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CHAPTER I 

INTRODUCTION 
 

1.1 Background and Motivation 

The dynamic axle load and gross weight of vehicles are important factors for 

consideration in the design of new bridges and pavements, the rating and fatigue life 

assessments of existing bridges and pavements as well as the design code calibration 

and overweight vehicle control of highway regulations. Road and bridge design live 

loads are mainly dominated by heavy vehicles such as buses, trucks and trailers as 

they cause large impact loading, resulting in damage to pavement and highway 

structures. Although vehicle weight and axle load are specified in weight limit 

regulations, the weigh station can only measure the static axle load and the gross 

vehicle weight (GVW). Moreover, the weighing requires the vehicle to stop, requiring 

a long time for each vehicle to go through the process. Vehicle queuing at the 

entrance of the weigh station also induces traffic congestion, which means the 

weighing cannot be observed and carried out thoroughly. Besides, the dynamic axle 

loads of vehicles are very difficult to measure directly and their configurations differ 

according to each vehicle category. Therefore, to obtain this significant loading 

information without traffic disturbance, the Weigh-In-Motion (WIM) system was 

adopted and developed to indirectly measure the time-histories of vehicle axle loads. 

In the past twenty years, many countries have utilized WIM technology to 

reduce delays and increase enforcement of overweight vehicles. The WIM system is 

defined by the American Society for Testing and Materials (ASTM) as the process of 

estimating a moving vehicle’s gross weight and the portion of that weight carried by 

each wheel, axle, or axle group, or combination thereof, by measurement and analysis 

of dynamic vehicle tire forces. Through WIM technology, the vehicles can be 

weighed in time domain without disturbing their traveling speeds. 

Although WIM has improved weighing station operations, there are various 

types of WIM scales with various levels of accuracy. As weighing accuracy 

decreases, the number of vehicles that must proceed to the static scale increases in 

order to ensure that all potential overweight vehicles are weighed on the static scale. 

Additionally, if the WIM system underestimates a vehicle’s weight, violating trucks 

could then go through the system without being stopped. 
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The existing technologies for WIM scales use bending plates and piezoelectric 

stripes as load cell sensors. However, these technologies are based on weighing 

detectors embedded in the pavement and thereby disturb the traffic during their 

installation and maintenance. Therefore, a new alternative system employing a bridge 

called Bridge Weigh-In-Motion (B-WIM) has been developed since the 1990s. The B-

WIM systems deal with an existing instrumented bridge or culvert from the road 

network and estimate the acting load by converting the measured bridge response. 

The advantages of this system are that it can be installed and maintained without 

disturbing the traffic flow and that the drivers passing over the bridge cannot notice 

the vehicle loads being detected. Additionally, the cost of installation and 

maintenance of the B-WIM system are lower than the existing WIM. Hence, the 

identification of dynamic axle loads from bridge responses becomes more attractive 

since it is much cheaper and easier to install and maintain. However, the accuracy in 

the axle load identification of B-WIM systems is dependent on the efficiency of 

hardware and software. 

Over the last decade, there have been studies carried out on moving load 

identification using bridge responses. Based on vehicle-bridge interaction models, the 

dynamic axle loads of a vehicle moving on a bridge can be identified from the 

bridge’s strains, displacements, accelerations or bending moments by the load-

deformation relationship. Many theoretical and experimental studies have been 

proposed to identify the moving loads. Although early studies found that the 

identification methods are reliable, the identified dynamic axle loads are noise 

sensitive and also numerically ill-conditioned, particularly when using acceleration 

response. However, one drawback of these studies is that they are limited to single-

vehicle load identification. The reality is that quite often multiple vehicles are present 

on the bridge at the same time especially on long-span bridges or continuous bridges. 

This research study therefore investigates the axle load identification of multiple 

vehicles moving on bridges. 

 

1.2 Problem Statement 

As stated, in this research, the identification of multiple vehicles moving on 

bridges is studied. The multiple presence of heavy vehicles moving on the bridge at 

the same time is considered. Using only a single-span bridge for signal measurement 

as commonly proposed would not be sufficient to observe the variation of axle loads 
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because the measured time-histories are too short if the vehicles move at high speed. 

Therefore, the identification of moving loads using a continuous bridge is also 

considered.  

This research presents the analytical and experimental study of the axle load 

identification of multi-axle and multiple vehicles moving on single-span simply 

supported bridges and multi-span continuous bridges. 

Theoretically, the interaction forces or the axle loads acting upon the bridge 

can be transformed to the bridge responses using the load-deformation relationship 

employing vehicle-bridge interaction or moving loads-bridge interaction together with 

the data concerning the vehicle and bridge properties. Using the bridge responses, 

axle spacings and vehicle speeds as the input data, the predicted or unknown axle 

loads can be identified from the optimization process between the measured responses 

and the analytically reconstructed responses. 

Regarding the axle load identification process, the identified loads are the 

values inducing the least optimization residual error from the objective function.  

Early research in this area found that the identified loads with simple least square 

optimization exhibit a large fluctuation and risk causing ill-conditioning when the 

vehicle passes the bridge supports. Hence, a regularization technique is necessarily 

adopted in the optimization to decrease the chance of an unrealistic oscillatory 

solution. 

However, mathematically, the solution identified by the above process tends to 

provide a large identification error in cases when a higher number of unknown 

loadings are predicted, such as multi-axle vehicles traveling on the bridge at 

independent velocities. Therefore, this research aims to develop the accuracy and 

effectiveness of axle load identification depending on how the vehicles are traveling 

including short headway following, overtaking and side-by-side movements. 

Additionally, based on the results from previous studies employing regularization 

techniques, it has been observed that difficulty in assigning an appropriate or optimal 

regularization parameter is followed. Moreover, ill-conditioning and poor accuracy of 

determined axle loads at the internal bridge supports found in multi-span continuous 

bridges identified by existing identification methods need to be corrected. Thus, 

accuracy improvement in identifying the axle loads of multiple vehicles traveling on a 

multi-span bridge will be carried out. 
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1.3 Research Objectives 

According to the problems outlined in the above section, the objectives of this 

study are: 

1. To propose the identification method for the dynamic axle loads of multiple 

vehicles moving on single-span simply supported and multi-span continuous 

bridges. 

2. To study the influences of various parameters on load identification such as 

axle-spacing-to-span ratio, bridge surface roughness, vehicle configurations, 

moving formation of vehicles and regularization parameter. 

3. To evaluate the effectiveness of identification accuracy and robustness of the 

identification method using an analytical study by computer simulation. 

4. To verify the obtained analytical results using an experimental study with 

scaled models and to experimentally investigate the feasibility of the 

proposed method toward real application. 

 

1.4 Methodology 

The methodology of this research is schematically described as shown in 

Figure 1.1. The research consists of analytical and experimental studies. A numerical 

study based on computer simulation is conducted to investigate the influence of 

related system parameters and also as a preliminary study for experimental design. 

The experimental study is carried out in order to verify and evaluate the effectiveness 

of the identification method previously investigated in the numerical study. Thus, a 

comparison of the identified results from both numerical and experimental studies are 

presented and discussed to summarize the effectiveness of the proposed identification 

method. 

 

1.5 Scope of Research 

The scope of the research study mainly consists of two parts, including the 

scope of the analytical study conducted via numerical simulation on the computer and 

the scope of the experimental study conducted via scaled model testing carried out in 

the laboratory. 
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Calibration
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     - Axle Spacing(s)
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Accuracy Improvement 
Technique Results of Preliminary Study

Simulation 
Results

Summary

Experimental 
Results

Analysis of Results,
Discussion

Computer Simulation Study

Finite Element Model 
of Vehicle-Bridge Interaction

 
Figure 1.1 Diagram of research methodology 

 

1.5.1 Scope of Analytical Study 

1. Vehicle axle load identification for moving vehicles not exceeding two 

vehicles is considered. 

2. The considered vehicle models used in the theoretical and computer 

simulation studies are four degrees-of-freedom models. 

3. A single-span simply supported bridge and a three-span continuous bridge 

are considered. 

4. The measurement signal used in load identification is the sectional bending 

moment of the bridges. 

5. The numerical approach adopted in load identification is an optimization 

with the least square objective function with Tikhonov regularization. 
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1.5.2 Scope of Experimental Study 

1. The vehicle-bridge system is tested using a small-scale model. 

2. The scaled model bridge is a three-span continuous bridge made of steel 

plate with uniform cross section. 

3. The two model vehicles used in the experiment have two axles, non-

articulated frames with rubber tires and spring suspensions. 

4. The sectional bending moment used in identification is converted from the 

strain signal directly measured from bridge responses induced by the travel 

of model vehicles. 

 

1.6 Dissertation Organization 

 This dissertation consists of seven chapters. Chapter II reviews previous 

research related to vehicle-bridge interaction, weigh-in-motion system, moving load 

identification methods and numerical techniques adopted in this field. Chapter III 

describes the theoretical background used in the formulation of vehicle-bridge 

interaction, the relationship between moving loads and bridge responses, the 

optimization statement for moving load identification and the accuracy improvement 

technique used in this research. Chapter IV presents a numerical study in moving load 

identification using computer simulation with a parametric study and an effectiveness 

comparison of existing and proposed identification methods. Chapter V presents the 

experimental investigation of the proposed identification method by testing with the 

scaled model. Chapter VI presents the evaluation on tolerance and accuracy 

robustness of the identification method by conducting identification with incomplete 

measurement information. Finally, Chapter VII summarizes the obtained results, 

discusses the limitations of the proposed identification method and provides 

recommendations for further study and application to the real situation. 



CHAPTER II 

LITERATURE REVIEW 

 
2.1 General 

 In this chapter, relevant previous studies including those on vehicle-bridge 

interaction, weigh-in-motion system and moving load identification are reviewed. 

Research works relating to theoretical and experimental studies of moving load 

identification, and numerical techniques used in mathematical models are covered. 

Based on the useful information in this chapter, the appropriate theoretical and 

experimental approaches will be applied to the research methodology to achieve the 

research objectives. 

 

2.2 Weigh-In-Motion 

The Weigh-in-Motion (WIM) system has been in use for over 40 years, having 

first been used for the weight data collection of trucks and their axles for statistical 

purposes required for pavement design and maintenance. Pavement and bridge 

structural designs are based on the weight of heavy vehicles traveling on highways. In 

the 1970s, the first semi-automatic weighing stations consisting of pre-selection WIM 

scales and downstream axle weighbridges for enforcement in rest or parking areas 

were designed and built to protect the road infrastructure from damage and to reduce 

wear and tear. They have continued to be in operation until today. For many years the 

purpose of weigh stations has been to ensure that trucks do not exceed the legal 

weights of the localities that are being traveled through. Unfortunately, as the amount 

of trucks on highways increases, the queue lengths at the weigh stations also increase. 

When weigh station queues spill back on to the mainline travel lanes, the weigh 

stations are generally closed and violators can potentially go through the network. As 

a way of speeding up the process of weighing these heavy vehicles, WIM systems 

have been installed in many places to screen overweight vehicles. The WIM system 

provides highway planners and designers with traffic volume and classification data. 

In addition, WIM equipment also provides planners and designers with equivalent 

single axle loadings (ESAL) that heavy vehicles place on pavements. Road vehicle 

enforcement officers use heavy truck axle load data to plan enforcement activities. In 

summary, the uses of traffic and truck weight data include enforcement, pavement and 
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bridge design, and legislative and regulatory issues. The use of WIM data should 

determine the approach chosen in developing the WIM data collection site and the 

resources required to maintain the site over the expected site design life. The WIM 

system can be further divided into two systems, which are (1) traditional WIM based 

on load transformation of the vehicle weight using load cells or other measurements 

embedded into the roadway pavement, and (2) bridge WIM measuring bridge 

response for the vehicle load transformation. 

 

2.2.1 Traditional Weigh-In-Motion 

 Traditional WIM is a weight estimation system employing an instrumented 

pavement of the roadway surface. Some of the existing measurement technologies for 

WIM sensors started with load cells, steel plates with strain gauges and were 

supplemented with low cost sensors using piezo materials, crystal or optical fiber 

technology (Jacob, 1999) embedded into the roadway surface. Recently, research has 

also been conducted in determining vehicle weight by pavement strain; however, this 

technology has not been widely utilized. In each of the systems, a site processor is 

used to sort and analyze the information obtained from the WIM sensors. Thus, a 

communication device such as a modem is used to transfer the information to outside 

locations for further calculation and to ensure that the system is operating properly. 

Operating software must also be used to interpret the signals from the WIM sensors 

and be able to generate files that can be used and analyzed by monitoring agencies 

(McCall et al., 1997). 

Due to the high infrastructure and operation costs of these semi-automatic 

weighing stations, investigations into fully automatic overload enforcement systems 

have been initiated in recent years: WIM sites with multiple integrated sensor 

technologies were built and special algorithms were applied to the measurement data 

with the expectation to achieve higher weight accuracies than with single sensor 

technology (Sainte-Marie et al., 1998; Stergioulias et al., 1998; Cebon, 1999; 

Dolcemascolo et al., 2002; Labry et al., 2004). Test sites with Multiple Sensor (MS) 

WIM arrays were built with different sensor technologies in France (Dolcemascolo, 

1999), Germany (Balz/Opitz, 2002), UK, the Netherlands and many other countries. 

One benefit of operating the traditional WIM system is that of the aspect of 

computational time since the vehicle weight can be calculated directly from the load-

measurement conversion. However, this system allows large vehicle weight errors to 
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occur when a vehicle travels quickly. This is because the duration of the vehicle 

passage on the weighing pad is very short. Moreover, the maintenance cost of this 

approach is very expensive as the instruments are embedded into the pavement, 

requiring the instrumented route to be closed for the repairs and replacement of the 

sensors. 

 

2.2.2 Bridge Weigh-In-Motion 

In order to overcome the problem of large weight estimation errors and the 

expensive maintenance costs found in the traditional WIM system, an alternative 

approach based on an indirect weight estimation by returning the bridge responses 

into the acting load known as bridge Weigh-In-Motion (B-WIM) has been developed.   

Moses et al. (1979) developed the concept of using bridges as scales to weigh trucks 

in motion. In Australia, a similar system appeared a few years later but was replaced 

by another that used culverts (Peters, 1986). In the nineties, new bridge WIM (B-

WIM) systems were developed independently in Slovenia (Znidaric et al., 1991) and 

in Ireland (Dempsey et al., 1995). In 1999, a European specification concerning the 

WIM of roads and vehicles called COST 323 was presented as the recommendations 

and references for site selection, installation, operation, calibration and assessment by 

testing of the WIM system. Then further research on the COST 323 project by the 

European Commission (WAVE, 2001) was continued for the system development of 

many actions such as weighing capacity, weighing accuracy and standard calibration. 

 The B-WIM systems deal with an existing instrumented bridge or culvert from 

the road network as illustrated in Figure 2.1. The instruments are installed in the 

bridge or culvert structure and the strains measured to provide information about its 

behavior under moving vehicles. In addition, the axle or vehicle detectors are installed 

on the pavement to provide data about vehicle type, velocity and axle spacing. Strains 

are recorded during the time the whole vehicle passes over the structure and such 

redundant data yields useful information when the influence of dynamic effects due to 

vehicle-bridge interaction is taken into account. 
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Figure 2.1 B-WIM system 

 

2.2.3 Accuracy Classification of WIM 

Several accuracy classes for individual measurements have been defined. Four 

main criteria are considered. These classes are defined by the confidence intervals of 

the relative errors with respect to the static loads or weights as shown in Table 2.1. 

To date, no multiple-sensor WIM system has been reported to have achieved 

Class A(5) accuracy but has reached class B+(7) – in accordance with the COST 323 

specification. The accuracy of a multiple-sensor WIM array is related to the accuracy 

of the individual sensors. Moreover, the choice of WIM site also has a great influence 

on the accuracy, the reliability and the durability of any WIM system. The sites are 

classified according to the road geometry and the pavement characteristics. Table 2.2 

represents the classification and criteria of WIM sites provided by COST 323. 

 

Table 2.1 Width of the accuracy classes (COST 323). 

Criteria (type of 
measurement) Domain of use 

Accuracy Classes: 
Confidence interval width (%) 

A(5) B+(7) B(10) C(15) D+(20) D(25) E 
1. Gross weight Gross weight > 3.5 t 5 7 10 15 20 25 >25 
Axle load: Axle load > 1 t        
2. group of axles  7 10 13 18 23 28 >28 
3. single axle  8 11 15 20 25 30 >30 
4. axle of a 
group  10 14 20 25 30 35 >35 

Speed V > 30 km/h (1) 2 3 4 6 10 10 >10 
Axle spacing  2 3 4 6 10 10 >10 
Total flow  1 1 1 3 5 5 >5 

(1) For sensors which do not work statically or at very low speed 
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Table 2.2 Classification and criteria of WIM sites (COST 323) 

 
WIM site classes 

I 
Excellent 

II 
Good 

III 
Acceptable 

Rutting 
(3 m – beam)  Rut depth max. (mm) ≤ 4 ≤ 7 ≤ 10 

Deflection 
(quasi-static) 
 
(13 t – axle) 

Semi-rigid 
Pavements 

Mean deflection (10-2 mm) 
Left/Right difference (10-2 mm) 

≤ 15 
± 3 

≤ 20 
± 5 

≤ 30 
± 10 

All bitumen 
Pavements 

Mean deflection (10-2 mm) 
Left/Right difference (10-2 mm) 

≤ 20 
± 4 

≤ 35 
± 8 

≤ 50 
± 12 

Flexible 
Pavements 

Mean deflection (10-2 mm) 
Left/Right difference (10-2 mm) 

≤ 30 
± 7 

≤ 50 
± 10 

≤ 75 
± 15 

Deflection 
(dynamic) 
 
(5 t – axle) 

Semi-rigid 
Pavements 

Mean deflection (10-2 mm) 
Left/Right difference (10-2 mm) 

≤ 10 
± 2 

≤ 15 
± 4 

≤ 20 
± 7 

All bitumen 
Pavements 

Mean deflection (10-2 mm) 
Left/Right difference (10-2 mm) 

≤ 15 
± 3 

≤ 25 
± 6 

≤ 35 
± 9 

Flexible 
Pavements 

Mean deflection (10-2 mm) 
Left/Right difference (10-2 mm) 

≤ 20 
± 5 

≤ 35 
± 7 

≤ 55 
± 10 

The rutting and deflection values are given for the temperature below or equal 20°C and suitable 

drainage conditions. 

