Ï �d �\ ^ ? � hjv.] ÈÔ��� ^? � h v d ûaOÓ^�ê � � h v È ��� ? � hjv.d \a^d �\ h �v ? � R�Æóê � ) : 3k�� Ï � 9? � h!v ÈÔ��� ^�êÊ� ð hjv0] ÈÔ��� ^êÊ� ð h!v.d_û O ? � ^�ê}� ð h!v�d \ RcÆ,ê}� 9h i È �¤� ^�uli�ûaO 9 9 R �

; <<<<<<<<<> Ä 9 (4.16)

2.2 (Completion Lemma) ÈÔ�¤� I 9 , Ã �¤� K È �Ê�����²�T� îÃ îÈ Ã �¤�� Ã �� � ) Ã ��� R È �Ê��¤� 3��Ê� Ã � �È ���  È � � � ) È ��� R Ã �Ê���� 3 �Ê� È � � , îÃ I 9 îÃ îÈ  "�Ë Ã ��� ^ h �vT? � h v �� ÈQ�¤� Ì K 9 (4.17)

(4.14), (4.16) (4.17)

(4.14) (4.17) (4.16)

BMI
) Èl+ O�3) � Ñ + ê C 3

(4.5)?A@ Ë d fu�þ.f Ì � Ë Ã ��� ^ h �v ? ¶ h v WW � � Ì Ë d fulþ0f Ì (4.18)



26����� 
	Pa��
	P� K d �Q Ã �¤� d QK W � )¤) Ã �¤� ^ h �v ? � h!v 3*R È ������ 3 ��� W (4.19)

(4.19)6778 � W � 9W X Ã ��� ^ h �vS? � hjvZY �9 � ÈÔ���
; <<> I 9 (4.20)

(4.20) (4.17)

(4.17)
) � Ñ + ê C 3) Ã �¤�,+�ÈQ�¤�ó+ � + O + W 3

minimize
)9U -ÐzZ� 3

subjectto
)9U -Ðz U 3 + )3U -ºz"[ 3 + )9U - Æ 9 3 + îÃ I 9 (4.21)N

dQ  Ã �Ê�� � W (4.22)hSQ  O ) ��R ) Ã ��� ^ h �v ? � h v.3 È �¤� 3 �Ê� Ã � � (4.23)Ã � � Ã � �X Q
(coordinates)îÃ

,
� Ñ , ê C , dQ hSQ ]6Q

(4.10)] Q
(analyticalsolution) [5, 23]

4.3.3 ´
4.3.1

´
4.3.2

� �
(4.9) (4.21)� � ) � Ñ + ê C 3)e] Q + d Q + h Q 3

(feasible)

(infeasible)
) � Ñ + ê C 3 )']6Q + d%Q + hSQ 3
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(homotopy) (Richter De Carlo, 1983) [19, 20]

) � Ñ + êDCó3 )'] Q + d Q + h Q 3
µ ) N + îÃ + � Ñ + êDCó3 Ä 9 (4.24)

\ ) N + îÃ + � Ñ + ê C +�Á 3Â Óµ )�) z R Á 3 N ] ^ Á N + îÃ + � Ñ + ê C 3 (4.25)N
]

N
]  h ] )�Ø �QR ] ] 3��Ê� d ] Á ��� F 9½+.z H\ ) N + îÃ + � Ñ + êDC +�Á 3 ���

\ ) N + îÃ + � Ñ + ê C +�Á 3¦ rq µ ) N ] + îÃ + � Ñ + ê C 3 + Á  9µ ) N + îÃ + � Ñ + ê C 3 + Á  z (4.26)

(4.24)

\ ) N + îÃ + � Ñ + ê C +�Á 3 Ä 9 (4.27)Á 0 1 � �� �
(4.9) (4.21)� ¶ )'] Q + d Q + h Q 3���� ¶ ) � Ñ + ê C 3 )e] Q + d Q + h Q 3 ) � Ñ + êDCó3 ���
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´
4.3.1

´
4.3.2

� �
1. ( ))']%Q + d%Q + hTQ 3 LQG

2.
) � Ñ + êDCó3 (4.9) -)e]6Q + dQ + hSQ 3

3.
) � y  � y � y 3

4. � [ ]

(a) � [ ]

i. (4.21)
) Ã ���ó+�ÈÔ�¤�ó+ � + O + W 3) � Ñ + êDCó3 2.2 (CompletionLemma)

îÃ
,dQ hSQ ÷ ��

ii.
] Q

(feasibility problem)

(4.10)

iii.
) � Ñ + êDCó3 (4.9) -)']%Q + dQ + hTQ 3�

[ ]
÷ ��

(b)
) � Ñ + êDCó3

�
[ ] (robustness)

4.4 ���
[13] [13]



29) îÃ + � Ñ + êDCó3 )e] Q + d Q + h Q 3 (4.5)] Q )'] Q + d Q + h Q 3]6Q
[13]Á 9�+ �1 + �1 +.-.-/-.+ 11ñ ñ
[5, 6]

������
3

4.5 � � ���
3

[5, 6, 7]
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5.1 ���� � ´
5.2

(absolutestability) [10, 21, 22]
´
5.3

(first-ordersystem) (second-ordersystem)

(mechanic)
´
5.4 (mass-spring)´

5.5 (coupledrotatingdisk)� � ��� ���� �
(Popov) [4, 5, 7]

� ����
(Popov controllersynthesis)[5, 7]

5.2 � �
[10, 21, 22]� �

1. [22] (Haddad Kapila, 1995)^_`*a b c bedf & gh& c gi& dfkj g j c g j d
l mnpo

^_____`rq × qts qts qts ss u u u uu s u u us qeu"v × qeu"vws u us s s u u

l mmmmmn
2. [10] (PooGyeonPark, 2002)

^_` a b c b df & gi& c gi& dfkj g j c g j d
l mnpo

^________` u s u u qts uu u s u u uqts qts q × qts u sqeu"vwsxqeu"v × s u u uqts qeu"v yzu"vws u u us s u u u u

l mmmmmmmmn
3. [21] (Josselson Raju,1974)
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 Performance (Popov LMI)

Worst Case H
2
 Performance (New LMI)