 

 The American Society for Testing and Materials’ (ASTM) “Standard 

Specification for Highway Weigh-in-Motion (WIM) Systems with User Requirements 

and Test Methods” (ASTM Designation: E 1318-02) classifies four types of WIM 

systems by different speed range, type of application, and data gathering capabilities. 

Table 2.3 shows the information for the four types of systems. Table 2.4 shows the 

functional performance requirements for WIM systems (McCall et al., 1997 and 

ASTM E 1318-02). 

From the classification and specifications listed in the tables above, it is 

noticed that the accuracy of the system is at its smallest only 5% of the static gross 

weight of the vehicle.  

Although the WIM or the B-WIM systems can estimate the static gross weight 

of the vehicle accurately, the parameter directly affecting the structural health of the 

bridge is the dynamic loading from moving vehicles which induces dynamic impact to 

the pavement. To monitor this action, the WIM systems with static gross weight or 

static axle loads of the vehicle are inadequate. Therefore, the time-history of moving 

axle loads is necessary. Additionally, the accuracy in axle load identification of B-

WIM systems is dependent on the efficiency of hardware and software, and the cost 

of installation and maintenance for WIM and B-WIM is very expensive. Hence, the 

identification of dynamic axle loads from bridge responses becomes a more attractive 

alternative since it is much cheaper and easier to install and maintain. 
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Table 2.3 ASTM WIM system classification 

 Classification 
Type I Type II Type III Type IV 

Speed Range 10-70 mph 
(16-113 km/h) 

10-70 mph 
(16-113 km/h) 

15-50 mph 
(24-80 km/h) 

0-10 mph 
(0-16 km/h) 

Application Traffic data 
collection 

Traffic data 
collection 

Weight 
enforcement 

station 

Weight 
enforcement 

station 
Number of Lanes Up to four Up to four Up to two Up to two 
Wheel Load X  X X 
Axle Load X X X X 
Axle-Group Load X X X X 
Gross Vehicle Weight X X X X 
Speed X X X X 
Center-to-Center Axle Spacing X X X X 
Vehicle Class X X   
Site Identification Code X X X X 
Lane and Direction of Travel X X X  
Data and Time of Passage X X X X 
Sequential Vehicle Record 
Number X X X X 

Wheelbase X X   
Equivalent Single-Axle Load X X   
Violation Code X X X X 
 

Table 2.4 Functional performance requirements for WIM systems 

Function 
Tolerance for 95% Probability of Conformity 

Type I Type II Type III Type IV 
   Value ≥  Ib (kg) ±  Ib (kg) 

Wheel Load ± 25 %  ± 20 % 5000 (2300) 250 (100) 
Axle Load ± 20 % ± 30 % ± 15 % 12,000 (5400) 500 (200) 

Axle-Group Load ± 15 % ± 20 % ± 10 % 25,000 (11,300) 1200 (500) 
Gross-Vehicle Weight ± 10 % ± 15 % ± 6 % 60,000 (27,200) 2500 (1100) 

Speed ±  1 mph (2km/h) 
Axle-Spacing ±  0.5 ft (150 mm) 

  

2.3 Vehicle-Bridge Interaction 

 The major objective of the WIM system is to identify the axle loads of 

vehicles. Therefore, the behavior of the dynamic interaction between vehicle and 

bridge is an important part of a moving load identification system. A method to 

estimate the fundamental frequency of the vibration behavior of the bridge has been 

developed. Many approaches such as an empirical method based on span length have 

a simple function as 100 /f L= . 

However, Cantieni (1983) concluded that this equation yields fundamental 

frequencies that are definitely too low, while Billing and Green (1984) cited 

110 /f L=  as a useful preliminary design estimate only. 
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From the single beam analogy, the natural frequencies of a simply supported 

beam were given by Clough and Penzien (1975) as 

 
2
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  Over the past 30 years, several researchers have investigated the correlation 

between the observed natural frequencies of bridges and theoretical estimates based 

on the beam analogy. A method that has been used extensively to estimate the 

fundamental frequency of mechanical systems is the Rayleigh energy method 

(Rayleigh, 1877). With an iterative procedure, the initial step often yields a 

sufficiently accurate result. The initial assumption required for the method is the 

mode shape, and further interactions converge on a more accurate mode shape.  

 According to the above mentioned frequency estimation methods, Memory et 

al. (1994) comparatively studied the free vibration analysis of bridges. The results 

showed that a bridge with single beam idealization is accurate for a straight, non-

skewed bridge and for some continuous superstructures. Many other bridges require 

an eigenvalue analysis through the finite element method to obtain the correct 

solution. 

The simulation of bridge dynamic response under moving load has been 

studied and used to investigate the effectiveness of identification methods. Fryba 

(1973) investigated the vibration of a simply supported beam subjected to various 

moving loadings. Lin et al. (1990) proposed the finite element method of discrete 

system for dynamic response analysis, and the accurate model has been studied 

against the degree of discretization of the structure for a moving load analysis (Rieker 

JR et al, 1996). It was found that beams with various support boundary conditions 

subject to a moving load system with general movement profile can be successfully 

analyzed. 

Hwang and Nowak (1991) developed a procedure for calculation of the 

dynamic load for bridges. Trucks, road surface roughness and bridges were analyzed 

using the developed model to obtain their dynamic interaction. The two-axle truck 

and tractor-trailer models were simulated with rigid body in mass, and the 

suspensions and tires were assumed as vertical springs. The equation motion of the 

system can be formulated from the vertical and rotational equilibriums. Road profiles 

were simulated using a stochastic process (power spectral density function). A bridge 



14 
 

was treated as a prismatic beam. The analysis was performed for a single truck and for 

two trucks side by side. The results revealed that the dynamic loads for heavier trucks 

are lower and that this is also true for two trucks. The simulation deflection indicated 

that the dynamic component does not correlate with the static component. Therefore, 

the dynamic loads are usually lower for heavier trucks as well as the dynamic load for 

the two trucks is lower than a single truck. 

Green and Cebon (1997) studied the bridge-vehicle interaction with a vehicle 

model with lumped masses supported by springs and dampers using an iterative 

method. The dynamic interaction between dynamic responses of bridges to dynamic 

wheel loads is presented. Figure 2.2 is a schematic diagram of bridge-vehicle 

interaction. The roughness input to the vehicle is the sum of the initial surface profile 

of the bridge and the dynamic deflection of the bridge. This input excites the vehicle 

and results in dynamic tire forces. These forces are in turn applied to the bridge and 

cause larger dynamic displacements of the bridge. This feedback mechanism of 

interaction forces couples the dynamic responses of the bridge with that of the 

vehicle. From the diagram, the vehicle-bridge interaction is obtained from the 

comparison of the bridge responses in an iterative manner. 

Yang et al. (1995, 1999 and 2001) developed some vehicle-bridge interaction 

elements to solve the dynamic coupling problem. The equations of motion were 

written for the vehicle and bridge. The vehicle equations were first reduced to 

equivalent stiffness equations using Newmark’s discretization scheme. Then the 

vehicle degrees of freedom were condensed to those of beam elements in contact. The 

effects of some parameters, such as bridge length, speed were discussed by using 

mass-spring-dashpot and beam elements (Yang et al., 1995). 

 

Vehicle
Dynamics

Bridge
Dynamics

Initial Surface 
Roughness

Dynamic Surface 
Roughness

Dynamic Bridge
Deflection

Dynamic 
Tire Forces

Input to the vehicle
++

 
Figure 2.2 Schematic block diagram of dynamic bridge-vehicle interaction (Green and 

Cebon, 1997) 
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Henchi et al. (1997) presented an exact dynamic stiffness element under the 

framework of finite element approximation to study the dynamic response of a multi-

span structure under a convoy of moving loads. The multi-span bridge was modeled 

as a multi-span continuous beam. Using a weak formulation of the virtual work of the 

Bernoulli-Euler beam model, the dynamic stiffness matrix was obtained. A dynamic 

model coupled with a discrete FFT algorithm was developed. With the proposed 

method, using only one element per span, exact frequencies and vibration modes 

could be obtained.  

Henchi et al. (1998) proposed an efficient method to analyze the dynamic 

interaction problem between a bridge, discretized by a three-dimensional finite 

element model, and a dynamic system of vehicles running at a prescribed speed. The 

resolution is performed using a step-by-step solution technique employing a central 

difference scheme to solve the coupled equation system. In general, there are two 

approaches to simulate the dynamic vehicle-bridge interaction. The first is based on 

the uncoupled iteration method, in which each system (vehicles and bridge) is solved 

separately and an iterative process in each time step is performed to find the 

equilibrium between bridge and vehicle tires. The other approach to simulate the 

dynamic interaction between vehicles and bridge consists of solving the super system 

fully coupled, and the solution is given at each time step without iteration. This non-

iteration approach has some advantages that reduce the computational time and 

compact numerical implementation easily. However, the disadvantages are as follows: 

modal projection in subspace is indispensable, and if the high frequencies of the 

bridge participate in the response this will create a problem in the dynamic response; 

this method is well adapted only for a few number of vehicles present on the bridge at 

the same time (this remark also applies to the uncoupled modal iterative method). 

Marchesiello et al. (1999) presented an analytical approach to the dynamics of 

multi-span continuous straight bridges subject to multi-degree-of-freedom moving 

vehicle excitation. The continuous bridge was modeled as a multi-span isotropic plate 

with its response to external loads being defined by applying the mode superposition 

principle and taking into account both flexural and torsional mode shapes. The plate 

was considered proportionally damped and its modes were computed by means of the 

Rayleigh-Ritz method. The determination of the bridge dynamic response involves an 

integral equation and therefore requires the iterative procedure. The three-dimensional 

analysis of bridge-vehicle interaction was implemented including both flexural and 
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torsional modes of structure, and roughness of the road. The numerical examples were 

found to be in good agreement with the finite element model thus giving confidence 

to the analytical results. 

Chan et al. (2003) presented the formulation of a bridge-vehicle system with 

validation using field data. The three-dimensional vehicle model including pitching 

and twisting motion was considered. For the tire-suspension system, the effect of 

interleaf friction is represented by a bilinear diagram of the hysteretic type (Veletsos 

and Huang, 1970). The bridge was modeled using shell elements. The interaction 

responses were solved using the Newmark method. The obtained responses were 

validated from the test data and showed that the prediction was valid and feasible. By 

converting the bridge responses using FFT, the fundamental frequency of the test 

bridge can be obtained. The parametric study was also presented in terms of 

dimensionless parameters i.e. mass ratio, speed parameter, frequency ratio and axle 

spacing parameter. The results showed that the impact factor increases as the 

frequency ratio increases and decreases as the span length increases. For the mass 

ratio, the impact factor generally decreases as the mass ratio increases. However, for a 

low frequency ratio, the impact factor stays almost constant with the mass ratio. In the 

case of the axle spacing parameter (ASP), the impact factor as well as the ASP 

increases. The impact factor varies with the vehicle speed but there is no obvious 

trend. For the same axle spacing parameter, the impact factor increases with the 

vehicle speed. 

Law and Zhu (2005) studied the dynamic behavior of bridge responses under 

moving vehicles by considering the effect of road surface roughness and the braking 

of a vehicle. The vehicle was modeled as a tractor-trailer with 7 degrees of freedom. 

Each vehicle axle had stiffness and damping from the suspensions and tires. The 

bridge was modeled as a multi-span continuous Bernoulli-Euler beam with a non-

uniform cross-section on linear spring supports with large stiffness to simulate bridge 

piers which are practically not perfectly rigid. The tires were assumed to remain in 

contact with the bridge surface at all times. The interaction between vehicle and 

bridge was solved by modal analysis through road surface roughness with an iterative 

method by checking the tolerance of the calculated responses. The different classes of 

road roughness as specified in the ISO-8606 from classes A to E were studied. The 

amplitude of braking force in relative percentage of the gross weight of vehicle, 

braking rise time, and braking position of the vehicle on the bridge was varied.  The 
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results from numerical examples showed that a vehicle traveling at low speed over a 

high amplitude of roughness or poor road roughness may experience excitations at 

frequencies close to its own natural frequencies, generating a large excitation force on 

the bridge and leading to a large impact factor. Moreover, the suspension system of 

the vehicle has a significant effect on the dynamic responses, particularly to the 

braking of the vehicle, of which the pitching action creates large oscillations in the 

responses at the pitching frequency of the vehicle. It was also observed that the 

impact factor in the first span of a multi-span bridge is smaller than those in other 

spans because of the smaller initial conditions of the vehicle at entry on the bridge. 

Finally, the vehicle braking generates an equivalent impulsive force covering a wide 

range of frequencies. A large number of vibration modes is therefore required in the 

computation for higher accuracy of the dynamic responses. 

 

2.4 Moving Load Identification 

 As previously introduced in section 2.2, the conventional WIM system cannot 

provide thorough data on the dynamic behavior of vehicle loadings. However, the 

time-history of axle loads is vital information to the health monitoring of bridges. In 

the last decade, a series of moving load identification methods has been presented. 

Most of these methods are based on an inverse problem of vehicle-bridge interaction 

by using bridge responses as input. Much research conducted on theoretical, 

experimental or field studies on vehicle weight or axle load determination and some 

accuracy improvement methods are outlined as follows. 

 

2.4.1 Single-Span Simply Supported Bridge 

Thater et al. (1998) proposed the equivalent dynamic filter technique for 

identification of gross vehicle weight on a bridge. This method separated the dynamic 

and pseudo-static response by Fast Fourier Transform. The example applications of 

the proposed method are shown by using computer simulation. It was found that this 

method is fast and improves the predicted gross truck weight up to 5% of actual 

weight. However, this method cannot predict the axle load of a truck. Moreover, in 

the case of a high-speed vehicle or short-span bridge, the vibration frequency of the 

bridge from the moving vehicle is close to the natural frequency of the bridge. 

Therefore, the filter technique cannot be used accurately. 
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Law et al. (1997) proposed the time-domain identification method for axle 

loads on the bridge by using a set of second order differential equations and identified 

the axle load histories by convolution in time domain. The identified moving loads 

were assumed to be a group of point loads with constant spacing. The solution can be 

obtained by performing a direct inverse of the relationship between measured 

responses and unknown acting loads. The study concluded that it is possible to use 

measured responses to identify moving forces in the time domain with good 

agreement between measured and calculated responses. However, the identified 

solution incurs large error at the times when axles approach and leave the bridge. 

The frequency-time domain method was proposed by Law et al. (1999). This 

method identifies axle loads from only the vibration responses induced by the point 

loads as the input without knowledge of the vehicle characteristics. This method 

performs the Fourier transformation of the load-response relationship and identifies 

the axle load histories by using a least-square method. It was found that the maximum 

error of this method is up to 20 % when both measured bending moment and 

acceleration are used. 

Chan et al. (1999) proposed a closed-form solution method to identify moving 

dynamic loads on bridges using the bridge responses caused by such loads. The 

closed-form solution can be obtained to identify the time-varying moving loads. The 

set of equations that led to the solution was based on Euler’s beam equation, and a 

two-axle vehicle model was developed to generate the theoretical responses and the 

corresponding interactive forces. The identification error was calculated from the 

percentage error between the generated interactive forces and the identified force. The 

study found that the bridge responses used can be the bending moment as obtained 

from strain gauges or displacement as obtained from linear transducers. The 

identification from the bending moment gives better results compared with using 

displacement. Besides, although the problem is contaminated with noise, the 

acceptable solution can be obtained by performing noise filtering.  

Chan et al. (2000a and 2001) theoretically and experimentally conducted 

comparative studies on moving force identification. A laboratory study using bridge 

strain responses as input in the identification was presented. A comparative study of 

interpretive, time-domain and frequency-time domain methods was discussed. The 

parametric study on related measurements and input parameters i.e. sampling 

frequency, number of used modes, vehicle speed level and number of sensors were 
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conducted to obtain the most appropriate method corresponding to the accuracy and 

computational time. The study concluded that the best method was the time-domain 

method which is the most robust method to identify the problem with higher accuracy 

and also capable of identifying the axle loads of high speed vehicles. Moreover, the 

computational time for the time-domain method is shorter than other methods. 

Chan et al. (2000b) studied the moving force identification by using a pre-

stressed concrete bridge test. A two-axle heavy vehicle was hired for the calibration 

test of the field measurement. The dynamic bending moments caused by both hired 

and in-service vehicles were acquired. Dynamic axle forces were identified by means 

of the time-domain method. Gross weights were obtained by summing up the 

equivalent static axle load of each axle calculated by performing pseudo-static load 

test, and were compared with those measured at the static weigh station. Results show 

that the axle forces can be identified with the error in results less than 10 % for both 

hired and in-service vehicles. 

Law and Zhu (2000) conducted a comparative study on different beam models 

in moving force identification. The Tikhonov regularization technique was employed 

in the least-square formulation to provide bounds to the ill-conditioned results in the 

identification problem. The calculation of the optimal regularization parameter can be 

obtained by plotting an L-Curve as proposed by Hansen (1992). Although the 

problem is noise sensitivity, the obtained results from experimental testing in 

laboratory identified by improved algorithm were less sensitive to noise and provided 

satisfactory accuracy. The results also indicated that the Timoshenko beam model was 

found to be better than the Euler-Bernoulli beam model. 

Zhu and Law (2000) presented a method to identify moving loads on a bridge 

deck modeled as an orthotropic rectangular plate. The dynamic behavior of the bridge 

deck under moving loads was analyzed using the orthotropic plate theory and modal 

superposition principle, and the Tikhonov regularization procedure was applied to 

provide bounds to the identified forces in the time domain. The identified results 

using a beam model and a plate model of the bridge deck were compared, and the 

conditions under which the bridge deck could be simplified as an equivalent beam 

model were discussed. Computer simulations and laboratory tests showed the 

effectiveness and the validity of the proposed method in identifying forces traveling 

along the central line or at an eccentric path on the bridge deck. However, an 
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appropriate regularization parameter needs to be used for the accuracy of 

identification. 

Law, Chan and Zeng (2001) studied the identification procedure using the 

regularization technique. The accuracy of moving load identification was influenced 

by the regularization parameter. Therefore, an appropriate regularization parameter 

was required to accurately identify the loads. However, there were problems with this 

parameter because it depended on vehicle properties such as the vehicle mass, moving 

speed, vehicle configuration and it also involved significant effort and a long 

computing time to determine the optimal regularization parameter. 

Law and Fang (2001) presented a new method of moving force identification 

by using the dynamic programming technique with a regularization parameter. The 

forces in the state-space formulation of the dynamic system are identified in the time 

domain using a recursive formula based on several distributed measurements of the 

responses of the structure. The results from the simulation study and laboratory work 

show great improvements over the previous methods in both accuracy and time 

consumption of identification. Similar to the previous research, it was found that the 

accuracy of identification depended on the appropriate regularization parameter. 

European Commission DG VII – Transport: WAVE (2001) developed another 

identification technique for moving loads on bridge using the least-square method 

with optimization technique. Since the axle loads are assumed to be constants on the 

bridge, the parameters in the optimization become velocity, number of axles, axle 

spacing and total weight. A two-dimensional bridge model was used to study the 

effect of the eccentricity of the bridge. A field test was carried out to verify the 

accuracy of identification. The results show that the static load of a vehicle has error 

in the range of ± 10 %.  

Zhu and Law (2002) presented a time domain method to identify moving loads 

on a continuous beam from the measured structural vibration response. The 

regularization technique was used to provide bounds on the solution. Numerical 

examples demonstrated that a larger number of modes should be included in the 

identification when accelerations are used instead of strains. An appropriate 

regularization can reduce the effect of noise. This method can be used with moving 

load identification by time domain method and frequency-time domain method by 

using singular value decomposition (SVD). It was found that the regularization 

parameter is found to have a very important function in reducing the noise effect and 
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it may also be used to reduce the errors in the time domain method and frequency-

time domain method. 

Yu and Chan (2002) measured the bending moment responses of a bridge by 

using a scaled model in a laboratory. The time domain method (TDM) and frequency-

time domain method (FTDM) were used for identifying the two moving wheel loads 

of a vehicle moving across a bridge. The pseudo-inverse matrix (PI) technique and 

singular value decomposition technique (SVD) were adopted for solving the over-

determined system equation in the TDM and FTDM. The effects of bridge and vehicle 

parameters on the TDM and FTDM were also investigated. The results showed that 

the SVD technique can effectively improve accuracy of identification when using 

TDM and FTDM. However, the variation of the regularization parameter has more 

influence on the identification accuracy.  

Zhu and Law (2002) conducted a parametric study on moving force 

identification as the practical aspects. The limitations and merits of two identification 

methods were presented. One was based on the exact solution method (ESM) and the 

other was based on the finite element method (FEM) with orthogonal function 

expression. Through simulation and laboratory, the effect of different influencing 

factors was studied. It was found that identification using FEM can more effectively 

reduce identification error than ESM due to measurement noise. In the case of the 

modal truncation, the FEM requires a smaller number of vibration modes than ESM at 

the same noise level. Both ESM and FEM provide the same order of identification 

error when six sensors or more are used but the error from ESM is much larger than 

FEM with respect to increasing noise levels. As well as other mentioned parameters, 

at the same sampling rate, FEM also provides lower identification error than ESM at 

the same noise level. 

Zhu and Law (2003) applied the proposed identification method to identify 

moving loads on a bridge deck. The dynamic behavior of the bridge deck was 

analyzed using the orthotropic plate theory and mode superposition technique. The 

regularization technique was again employed to stabilize the computations. It was 

found that the method can identify moving loads with a small eccentricity and fail to 

identify loads with a large eccentricity. The torsional modes were found to be very 

important in the identification even when the group of loads was moving along the 

centerline of the bridge deck. 
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Law et al. (2004) proposed a moving load identification method based on 

finite element method and condensation technique. Numerical simulations and 

experimental results demonstrated the efficiency and accuracy of the method to 

identify a system of general moving loads or interaction forces between the vehicle 

and the bridge deck. The number of master degrees-of-freedom of the system selected 

should be smaller than or equal to the number of measured points, and the identified 

results are relatively not sensitive to the sampling frequency, velocity of vehicle, 

measurement noise level and road surface roughness when a minimum of eight beam 

elements are used to model the bridge with measured information from three 

measuring points. 

Yu and Chan (2004) applied the time-domain and frequency-time domain 

methods to identify the multi-axle vehicle loads from bridge bending moment 

responses. Two direct solutions including the pseudo inverse and singular value 

decomposition methods used for over-determined set of equations were adopted. A 

three-axle vehicle model was designed and constructed in the laboratory for validation 

tests. The results showed that the identified multi-axle vehicle loads were reasonable 

and acceptable for both the articulated and nonarticulated vehicles. The moving force 

identification system could correctly identify the multi-axle vehicle loads even if the 

middle axle of the nonarticulated vehicles was hanging in the air. Three different 

types of suspension systems, i.e. rigid connection, sprung connection, and pre-

compressed sprung connection between vehicle frame and axle respectively, were 

incorporated in the vehicle models. Results showed that the suspension systems made 

an obvious impact on the dynamic characteristics of vehicles and identification 

accuracy. 

From all the mentioned methods it can be concluded that the effective moving 

load identification methods need an optimal regularization parameter. To obtain the 

appropriate parameter, significant computation effort and time are required. 

Moreover, it has been found that the optimal regularization parameter depends greatly 

on vehicle properties such as vehicle mass, velocity, vehicle configuration, etc. 

Therefore, in actual application, only the sub-optimal regularization parameter can be 

determined. To overcome this problem, a regularization method with an iterative 

technique called the updated static component (USC) technique was proposed 

(Akarawittayapoom, 2003; Pinkaew, 2006). This method decomposes the axle loads 

into static and dynamic components and keeps updating the static component through 
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the regularization of the associated dynamic component until the convergent solution 

is achieved.  

Akarawittayapoom (2003) studied the moving load identification method 

using the dynamic programming method and improved the accuracy by adopting the 

USC technique. Computer simulation and a scaled model test in laboratory were 

employed to investigate the accuracy of this method and the effect of the variables to 

the identification method. It was found that the velocity and the roughness of the 

surface have more influence than other variables. The obtained results show that the 

accuracy of static weight identification is within the range of ±5 %. 

Asnachinda (2004) and Pinkaew and Asnachinda (2007) studied the dynamic 

programming method to identify the truck weight using a scaled model test in the 

laboratory. The test investigated the effects of various factors including mass and 

velocity of truck, roughness of bridge surface, transverse position of truck, type of 

bridge support e.g. simple support and continuous bridges, and number of truck axles. 

Moreover, the dynamic axle loads of the truck model were measured in order to study 

their characteristics. It was found that using the strain obtained from averaging strains 

in the same section can significantly reduce the torsional effect of the bridge due to 

the transverse position of the truck. The identification error increases as the roughness 

level increases. The effect of support conditions was considered. The one-span bridge 

with simple supports yields better weight identification results than those from the 

continuous bridge. It was also found that a weight error of about ± 5% is achieved 

when a two-axle truck moves on a one-span simple support bridge with a smooth 

surface. However, this error becomes as high as ± 20% for the fixed end bridge with a 

high surface roughness. 

Foongsook (2005) studied moving truck weight identification by actual field 

testing using the dynamic programming method with USC technique. The study 

considered the effects of mass, velocity, the moving path of the truck and the surface 

roughness of the bridge. A prestressed concrete bridge spanning 9.43 meters in length 

and 14 meters in width was chosen. A 10-wheel truck weighing between 20-26 tons 

was used. The 36 strain gauges were installed to record the strain signals during the 

passages of the truck for use in moving load identification. After 51 truck passages, it 

was found that by averaging the section strain with the weighing procedure to identify 

the truck weight provided sufficient identification accuracy. In general, the 
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identification results exhibited identification errors within ± 50 %, ± 10 %, ±  6% for 

front axle weight, rear axle weight and total weight, respectively. 

 

2.4.2 Multi-Span Continuous Bridge 

 Zhu and Law (1999) studied a continuous bridge modeled as a multi-span 

continuous Timoshenko beam with non-uniform cross-section. The vibration behavior 

of the beam under moving loads was analyzed according to Hamilton’s principle with 

the intermediate point constraints represented by a very stiff linear spring. An 

identification method based on the modal superposition and least-square technique 

with non-negative damping coefficient was developed to identify the moving forces in 

time domain. The obtained computer simulation results showed that the identification 

error is acceptable when the number of measuring points is not less than the number 

of vibration modes. Moreover, the damped least-square method is better than the least 

squares method in suppressing the unbounded ill-conditioned forces. 

Zhu and Law (2001) presented analytical vibration mode shapes with the 

orthogonal function to obtain the derivatives of the bridge modal responses used in 

moving loads identification on a multi-span bridge. This method was proposed since 

using assumed mode shapes often leads to unnecessary errors due to their inherent 

inaccuracy. The unknown moving loads were predicted from the least-square 

regularization method where the optimal regularization parameter was determined 

from the GCV method. The simulation found that the method was effective for 

identifying the moving loads in time domain. Acceptable solutions were obtained with 

some errors particularly concerning the interior supports of the multi-span bridge 

where the identified loads were close to zero. It was therefore suggested that more 

mode shapes should be used to identify the moving forces at locations close to the 

supports. 

Zhu and Law (2003) presented a study on the effect of the moving speed of 

the vehicle in interaction forces identification. The time-history of a vehicle’s position 

on the bridge is part of the required information for input in the identification system. 

However, in a real situation, the vehicle may not cross the bridge at a constant speed. 

The effect of incomplete velocity information was therefore considered. A multi-span 

bridge was adopted to investigate the problem. Based on the mode superposition 

method in response analysis and the least-square regularization method, the identified 

loads were determined from bridge strain and acceleration responses. The results 
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showed that the method can identify individual axle loads traveling at non-uniform 

speed with small error on both single and multi-span bridges. The accurate weight of 

the vehicle was also obtained for the vehicle braking on top of the bridge. In addition, 

it was observed that the identified results from multi-span continuous bridges are 

more sensitive to the noise level than those from single span bridges. There are large 

errors in the identified loads near the supports because of the ill-conditioning of the 

problem with zero force at the support. A smaller regularization parameter was 

suggested for use for the time duration near the support. 

Zhu and Law (2005) developed a moving load identification method for a 

multi-span continuous bridge with elastic supports. A method based on modal 

superposition and regularization technique was adopted. The vertical translation and 

rotational springs were included in the model to simulate the elastic bearings and to 

support the fixity conditions of the bridge. The results from numerical examples 

indicated that the proposed method could identify the moving loads accurately on the 

multi-span bridge with elastic restraints from strain or acceleration measurements. 

The identification from acceleration responses is less sensitive to the measurement 

noise than those from strains. Vertical support stiffness has a large influence on 

identification error, particularly when the flexural stiffness of the beam is small. 

Similar to past studies, the identified forces around internal bridge supports were 

subject to large error with high fluctuation. 

Chan and Ashebo (2006) theoretically and experimentally studied the 

identification of moving force on a continuous bridge. The bridge was analyzed using 

modal superposition satisfying all boundary conditions. The forces were identified 

from the least-square method without regularization through the singular value 

decomposition method to avoid difficulty in determination of the optimal 

regularization parameter and to provide robust solutions. The number and location of 

sensors used in the identification system were studied. The results indicated that it is 

possible to identify the moving load on a continuous bridge with bending moment 

responses. However, the identified forces around bridge supports provide large 

identification errors. Identification using a target span was then considered and it was 

found that the accuracy was improved but the time-history of the force for all systems 

was not completed. 
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2.5 Summary 

 From the previous research, it is found that many approaches of moving load 

identification have been studied and developed. The vehicle-bridge system can be 

solved either through modal analysis using mode superposition through the exact 

solution method or the finite element method. It was found that moving load 

identification based on system formulation employing the finite element method is 

more robust to noise level and appropriate for practice than the exact solution method. 

The simple least-square objective function has been widely used in the optimization 

procedure. The regularization technique has been adopted to overcome this noise 

sensitivity problem. The difficulty in assigning an optimal regularization can be 

solved through use of an updated static component (USC) technique. 

 Drawing on the above information summarized from early studies, this 

research study proposes the axle load identification of multiple vehicles traveling on a 

multi-span continuous bridge. The structural modeling of the vehicles and the 

continuous bridges employs the finite element method. The least-square function with 

regularization term is used as an objective function in the optimization of axle load 

identification. The singular value decomposition (SVD) method is adopted in order to 

improve solution robustness. The updated static component (USC) technique is 

adopted as an accuracy improvement procedure. Moreover, another contribution of 

this study is the consideration of multiple vehicle identification. Discussion on 

identification accuracy affected by different vehicle categories and various travel 

scenarios between two vehicles are presented through numerical study. In addition, an 

effectiveness investigation of the proposed method is presented through the 

experimental results from scaled model testing. 

 

 

 

 



CHAPTER III 

THEORY OF VEHICLE-BRIDGE INTERACTION AND MOVING 

LOADS IDENTIFICATION SYSTEM 

 
3.1 General 

This chapter explains the theoretical formulation adopted in this research. The 

related theoretical background of this problem mainly consists of the following three 

parts: (1) the vehicle-bridge interaction, (2) the identification part using the 

optimization method and (3) the additional modification part for accuracy 

improvement using a numerical technique. Initially, from the physical characteristic 

information of vehicles and bridge, the mathematical model for describing their 

dynamic interaction is simulated. Then the relationship between the moving loads and 

bridge responses is formulated to obtain the theoretical bridge responses induced by 

the passage of heavy vehicles used in the optimization against the measured 

responses. Later, assigning vehicles axle spacing, moving speed and measured 

responses as the input, the optimization process is used to identify the most feasible 

moving loads producing least residual error in the objective function. Finally, an 

accuracy improvement technique is adopted in order to overcome the mathematical 

weakness of the solution. 

 

3.2 Dynamics of Vehicle-Bridge Interaction System 

To construct the mathematical model of the vehicle-bridge system, it is 

essential to understand the behavior of the interaction between the vehicles and the 

bridge to depict its principal characteristics. Generally, there are two approaches to 

simulating the dynamic interaction response between bridge and vehicle. The first is 

solved by the uncoupled iteration method. The bridge and vehicle system is solved 

separately and uses an iterative process in each time step to find the equilibrium 

between the bridge and vehicle interaction. The other approach to simulate the 

vehicle-bridge interaction is to solve the fully coupled system of bridge and vehicle. 

In this research, the latter approach is employed to simulate the dynamic interaction 

response because it can assemble the bridge and vehicle into one coupled system 

which can be simultaneously solved at each time step without any iteration. 
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3.2.1 Finite Element Method of Structural Formulation 

 The vehicle-bridge system can be simulated in the modal decomposition 

analysis method but is subject to modal truncation error in the dynamic response. 

Besides, it is difficult to apply a method based on the continuous system and modal 

superposition technique to complicated structures. Therefore, the dynamic response 

analysis for discrete system is preferred in this research since the bridge structure is 

complicated, especially when the multi-span continuous bridges are considered. The 

finite element method is then adopted in the vehicle-bridge interaction model of the 

simulation system and also in the bridge model of the identification system. 

Modeling accuracy has been studied against the degree discretization of the 

structure for a moving load analysis (Reiker et al., 1996). It was noted that beams with 

various boundary conditions, including intermediate supports, and subjected to a 

moving load system with a general movement profile and external excitation can be 

successfully analyzed with accurate responses compared to those obtained from 

modal superposition analysis (Lin and Trethewy, 1990). In addition, the simulated 

responses are relatively not sensitive to the sampling frequency and number of data 

(Zhu and Law, 2004). 

 

3.2.2 Assumptions concerning the Dynamics System 

 The following assumptions are made concerning the dynamics system of the 

vehicle-bridge model. 

1. The bridge behavior under acting loads is assumed as linear elastic. 

2. The changes in the system characteristics such as stiffness, damping and 

mass matrices of the vehicle and the bridge during the passage of vehicles 

are negligible. 

3. Structural damping is included in the analysis. 

4. The bridge structure may not be at rest before the application of loads. 

5. There is no restriction on the type of force history to be identified. 

6. The Euler-Bernoulli beam model is used with the shear effect neglected. 

 

3.2.3 Vehicle Model 

Figure 3.1 shows a vehicle-bridge model in which a vehicle moves over a 

bridge at a speed v(t). The four degree-of-freedoms vehicle models consisting of 

vertical displacement, rotation of vehicle mass, vertical displacement of front and rear 
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axle suspension mass presented by Mulcahy (1983) are studied. The equation of the 

motion of the vehicle can be derived using the equilibrium of the vehicle system in 

each degree-of-freedom as shown in Figure 3.2. 
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Figure 3.1 Vehicle-bridge system of n-span continuous bridge 

  

 Let  

 vm  = mass of the vehicle 

 vI  = mass rotational moment of inertia of the vehicle 

 1m  = mass of front axle suspension 

 2m  = mass of rear axle suspension 

 1 2,s sK K  = suspension stiffness of front and rear axle  

 1 2,s sC C  = suspension damping of front and rear axle  

 1 2,t tK K  = tire stiffness of front and rear axle 

 1 2,t tC C  = tire damping of front and rear axle 

 S  = axle spacing  

 L  = span length of bridge 

 ( ), ( )f rx t x t  = positions of the front and rear axle respectively at time t  

 ( ), ( )f rP t P t  = front and rear axle force respectively at time t  

 v  = velocity of vehicle 

 vθ  = rotation of vehicle mass 

 vy  = vertical displacement of vehicle 

 1 2,y y  = vertical displacement of front and rear suspension mass 
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 ( )w t  = vertical dynamic deflection of bridge 

 ( )r x  = road surface roughness at the location x  

 1 2,a a  = center of gravity ratio of vehicle from front and rear axle. 
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Figure 3.2 Free body diagram of vehicle-bridge system 

 

 Consider the vertical force equilibrium of vehicle mass: 

 v vF m y=∑  ; 1 2s s v vf f m y− − =     (3.1) 

where 

 1 1 1 1 1 1 1( ) ( )s s v v s v vf K y a S y C y a S yθ θ= − − + − −  

 2 2 2 2 2 2 2( ) ( )s s v v s v vf K y a S y C y a S yθ θ= + − + + − . 