5.1:
� �

1

^_`*a b c b{df & gi& c gh& dfkj g j c g j d
l mnpo

^________________________`

s|uxu}uzuxuxu u u s|u}u uu�~}u}uzuxuxu u u u�s�u uuzux�}uzuxuxu u u uzu�s uuzuxu × uxuxu u u u�s�u uuzuxu}uz�xuxu u u s|u}u uuzuxu}uzux�xu u u uzu�s uuzuxu}uzuxuxy u u uzu�s uuzuxu}uzuxuxu�s�u u s|u}u uuzuxu}uzuxuxu u s × u�s�u sszsxs�uzuxuxu u u uzu}u uuzuxu�szsxs�u u u uzu}u uuzuxu}uzuxu�s s s uzu}u uuzuxu�szsxs�u u u uzu}u u

l mmmmmmmmmmmmmmmmmmmmmmmmn
1 2

) �� � 3
3

) �  Æ � 3 2

3 (multiple nonlinearity) ���´
3.5

� �
[5, 7, 4]

���
(

� y�) � y 3! � y � y )���
( ) ( � y ) ( ) 1,

2 3 5.1, 5.2 5.3



32

0 0.05 0.1 0.15 0.2 0.25
10

0

10
1

10
2

10
3

10
4

sector bound (l
i
)

H
2 c

os
t

H
2
 Norm (Linear System, φ

i
(q

i
)=l

i
q

i
)

Worst Case H
2
 Performance (Popov LMI)

Worst Case H
2
 Performance (New LMI)

5.2:
� �
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5.3:
� �
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(� �

)
� ����

5.1, 5.2 5.3 (

)
� �

(

)
��� ���

(
�~y ) � y¡3c � y � y )

5.3
������

1 2 3 ������
5.1

� �� �
[10]

5.2
d f h i� �

5.3

� �
(pole)

���� � )�Ø 3A h!v,)�Ø �	R ] 3���� d \ d4f  d \ hji  h!v� � )eØ 3¦ zä½Ø ^ z (5.1)

(5.1) ä���
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��� Ø  R 9½-ºz Ø  R z/9a9� � � �
���� � )�Ø 3A h v )�Ø �	R ] 3���� d \ d fT d \ h i_ h v� � )eØ 3Â Ü �
Ø � ^PÆ 
óÜ%
 Ø ^ Ü �
 (5.2)

(5.2) Ü%

 � � ������
0 100 ( 9�¢ ö ¢ôz/9�9 9¾¢�Ü  ¢ôz/9a9 )������ ���
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5.4:
���
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5.4

(underdamped) (critically damped)� �
(
ö

) ( Ü  )� �
( Ü  ö

)
���

5.4

-� �
[5, 6, 7]

� � , � �� � � � � � üg ¿  ) X � ^�X � 3N  Ë X � ^�X �ü Ì

5.5:

^___` a bkc bed be�f & gi& c gi& d gi& �fkj g j c g j d g j �fk� g � c g � d g � �
l mmmn o

^__________________`

u u u s�uxu u u u uu u u u�s�u u u u uu u u u}u�s u u u uq����� � ���� � u u}uxu u �� � u u������ q ������� ���� � ���� u}uxu q ���� u u uu � ���� q�� ���� u}uxu ���� u u ����u s qts u}uxu u u u us s u u}uxu u u u uu u u u}uxu u u u ss s u u}uxu u u s u

l mmmmmmmmmmmmmmmmmmn
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5.6:
� �

� �� � �0Ï 
��¤� ) z ^ w 3 � �0Ï 
��¤�
(nominal value)

w ��� � �  á� �  á� �  z , � �  z � �0Ï 
1���  z ���
(spring stiffness) � � ) X~3� � �.Ï 
��¤�ÔF X�^²÷�� ) X~3bH� ) X}3 F R za+.z H (displacement)

X
,
÷tI 9� ) X~3) R z�+.z 3 ´

3.3

LQG� � � ����
(

� y�) � y 3_ � y � y )���
( )� � ( ) 5.6

LQG 5.6

LQG
� ������� ���
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5.7: � ���� ���� � � �
[5, 6, 7] ��� ���´

4.3 � � 5, 10 15÷T F¤9�- 91��+A9�-Ðz/9½+A9½-ºz5� H (stoppingcriterion)

(accuracy) (absolute) (relative) 0.1� �
(step size)

5 LQG� � � �
(normalized

���
norm) (

���
LQG

(nominalsystem)) � � 5.7

�@��� o
^__________`

u"vws�u���� u"vws������ qeu"vws������ u"v ��u ×�× qeu"v ��~���u u"v × s�s=� qeu"v ��~5s�yu"v ����u × u"v ~������ u"v u���� × qeu"v ��y���~ × v ~�������qts�vws�s��"s qeu"v �����"su"v � × s�� u"v y������ u"v y"s × u u"v ���Zs�� qeu"v ~�~���� u"v ������� u"v ��y�~�~qts × v ��~�u�� qe�"v y × ��~ qe�"vws × s�u qe�"v y��"s�u qe�"v u���u�� �"v ����~4� q × v ��� ×�×q × u"vws����"s}qts�s�v ���"s�� qe�"v ��y���y�qts��"v u�u × u�qts��"v ~�u�~�~ s�s�v � × s�� qD~5v �"s�s ×qey��"v ��������qts��"v ×�× ����qts��"v ����~5s}q × �"v �"s�s���q × �Zv ~5s���� × u"v ~�����u qe�"vws������s�vws�y"s�u u"v ��u�~�y u"v ~����"s u"v ������u u"v ����� × qeu"v ��~4��� u

l mmmmmmmmmmn
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�
� (
� o

^__________`
qeu"v × ����� u"v u�u���� qeu"v ~�y���� u"v ����u�� qts�v × ��~5s u"v ~��"s�� qeu"v �"s��"su"v ~������ u"v ~�y���u u"v u�u × � qeu"v ���Zs�~ × v y�����~�qts�v u���~5s qts�v y�� × ss�v × u���u u"v ������� u"v ������� s�v u�y���� u"v u"s���� u"vws���y × u"v ��� × �qts��"vws�y���~ q{�Zv ��~��"s qe�"v u�y"s=��qts × vws=����y�qts�s�v ������u �"v �Zs�y�� qey"v ~�y�y ×q × s�v ~�~�����qts × v ��u�y���qts × vws�������qts��"v ~4������qts=�Zv ��~���� s�~5v ������u qD~5v ����y�~qey��Zv ~�������q × u"v ��u���u�q ×�× v y�u�~�u�qey × v × ������qey"s�v y × u�u × �"v ��y × y qe�"v y�u"s�us�v u������ u"v �"s�u�y u"v � × ~�� u"v ��~4��y u"v � × ~���qeu"v ������� u