 

Substituting 1 2,s sf f  in Eq. (3.1), the equilibrium of vertical motion of vehicle 

mass becomes: 
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1 2 1 2

1 1 2 2 1 1 2 2

1 1 1 1 2 2 2 2

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) 0

v v s s v s s v

s s v s s v

s s s s

m y C C y K K y

C a S C a S K a S K a S

C y K y C y K y

θ θ

+ + + +

+ − + + − +

+ − + − + − + − =

    (3.2) 

  

Consider rotation of vehicle mass at center of gravity: 

 c v vM I θ=∑  ; 1 1 2 2s s v vf a S f a S I θ− =     (3.3) 

Substituting 1 2,s sf f  in Eq. (3.3), the equilibrium of rotation of vehicle mass 

becomes: 

1 1 2 2 1 1 2 2

2 2 2 2 2 2 2 2
1 1 2 2 1 1 2 2

1 1 1 1 1 1 2 2 2 2 2 2

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) 0

v v s s v s s v

s s v s s v

s s s s

I C a S C a S y K a S K a S y

C a S C a S K a S K a S

C a S y K a S y C a S y K a S y

θ

θ θ

+ − + + − +

+ + + +

+ + + − + − =

   (3.4) 

Consider the vertical equilibrium of suspension mass 1m : 

 1 1F m y=∑  ; 1 1 1 1s tf f m y− =     (3.5) 

where 

 

1 1 1 1 1 1 1

1 1

1 1

( ) ( )

( ( ( ), ) ( ( )))

( ( ( ), ) ( ( )))

t t t

f f

f f

f K y C y

w x t t r x t

w x t t r x t

= −Δ + −Δ

Δ = +

Δ = +

     (3.6) 

Substituting 1 1,s tf f  in Eq. (3.5), the equilibrium of vertical motion of 

suspension mass 1m  becomes: 

1 1 1 1 1 1 1 1

1 1 1 1 1

( ) ( ) ( ) ( )

( ) ( )

s v s v s v s v

s s t

m y C y K y C a S K a S

C y K y f

θ θ+ − + − + +

+ + = −
    (3.7) 

Consider the vertical equilibrium of suspension mass 2m : 

 2 2F m y=∑  ; 2 2 2 2s tf f m y− =     (3.8) 

where 
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2 2 2 2 2 2 2

2 2

2 1

( ) ( )

( ( ( ), ) ( ( )))

( ( ( ), ) ( ( )))

t t t

r r

r r

f K y C y

w x t t r x t

w x t t r x t

= −Δ + −Δ

Δ = +

Δ = +

     (3.9) 

Substituting 2 2,s tf f  in Eq. (3.8), the equilibrium of vertical motion of 

suspension mass 2m  becomes: 

2 2 2 2 2 2 2 2

2 2 2 2 2

( ) ( ) ( ) ( )

( ) ( )

s v s v s v s v

s s t

m y C y K y C a S K a S

C y K y f

θ θ+ − + − + − + −

+ + = −
   (3.10) 

Thus, the equations of motion for the vehicle can be written in matrix form 

based on Eq. (3.2), (3.4), (3.7) and (3.10) as follows: 

( ) ( ) ( ) ( )t t t tv v v vM Y + C Y + K Y = P     (3.11) 

where 

 
1

2

0 0 0
0 0 0
0 0 0
0 0 0

v

v

m
I

m
m

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

vM   

 

1 2 1 1 2 2 1 2
2 2

1 1 2 2 1 1 2 2 1 1 2 2

1 1 1 1

2 2 2 2

( )
( ) ( )

0
0

s s s s s s

s s s s s s

s s s

s s s

C C C a C a S C C
C a C a S C a C a S C a S C a S

C C a S C
C C a S C

+ − + − −⎡ ⎤
⎢ ⎥− + + −⎢ ⎥=
⎢ ⎥−
⎢ ⎥− −⎣ ⎦

vC  

 

1 2 1 1 2 2 1 2
2 2

1 1 2 2 1 1 2 2 1 1 2 2

1 1 1 1

2 2 2 2

( )
( ) ( )

0
0

s s s s s s

s s s s s s

s s s

s s s

K K K a K a S K K
K a K a S K a K a S K a S K a S

K K a S K
K K a S K

+ − + − −⎡ ⎤
⎢ ⎥− + + −⎢ ⎥=
⎢ ⎥−
⎢ ⎥− −⎣ ⎦

vK  

 ( ) ( ) ( ) ( ) ( ){ }1 2
T

v vt y t t y t y tθ=Y  

  

 vP  is the force terms containing the interaction force vector and static force 

vector as follows: 
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( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
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2 2 2 2 2 2 2

1 2

2 1
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0 0

( ) ( ) ( )

( ) ( ) ( )

( )

( )
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r r

f t f t t f
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t
t P t N

P t N
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N m a m g
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⎩ ⎭⎩ ⎭ ⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪⎩ ⎭⎩ ⎭

= + = −Δ + −Δ +

= + = −Δ + −Δ +

= +

= +

s

0 0
P

P M

 

 

3.2.4 Bridge Model 

The bridge structure is considered as an n-spans continuous bridge and is 

discretized by the finite element method using beam elements as shown in Figure 3.2. 

The finite beam element has 2 nodes with respect to 4 degree-of-freedoms in vertical 

displacement and rotational displacement at both ends as shown in Figure 3.3. 
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Figure 3.3 A finite beam element with 4 degree-of-freedoms 

 

Where 

  A  = cross-section area of beam element 

  E  = modulus of elasticity of beam element 

  I  = moment of inertia of beam element 

  ρ  = mass per unit length of beam element 

  l  = length of beam element 
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Let ( ),u x t  is the deflection of the bridge at distance x at time t. Thus, the 

governing equation of beam at position x  and at time t  can be expressed by: 
2 2

2 2

( , ) 0u x tEI
x x

⎡ ⎤∂ ∂
=⎢ ⎥∂ ∂⎣ ⎦

.    (3.12) 

For the bridge having constant EI , Eq. (3.12) can be rewritten as: 
4

4

( , ) 0u x t
x

∂
=

∂
      (3.13) 

The solution of Eq. (3.13) can be expressed in polynomial form as: 
3 2

1 2 3 4( , ) ( ) ( ) ( ) ( )u x t c t x c t x c t x c t= + + +   (3.14) 

where ( )ic t  is the coefficient of the polynomial form with constant value. 

The boundary conditions of beam element are: 

 1(0, ) ( )u t u t=  3( , ) ( )u l t u t=  

2
(0, ) ( )u t u t
x

∂
=

∂
  4

( , ) ( )u l t u t
x

∂
=

∂
    (3.15) 

Substituting (3.15) in Eq. (3.14), the constant values become: 

 4 1( ) ( )c t u t=  

 3 2( ) ( )c t u t=  

 [ ]2 3 1 2 42

1( ) 3( ) (2 )c t u u l u u
l

= − − +  

[ ]1 1 3 2 43

1( ) 2( ) ( )c t u u l u u
l

= − − + .    (3.16) 

Substituting (3.16) in Eq. (3.14), the displacement equation of beam element 

at position x  and at time t  can be expressed as follows: 
2 3 2 3

1 22 3 2 3

2 3 2 3

3 42 3 2 3

3 2 2( , ) 1 ( ) ( )

3 2 ( ) ( )

x x x x xu x t u t l u t
l l l l l

x x x xu t l u t
l l l l

⎡ ⎤ ⎡ ⎤
= − + + − +⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤
+ − + − +⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

  (3.17) 

It is noted that the coefficient terms in front of ( )iu t  are the shape functions of 

the displacements of the beam element. 

 The mass matrix of the beam element can be formulated by introducing Eq. 

(3.17) into the kinetic energy equation as: 
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2

0

1 ( , )( )
2

l u x tT t A dx
t

ρ ∂⎡ ⎤= ⎢ ⎥∂⎣ ⎦∫     (3.18) 

Thus, Eq. (3.18) can be rewritten in the form: 

   1( )
2

TT t = u Mu      (3.19) 

The matrix M  is the elemental mass matrix and u  is the time derivative of the 

elemental displacement vector ( )tu  defined as: 

   

1

2

3

4

( )
( )

( )
( )
( )

u t
u t

t
u t
u t

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

u       (3.20) 

  

Equating Eq. (3.18) to Eq. (3.19) with help of Eq. (3.20), the elemental mass 

matrix of beam element is:  

 
2 2

2 2

156 22 54 13
22 4 13 3
54 13 156 22420
13 3 22 4

l l
l l l lAl

l l
l l l l

ρ
−⎡ ⎤

⎢ ⎥−⎢ ⎥=
⎢ ⎥−
⎢ ⎥− − −⎣ ⎦

M    (3.21) 

 The stiffness matrix can be determined by replacing Eq. (3.17) into strain 

energy equation: 

   
22

2
0

1 ( , )( )
2

l u x tV t EI dx
x

⎡ ⎤∂
= ⎢ ⎥∂⎣ ⎦
∫     (3.22) 

The Eq. (3.22) can be rewritten as: 

   1( )
2

TV t = u Ku .     (3.23) 

( )tu  is defined in (3.20), The stiffness matrix of the beam element becomes: 

   
2 2

3

2 2

12 6 12 6
6 4 6 2
12 6 12 6
6 2 6 4

l l
l l l lEI

l ll
l l l l

−⎡ ⎤
⎢ ⎥−⎢ ⎥=
⎢ ⎥− − −
⎢ ⎥−⎣ ⎦

K    (3.24) 

 The elemental damping matrix of the bridge system is derived by the free 

vibration system as follows: 

   0+ + =Mu Cu Ku       (3.25) 
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Multiplying both sides by the inverse of mass matrix, 1−M , the Eq.(3,25) 

yields: 

  0+ + =u Cu Ku      (3.26) 

where  

 1−=C M C  

 1−=K M K . 

Transforming u  to modal coordinate vector, q , as :  

=u Vq       (3.27) 

In which, the vector V is the eigenvector of matrix K . 

Substituting Eq. (3.27) into Eq. (3.26) and multiplying by 1−V , it is found that: 

  1 1 0− −+ + =Iq V CVq V KVq     (3.28) 

  * * 0+ + =Iq C q K q      (3.29) 

where   

 

2
1

2
2

2

0 0
0

     
0

0 0 n

ω
ω

ω

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

* -1K = V KV

    (3.30) 

Assuming *C  has an orthogonality property like matrix *K ,  yields: 

  
1 1

2 2

2 0 0
0 2

    
0

0 0 2 n n

ξ ω
ξ ω

ξ ω

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

* -1C = V CV

   (3.31) 

where  

iξ  = damping ratio of the corresponding i th mode shape 

iω  = natural frequency of the corresponding i th mode shape. 

 

Thus, the matrices C  and *C  can be obtained as follows: 

  * 1−=C VC V       (3.32) 

  =C MC       (3.33) 
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Therefore, the equation of motion for the bridge can be written as: 

( ) ( ) ( ) ( )t t t tb b b bM R C R K R P+ + =     (3.34) 

where bM  = assembled mass matrix of the bridge 

 bC  = assembled damping matrix of the bridge 

 bK  = assembled stiffness matrix of the bridge 

 ( )tR  = global response vector of the bridge 

and ( )tbP  = external acting load vector of the bridge 

  

 The external acting load vector of the bridge is the interaction force 

transformed to be the nodal loads of the bridge’s degree-of-freedoms. 

•
 

•

( )iR t

( )iM t

( )1iR t+

( )1iM t+

l

( )iP t

( )i tη

Node i Node 1i +

 
Figure 3.4 Nodal loads from external load 

 

Figure 3.4 shows the beam element with an acting load and its equivalent 

nodal loads 

where ( )i tη  =  the distance of the external acting load ( )iP t  from the left node of the 

beam element. 

The nodal loads from external load as shown in Figure 3.4 can be expressed as: 

 ( ) ( ) ( ) ( )
2 3

2 3

3 2
1 i i

i i

t t
R t P t

l l
η η⎛ ⎞

= − +⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 ( ) ( ) ( ) ( ) ( )
2 3

2

2 i i
i i i

t t
M t t P t

l l
η η

η
⎛ ⎞

= − +⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 ( ) ( ) ( ) ( )
2 3

1 2 3

3 2i i
i i

t t
R t P t

l l
η η

+

⎛ ⎞
= −⎜ ⎟
⎜ ⎟
⎝ ⎠
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  ( ) ( ) ( ) ( )
3 2

1 2
i i

i i

t t
M t P t

l l
η η

+

⎛ ⎞
= −⎜ ⎟
⎜ ⎟
⎝ ⎠

    (3.35) 

where 

 ( ) ( )1,i iR t R t+  = vertical load of node thi  and 1thi +  of the element respectively 

 1,i iM M +  = bending moment of node thi  and 1thi +  of the element 

respectively. 

From the above equations, the shape function of the jth element used to 

transform the external acting load to the nodal load vector can be written as: 

2 3 2 2 3

1-3 2 1 3 2
T2 2

j
η η η η η η η= η η -
l l l l l l l

⎧ ⎫⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ − −⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭

H . (3.36) 

In case of the global external load shape function, the Eq. (3.36) can be 

expanded in the following form 

10 0 0 0
0 0 0 0
0 0 0 0

p

c i

N

T
H

H H
H

⎧ ⎫
⎪ ⎪

= ⎨ ⎬
⎪ ⎪
⎩ ⎭

   (3.37) 

where 

cH  = an NN × Np matrix with zero entries except at the degree-of-

freedoms corresponding to the nodal displacements of the beam 

elements on which the load is acting, 

 NN = the number of degree-of-freedoms of the bridge after considering the 

boundary condition 

and Np  = the number of external acting loads. 

 

From the Eq. (3.37), the interaction force between the vehicle and the bridge 

can be transformed to be the nodal loads by using the relationship between the nodal 

load and the global load as follows: 

   ( ) ( )( ) ( )c intt x t t⋅bP = H P     (3.38) 

  ( ) ( ) ( ) ( ){ }1 2, , ,
p

T

int Nt P t P t P t=P …    (3.39) 

where 

 ( )bP t  = nodal load vector of bridge 
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 ( )( )c x tH  = transformation vector from external loads to nodal loads 

 ( )int tP  = vehicle-bridge interaction force vector with respect to number 

of axles. 

Therefore, the equation of motion of the bridge can be rewritten as: 

( ) ( ) ( ) ( )( ) ( )c intt t t x t t+ + =b b bM R C R K R H P    (3.40) 

 

3.2.5 Bridge Surface Roughness 

 In this research, the road surface roughness as given in the ISO-8606 

specification is adopted. It is often related to the vehicle speed which is described by 

the velocity power spectrum density (PSD) and the displacement PSD. The general 

form of the displacement PSD of the road roughness surface is given as: 

   0
0

( ) ( )d d
fS f S f
f

α−
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

    (3.41) 

where 0f  is the reference spatial frequency (= 0.1 cycles/m); α  is an exponent of the 

PSD, and f  is the spatial frequency (cycles/m). Eq. (3.41) gives an estimate on the 

degree of the roughness of the road by the 0( )dS f  value. This classification is made 

by assuming a constant vehicle velocity PSD and taking α  =2. The ISO specification 

also gives the PSDs for different classes of roads. 

 Based on this ISO specification, the road surface roughness in the time domain 

can be simulated by applying the inverse fast Fourier transformation on 0( )dS f  as 

follows: 

( )
1

( ) 4 ( ) cos 2
N

i i i
i

r x S f f f xπ θ
=

= Δ +∑  (3.42) 

where  if i f= Δ  is the spatial frequency, 1/( )f NΔ = Δ ,  Δ  is the distance interval 

between successive ordinates of the surface profile, N  is the number of data points, 

and iθ  is a set of independent random phase angles uniformly distributed between 0 

and 2π . 

 

3.2.6 Vehicle-Bridge Interaction 

 To formulate the vehicle-bridge interaction as the equation of motion of the 

vehicle-bridge system, all degree-of-freedoms, both for vehicle and bridge, must be 
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solved simultaneously. Therefore, the equation of motion of the vehicle-bridge system 

is the combination of mass, damping, stiffness and interaction force terms 

corresponding to all degree-of-freedoms. 