l mmmmmmmmmmn

�
�
��� o

^__________`
qeu"v ��u�� × qeu"v u���y�� qeu"v � × y�~ u"v y × ��y qts�v � × ��� u"v ������� qeu"v ��~�y"su"v y�~�~ × u"v y������ qeu"vws�s�y�u qeu"v ����~�� × v × ������qts�v u"s���u qts�v ��y × ~s�v ��u ×�× u"v � ×�× y s�vws�~���� s�v ~��"s�s u"v �"s�����qeu"v y�u���u s�v y × y"sqts=�Zv ��� × � qe�"v ��y�����qts�s�v ����y"s�qts��"vws�s�y"s}qts��"v ��y�y�u s�y"v y������ qD~5v u × ��~q × y"vws���y���qts�~5v y�~���~�qts��"v ���"s�~ q × s�vws�~5s���q × s�v ��� × s s��"v ����u�y qe�"vws���u ×qey��"v ��y × ��q ×�× v �"s�y���q × �"v y�~�����qey��"vws�~5s=��qey��"v ������~ y"s�v ��u���� qe�"v � × s��s�v u���~�~ u"v �"s���� u"v ������~ u"v ������� s�v u"s�u���qeu"v ����u × u

l mmmmmmmmmmn
5.7 � � LQG

���
LQG (optimal controller)

LQG LQG� �
GPCS(GeneralizedPopov Controller Synthesis)

���
PCS(Popov ControllerSynthesis) � �

LQG
� ���� � � � �� � � �� � ���

(performance)

(robustness)

(� �
) ���� � ��� ���� � � �

5.5

(coupled rotating disk system)
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[23] ¡ � , ¡ � , ¡ � ¡ �� � , � � � �ü g¿  ¡ � N  Ë ¡ � ^ 9�-Ðz [¡ �ü Ì 5.8

5.8:

^___` a b c b{d b{�f & gh& c gh& d gi& �fkj g j c g j d g j �fk� g � c g � d g � �
l mmmn o

^_________________________`

u u u u s u u u u u uxu uu u u u u s u u u u uxu uu u u u u u s u u u uxu uu u u u u u u s u u uxu uq × × u u qeu"v u × u"v u × u u q × u uxu us q × s u u"v u"s qeu"v u × u"v u"s u s u uxu su s q × s u u"v u"s qeu"v u × u"v u"s u qts uxu uu u s qts u u u"v u"s qeu"v u"s u s s�u uqts s u u u u u u u u uxu uu u s qts u u u u u u uxu uu u u s u u u u"vws u u uxu uu u u u u u u u u u uxu su u u s u u u u u u u�s u

l mmmmmmmmmmmmmmmmmmmmmmmmmn
� � � � (

) F R z�+/z H) R z�+.z 3 LQG��� ���� �
(

�~y ) � y¡3_ � y � y )���
( )� � � � ( ) 5.9
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5.9
������ ���� ����

3� �
27��� ���´

4.3 � � � � 15, 30 45

0.1� �
15 LQG���

(
���

LQG ) � � � � 5.10

�
�
��� o

^_______________`
u"v × ��~5s u"v ������~ u"v ������� u"v y�~�~4� s�v ���"s × qts�v × y�y�~ u"vws���u�y u"v ��~4��~ qeu"v y�~���yu"v ��u"s�u s�vws�y���~ s�v y"s × y u"v �������¢qts�v ��~���u s�v ��u��"s qeu"v ����u�� s�v ~������ u"v ��~�y�uu"vws������ u"v ~ × s�y u"v ~������ u"v × � × u¢qeu"v u"s��"s£qts�vws�����y × vws × u�y qeu"v ~�~ × y qeu"v × s����u"vws���~�u qeu"v ~������ qeu"v ~4�Zs=� u"v � × ��� u"v × u��"s u"v y"s�~�� qts�vws���y�� u"v ��� × � qeu"v ��� × uqe�"v ��y�� × qts=�Zv ��~��"s£q × u"v × ��~�y¢qts�u"v ~���~4�¢qeu"v ~�� × s �Zv ~��"s�~ qe�"v y���u"s¤q ×�× v ���"s × q × v ��y�u��qts��"v ~�����~¥qD~��"v ×�× y��¦qe�"s�v u�����y¢q × �"v ~�~�� × qts�v y × ~��xs��"v �"s���u¦qts�y"v ��u × s¤qe���Zv ����u × qe�"vws���~ ×qts�u"v ������y¦q × ~5v �"s��"s£q × �"v ����� × qts�~5v ��u × ~¥qeu"v ��� × ~}s�u"v ��� × ~ q{�Zv ��� × y¥qey × v ��u�u"s qey"v y�����~qe�"v �������¢qts�y"v ��~�u��¢qts��"v ��y���� qe�"v u����"s§qeu"v y������ �"v ����u"s qD~5vws × ���¥qts=�Zv ������� qts�vws�~��"ss�v u"s�� × × v y�u × � × v ������y s�v y���� × u"v u������¦qeu"v ������� u"v ���"s�� y"v u"s�~�~ u

l mmmmmmmmmmmmmmmn

�S¨ ( � o
^_______________`

u"v ������� s�v ������y s�v ����y�~ u"v y����"s s�v ��y���~¦qts�v y���u�� u"v ���"s�� s�v × ����� qeu"v �"s × u× v ��~4��� ~5v ~�~�� × ~5v �Zs × � s�v u�u��"s£q × v ��~4��y u"v ��y"s�~ u"v ������y y"v �Zs�s�~ s�v × ~��"s× vws�u���� y"v ~5s × ~ y"v �"s=��u u"v ����~�~¥qeu"v �������¢qts�v ������� y"v y�����y s�v ��u���y qeu"v �"s × �qeu"v × y���� qts�v u"s���~ qts�v u���y�� s�v u�u"s=� u"v ��u�� × u"v × ��y�� qts�v �����"s u"v ~�~�~�y qeu"v �������q × �"v ��u�~�u qD~5s�v �"s���y qD~�~5v ~�y"s�� qe�"v �"s�y"s �Zv × y����xs�s�v y���y"s£qts=�Zv × ��� × qey�~5v × �"s�u q × v ~������qe���"v ~��"s�~¥qts�y��"v × ����u¦qts�~��"v �������¥qey"s�v y�����y × y"vws�y�u�~�y��Zv ����u"s£qe���"v ��u�u��¢qts�s�y"vws�~���u qe�"v � × ��yqD~�u"v ��~�u × qe���"v u���� × q{�Zs�v u��"s�s¤qts�~5v ������~}s�s�v y�����u}s=�Zv �������¦q × �Zv × ��� × qe��y"v ������~ qey"vws�~�~��q × �Zv y��"s�s qD~�~5v y × ~�� qD~��"v ��� × �¥qts�s�v u���� × �Zv y��"s=�zs × vws=����~¥qts��"v y × y�� qey��"vws=��~�u qts�v ×�× u ×× v ���"s�� ~5v ��~5s�~ �"vws�y"s=� s�v u������¢qeu"v ��y"s��¢qts�v y"s=��� s�v ������� y"v ������u u

l mmmmmmmmmmmmmmmn

�S©���� o
^_______________`

× v ������� y"v ��~4��� y"v ~�~�y�� u"v y�~�u�� u"v ��y���y¢qts�v ������� s�v ��~�y"s s�v ��y���� qeu"v ����y�y�"v � × ��� s × v � ×�× � s�s�v �"s���� s�vws���u��¦qD~5v �������¢qeu"v ��u���� ~5vws=��~�� �"v ������� s�v ~4��~�~�Zv ��~ × � �"v ��� × � �"v ~5s���� u"v ��y × y¦q × v ~�~����¢q × v ��u��"s �"vws�~���� ~5v y���� × qeu"v ���"s ×u"vws�u�u�� qeu"v × u × y qeu"vws�y���� s�v y��Zs�� u"v ����u��¢qeu"v u���y�� qts�v ~������ s�v × ��y�� qeu"v ��y�~4�q{���"v ��y�u�� qe���"v �����"s qe��y"v ~�~�~�� qe�"v × ��~5s × y"v u��"s��}s��"v ����~�u qD~5s�v �"s�s�y qe� × v ��u�~�� q × v ~�� × yq × ���"v × �����¦qey����"v ~4� × s£qey���~5v �"s���~ªqey��"vws�u��������"v ��u�y × �Zs�v × y�y��¦qts����Zv ��~�~��¦q × u�u"v ������� qe�"v y�y�u��qts × �"v ~������¢qts���~5v ����~�y¦qts����"v ~���~4�¦qts��"v y�����y�y��"v × y�����y�u"v ��~5s × qe���"v × ��~�u qe���Zv �����Zs qey"v × s�~ ×qe���Zv ~�����y¦qts × y"v � ×�× ~¥qts�s=�Zv u�u��"s¤qts × v ������� × �"v y���~ ×�× y"v ~���u�� qe� × vws������ qe���"v u�y���� qts�v ~�u�~�y�"v ��y"s × �"v ������y �"v u��"s�� u"v ��u�u�~¥qts�v ����~4�«qts�v �"s�u�~ y"v ������� ~5v �����Zs u

l mmmmmmmmmmmmmmmn
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5.10 � � � � LQG
������

5.1��� ������
5

5.6 ���� �� � 5

0.1
���

5
� �

5.1

k
���

cost
� � �j� � � � � � � � � � � � � ê � êÊ�

0 18.8630 0.3350 0.1865 0.2396 0.2396 0.6701 0.3730 0.6701 0.3730 0.6919 1.07e-7

1 17.7330 0.2756 0.1677 0.2085 0.2086 0.5510 0.3355 0.5509 0.3353 0.5297 3.72e-7

2 17.5398 0.2655 0.1651 0.2036 0.2036 0.5310 0.3303 0.5310 0.3303 0.4907 1.81e-7

3 17.5254 0.2630 0.1645 0.2024 0.2024 0.5261 0.3290 0.5261 0.3290 0.4794 2.60e-7

4 17.5242 0.2623 0.1643 0.2021 0.2021 0.5247 0.3286 0.5247 0.3286 0.4759 2.78e-7

5 17.5240 0.2621 0.1642 0.2019 0.2019 0.5242 0.3284 0.5242 0.3284 0.4749 2.80e-7

5.1: � � 5%� �
5.1��� � �H¬ � � , � � ¬ � � � � ¬ � � êÊ� ¬ 9W �  � � RA� � ^ � � � R � � � W �  ;� � RA� � RA� � ^B� � ê �� �

5���
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5.7

(dominant pole) � �������
���� � � �

5.8 ��� ������ ���� � � �
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6.1 ��� ���� �
(absolute stability)

3 - � �
� � � �

3���
4

NP

5
��� ���� ���� � ����
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(dominant pole) � ������� ��� � ����� � � �

1.

2.
� ����

3.
� � ���

1. (decision variable)

6.2

� � � �
� �
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6.3

���
(actuator)
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(routine) MATLAB

(semidefinite programming) LMI Control Toolbox [24]

(interior point method)

.1 ÖL×
h2lure.m

function [h2cost,Lambda,T] = h2lure(A,Bp,Bw,Cq,Cz,L,M,reltol,maxiter)

% [h2cost,Lambda,T] = h2lure(A,Bp,Bw,Cq,Cz,L,M,reltol,maxiter)

%

% Function: h2lure This function uses the new sufficient conditions

% for determine the overbound of the worst case H2

% performance of Lur’e system with slope restrictions.

%

% Inputs: A,Bp,Bw,Cq,Cz System dynamics.

% L Diagonal matrix represent sector bounded.

% M Diagonal matrix represent slope restriction.

% (optional) reltol Relative tolerance.

% (optional) maxiter Maximum number of iteration.

%

% Outputs: h2cost The overbound of the worst case H2 performance.

% Lambda Popov multipliers.