 From the equation of motion of the vehicle and the bridge, in the case of the 

number of axles, Np = 2, recalling the interaction force vector as: 

( ) ( )
( )

( ) ( )( ) ( )( )( ) ( ) ( )( ) ( )( )( )
( ) ( )( ) ( )( )( ) ( ) ( )( ) ( )( )( )

( )
( )

1 1 1 1 1 1

2 2 2 2 2 2

1 2

2 1

, ,

, ,

f
int

r

t f f t f f

t r r t r r

v

v

P t
t

P t

K y t w x t t r x t C y t w x t t r x t
         

K y t w x t t r x t C y t w x t t r x t

m a m g
             

m a m g

⎧ ⎫⎪ ⎪= ⎨ ⎬
⎪ ⎪⎩ ⎭
⎧ ⎫− − + − −⎪ ⎪= ⎨ ⎬

− − + − −⎪ ⎪⎩ ⎭
+⎧ ⎫⎪ ⎪+ ⎨ ⎬
+⎪ ⎪⎩ ⎭

P

         (3.43) 

  It is noticed that the above interaction force term consists of degree-of-

freedoms for both vehicle and bridge. Thus the equation of motion of the vehicle and 

bridge must be rearranged as follows: 

 Once the response of the bridge, ( )tR  is obtained, the deflection of the bridge 

at position x  and at time t  can be calculated from: 

   ( ) ( )( ) ( ), T
cw x t x t t⋅= H R     (3.44) 

The time derivative of the bridge’s deflection is 

( ) ( )( ) ( ) ( )( ), ( ) ( )
T

c T
c

x t
w x t t x t x t t

x
∂

⋅ ⋅ + ⋅
∂

H
= R H R .  (3.45) 

Substituting Eq. (3.44) and (3.45) in Eq. (3.43) yields 

( ) ( ) ( )( ) ( ) ( )( )( )

( )
( )( ) ( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )( )( )

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )

1 1

1 1 1 2

2 2

2 2 2 1

T
f t c f f

T
c f T

t c f v

T
r t c r r

T
c r T

t c r v

P t K y t x t t r x t

x t
            C y t t v t x t t m a m g

x

P t K y t x t t r x t

x t
            C y t t v t x t t m a m g

x

= − ⋅ −

⎛ ⎞∂
⎜ ⎟+ − ⋅ ⋅ − ⋅ + +
⎜ ⎟∂⎝ ⎠

= − ⋅ −

⎛ ⎞∂
+ − ⋅ ⋅ − ⋅ + +⎜ ⎟⎜ ⎟∂⎝ ⎠

H R

H
R H R

H R

H
R H R

  (3.46) 

The Eq. (3.46) can be rewritten in matrix form as: 
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( )
( )

( )
( )

( )
( )

( )( ) ( )
( )( )

( )( ) ( ) ( )( )
{ }

( )( )

1 1 1 1

2 2 2 2

1 1

2 2

1

2

0 0
0 0

( )

f t t

r t t

T
c fT

t c f t

T
c rT

t c r t

T
t c f

t c

P t K y t C y t
  

P t K y t C y t

x t
K x t C v t

x       t
x t

K x t C v t
x

C x t
                    

C

⎧ ⎫ ⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪ ⎪ ⎪ ⎪ ⎪= ⋅ + ⋅⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥
⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭ ⎩ ⎭ ⎩ ⎭

⎡ ⎤∂
⎢ ⋅ + ⋅ ⋅ ⎥

∂⎢ ⎥− ⋅
⎢ ⎥∂
⎢ ⎥⋅ + ⋅ ⋅

∂⎣ ⎦

⋅
−

⋅

H
H

R
H

H

H

H ( )( ) { } ( )( )
( )( )

1 1 2

2 12

( )
( )

( )
t f v

T
vr t r

K r x t m a m g
t

m a m gx t K r x t

⎡ ⎤ ⎧ ⎫⋅ + ⋅⎧ ⎫⎪ ⎪⎢ ⎥ ⋅ − +⎨ ⎬ ⎨ ⎬+ ⋅⋅⎢ ⎥ ⎩ ⎭⎪ ⎪⎣ ⎦ ⎩ ⎭
R

  

(3.47) 

Introducing Eq. (3.47) into the vehicle’s equation of motion (3.11), the 

equilibrium for the vehicle’s degree-of-freedoms becomes 

( )

( ) ( )

1 11 12

2 21 22

11 12

21 22/

v v v
T

v t v v t

v v
T T

t t v v t t

x

v x x x

⎡ ⎤⎡ ⎤
⎧ ⎫ ⎧ ⎫⎢ ⎥⎢ ⎥ +⎨ ⎬ ⎨ ⎬⎢ ⎥⎢ ⎥ ⎩ ⎭ ⎩ ⎭⎢ ⎥⎢ ⎥ − ⋅ +⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎧ ⎫
⎪ ⎪⎧ ⎫⎢ ⎥+ =⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎩ ⎭ ⎪ ⎪⎢ ⎥− ⋅ − ⋅ ⋅∂ ∂ + − ⋅⎣ ⎦ ⎩ ⎭

0 0 0 0 0 0
R R0 M 0 0 C C
Y Y

0 0 M C H C C C

0 0 0 0
R0 K K 0
Y

K H C H K K K K r
 (3.48) 

where 

( )
( ) ( )

1
1 2

2

1 2 1 1 2 2
11 2 2 2

1 1 2 2 1 1 2 2

1 2 1 1 1
12 21

1 1 2 2 2 2 2

1 2 1 11
22 11

2

0 0
;

0 0

;

; ;

0
;

0

v
v v

v

s s s s
v

s s s s

s s s s
v v

s s s s

s s ss
v v

s

m m
I I

C C C a C a S

C a C a S C a C a S

C C C C a S
C a S C a S C C a S

K K K aC
C

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦
⎡ + − + ⎤

= ⎢ ⎥
− + +⎢ ⎥⎣ ⎦
− − −⎡ ⎤ ⎡ ⎤

= =⎢ ⎥ ⎢ ⎥− − −⎣ ⎦ ⎣ ⎦
+ − +⎡ ⎤

= =⎢ ⎥
⎣ ⎦

M M

C

C C

C K
( )

( ) ( )

( )( )
( )( )

{ }

2 2

2 2 2
1 1 2 2 1 1 2 2

1 2 1 1 1
12 21

1 1 2 2 2 2 2

1 1 1
22

2 2 2

1 2

;

; ;

0 0 0
; ; ;

0 0 0

; .

s

s s s s

s s s s
v v

s s s s

s t t
v t t

s t t

Tf
v v

r

K a S

K a K a S K a K a S

K K K K a S
K a S K a S K K a S

K C K
K C K

r x t
y y y

r x t
θ

⎡ ⎤
⎢ ⎥
− + +⎢ ⎥⎣ ⎦

− − −⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥− − −⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎧ ⎫⎪ ⎪= =⎨ ⎬
⎪ ⎪⎩ ⎭

K K

K C K

r Y  
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Similar to Eq. (3.48), introducing Eq. (3.47) into the bridge’s equation of 

motion Eq. (3.40), the equilibrium for the bridge’s degree-of-freedoms becomes 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

/

T
t t

T
t t t

t s

x x x

x x x v x x

x x x

⎡ ⎤+ ⋅ ⋅ − ⋅⎡ ⎤
⎧ ⎫ ⎧ ⎫⎢ ⎥⎢ ⎥ +⎨ ⎬ ⎨ ⎬⎢ ⎥⎢ ⎥ ⎩ ⎭ ⎩ ⎭⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤+ ⋅ ⋅ − ⋅ ⋅ ⋅∂ ∂ ⋅
⎢ ⎥ ⎧ ⎫+ ⎨ ⎬⎢ ⎥ ⎩ ⎭⎢ ⎥⎣ ⎦
− ⋅ ⋅ + ⋅⎧ ⎫
⎪ ⎪= ⎨ ⎬
⎪ ⎪
⎩ ⎭

b b

b

M 0 0 C H C H 0 H C
R R0 0 0 0 0 0
Y Y

0 0 0 0 0 0

K H K H 0 H K H C
R0 0 0
Y

0 0 0

H K r H M
0
0

 (3.49) 

where  

 
( )
( )

1 2

2 1

v
s

v

m a m g
m a m g

+⎧ ⎫⎪ ⎪= ⎨ ⎬+⎪ ⎪⎩ ⎭
M . 

From the combination of Eq. (3.48) and Eq. (3.49), the global equation of 

motion of vehicle-bridge interaction system is expressed as follows: 

( ) ( ) ( )

( )
( ) ( ) ( ) ( )

( )
( ) ( ) ( )

1 11 12

2 21 22

11 12

21 22

/

T
t t

v v v
T

v t v v t

T
t t t

v v
T

t v v t

t s

t

x x x

x

x x x v x x

x

x x x

⎡ ⎤+ ⋅ ⋅ − ⋅⎡ ⎤
⎧ ⎫ ⎧ ⎫⎢ ⎥⎢ ⎥ +⎨ ⎬ ⎨ ⎬⎢ ⎥⎢ ⎥ ⎩ ⎭ ⎩ ⎭⎢ ⎥⎢ ⎥ − ⋅ +⎣ ⎦ ⎣ ⎦

⎡ ⎤+ ⋅ ⋅ − ⋅ ⋅ ⋅∂ ∂ ⋅
⎢ ⎥ ⎧ ⎫+ ⎨ ⎬⎢ ⎥ ⎩ ⎭⎢ ⎥− ⋅ +⎣ ⎦
− ⋅ ⋅ + ⋅

=
−

b b

b

M 0 0 C H C H 0 H C
R R0 M 0 0 C C
Y Y

0 0 M C H C C C

K H K H 0 H K H C
R0 K K
Y

K H K K K

H K r H M
0

K ( )x

⎧ ⎫
⎪ ⎪
⎨ ⎬
⎪ ⎪⋅⎩ ⎭r

(3.50) 

  

Eq. (3.50) is the vehicle-bridge interaction equation, and Eq. (3.47) is the front 

and rear axle load equations which are composed of the static load of the vehicle and 

the dynamic interaction force between the vehicle and the bridge. The vehicle-bridge 

interaction equation can be solved step-by-step using either a direct integration 

method such as Newmark’s β  method or a discretization method by state-space 

formulation. 
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 For the multiple vehicles system, in the case of two 2-axle vehicles as shown 

in Figure 3.5, the equation of motion of two vehicles / bridge system is expressed as: 

1 2

1 1 1 1 1 1

2 2 2 22 2

1 1 1 2 2 2

1

( ) / ( ) /

T
tt t tbb

T
v t v t

T
v t v t

T
tt t t t tb

T
t

v t x C v t x C

R RC H C H H C H CM 0 0
0 M 0 Y C H C C 0 Y
0 0 M C H 0 C CY Y

K H K H H K H H K H
K H

⎧ ⎫ ⎧ ⎫⎡ ⎤⎡ ⎤ ⎪ ⎪ ⎪ ⎪⎢ ⎥⎢ ⎥ ⎪ ⎪ ⎪ ⎪⎢ ⎥⎨ ⎬ ⎨ ⎬⎢ ⎥
⎢ ⎥⎪ ⎪ ⎪ ⎪⎢ ⎥
⎢ ⎥⎣ ⎦ ⎪ ⎪ ⎪ ⎪⎣ ⎦⎩ ⎭ ⎩ ⎭

+ ⋅ ⋅ − ⋅ − ⋅
+ − ⋅ +

− ⋅ +

+ ⋅ ⋅ − ⋅ ⋅ ⋅∂ ∂ ⋅ − ⋅ ⋅ ⋅∂ ∂ ⋅
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where the mass, damping and stiffness matrices of ith vehicle are represented as 

follows: 
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Figure 3.5 Multiple vehicles-bridge system of n-span continuous bridge 

 

3.3 Relationship of Axle Loads and Bridge Bending Moments 

The strain occurring at any measuring point at the bottom surface of the beam 

element in Figure 3.6 can be determined from: 
2

2

( , )( , )j j j

j

w x tx t
x x x

ε γ
∂

=−
∂ =

   (3.52) 

where jγ  is the distance between the bottom surface of the bridge and the neutral axis 

of the bridge section at the measuring location jx . 

xj
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x
l
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•Node Node•

ˆ( ), ( )j jt m tε
jβ

l

ua (t)
ud (t)

uc (t)
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Figure 3.6 Measuring point in the beam element 
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Substituting ( , )w x t  into Eq. (3.52) yields 

3
( , ) (12 6 ) ( ) (6 4 ) ( ) (12 6 ) ( ) (6 2 ) ( )j

j i j a j b j c j dε t l u t l l u t l u t l l u t
l

γ
β β β β β=− ⋅ − + − − − + −

⎛ ⎞⎟⎜ ⎡ ⎤⎟⎜ ⎟ ⎣ ⎦⎟⎜⎝ ⎠
 

(3.53) 

From the relationship between bending moment ˆ ( )jm t and strain ( )j tε , Eq. 

(3.53) can be converted into bending moment as: 

    
( )

ˆ ( ) j
j

j

t
m t EI

ε

γ
= ⋅     (3.54) 

 Therefore, Eq. (3.54) can be rewritten in the following form: 

{ }3

( )
( )

ˆ ( , ) (12 6 ) (6 4 ) (12 6 ) (6 2 )
( )
( )

a

b
j j j j j j

c

d

u t
u tEIm t l l l l l l
u tl
u t

β β β β β

⎧ ⎫⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎛ ⎞ ⎪ ⎪⎪ ⎪⎟⎜=− − − − − −⎟ ⎨ ⎬⎜ ⎟⎜ ⎪ ⎪⎝ ⎠ ⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭

 

         (3.55) 

where  ( )au t , ( )bu t , ( )cu t  and ( )du t  are the nodal displacements of the corresponding 

beam element and jβ  is the local location of the measuring point determined from the 

global location xj. 

 

3.4 Moving Load Identification 

 In a load identification system, the interaction between external acting loads 

and bridge responses is considered. The problem is to identify the external loading in 

time histories without investigation of other vehicle properties such as mass or 

suspension characteristics, etc. The input for the identification system is only the 

measured bridge responses (bending moments) and location of moving axles on the 

bridge with respect to time. 

Figure 3.7 represents the system of multiple moving load-bridge interaction 

used in the identification system. The vehicle axle loads can be considered as a group 

of time-varying moving concentrated loads. The vehicle properties can be omitted in 

the identification system because the identified loads are the interaction forces, 

( )int tP from Eq. (3.43). Hence, the dynamics of vehicle properties such as vehicle 

mass and suspension or tire properties are already taken into account. Therefore, 

system simplification by considering only the equation of motion of the bridge is 
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conducted in the identification system. However, this consideration can be made since 

the vehicle mass and the bridge mass are very different and the duration of vehicle-

bridge interaction is very short. As a result, the interactive behavior between vehicles 

and bridge becomes less influential. Therefore, the simplification of the identification 

system by considering only the bridge structure and assuming the vehicle axle loads 

as a group of time varying concentrated loads is capable. 

 

L1

x1  (t)

xi  (t)

y

L2 LnLj

L
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PN (t)

Pi (t)

P2 (t)

P1 (t)

x

x2  (t)
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Figure 3.7 Multiple moving loads–bridge system used in axle loads identification 

 

 According to the bridge’s equation of motion referred to in Eq. (3.40), the 

force term of the equation is then replaced by the unknown acting load vector 

expressed as: 

( ) ( ) ( ) ( )t t t t+ + =b b b bM R C R K R P     (3.56) 

where  ( )tbP  is the unknown external nodal load vector which can be rewritten as 

 ( ) ( )( ) ( )ˆ
ct x t t=bP H P     (3.57) 

in which ( )ˆ tP  is a 1pN ×  vector of the unknown applied loads. 

  

In order to determine the bridge response from Eq. (3.56) into a step by step of 

the time history, the state-space formulation is utilized in the conversion of Eq. (3.56) 

from a second order differential equation into a set of first order differential equations 

as follows: 

( ) ( ) ( )t t t= +*X K X P       (3.58) 
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where ( ) ( )
( )

2 1NN
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2 1
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⎡ ⎤
= ⎢ ⎥−⎣ ⎦

⎡ ⎤
= ⋅⎢ ⎥−⎣ ⎦

b b

b

0
P

M P

0
P

M H

     (3.59) 

where X  represents a vector of state variables of length twice the total degree-of-

freedoms of the bridge (2NN) containing the displacements and velocities of the 

nodes, and pN  is the number of acting loads. These differential equations are then 

rewritten as discrete equations using the standard exponential matrix representation. 

( ) ( ) ( ) ( )1 1j j j jt t t t+ += +X FX G P ,    (3.60) 

  h=
*KF e ,       (3.61) 

( )1−

= *G K F - I ,      (3.62) 

where matrix F  is the exponential matrix, and together with matrix G  represents the 

dynamics of the system, j+1 denoted the value at the j+1th time step of computation, 

the time step h represents the time difference between the variable states jX and 1j+X  

in the computation, and G  is a matrix relating the forces to the system. 

Substituting Eq. (3.59) and (3.62) into Eq. (3.60), yields: 

( ) ( ) ( ) ( )1 1
ˆ

j j j jt t t t+ += +X FX G P ,    (3.63) 

where               2 2 1
2 p

NN NN
c NN N

× −
×

⎡ ⎤
= ⎢ ⎥−⎣ ⎦b

0
G G

M H
                        (3.64) 

 The matrix F can be obtained using exponential expansion as follows: 

  
2 3

2 3
* * *

2! 3!
h h hh= = + + + +

*KF e I K K K    (3.65) 

where   * 1−=K VΛV .                                    (3.66) 

Substituting Eq. (3.66) into Eq. (3.65) becomes 
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2 3
1 1 1 1 1 1 1

2 3
1 1 2 1 3 1

2 3
2 3 1

1

...
2! 3!

     ...
2! 3!

     ...
2! 3!

     

h

h

h hh

h hh

h hh

− − − − − − −

− − − −

−

−

= + + +

= + + + +

⎛ ⎞
= + + + +⎜ ⎟

⎝ ⎠
=

*KF = e VV V V + V V V V V V V V V V

VV V V V V V V

V I V

Ve VΛ

Λ Λ Λ Λ Λ Λ

Λ Λ Λ

Λ Λ Λ

  (3.67) 

  

According to Eq. (3.63), the bridge response in terms of the state variable of 

the next time step j+1 can be calculated from the state variable of the present time step 

j. The relationship between the identified acting load vector ( )ˆ tP  and the bridge 

response R can be formulated. 

 

3.4.1 Problem Statement 

 The objective of this problem is to find the unknown forcing term ( )ˆ tP . Since 

the input of the identification system are measured bridge responses and location of 

the moving loads on the structure, the goal of this problem is to find the time histories 

of moving force that cause the system described in Eq. (3.50) or Eq. (3.51) to best 

match the measurement data. 

 In this research, the sectional bending moment is adopted as the measurement 

data. Let ( )tZ  be the measured bending moment vector at k number of selected 

measuring points, which is expressed as: 

{ }1 1 2( ) ( ) ( ) ( )
j j j

T

j k kt m t m t m tZ × =     (3.68) 

where ( )
jkm t  is the kth station of the measured bending moment of the bridge at the jth 

time step. 