% T Multipliers T1,T2.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

if nargin<9,

maxiter=1000;

if nargin<8,

reltol=1e-4;

end

end

n = size(A,1);

np = size(Bp,2);

%----------------------------------------------------------------------------------%

setlmis([])

% DEFINE LMI VARIABLE

P = lmivar(1,[n 1]);

for j=1:10,
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[Temp,n1,sTemp] = lmivar(1,[1 0]);

for i=1:np-1,

[TAdd,n2,sTAdd] = lmivar(1,[1 0]);

[Temp,n1,sTemp] = lmivar(3,[sTemp,zeros(i,1); zeros(1,i),sTAdd]);

end

switch j

case 1, L1 = Temp;

case 2, L2 = Temp;

case 3, L3 = Temp;

case 4, L4 = Temp;

case 5, L5 = Temp;

case 6, L6 = Temp;

case 7, L7 = Temp;

case 8, L8 = Temp;

case 9, T1 = Temp;

case 10, T2 = Temp;

end

end

%----------------------------------------------------------------------------------%

% MAIN SUFFICIENT CONDITION

lmiterm([1 1 1 P],1,A,’s’);

lmiterm([1 1 1 0],Cz’*Cz);

lmiterm([1 1 1 L2],Cq’*L,Cq*A,’s’);

lmiterm([1 1 1 L4],Cq’*M,Cq*A,’s’);

lmiterm([1 1 1 L8],Cq’*L*M,Cq*A,’s’);

lmiterm([1 1 2 P],1,Bp);

lmiterm([1 1 2 L2],Cq’*L,Cq*Bp);

lmiterm([1 1 2 L4],Cq’*M,Cq*Bp);

lmiterm([1 1 2 L8],Cq’*L*M,Cq*Bp);

lmiterm([1 1 2 L1],A’*Cq’,1);

lmiterm([1 1 2 L2],-A’*Cq’,1);

lmiterm([1 1 2 L7],A’*Cq’*M,1);

lmiterm([1 1 2 L8],-A’*Cq’*M,1);

lmiterm([1 1 2 T1],Cq’*L,1);

lmiterm([1 1 3 L3],Cq’,1);

lmiterm([1 1 3 L4],-Cq’,1);

lmiterm([1 1 3 L6],Cq’*L,1);

lmiterm([1 1 3 L8],-Cq’*L,1);

lmiterm([1 1 3 T2],A’*Cq’*M,1);

lmiterm([1 2 2 L1],1,Cq*Bp,’s’);

lmiterm([1 2 2 L2],1,-Cq*Bp,’s’);

lmiterm([1 2 2 L7],M,Cq*Bp,’s’);

lmiterm([1 2 2 L8],-M,Cq*Bp,’s’);

lmiterm([1 2 2 T1],-2,1);

lmiterm([1 2 3 L5],1,1);

lmiterm([1 2 3 L6],-1,1);

lmiterm([1 2 3 L7],-1,1);

lmiterm([1 2 3 L8],1,1);

lmiterm([1 2 3 T2],Bp’*Cq’*M,1);
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lmiterm([1 3 3 T2],-2,1);

% LYAPUNOV MATRIX

lmiterm([-2 1 1 P],1,1);

% MULTIPLIERS

lmiterm([-3 1 1 L1],1,1);

lmiterm([-4 1 1 L2],1,1);

lmiterm([-5 1 1 L3],1,1);

lmiterm([-6 1 1 L4],1,1);

lmiterm([-7 1 1 L5],1,1);

lmiterm([-8 1 1 L6],1,1);

lmiterm([-9 1 1 L7],1,1);

lmiterm([-10 1 1 L8],1,1);

lmiterm([-11 1 1 T1],1,1);

lmiterm([-12 1 1 T2],1,1);

LMISYS=getlmis;

%----------------------------------------------------------------------------------%

% DEFINE AN OBJECTIVE FUNCTION

nx = decnbr(LMISYS);

c = zeros(nx,1);

for j = 1:nx,

[Pj,L1j,L2j,L3j,L4j,L5j,L6j,L7j,L8j] = ...

defcx(LMISYS,j,P,L1,L2,L3,L4,L5,L6,L7,L8);

c(j) = trace(Bw’*(Pj+(Cq’*(L*(L1j+L2j)+...

M*(L3j+L4j)+M*L*(L5j+L6j+L7j+L8j))*Cq))*Bw);

end

%----------------------------------------------------------------------------------%

% SOLVE AN OPTIMIZATION PROBLEM

options = [reltol,maxiter,0,0,1];

[copt,xopt] = mincx(LMISYS,c,options);

if ( isempty(xopt))

L1v = dec2mat(LMISYS,xopt,L1);

L2v = dec2mat(LMISYS,xopt,L2);

L3v = dec2mat(LMISYS,xopt,L3);

L4v = dec2mat(LMISYS,xopt,L4);

L5v = dec2mat(LMISYS,xopt,L5);

L6v = dec2mat(LMISYS,xopt,L6);

L7v = dec2mat(LMISYS,xopt,L7);

L8v = dec2mat(LMISYS,xopt,L8);

T1v = dec2mat(LMISYS,xopt,T1);

T2v = dec2mat(LMISYS,xopt,T2);

h2cost = copt;

Lambda = diag([L1v,L2v,L3v,L4v,L5v,L6v,L7v,L8v]);

T = diag([T1v,T2v]);

else

h2cost = inf;

Lambda = [];

T = [];

end

%----------------------------------------------------------------------------------%
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.2 ÖL×
rh2syn.m

function [Ac,Bc,Cc,h2cost] = rh2syn(tA,tBp,tBw,tBu,tCq,tCz,tCy,tDqp,tDqw,tDqu,tDzp,tDzw,tDzu,...

tDyp,tDyw,tDyu,finalunc,stepunc,Ac,Bc,Cc,abstol,reltol,maxiter)

% [Ac,Bc,Cc,h2cost] = rh2syn(tA,tBp,tBw,tBu,tCq,tCz,tCy,tDqp,tDqw,tDqu,tDzp,tDzw,tDzu,...

% tDyp,tDyw,tDyu,finalunc,stepunc,Ac,Bc,Cc,abstol,reltol,maxiter)

%

% Function: rh2syn This function uses the V-K iterative scheme for the

% design of the robust H2 controller for Lur’e system

% with slope restrictions.

%

% Inputs: tA,tBp,tBw,tBu, System dynamics.

% tCq,tCz,tCy,

% tDqp,tDqw,tDqu,

% tDzp,tDzw,tDzu,

% tDyp,tDyw,tDyu

%

% finalunc Percent of desire uncertainty.

% stepunc Size of increasing uncertainty.

% (optional) Ac,Bc,Cc Initial controller dynamics.

% (optional) abstol Absolute tolerance.

% (optional) reltol Relative tolerance.

% (optional) maxiter Maximum number of iteration.

%

% Outputs: Ac,Bc,Cc Robust H2 controller dynamics.