 While the corresponding predicted bending moment vector ( )ˆ tZ  at the same 

sections are estimated by solving the equation of motion of the bridge. In practice, it 

is not possible to measure all the displacements and velocities, and only certain 

combinations of the variables X  are required. The measurement equation used in 

predicted bending moment formulation is then given as: 
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( ) { }1 21
ˆ ˆ ˆ ˆ( ) ( ) ( )

j j j

T

j kk

j

t m t m t m t

             
×
=

=

Z

QX
    (3.69) 

where  

ˆ ( )
jk

m t  is the kth station of the predicted bending moment of the bridge at the 

jth time step 

and  Q   is a 2k NN×  selection matrix used to transform the predicted 

measurements to state variable response vector X . 

 It is noted that the number of measured variables k is usually much less than 

the number of state variables (or twice of degree-of-freedoms) but greater than or 

equal to the number of unknown applied loads, Np. 

 From the state-space formulation as of Eq. (3.63), the relationship between the 

state variables and applied loads can be formulated as follows: 

( )
( )
( )

( )

( )
( )
( )

( )

( )
( )
( )

( )

011 0
2

1 2 12 0
23

2 33 0 2
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1 2 30 1

0

ˆ

ˆ

ˆ1= +

ˆ

*ˆˆ *

j jj
jj j

tt t
tt t

t t t

t t t

PG 0 0 0 0X FX
FG G 0 0 0 PX F X
F G FG G 0X F X P

0
F G F G FG GX F X P

TXX
−

⎧ ⎫⎧ ⎫ ⎧ ⎫ ⎡ ⎤ ⎪ ⎪⎪ ⎪ ⎪ ⎪ ⎢ ⎥ ⎪ ⎪⎪ ⎪ ⎪ ⎪ ⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥⎨ ⎬ ⎨ ⎬ ⎨ ⎬
⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪
⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪
⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪⎣ ⎦⎩ ⎭⎩ ⎭ ⎩

ˆ*P

⎪

⎪
⎪
⎪
⎭

. (3.70) 

In case of the system being started at rest, the initial condition term is assumed 

as a vector containing all zero entries and the term *
0X̂  is then vanished. Eq. (3.70) 

can be rewritten as: 
* *ˆ ˆ=X TP      (3.71) 

where  

 *X̂  is a 2 1N NN⋅ ×  state variable vector of total N time step, 

 T  is a 2 pN NN N N⋅ × ⋅  transformation matrix between total residual 

state variable vector ( )* *
0−X X  and the total applied load vector, 

 *P̂  is a 1pN N⋅ ×  applied load vector of total N time step. 

 From  Eq. (3.71), the relationship between measurements and applied loads is 

then represented as: 
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⎧ ⎫ ⎧ ⎫⎡ ⎤⎪ ⎪ ⎪ ⎪⎢ ⎥⎪ ⎪ ⎪ ⎪⎢ ⎥⎪ ⎪ ⎪ ⎪⎢ ⎥⎨ ⎬ ⎨ ⎬
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⎢ ⎥⎪ ⎪ ⎪ ⎪
⎢ ⎥⎪ ⎪ ⎪ ⎪⎣ ⎦⎩ ⎭ ⎩ ⎭

   (3.72) 

which can be expressed in the simple form as: 
* * *ˆ ˆ=Z T P      (3.73) 

where *Ẑ  is a 1k N⋅ ×  measurement vector of total N time step, 

 *T  is a pk N N N⋅ × ⋅  coefficient matrix between total residual 

measurement vector *Ẑ  and total applied load vector *P̂ . 

  

Regarding Eq. (3.73), the relationship between the applied load vector *P̂ and 

the measurement vector *Ẑ is expressed as a linear relationship. Therefore, the applied 

load vector can be identified based on the inverse problem of Eq. (3.73). 

However, practically, it is impossible to obtain an exact match of the model 

with measured data. This is due to the fact that all measurements have some level of 

noise. Hence, the solution of this problem cannot be obtained accurately by replacing 

( )ˆ
j tZ  with ( )j tZ  and directly inversing Eq. (3.73). Therefore, the optimization 

method is employed to obtain the best match of the measurements by minimizing 

residual the error between measured and predicted responses (bending moments). The 

simple least-square method criterion on the error between the measured bending 

moments, Z(t), and the predicted bending moments, ˆ ( )tZ , is given as follows: 

( ) ( )
( ) ( )

* * * *

* * * * * *

ˆ ˆT

T

E

   

= − −

= − −

Z Z A Z Z

Z T P A Z T P
   (3.74) 

where  A  is  a symmetric positive-definite weighting matrix providing the 

flexibility of weighting the measurements term. 

 

3.4.2 Optimization with Tikhonov Regularization 

 The least square criterion stated in Eq. (3.74) can be employed but it is found 

to be not sufficient. This is because the problem is noise sensitivity and the obtained 
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solution usually exhibits large fluctuations corresponding to the level of measurement 

noises. In order to avoid this phenomenon, the smoothening term is added to the least-

squares error. Then the moving loads can be identified through the minimization of 

the square error of the bending moments of the bridge, E with the regularization term. 

This non-linear least square problem called the “Tihonov regularization” method was 

presented by Tihonov (1963) to overcome the ill-conditioning usually found in the ill-

posed problems. This conventional regularization can be expressed in time-

discretization form as: 

( ) ( )* * * * * * * *TT
E Z T P A Z T P P DP= − − +    (3.75) 

where the additional term * *T

P DP  is a smoothening term known as the regularization 

and the method is called the Tikhonov regularization method. Matrix D  is a diagonal 

matrix with positive definite, represented as: 

λ=D I      (3.76) 

where λ  is a regularization parameter. 

Substituting Eq. (3.76) into Eq. (3.75), the objective function becomes 

( ) ( )* * * * * * * *TT
E λ= − − +Z T P A Z T P IP P    (3.77) 

 A small value of λ  causes the solution to match the data closely but produces 

large oscillatory deviations while a large value produces smooth forces that may not 

match the data well. When λ  is zero, the solution becomes that for the least square 

problem. 

 Expanding Eq. (3.77), yields 
* * * * * * * * * * * * * *

* * * * * * * * * * *2

T T T

T T T

T T T T

T T

E λ

   λ

= − − + +

= − + +

Z AZ Z AT P P T AZ P T AT P IP P

Z AZ Z AT P P T AT P IP P
  (3.78) 

 From Eq. (3.78), the unknown applied loads can be obtained using 

minimization with the derivation  of the least square error with respect to the force 

vector as follows: 

( )

* * * * * *
*

* * * * *

2 2 2

0

T T

T

T T

T T

E   λ

       λ

∂
= − + +

∂

= − + +

Z AT P T AT IP
P

Z AT P T AT I
   (3.79) 

 Thus, the unknown applied load vector can be determined from 

( ) 1* * * * *T Tλ
−

= +P T AT I T AZ .    (3.80) 



52 
 

 When the weighting matrix A  is an identity matrix and the regularization 

parameter is removed, the solution becomes the pseudo-inverse solution  

( ) 1* * * * * *T TP T Z T T T Z
−+= =     (3.81) 

 

3.4.3 Loads Identification Using Singular Value Decomposition 

 According to load identification using the least-square regularization method 

referred to in section 3.4.2, the solutions solved by Eq. (3.80) or Eq. (3.81) are not 

sufficient as the coefficient matrix *T  is rank deficient, or close to rank deficient. 

Therefore, to overcome this ranking deficiency, and when the problem is a linear 

algebra, the singular value decomposition (SVD) method (Golub and Kahan, 1965) is 

adopted. 

 From the considered rank deficient matrix, when the number of measurements 

is equal or larger than the number of unknown applied loads ( pk N≥ ), the coefficient 

matrix *T  can be decomposed its singular values using singular value decomposition 

as follows: 
* T= ⋅ ⋅T U Σ Γ      (3.82) 

where 

 U  is a k N k N⋅ × ⋅  orthogonal matrix in which { }1 2, , , k NU U U ⋅=U  

 Σ  is a pk N N N⋅ × ⋅  diagonal matrix containing the singular value of the 

decomposed matrix orderly arranged from the largest to the smallest 

value, 

 Γ  is a p pN N N N⋅ × ⋅  orthogonal matrix in which { }1 2, , ,
pN NΓ Γ Γ ⋅=Γ . 

 Substituting Eq. (3.82) into Eq. (3.72), becomes 
* *ˆ T=Z UΣΓ P  .     (3.83) 

 Multiplying the measured and predicted bending moment by TU  becomes 

  *T=Z U Z       (3.84) 
* * *ˆT T= =Z U Z ΣΓ P .     (3.85) 

 Formulating the least square objective function of Eq. (3.84) and Eq. (3.85) 

yields 

 ( ) ( )* * * * * *TTT T T TE λ= − − +U Z ΣΓ P A U Z ΣΓ P IP P .  (3.86) 
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 Expanding Eq. (3.86), the objective function can be rewritten as: 
* * * * * * * * * *

* * * * * * * *2

T T T

T T T

T T T T T T

T T T T

E λ

   λ

= − − + +

= − + +

Z UAU Z Z UAΣΓ P P ΓΣAU Z P ΓΣAΣΓ P IP P

Z UAU Z Z UAΣΓ P P ΓΣAΣΓ P IP P
 (3.87) 

 Since the above equation has some terms containing singular value matrices, 

and if the weighting matrix A  is an identity matrix, the Eq. (3.87) can be rewritten in 

the discrete formula as follows: 

( ) ( ) ( )2 2 2* * * *

1 1 1

p p

p

N N N NN k
T T T T

j j j j j
j j N N j

E σ Γ U U λ ΓP Z Z P
⋅ ⋅⋅

= = ⋅ + =

= − + +∑ ∑ ∑   (3.88) 

 Again, the unknown applied loads can be obtained using minimization with 

the derivation of the least square error with respect to the force vector as follows: 
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      σ λ Γ σ U
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P Z P
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= =

⋅

=
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 Finally, the predicted moving loads can be obtained as: 

 
( )( )* *

1

pN N
j T

j j2
j j

σ
U Γ

σ +λ
P Z

⋅

=

= ∑ .     (3.90) 

 When λ  = 0, *P  is the least square solution and the noise effect will be 

amplified when *T
j jσ <U Z . When λ  > 0, this formulation can reduce the influence of 

the components corresponding to those singular values 2
jσ  which are smaller than λ , 

so that the solution is less noise sensitive. 

 

3.4.4 Accuracy Improvement with Updated Static Component (USC) Technique 
It is found that the regularization method outlined in the previous section 

requires an optimal regularization parameter, λ, to identify the axle loads accurately. 

This optimal parameter is rather difficult to pre-assign in real applications because it 

depends on the configuration, speed and weight of the identified vehicle. The L-curve 

method (Hansen, 1992) or generalized cross-validation (Golub et al., 1979) might be 

employed to determine this optimal parameter, but large computing time is required. 
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Moreover, the obtained parameter is a sub-optimal value which does not guarantee 

accurate identification results. To overcome such a difficulty and to enhance 

identification accuracy, regularization with the updated static component (USC) 

technique (Pinkaew, 2006) is adopted. Since the bridge responses are composed of 

two components, which are the static (quasi-static) and the dynamic components, they 

theoretically require different values of optimal regularization parameters. Therefore, 

the USC technique decomposes the bridge responses into static and dynamic 

components. The static component is identified separately, while only the dynamic 

component remains in the regularization process. With iteration, the regularization 

method using dynamic programming is employed to identify the dynamic component. 

Then, the obtained identified result is used to update the associated static component 

until the convergent solution is achieved. The computational diagram of the proposed 

regularization with the updated static component technique is shown in Figure 3.6. It 

is noted that the static component of the time-varying quantity is simply calculated 

using time averaging. 

 To investigate the accuracy of the identified results, the identification error 

is defined as: 

ˆ ( ) ( )
100%

( )

t - t  
Identification error =

t
×

 P P

P
   (3.91) 

where ⋅  is the Euclidean norm of a vector. ( )tP  and ˆ ( )tP are the actual and 

the identified axle loads of the vehicle for either the front or rear axle, respectively. 
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Figure 3.8 Computational procedures of load identification through regularization 

with the updated static component (USC) technique 

  

Where 

 ˆ
sP  is the static load component obtained by time-averaging of identified   

                       load, 

 ˆ
sZ  is the static bending moment constructed from the static load       

                       component, 

 ˆ
dZ  is the dynamic bending moment obtained from subtracting the static 

bending moment from the measured bending moment, 

 ˆ
dP  is the dynamic load component obtained from the identification of the 

remaining dynamic bending moment, and 

 δ  is the iterative error between the updated and previous identified load. 



CHAPTER IV 

NUMERICAL STUDY OF AXLE LOAD IDENTIFICATION 

USING COMPUTER SIMULATION 

 
4.1 General 

This chapter numerically studies moving load identification using computer 

simulation in order to investigate the effectiveness of the proposed method explained 

in Chapter III. The problems are mainly divided into two parts, namely identification 

of multi-axle loads moving on a single-span simply supported bridge, and 

identification of multi-axle loads moving on a multi-span continuous bridge. Besides 

the consideration of a vehicle as a moving dynamic multi-degree-of-freedom system, 

the simpler model of the vehicle using moving concentrated loads is also considered. 

The comparison of identification approaches for effectiveness and accuracy 

evaluation is carried out and discussed. Influences of various parameters such as 

number and position of response measurements, measurement noise level, sampling 

frequency, structural discretization, vehicle mass, moving speed, axle-spacing-to-span 

ratio, axle weight ratio, bridge surface roughness and regularization parameter are 

considered. The parametric study of the regularization parameter is also conducted. In 

addition, the information obtained from these studies will be used as guidance for the 

experimental study and future improvement of the identification approach. Based on 

extensive numerical examples, the identification accuracy, robustness and reliability 

of the proposed method can be systematically investigated. 

 

4.2 Accuracy of Moving Load Identification 

 Since moving load identification has been studied and developed upon for 

decades, the identification methods have been adopted and modified to obtain a better 

solution for both accuracy and robustness. Therefore, to propose an appropriate 

method for this research problem, an accuracy comparison of the existing and the 

proposed methods is performed. Three selected identification methods including (1) 

conventional identification without regularization, (2) identification with optimal 

regularization and (3) identification with USC regularization are comparatively 

studied.  
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 In this section, the bridge models used in this study are a single-span simply 

supported bridge with a span length of 30 m and a three-span continuous bridge with 

equal span lengths of 20 m. The bridge properties are listed in Table 4.1. The number 

of elements used in both the response simulation and load identification comes to 8 

elements per bridge span. 

 

Table 4.1 Parameters of the bridge used in the numerical study 
Single-span simply supported bridge Three-span continuous bridge 
L = 30 m  L = 3 @ 20 m  

Aρ = 5000 kg/m  Aρ = 4000 kg/m  
EI = 2.5×1010 N-m2  EI = 8.0×109 N-m2  
ξ = 0.02 for all modes  ξ = 0.02 for all modes  

 

To check the correctness of the identification methods, time varying 

concentrated loads are employed in which the effects of mass and stiffness of the 

acting loads are not taken into account. Hence, two time varying concentrated loads 

moving at a constant speed of 20 m/s are used as a vehicle’s axle loads as follows: 

 

( ) ( ) ( )
( ) ( ) ( )

1

2

1

61.5 1.0 0.1sin 10 0.05sin 40 kN,

121.0 1.0 0.1sin 10 0.05sin 50 kN,

4.27 m.

p t t t  

p t t t  

S  

π π

π π

= + +⎡ ⎤⎣ ⎦
= − +⎡ ⎤⎣ ⎦

=

 (4.1) 

In the case of the axle load identification of two vehicles, the load functions 

for the second vehicle are assumed as 3( )p t , 4 ( )p t  with the same axle spacing of 

4.27m as follows:  

 

( ) ( ) ( )
( ) ( ) ( )

3

4

2

61.5 1.0 0.1cos 10 0.05cos 40 kN,

121.0 1.0 0.1cos 10 0.05cos 50 kN,

4.27 m.

p t t t  

p t t t  

S  

π π

π π

= + +⎡ ⎤⎣ ⎦
= − +⎡ ⎤⎣ ⎦

=

 (4.2) 

 The vehicles move along the bridge with the same constant speed of 20 m/s 

with a 15 m headway distance. For both response simulation and load identification, 

the sampling frequency of 100 Hz is used for all cases. 

 Measured bending moment responses from nine measurement stations 

consisting of three stations at the locations of L/4, L/2 and 3L/4 for each bridge span 

are used in the identification. 
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4.2.1 Conventional Moving Loads Identification 

 The simplest identification method of the problem was an optimization, the 

objective function of which is formulated using least square as Eq. (3.59). The 

solution of this problem is called a pseudo-inverse solution as Eq. (3.75) with the 

absence of the regularization parameter λ. Applying singular value decomposition can 

eliminate the ill-condition due to the rank deficiency of the coefficient matrix. The 

typical figure of identified loads is shown graphically in Figure 4.1.  
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Figure 4.1 Typical identified axle loads of two vehicles’ axle load identification from 

the conventional method: (a) front axle load of 1st vehicle, (b) rear axle load of 1st 

vehicle, (c) front axle load of 2nd vehicle and (d) rear axle load of 2nd vehicle 

 

It is observed that identification using the conventional method provides an 

exact solution when the measurement data is not contaminated with noise, and the 

number of elements used in the simulation and identification systems is equivalent. 

However, it is impossible to avoid measurement noise in practice. The effect of 

measurement noise is therefore investigated as the main parameter in selection of the 

identification approach. According to the solution in Figure 4.1, the conventional 
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method is observed to be very sensitive to measurement noise. Therefore, it is 

concluded that this approach is not appropriate for use in practice. 