% h2cost The overbound of the worst case H2 performance.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

if nargin<24,

maxiter=100;

if nargin<23,

abstol=1e-3;

reltol=1e-3;

if nargin<21,

% DESIGN LQG CONTROLLER

W = [tCz’*tCz, tCz’*tDzu; tDzu’*tCz, tDzu’*tDzu];

V = [tBw*tBw’, tBw*tDyw’; tDyw*tBw’, tDyw*tDyw’];

[Ac,Bc,Cc,Dc] = lqg(tA,tBu,tCy,tDyu,W,V);

Cc = -Cc;

end

end

end

np=size(tBp,2);

%----------------------------------------------------------------------------------%

unc = 0;

%OUTER LOOP

while unc<finalunc,

unc=unc+stepunc;

% APPLY LOOP TRANSFORMATION
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Lam = unc*[-1]*eye(np);

Gam = unc*[2]*eye(np);

D = inv(eye(size(tDqp*Lam,1))-tDqp*Lam);

A = tA+tBp*Lam*D*tCq;

Bp = tBp*Gam+tBp*Lam*D*tDqp*Gam;

Bw = tBw+tBp*Lam*D*tDqw;

Bu = tBu+tBp*Lam*D*tDqu;

Cq = D*tCq;

Dqp = D*tDqp*Gam;

Dqw = D*tDqw;

Dqu = D*tDqu;

Cz = tCz+tDzp*Lam*D*tCq;

Dzp = tDzp*Gam+tDzp*Lam*D*tDqp*Gam;

Dzw = tDzw+tDzp*Lam*D*tDqw;

Dzu = tDzu+tDzp*Lam*D*tDqu;

Cy = tCy+tDyp*Lam*D*tCq;

Dyp = tDyp*Gam+tDyp*Lam*D*tDqp*Gam;

Dyw = tDyw+tDyp*Lam*D*tDqw;

Dyu = tDyu+tDyp*Lam*D*tDqu;

%------------------------------------------------------------------------------%

L = eye(np); M = L;

abserr k = 1; relerr k = 1;

h2cost(1) = 1e6;

k = 1;

% INITIAL MULTIPLIERS

[L1,L2,L3,L4,L5,L6,L7,L8,T1,T2] = vlmi(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,Dzp,Dzw,Dzu,...

Dyp,Dyw,Dyu,L,M,Ac,Bc,Cc);

% INNER LOOP

while (((abserr k > abstol) | (relerr k > reltol)) & (k < maxiter))

k=k+1;

% SYNTHESIS (K-ITERATION)

[P,Z,Q,Y,X,h2cost(k)] = klmi(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,Dzp,Dzw,Dzu,...

Dyp,Dyw,Dyu,L,M,L1,L2,L3,L4,L5,L6,L7,L8,T1,T2);

[Ac,Bc,Cc] = solveac(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,Dzp,Dzw,Dzu,...

Dyp,Dyw,Dyu,L,M,L1,L2,L3,L4,L5,L6,L7,L8,T1,T2,P,Z,Q,Y,X);

% ANALYSIS (V-ITERATION)

[L1,L2,L3,L4,L5,L6,L7,L8,T1,T2] = vlmi(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,Dzp,Dzw,Dzu,...

Dyp,Dyw,Dyu,L,M,Ac,Bc,Cc);

abserr k = abs(h2cost(k-1)-h2cost(k));

relerr k = abserr k/h2cost(k-1);

end

fprintf(’uncertainty = %4.1f%%, minimum h2cost = %8.4f\n’,100*unc,h2cost(k));

end

h2cost=h2cost(k);

%----------------------------------------------------------------------------------%
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vlmi.m

function [L1v,L2v,L3v,L4v,L5v,L6v,L7v,L8v,T1v,T2v] = vlmi(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,...

Dzp,Dzw,Dzu,Dyp,Dyw,Dyu,L,M,Ac,Bc,Cc)

% [L1v,L2v,L3v,L4v,L5v,L6v,L7v,L8v,T1v,T2v] = vlmi(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,...

% Dzp,Dzw,Dzu,Dyp,Dyw,Dyu,L,M,Ac,Bc,Cc)

%

% Function: vlmi This MATLAB routine perform V-iteration for robust

% H2 controller synthesis procedure.

%

% Inputs: A,Bp,Bw,Bu, System dynamics.

% Cq,Cz,Cy,

% Dqp,Dqw,Dqu,

% Dzp,Dzw,Dzu,

% Dyp,Dyw,Dyu

%

% L Diagonal matrix represent sector bounded.

% M Diagonal matrix represent slope restriction.

% Ac,Bc,Cc Controller dynamics.

%

% Outputs: L1v,L2v,L3v, Popov multipliers.

% L4v,L5v,L6v,

% L7v,L8v

% T1v,T2v Multipliers T.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

n = size(A,1);

np = size(Bp,2);

% CLOSED-LOOP WITH CONTROLLER

tA = [ A Bu*Cc; Bc*Cy Ac+Bc*Dyu*Cc];

tBp = [ Bp; Bc*Dyp];

tBw = [ Bw; Bc*Dyw];

tCq = [ Cq zeros(size(Cq,1),size(Bu*Cc,2))];

tCz = [ Cz Dzu*Cc];

%----------------------------------------------------------------------------------%

setlmis([])

% DEFINE LMI VARIABLE

tP = lmivar(1,[2*n 1]);

for j=1:10,

[Temp,n1,sTemp] = lmivar(1,[1 0]);

for i=1:np-1,

[TAdd,n2,sTAdd] = lmivar(1,[1 0]);

[Temp,n1,sTemp] = lmivar(3,[sTemp,zeros(i,1); zeros(1,i),sTAdd]);

end

switch j

case 1, L1 = Temp;

case 2, L2 = Temp;

case 3, L3 = Temp;

case 4, L4 = Temp;

case 5, L5 = Temp;
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case 6, L6 = Temp;

case 7, L7 = Temp;

case 8, L8 = Temp;

case 9, T1 = Temp;

case 10, T2 = Temp;

end

end

%----------------------------------------------------------------------------------%

% MAIN SUFFICIENT CONDITION

lmiterm([1 1 1 tP],1,tA,’s’);

lmiterm([1 1 1 L2],tCq’*L,tCq*tA,’s’);

lmiterm([1 1 1 L4],tCq’*M,tCq*tA,’s’);

lmiterm([1 1 1 L8],tCq’*L*M,tCq*tA,’s’);

lmiterm([1 1 1 0],tCz’*tCz);

lmiterm([1 2 1 tP],tBp’,1);

lmiterm([1 2 1 L2],tBp’*tCq’*L,tCq);

lmiterm([1 2 1 L4],tBp’*tCq’*M,tCq);

lmiterm([1 2 1 L8],tBp’*tCq’*L*M,tCq);

lmiterm([1 2 1 L1],1,tCq*tA);

lmiterm([1 2 1 L2],-1,tCq*tA);

lmiterm([1 2 1 L7],M,tCq*tA);

lmiterm([1 2 1 L8],-M,tCq*tA);

lmiterm([1 2 1 T1],1,L*tCq);

lmiterm([1 2 2 L1],1,tCq*tBp,’s’);

lmiterm([1 2 2 L2],-1,tCq*tBp,’s’);

lmiterm([1 2 2 L7],M,tCq*tBp,’s’);

lmiterm([1 2 2 L8],-M,tCq*tBp,’s’);

lmiterm([1 2 2 T1],-2,1);

lmiterm([1 3 1 L3],1,tCq);

lmiterm([1 3 1 L4],-1,tCq);

lmiterm([1 3 1 L6],L,tCq);

lmiterm([1 3 1 L8],-L,tCq);

lmiterm([1 3 1 T2],1,M*tCq*tA);

lmiterm([1 3 2 L5],1,1);

lmiterm([1 3 2 L6],-1,1);

lmiterm([1 3 2 L7],-1,1);

lmiterm([1 3 2 L8],1,1);

lmiterm([1 3 2 T2],1,M*tCq*tBp);

lmiterm([1 3 3 T2],-2,1);

% LYAPUNOV MATRIX

lmiterm([-2 1 1 tP],1,1);

% MULTIPLIERS

lmiterm([-3 1 1 L1],1,1);

lmiterm([-4 1 1 L2],1,1);

lmiterm([-5 1 1 L3],1,1);

lmiterm([-6 1 1 L4],1,1);

lmiterm([-7 1 1 L5],1,1);

lmiterm([-8 1 1 L6],1,1);

lmiterm([-9 1 1 L7],1,1);
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lmiterm([-10 1 1 L8],1,1);

lmiterm([-11 1 1 T1],1,1);

lmiterm([-12 1 1 T2],1,1);

LMISYS = getlmis;

%----------------------------------------------------------------------------------%

% DEFINE AN OBJECTIVE FUNCTION

nx = decnbr(LMISYS);

c = zeros(nx,1);

for j = 1:nx,

[tPj,L1j,L2j,L3j,L4j,L5j,L6j,L7j,L8j] = defcx(LMISYS,j,tP,L1,L2,L3,L4,L5,L6,L7,L8);

c(j) = trace(tBw’*(tPj+tCq’*(L*(L1j+L2j)+M*(L3j+L4j)+L*M*(L5j+L6j+L7j+L8j))*tCq)*tBw);

end

%----------------------------------------------------------------------------------%

% SOLVE AN OPTIMIZATION PROBLEM

options = [1e-6,1000,0,0,1];

[copt,xopt] = mincx(LMISYS,c,options);

if ( isempty(xopt))

L1v =dec2mat(LMISYS,xopt,L1);

L2v =dec2mat(LMISYS,xopt,L2);

L3v =dec2mat(LMISYS,xopt,L3);

L4v =dec2mat(LMISYS,xopt,L4);

L5v =dec2mat(LMISYS,xopt,L5);

L6v =dec2mat(LMISYS,xopt,L6);

L7v =dec2mat(LMISYS,xopt,L7);

L8v =dec2mat(LMISYS,xopt,L8);

T1v =dec2mat(LMISYS,xopt,T1);

T2v =dec2mat(LMISYS,xopt,T2);

else

disp(’V-LMIs are Infisible!!’);

end

%----------------------------------------------------------------------------------%

klmi.m

function [Pv,Zv,Qv,Yv,Xv,h2cost] = klmi(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,Dzp,Dzw,Dzu,...

Dyp,Dyw,Dyu,L,M,L1,L2,L3,L4,L5,L6,L7,L8,T1,T2)

% [Pv,Zv,Qv,Yv,Xv,h2cost] = klmi(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,Dzp,Dzw,Dzu,...

% Dyp,Dyw,Dyu,L,M,L1,L2,L3,L4,L5,L6,L7,L8,T1,T2)

%

% Function: klmi This MATLAB routine perform K-iteration for robust H2

% controller synthesis procedure.

%

% Inputs: A,Bp,Bw,Bu, System dynamics.

% Cq,Cz,Cy,

% Dqp,Dqw,Dqu,

% Dzp,Dzw,Dzu,

% Dyp,Dyw,Dyu

%

% L Diagonal matrix represent sector bounded.
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% M Diagonal matrix represent slope restriction.

%

% L1v,L2v,L3v, Popov multipliers.

% L4v,L5v,L6v,

% L7v,L8v

% T1v,T2v Multipliers T.

%

% Outputs: Pv,Zv,Qv,Yv,Xv Controller parameter variables.

% h2cost The overbound of the worst case H2 performance.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

n = size(A,1); np = size(Bp,2);

ny = size(Cy,1); nu = size(Bu,2);

Z1 = L*L2+M*L4+L*M*L8; Z2 = L1-L2+M*L7-M*L8;

Z3 = L3-L4+L*L6-L*L8; Z4 = L5-L6-L7+L8;

%----------------------------------------------------------------------------------%

setlmis([])

% DEFINE LMI VARIABLE

P = lmivar(1,[n 1]);

Q = lmivar(1,[n 1]);

Z = lmivar(2,[n ny]);

Y = lmivar(2,[nu n]);

X = lmivar(1,[ny 1]);

%----------------------------------------------------------------------------------%