 

4.2.2 Moving Load Identification with Optimal Regularization 

 As mentioned in section 4.2.1, it is found that the conventional identification 

method fails to identify the correct solution when the measurement noise is added 

particularly when the noise level is larger than 5%. In addition, it is found to be very 

sensitive to measurement noise. Therefore, this identification method cannot be 

adopted in practice to obtain accurate load time histories. To overcome this problem, 

the regularization method is applied in the optimization as Eq. (3.60) then the solution 

can be obtained from Eq. (3.75). With the presence of the regularization parameter λ 

the solution becomes robust to noise. The typical figure of identified loads is shown 

graphically in Figure 4.2. 
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Figure 4.2 Typical identified axle loads of two vehicles’ axle load identification from 

the optimal regularization method: (a) front axle load of 1st vehicle, (b) rear axle load 

of 1st vehicle, (c) front axle load of 2nd vehicle and (d) rear axle load of 2nd vehicle 
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Compared to the conventional identification method, the results show that the 

accuracy of the identified solution with noise is better and more robust to 

measurement noise. It is observed that using regularization, the obtained axle loads 

exhibit less oscillation than the conventional method without smoothening term. 

However, this solution of identifying axle loads at the duration when they pass the 

bridge supports is found to be inaccurate, particularly at the higher level of 

measurement noise. Moreover, determination of the optimal regularization parameter 

by plotting an L-curve is necessary to obtain an accurate solution. 

   

4.2.3 Moving Load Identification with USC Regularization 

 According to the solution from conventional least square and least square with 

optimal regularization, as explained above, the problem is noise sensitivity and 

requires the optimal regularization parameter λoptimal, which is difficult to obtain. 

Thus, the updated static component technique regularization is presented. The typical 

figure of identified loads is shown graphically in Figure 4.3. Table 4.2 and Table 4.3 

show the comparison of the identification results of two moving loads and four 

moving loads, respectively. The results show that the identification error increases 

relatively in approximate proportion to the increase in the additional noise level when 

the number of elements used in simulation and identification is equivalent. 

 

Table 4.2 Comparison of RPE (%) of two functional moving loads identification from 

various identification methods 

Noise 
level 

Moving 
load 

RPE (%) 
1-span simply supported bridge 3-span continuous bridge 

Conv. Opt. Reg. Reg. USC Conv. Opt. Reg. Reg. USC 

1% 1ˆ ( )p t  4.89 4.89 7.14 2.40 2.31 6.70 
2ˆ ( )p t  2.06 2.06 2.46 0.92 0.89 2.90 

5% 1ˆ ( )p t  21.81 16.08 9.45 10.67 8.93 7.42 
2ˆ ( )p t  10.28 12.06 4.54 4.63 4.80 3.55 

10% 1ˆ ( )p t  42.96 23.98 11.51 21.01 16.23 8.89 
2ˆ ( )p t  20.56 18.74 6.01 9.25 9.70 4.63 

Note:  Conv. = Conventional method (λ = 0) 
 Opt. Reg. = Optimal regularization method (λ = λ optimal) 

Reg. USC = Regularization method with USC (λ= λ USC optimal) 
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Figure 4.3 Typical identified axle loads of two vehicles’ axle load identification from 

the regularization method with USC technique: (a) front axle load of 1st vehicle, (b) 

rear axle load of 1st vehicle, (c) front axle load of 2nd vehicle and (d) rear axle load of 

2nd vehicle 

 
Table 4.3 Comparison of RPE (%) of four functional moving loads identification from 
various identification methods 

Noise 
level 

Moving 
load 

RPE (%) 
1-span simply supported bridge 3-span continuous bridge 

Conv. Opt. Reg. Reg. USC Conv. Opt. Reg. Reg. USC 

1% 

1ˆ ( )p t  14.34 10.37 7.32 4.44 3.90 6.50 
2ˆ ( )p t  6.76 6.92 3.49 2.45 2.18 3.46 
3ˆ ( )p t  13.36 11.76 4.98 4.27 4.28 6.04 
4ˆ ( )p t  8.80 6.23 2.65 1.76 1.60 3.12 

5% 

1ˆ ( )p t  69.08 20.02 8.45 22.22 13.11 7.32 
2ˆ ( )p t  33.79 19.20 4.90 12.23 10.26 3.99 
3ˆ ( )p t  66.81 28.40 7.59 21.36 17.76 7.56 
4ˆ ( )p t  44.02 16.48 4.08 8.80 8.90 3.97 

10% 

1ˆ ( )p t  137.51 26.65 9.44 44.44 24.98 9.01 
2ˆ ( )p t  67.58 24.26 5.69 24.46 19.86 5.01 
3ˆ ( )p t  133.61 36.70 10.46 42.73 27.72 9.46 
4ˆ ( )p t  88.04 21.19 5.32 17.60 17.74 5.07 

Note:  Conv. = Conventional method (λ = 0) 
 Opt. Reg. = Optimal regularization method (λ = λ optimal) 

Reg. USC = Regularization method with USC (λ= λ USC optimal) 
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The results show that the USC technique substantially improves the accuracy 

of identification. The weakness of the other methods at the time when the axle loads 

are approaching and leaving the bridge, and passing the internal bridge supports is 

obviously eliminated. The identification error still slightly increases with noise level 

but is not sensitive. In addition, the identified axle loads match the actual loads 

accurately. The results of axle load identification for a single vehicle and two vehicles 

are shown in Table 4.4 and Table 4.5, respectively. 

 

Table 4.4 Comparison of RPE (%) of single-vehicle axle load identification from 

various identification methods 

Noise 
level Axle load 

RPE (%) 
1-span simply supported bridge 3-span continuous bridge 

Conv. Opt. Reg. Reg. USC Conv. Opt. Reg. Reg. USC 

1% Front 9.41 8.79 8.88 11.34 8.31 5.72 
Rear 16.88 9.18 6.63 28.86 10.38 6.78 

5% Front 17.91 15.23 10.46 13.91 10.64 6.86 
Rear 24.82 11.77 8.29 28.99 11.83 7.87 

10% Front 31.06 20.59 12.81 19.51 13.83 7.96 
Rear 36.38 17.42 11.77 30.46 15.28 9.39 

Note:  Conv. = Conventional method (λ = 0) 
 Opt. Reg. = Optimal regularization method (λ = λ optimal) 

Reg. USC = Regularization method with USC (λ = λ USC optimal) 
 

Table 4.5 Comparison of RPE (%) of two-vehicle axle load identification from 

various identification methods 

Noise 
level Axle load 

RPE (%) 
1-span simply supported bridge 3-span continuous bridge 

Conv. Opt. Reg. Reg. USC Conv. Opt. Reg. Reg. USC 

1% 

1st Front 20.01 10.40 9.73 16.62 9.29 7.71 
1st Rear 40.81 12.19 8.11 31.07 12.02 8.87 
2nd Front 15.41 14.97 9.42 17.35 14.41 7.73 
2nd Rear 27.74 9.93 7.31 43.50 12.20 7.08 

5% 

1st Front 62.24 17.80 11.76 19.78 12.24 7.69 
1st Rear 80.07 20.45 10.52 35.22 15.35 10.12 
2nd Front 39.41 23.82 12.30 23.40 17.73 8.33 
2nd Rear 79.68 16.89 9.51 47.45 14.60 8.09 

10% 

1st Front 118.14 22.42 13.73 25.27 16.90 8.61 
1st Rear 131.41 25.54 11.96 47.25 21.00 11.61 
2nd Front 76.91 29.39 13.25 36.16 22.90 9.65 
2nd Rear 146.26 21.36 10.50 55.64 20.29 9.44 

Note:  Conv. = Conventional method (λ=0) 
 Opt. Reg. = Optimal regularization method (λ = λ optimal) 

Reg. USC = Regularization method with USC (λ= λ USC optimal) 
 

According to the solutions from Tables 4.4 and 4.5, they clearly indicate that the 

proposed regularization method with USC technique can identify the axle loads of 
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multiple vehicles accurately for both the single-span simply supported bridge and the 

three-span continuous bridge. The identification error in every axle is drastically 

decreased when the USC algorithm is applied.  

However, since the comparisons presented in Tables 4.2 to 4.5 are conducted 

with the optimal regularization parameter for both optimal regularization and USC 

regularization methods, to demonstrate the effectiveness and convenience of applying 

the identification approaches in the practical aspect of selecting the appropriate 

regularization parameter, plots of the identification error at various order of 

regularization parameter are required. Figure 4.4 represents RPE of identified loads at 

various orders of regularization of four concentrated loads identification traveling on 

a single-span simply supported and a three-span continuous bridges at measurement 

noise level of 5%.  
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Figure 4.4 RPE of identified loads of four concentrated loads identification with 

various orders of regularization parameter at measurement noise level of 5%: (a) 

single-span simply supported bridge and (b) three-span continuous bridge 
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It is observed from Figure 4.4 that identification with the USC regularization 

method allows better solution accuracy that the conventional regularization method. 

Moreover, the most accurate results obtained from the USC regularization method 

perform at the same order of regularization parameter in the range of 0.1 to 10 

approximately for both single-span and three-span bridges while the optimal 

parameters of the conventional regularization method perform within a different 

range. This is very important for the real application of the identification system 

because the difficulty of determining the appropriate regularization parameter directly 

affects the computational time. Therefore, the regularization method with USC is 

proposed as the identification approach for this dissertation. 

 

4.3 The Study of Related Parameters Affecting Axle Load Identification 

 In this section, the parameters affecting moving load identification system is 

studied. The three groups of parameters consist of measurement parameters, modeling 

parameters and physical parameters. The effects of measurement parameters such as 

the number and location of sensors, measurement noise level and sampling frequency 

of the data acquisition system are firstly considered. Once the effects of measurement 

parameters are understood, the proper measurement parameters for the load 

identification are suggested. Then the modeling parameters and physical parameters 

are investigated. In this section, the assumed vehicle axle loads are simulated using a 

vehicle model of which the vehicle properties measured from a real truck (Mulcahy, 

1983) are listed in Table 4.6. Moreover, in order to analyze the obtained numerical 

results in the practical aspect, the measurement noise level of 5% is taken into account 

for every study case. 

 

Table 4.6 Parameter of vehicle model used in vehicle-bridge interaction 
Vehicle properties 

vI = 1.47×105 kgm2 vm = 17735 kg 1m = 1500 kg 2m = 1000 kg 

1sk = 2.47×106 N/m 2sk = 4.23×106 N/m 1tk = 3.74×106 N/m 2tk = 4.60×106 N/m 

1sc = 3.00×104 N/m 2sc = 4.00×104 N/m 1tc = 3.90×103 N/m 2tc = 4.30×103 N/m 
S = 4.27 m a1 = 0.519 a2 = 0.481  
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4.3.1 Regularization Parameter 

The study of the effect of the regularization parameter is very essential and 

needs to be first conducted in the parametric study. In order to overcome the difficulty 

of regularization parameter selection to obtain the accurate solution for various 

conditions of vehicle passages, the range of appropriate regularization parameters 

assigned in the USC algorithm is determined. Again, the number of beam elements, 

sampling rate and number of measurement stations similar to section 4.2 are used. 

Figure 4.5 shows the identification error with a different order of regularization 

parameters from various vehicle configurations. The optimal regularization parameter 

for each case and the acceptable range for parameter selection can be observed.  

It can be noticed from Table 4.7 that the optimal regularization parameter is 

nearly the same for every case except when the vehicle mass and bridge surface 

roughness is different. Variation of vehicle speed, weight distribution between front 

and rear axles or axle spacing of the vehicle do not affect the optimal regularization 

parameter while the effects of vehicle mass and bridge surface roughness have a  

significant effect. The optimal regularization parameter tends to be larger when the 

vehicle mass is heavier or the bridge surface is smoother. 

It is noticed that the λoptimal for each case usually lies in the range between 0.01 

and 1.00. Table 4.6 demonstrates the identification errors at the lower and upper 

bound of the regularization parameter range, and also their least errors at the λoptimal. It 

is observed that the identification errors for every case are within 30% at the lower 

and upper bounds of the regularization parameter. For the moderate order of vehicle 

parameters in single-vehicle identification, the maximum identification error is within 

12% and the optimal regularization is close to 0.10 for every case. However, the most 

appropriate value of regularization parameter assigned for every vehicle category and 

multiple vehicle passage is found to be 1.00. Therefore, the regularization parameter 

of 1.00 is simply adopted for every following investigation. 
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Figure 4.5 Plots of identification error of vehicle axle loads from various orders of 

regularization parameters: (a) vehicle mass, (b) vehicle speed, (c) FGR, (d) ASSR, (e) 

bridge surface roughness and (f) two-vehicle axle load identification 
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Table 4.7 Identification error from different influence parameters at various 

regularization parameters 

Parameter Axle load RPE (%) 
λoptimal λ = 0.01 λ = 1 λoptimal 

Vehicle mass 

Light: 10 t Front axle 8.77 13.17 8.86 0.05 Rear axle 11.36 15.92 10.97 

Moderate: 20 t Front axle 10.35 9.26 9.66 
8.57 0.10 Rear axle 11.88 8.60 

Heavy: 30 t Front axle 8.38 5.80 5.80 
6.58 1.00 Rear axle 10.31 6.58 

Vehicle speed 

Slow: 20 km/hr Front axle 7.91 7.39 7.03 
7.41 0.10 Rear axle 8.74 8.46 

Moderate: 60 
km/hr 

Front axle 8.23 7.55 7.17 
7.87 0.10 Rear axle 10.28 8.59 

Fast: 100 km/hr Front axle 10.35 9.26 9.26 
8.60 1.00 Rear axle 11.88 8.60 

Front axle to gross 
weight ratio 

Low: 20% Front axle 24.72 22.79 19.48 
6.40 0.10 Rear axle 7.61 7.16 

Moderate: 50% Front axle 9.00 8.18 7.55 
8.54 0.10 Rear axle 11.24 9.46 

High: 80% Front axle 6.58 5.59 5.49 
20.64 0.50 Rear axle 30.14 21.27 

Axle spacing to 
span ratio 

Low: 0.1 Front axle 16.75 8.64 8.64 
7.52 1.00 Rear axle 13.95 7.52 

Moderate: 0.30 Front axle 10.18 9.00 8.57 
6.54 0.50 Rear axle 7.43 7.05 

High: 0.50 Front axle 9.15 8.13 7.35 
5.44 0.50 Rear axle 6.89 6.17 

Magnitude of bridge 
surface roughness 

Smooth: 0 mm Front axle 8.98 3.05 1.44 
2.86 5.00 Rear axle 10.38 4.05 

Moderate: 10 
mm 

Front axle 8.31 13.00 8.20 
9.21 0.05 Rear axle 10.36 14.51 

High: 20 mm Front axle 10.38 24.47 10.38 
11.59 0.01 Rear axle 11.59 26.12 

Two-vehicle axle 
load identification 

Following 

1st Front axle 12.35 7.89 7.69 

0.50 
1st Rear axle 12.92 10.65 10.12 
2nd Front 
axle 12.56 8.80 8.33 

2nd Rear axle 13.53 8.65 8.09 

Overtaking 

1st Front axle 22.73 8.57 8.57 

1.00 
1st Rear axle 22.12 9.01 9.01 
2nd Front 
axle 28.56 12.28 12.28 

2nd Rear axle 26.74 10.85 10.85 

Side-by-side 

1st Front axle 8.94 8.12 7.78 

0.10 
1st Rear axle 13.18 8.16 8.59 
2nd Front 
axle 8.94 8.12 7.78 

2nd Rear axle 13.18 8.16 8.59 
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  4.3.2 Number and Location of Measurement Stations 

In the response measurement, the preliminary study of the sufficient number 

of sensors and effective location of measurement is very important. Using insufficient 

information and a less dominant response signal in identification yields an inaccurate 

and  non-robust identified solution. Conducting a sensor arrangement study does not 

only improve solution accuracy and efficiency of identification but also reduces the 

instrumental cost by using fewer sensors. 

Tables 4.8 and 4.9 show sensor arrangement patterns used in the evaluation of 

sensor number and its location for single-vehicle and multiple-vehicle axle load 

identifications, respectively. The number of sensors used in identification must not be 

less than the number of unknown axle loads in order to analyze the problem as a 

determined or an overdetermined problem. Tables 4.10 and 4.11 show the 

identification error from a different scheme of sensor arrangement corresponding to 

Tables 4.8 and 4.9 at 5% measurement noise level. According to the obtained results, 

it is found that the identification error decreases relatively to the increasing number of 

sensors used in the measurement. 

 

Table 4.8 Sensor arrangements of single-span simply supported bridge 
Number of sensors Location of sensors 
3-SA L/4, L/2, 3L/4 
3-SB L/3, L/2, 2L/3 
5-SA L/6, L/3, L/2, 2L/3, 5L/6 
5-SB L/6, L/4, L/2, 3L/4, 5L/6 
7-S L/8, L/4, 3L/8, L/2, 5L/8, 3L/4, 7L/8 
9-S L/10, L/5, 3L/10, 2L/5, L/2, 3L/5, 7L/10, 4L/5, 9L/10 
 

Table 4.9 Sensor arrangements of three-span continuous bridge 

Number of sensors Location of sensors 
Left span Middle span Right span 

3-C  L/4, L/2, 3L/4  
5-CA L/2 L/4, L/2, 3L/4 L/2 
5-CB L/4, 3L/4 L/2 L/4, 3L/4 
7-CA L/4, 3L/4 L/4, L/2, 3L/4 L/4, 3L/4 
7-CB L/4, L/2, 3L/4 L/2 L/4, L/2, 3L/4 
7-CC L/2, 3L/4 L/4, L/2, 3L/4 L/4, L/2 
7-CD L/4, L/2 L/4, L/2, 3L/4 L/2, 3L/4 
9-C L/4, L/2, 3L/4 L/4, L/2, 3L/4 L/4, L/2, 3L/4 
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Table 4.10 Comparison of RPE (%) of vehicle axle load identification on single-span 

simply supported bridge from various sensor numbers and locations 

Sensor 
pattern 

RPE (%) 
Single vehicle’s axle load  identification Two vehicles’ axe load identification 
Front axle Rear axle 1st Front 1st Rear 2nd Front 2nd Rear 

3-SA 15.21  11.79  N/A N/A N/A N/A 
3-SB 14.70  13.47  N/A N/A N/A N/A 
5-SA 10.16  7.99  11.00 9.80 11.38 8.68 
5-SB 9.90  7.75  12.03 10.30 11.93 8.57 
7-S 12.24  7.79  14.61 10.49 13.83 9.70 
9-S 9.89  7.17  10.42 10.66 10.12 8.33 
 

Table 4.11 Comparison of RPE (%) of vehicle axle load identification on a three-span 

continuous bridge from various sensor numbers and locations 

Sensor 
pattern 

RPE (%) 
Single vehicle’s axle load  identification Two vehicles’ axe load identification 
Front axle Rear axle Front Rear Front Rear 

3-C 11.67  11.42  N/A N/A N/A N/A 
5-CA 10.38  11.28  10.60 14.36 12.03 10.66 
5-CB 7.72  8.86  8.89 12.26 10.37 9.71 
7-CA 7.78  8.27  8.75 12.10 9.78 9.60 
7-CB 7.01  8.36  7.68 10.53 9.13 8.65 
7-CC 9.34  10.38  9.91 13.17 10.98 10.21 
7-CD 7.30  7.82  8.23 10.70 8.66 8.06 
9-C 6.75  7.76  7.69 10.77 8.63 8.47 

 

For the axle load identification of a single vehicle, the identified axle loads are 

acceptable when using three or five sensors with the identification error within 15%. 