% MAIN SUFFICIENT CONDITION

lmiterm([1 1 1 P],1,A,’s’);

lmiterm([1 1 1 Z],1,Cy,’s’);

lmiterm([1 1 1 0],Cz’*Cz+A’*Cq’*Z1*Cq+Cq’*Z1*Cq*A);

lmiterm([1 2 1 P],Bp’,1);

lmiterm([1 2 1 -Z],Dyp’,1);

lmiterm([1 2 1 0],Bp’*Cq’*Z1*Cq+Z2*Cq*A+T1*L*Cq);

lmiterm([1 2 2 0],Z2*Cq*Bp+Bp’*Cq’*Z2-2*T1);

lmiterm([1 3 1 0],Z3*Cq+T2*M*Cq*A);

lmiterm([1 3 2 0],Z4+T2*M*Cq*Bp);

lmiterm([1 3 3 0],-2*T2);

lmiterm([2 1 1 Q],A,1,’s’);

lmiterm([2 1 1 Y],Bu,1,’s’);

lmiterm([2 2 1 Q],Z2*Cq*A,1);

lmiterm([2 2 1 Q],T1*L*Cq,1);

lmiterm([2 2 1 Y],Z2*Cq*Bu,1);

lmiterm([2 2 1 0],Bp’);

lmiterm([2 2 2 0],Z2*Cq*Bp+Bp’*Cq’*Z2-2*T1);

lmiterm([2 3 1 Q],Z3*Cq,1);

lmiterm([2 3 1 Q],T2*M*Cq*A,1);

lmiterm([2 3 1 Y],T2*M*Cq*Bu,1);

lmiterm([2 3 2 0],Z4+T2*M*Cq*Bp);

lmiterm([2 3 3 0],-2*T2);

lmiterm([2 4 1 Q],Cz,1);

lmiterm([2 4 1 Y],Dzu,1);

lmiterm([2 4 4 0],-1);
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lmiterm([-3 1 1 X],1,1);

lmiterm([-3 2 1 Z],1,1);

lmiterm([-3 2 2 P],1,1);

lmiterm([-3 2 2 0],Cq’*Z1*Cq);

lmiterm([-3 3 2 0],1);

lmiterm([-3 3 3 Q],1,1);

LMISYS = getlmis;

%----------------------------------------------------------------------------------%

% DEFINE AN OBJECTIVE FUNCTION

nx = decnbr(LMISYS);

c = zeros(nx,1);

for j = 1:nx,

[Pj,Zj,Xj] = defcx(LMISYS,j,P,Z,X);

c(j) = trace(Bw’*Pj*Bw + Bw’*Zj*Dyw + Dyw’*Zj’*Bw + Dyw’*Xj*Dyw);

end

%----------------------------------------------------------------------------------%

% SOLVE AN OPTIMIZATION PROBLEM

options = [1e-6,1000,0,0,1];

[copt,xopt] = mincx(LMISYS,c,options);

if ( isempty(xopt))

Pv = dec2mat(LMISYS,xopt,P);

Zv = dec2mat(LMISYS,xopt,Z);

Qv = dec2mat(LMISYS,xopt,Q);

Yv = dec2mat(LMISYS,xopt,Y);

Xv = dec2mat(LMISYS,xopt,X);

h2cost = copt+trace(Bw’*Cq’*(L*(L1+L2)+M*(L3+L4)+L*M*(L5+L6+L7+L8))*Cq*Bw);

else

disp(’K-LMIs are Infisible!!’);

end

%----------------------------------------------------------------------------------%

solveac.m

function [Acv,Bc,Cc] = solveac(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,Dzp,Dzw,Dzu,...

Dyp,Dyw,Dyu,L,M,L1,L2,L3,L4,L5,L6,L7,L8,T1,T2,P,Z,Q,Y,X)

% [Acv,Bc,Cc] = solveac(A,Bp,Bw,Bu,Cq,Cz,Cy,Dqp,Dqw,Dqu,Dzp,Dzw,Dzu,...

% Dyp,Dyw,Dyu,L,M,L1,L2,L3,L4,L5,L6,L7,L8,T1,T2,P,Z,Q,Y,X)

%

% Function: solveac This MATLAB routine perform K-iteration.

% (solving for controller dynamics Ac,Bc,Cc)

%

% Inputs: A,Bp,Bw,Bu, System dynamics.

% Cq,Cz,Cy,

% Dqp,Dqw,Dqu,

% Dzp,Dzw,Dzu,

% Dyp,Dyw,Dyu

%

% L Diagonal matrix represent sector bounded.

% M Diagonal matrix represent slope restriction.
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% L1v,L2v,L3v, Popov multipliers.

% L4v,L5v,L6v,

% L7v,L8v

% T1v,T2v Multipliers T.

%

% Pv,Zv,Qv,Yv,Xv Controller parameter variables.

%

% Outputs: Acv,Bc,Cc Controller dynamics.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

n = size(A,1); np = size(Bp,2);

Z1 = L*L2+M*L4+L*M*L8; Z2 = L1-L2+M*L7-M*L8;

Z3 = L3-L4+L*L6-L*L8; Z4 = L5-L6-L7+L8;

N = eye(n);

Bc = Z;

Cc = Y*inv(eye(size(P*Q,1))-(P+Cq’*Z1*Cq)*Q);

R = inv(P+Cq’*Z1*Cq-inv(Q));

tP = [P N;N’ R];

tA = [A, Bu*Cc; Bc*Cy, Bc*Dyu*Cc];

tBp = [Bp; Bc*Dyp];

tBw = [Bw; Bc*Dyw];

tCq = [Cq, zeros(size(Cq,1),size(Bu*Cc,2))];

tCz = [Cz, Dzu*Cc];

tJ = [zeros(n,n); eye(n)];

%----------------------------------------------------------------------------------%

% DEFINE AN LMI

setlmis([])

Ac = lmivar(2,[n n]);

lmiterm([1 1 1 0],tA’*(tP+tCq’*Z1*tCq)+(tP+tCq’*Z1*tCq)*tA+tCz’*tCz);

lmiterm([1 1 1 Ac],(tP+tCq’*Z1*tCq)*tJ,tJ’,’s’);

lmiterm([1 2 1 0],tBp’*(tP+tCq’*Z1*tCq)+Z2*tCq*tA+T1*L*tCq);

lmiterm([1 2 2 0],Z2*tCq*tBp+tBp’*tCq’*Z2-2*T1);

lmiterm([1 3 1 0],Z3*tCq+T2*M*tCq*tA);

lmiterm([1 3 2 0],Z4+T2*M*tCq*tBp);

lmiterm([1 3 3 0],-2*T2);

LMISYS = getlmis;

%----------------------------------------------------------------------------------%

% SOLVE AN OPTIMIZATION PROBLEM

options = [0,1000,1e9,10,1];

[tmin,xfeas] = feasp(LMISYS,options);

if tmin<=0,

Acv = dec2mat(LMISYS,xfeas,Ac);

else

disp(’Can’’t solving for Ac!!’);

end

%----------------------------------------------------------------------------------%
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