The most accurate result is obtained when nine sensors are used for both the single-

span simply supported and three-span continuous bridges with RPE less than 10%. 

Similar to the single vehicle case, the number of sensors required in the two vehicle 

identification is at least 5 sensors and the best results can be achieved when using 9 

sensors. It is noticed that adopting plenty of sensors – more than 5 – does not enhance 

solution accuracy in the case of the single-span simply supported bridge but 

significantly improves the accuracy for the three-span simply supported bridge. This 

is because the multi-span bridge system requires more sensors to accurately settle the 

bridge behavior in the higher vibration mode. 

 For the location of measurements, using 5-SB and 7CD patterns seems 

sufficient to identify the axle loads for the single-span simply supported bridge and 

the three-span continuous bridge, respectively. However, the most accurate results for 

both single-vehicle and multiple-vehicle axle load identifications are obtained using 

9S and 9C patterns of sensor locations for the single-span simply supported bridge 
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and the three-span continuous bridge, respectively. Therefore, this research will use 9 

sensors for all study cases for both the single-span simply supported bridge and the 

three-span continuous bridge. 

 

4.3.3 Structural Discretization and Sampling Rate 

 Regarding the structural model, the bridge is simplified as a beam based on the 

finite element method. The appropriate number of elements used in the identification 

system must provide an accurate solution and not take too much computational time. 

Similarly, the sampling rate of data acquisition for signal measurement is also an 

important parameter as well as the structural discretization. Collecting responses at a 

sampling rate that is too slow cannot capture the dynamic behaviors of the bridge and 

loads. Moreover, the obtained solution becomes inaccurate. On the other hand, 

identification with a sampling rate that is too fast is unnecessary and wastes 

computational time. Therefore, the optimal number of beam elements used in the 

structural modeling and the sampling rate needed in data acquisition are firstly 

determined. 

 The relative percentage errors of the identified loads for the different number 

of beam elements and sampling rate are listed in Table 4.12 and the corresponding 

results are plotted in Figure 4.6. The solution shows that identification using 4 beam 

elements per bridge span results in larger identification error than those from the 

higher number of elements. The identification using 8 finite beam elements per span 

is found to be sufficient with acceptable results while using 12 or 16 elements provide 

more accuracy than the others but they consume much longer computational time than 

using 8 elements. 

 

Table 4.12 Identification error of single-vehicle axle load identification from single-

span simply supported bridge for different discretization and sampling rate 

Sampling rate 
(Hz) 

Number of elements 
4 8 12 16 
Front 
axle 

Rear 
axle 

Front 
axle 

Rear 
axle 

Front 
axle 

Rear 
axle 

Front 
axle 

Rear 
axle 

25 25.56 25.95 18.91 22.44 18.50 21.02 17.98 21.97 
50 20.16 15.86 13.10 10.78 12.46 9.30 11.79 9.78 
100 20.33 13.84 12.86 9.51 12.51 8.20 11.61 8.39 
200 19.34 13.21 12.08 9.62 11.15 7.40 11.19 8.00 
400 18.67 12.65 11.78 8.63 11.95 7.63 10.29 7.38 
Note:  All cases are identified with the same regularization parameter, λ of 1.0. 
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Figure 4.6 Identification error of single vehicle axle load identification from a three-

span continuous bridge with various sampling rates and number of beam elements per 

bridge span: (a) front axle load and (b) rear axle load 

 

In the case of the sampling rate comparison, the identification error is 

significantly affected by its variation since the first five fundamental frequencies of 

the three-span continuous bridge are 5.6, 7.1, 10.4, 22.2 and 25.3 Hz. The results from 

Table 4.12 show that using a sampling rate larger than 50 Hz seems sufficient and 

yields similar identification errors. Likewise, it is clearly observed from Figure 4.6 

that the identification error is dramatically decreased and becomes steady at the 

sampling rate of 50 Hz. Therefore, applying a sampling rate at approximately 10 

times the first mode fundamental frequency or twice the fifth mode fundamental 

frequency corresponding to the recommendation by Yu and Chan (2005) seems 

sufficient to obtain an accurate result. 

Therefore, axle load identification with structural discretization of 8 beam 

elements per bridge span at the sampling rate of 100 Hz is used in the following 

investigation. 

 

4.3.4 Vehicle Mass and Moving Speed 

 To study the effects of vehicle mass and moving speed on axle load 

identification, the identification of possible vehicle mass and moving speed as usually 

observed in traffic is conducted. Table 4.13 and Figure 4.7 show the identification 

error of a single vehicle varying in mass and moving speed from 10-30 tons and 20-
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100 km/hr, respectively. The result from Figure 4.7 indicates that the vehicle with a 

heavier mass and traveling at a lower speed is easier to accurately identify than one 

with a lighter mass traveling at a higher speed. This is because the heavier vehicle 

induces the bending moment response with a larger signal to noise ratio, significantly 

affecting the identified results. An identification case with a larger signal-to-noise 

ratio usually provides better solution accuracy than a case with a smaller signal-to-

noise ratio. Additionally, a vehicle traveling at a lower speed induces lesser dynamic 

behavior in the measured bridge response. Hence, the axle loads of slower vehicles 

can be identified more accurately than those crossing the bridge at a faster speed. It is 

also observed that vehicle mass affects solution accuracy more than moving speed. 

However, it should be noted that the proposed method can provide an identification 

error below 13% for all considered cases. 

 

Table 4.13 Identification error of single-vehicle axle load identification on a three-

span continuous bridge from different vehicle mass and moving speed 

Moving 
speed 
(km/hr) 

Vehicle mass 
Ms = 10 t Ms = 15 t Ms = 20 t Ms = 25 t Ms = 30 t 
Front Rear Front Rear Front Rear Front Rear Front Rear 

20 9.99 11.52 7.93 8.73 7.03 7.41 6.54 6.76 6.15 6.28 
40 9.70 12.08 7.92 9.18 7.03 8.14 6.43 7.06 6.14 6.63 
60 9.38 11.63 7.96 8.84 7.17 7.87 6.83 7.47 6.70 7.17 
80 10.43 12.02 8.32 9.39 7.61 8.33 7.22 7.54 7.04 7.03 
100 11.80 11.38 10.29 9.69 9.66 8.57 9.10 8.65 8.64 8.25 
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Figure 4.7 Identification error of single-vehicle axle load identification on a three-

span continuous bridge with various sampling rates and number of beam elements per 

bridge span: (a) front axle load and (b) rear axle load 
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4.3.5 Bridge Surface Roughness 

 Bridge surface roughness is the primary parameter of the identification since it 

is one of the bridge properties. The effect of bridge surface roughness magnitude on 

the identification accuracy is investigated. The bridge surface roughness profile is 

simulated according to ISO-8606 specifications. Variation of maximum roughness 

magnitude is conducted. Table 4.14 and Figure 4.8 present the results of single-

vehicle axle load identification from different roughness magnitude and moving 

speed. It is found that moving speed does not relate to the surface roughness and 

slightly affects solution accuracy in a similar manner to the results explained in 

section 4.3.4. In the case of bridge surface roughness, it is clearly observed that 

identification error is significantly influenced by the roughness magnitude. Vehicle 

loads moving on a bridge with smooth or small magnitude surface roughness can be 

identified with more accuracy than those traveling on a bridge with rough surface. 

Therefore, overlaying a new pavement on a bridge or selecting a bridge with smooth 

roughness is highly recommended in practice. 

 

Table 4.14 Comparison of RPE (%) of single-vehicle axle load identification from 

different magnitude of bridge surface roughness and moving speed 

Moving 
speed 
(km/hr)  

Axle load 
RPE (%) 
Maximum magnitude of bridge surface roughness (mm) 
0 5 10 15 20 

20 Front 3.21 7.33 13.12 19.19 24.72 
Rear 3.26 8.38 15.21 21.92 27.42 

40 Front 3.06 7.59 13.52 19.52 24.77 
Rear 3.79 9.14 16.33 22.78 27.63 

60 Front 3.05 7.10 13.00 19.16 24.47 
Rear 4.05 8.01 14.51 20.93 26.11 

80 Front 3.46 8.36 15.11 22.15 28.15 
Rear 4.80 9.25 16.10 23.02 28.60 

100 Front 5.30 9.24 15.68 22.15 26.96 
Rear 5.42 8.24 14.21 20.48 25.80 
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Figure 4.8 Identification error of single-vehicle axle load identification from a three-

span continuous bridge with various levels of vehicle speeds and bridge surface 

roughness: (a) front axle load and (b) rear axle load 

 

4.3.6 Front Axle to Gross Weight Ratio (FGR) and Axle Spacing to Span Ratio 

(ASSR) 

In this section, effects of weight distribution between front and rear axles as 

well as axle spacing are considered. To study the effect of axle weight distribution, 

the ratio between static front axle weight and static gross weight of the vehicle is 

defined as the front axle to gross weight ratio (FGR). Identification accuracy due to 

variation of FGR from 20% to 80% is investigated. Concerning the effect of axle 

spacing, Yu and Chan (2004) reported that closely spaced axles are difficult to 

distinguish and are usually averaged in the axle load identification. Thus, the 

identification of vehicle axle loads with various axle spacings is investigated. The 

axle spacings are normalized to the bridge span length as an axle spacing to span ratio 

(ASSR) 

In this study, the bridge span length is fixed as 20m for all three spans and the 

vehicle axle spacing varies from 2m to 10m. Table 4.15 and Figure 4.9 show 

identification error of single-vehicle axle load identification from a three-span 

continuous bridge for different front axle to gross weight ratios and axle spacing to 

span ratios.  
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Table 4.15 Identification error of single-vehicle axle load identification from a three-

span continuous bridge for different front axle to gross weight ratios and axle spacing 

to span ratios 

FGR 
(%) 

Axle spacing (ASSR) 
2 m (0.1) 4 m (0.2) 6 m (0.3) 8 m (0.4) 10 m (0.5) 
Front 
axle 

Rear 
axle 

Front 
axle 

Rear 
axle 

Front 
axle 

Rear 
axle 

Front 
axle 

Rear 
axle 

Front 
axle 

Rear 
axle 

20 18.31 6.13 19.48 6.40 16.98 4.74 18.40 4.93 15.66 4.30 
30 11.52 6.61 12.50 6.95 11.42 5.53 11.64 5.32 10.03 4.77 
40 8.64 7.52 9.11 7.46 8.70 6.46 8.54 6.06 7.35 5.44 
50 6.87 7.74 7.55 8.54 6.71 7.67 6.76 7.28 5.83 6.42 
60 6.30 9.59 6.85 10.42 6.28 9.77 5.79 9.51 5.01 7.95 
70 5.74 13.01 6.08 13.55 5.80 13.27 5.35 13.53 4.75 10.07 
80 5.38 20.09 5.79 20.28 5.85 20.88 5.20 19.39 4.46 16.70 
Note:  All cases are identified with the optimal regularization parameter, λ USC optimal 

 

0

4

8

12

16

20

24

20
30

40
50

60
70

80

.1
.2

.3
.4

R
PE

 (%
)

FGR

ASSR

0

4

8

12

16

20

24

20
30

40
50

60
70

80

.1
.2

.3
.4

R
PE

 (%
)

FGR

ASSR  
 (a) (b) 

 
Figure 4.9 Identification error of single-vehicle axle load identification from a three-

span continuous bridge for different front axle to gross weight ratios and axle spacing 

to span ratios: (a) front axle load and (b) rear axle load 

 

 The obtained results indicate that the FGR affects the solution accuracy more 

than the ASSR. An axle with a heavier weight can be identified with more accuracy 

than an axle with a lighter weight. This is because the identification error is calculated 

in terms of percentage value. From the solution with various ASSR, it is observed that 

axle load identification for a vehicle with closely spaced axles results in a larger RPE 

than identification for a vehicle with wider axle spacing. This is because the bridge 

response in the case of closely spaced axles is nearly indistinguishable from the 
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response induced by a vehicle with a tandem axle configuration. Therefore, the 

closely spaced axle loads become more difficult to identify accurately. 

 

4.3.7 Number of Moving Loads and Level of Measurement Noise 

 In real traffic, there are many vehicles crossing the bridge at the same 

duration. In order to investigate the capability and effectiveness of axle load 

identification of a multi-axle vehicle or multiple vehicles, the effect of the number of 

axle loads are studied. The point load functions from section 4.2 are adopted in multi-

axle vehicle load simulation. Axle loads with odd and even numbers are assumed as 

p1(t) and p2(t) from Eq. (4.1), respectively. Every axle load moves at the same 

constant speed of 30m/s and is placed between each other at an equal spacing of 4m. 

The measurement noise level is again considered for robustness evaluation. Table 

4.16 represents the identification error of a multi-axle vehicle assumed as a group of 

the functional loads moving on a three-span continuous bridge with different 

measurement noise levels. 

 From Table 4.16 it is found that the proposed method is capable of identifying 

multi-axle loads with acceptable accuracy when the number of measurement stations 

is more than the number of identified axle loads. It is noticed that the maximum 

identification error in axle load increases relative to the additional number of axle 

loads. The maximum axle load error is below 25% for every study case. The RPEs 

from 8 axle load identification at measurement noise of 5% and 10% are only within 

11% and 14%, respectively. It can be concluded that axle load identification of a 

multi-axle vehicle or multiple vehicles using the proposed method is effective and 

robust when the axle loads do not overlap each other during the travel duration. 
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Table 4.16 Identification error of moving load identification on a three-span 

continuous bridge from a different number of loads and measurement noise level 

Noise 
level 

Number 
of loads 

RPE (%)  
1ˆ ( )p t  

2ˆ ( )p t 3ˆ ( )p t 4ˆ ( )p t 5ˆ ( )p t 6ˆ ( )p t  
7ˆ ( )p t  

8ˆ ( )p t

1% 

1 4.34        
2 10.94 4.75       
3 8.77 5.31 11.53      
4 6.72 9.20 12.91 3.97     
5 6.28 10.73 19.11 7.95 12.60    
6 7.02 6.82 14.35 7.44 7.68 4.86   
7 6.26 9.77 21.44 9.08 9.41 5.23 8.73  
8 7.32 5.63 9.04 5.48 9.41 5.62 10.64 6.10 

5% 

1 5.21        
2 11.42 5.23       
3 9.68 6.50 13.96      
4 7.93 9.97 14.63 4.61     
5 6.99 10.35 17.60 7.32 12.55    
6 8.51 6.70 14.43 7.14 9.70 5.75   
7 7.75 10.17 22.54 9.61 10.74 5.65 10.10  
8 8.85 5.97 10.30 6.16 10.00 5.75 10.22 6.00 

10% 

1 4.93        
2 12.97 6.19       
3 11.96 7.97 16.74      
4 10.84 11.40 17.45 6.24     
5 9.19 10.60 18.97 7.91 14.17    
6 11.63 7.62 17.38 8.23 14.31 7.31   
7 11.04 11.08 24.83 10.83 13.31 6.79 13.32  
8 11.86 7.28 13.40 7.78 12.62 7.46 11.78 6.72 

 

4.3.8 Headway and Vehicle Speed Ratio 

 Regarding  multiple-vehicle travel, there are many possible moving scenarios 

between the considered vehicles since each vehicle moves at independent speed. The 

multiple-vehicle movement focused on in this research is two-vehicle axle load 

identification. Different moving schemes between two vehicles including short 

headway, overtaking and side-by-side movements are studied and their effects on 

solution accuracy investigated. Since the relative movement between two vehicles 

depends on their moving speeds and headway, two indexes are defined to represent 

the type of vehicle travel: the vehicle speed ratio and the bridge approach time 

interval. The vehicle speed ratio is the ratio of the first and the second model vehicle 

velocities, v1/v2. The bridge approach time interval, td, is the delay time between the 

arrival of the second vehicle and the first vehicle at the bridge. Table 4.17 shows the 

study cases representing the different movement scenarios of two-vehicle axle load 

identification controlled by the varying vehicle speed ratio and td. 
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Table 4.17 Movement scenarios of two-vehicle axle load identification 

Case Vehicle speed ratio 
(v1/v2) 

v1  
(m/s) 

v2  
(m/s) 

td  
(s) 

Scenarios 

OVT-1 0.40 12 30 0 Overtaking at the first span 
OVT-2    0.5 Overtaking at the first span 
OVT-3    1.0 Overtaking at the first span 
OVT-4    1.5 Overtaking at the middle span 
OVT-5    2.0 Overtaking at the middle span 
OVT-6 0.60 18 30 0 Overtaking at the first span 
OVT-7    0.5 Overtaking at the first span 
OVT-8    1.0 Overtaking at the middle span 
OVT-9    1.5 Overtaking at the middle span 
OVT-10    2.0 Overtaking at the last span 
SBS 1.00 24 24 0 Side-by-side 
FLC-1    0.5 Following with constant headway 
FLC-2    1.0 Following with constant headway 
FLC-3    1.5 Following with constant headway 
FLC-4    2.0 Following with constant headway 
FLI-1 1.67 30 18 0 Following with increasing headway 
FLI-2    0.5 Following with increasing headway 
FLI-3    1.0 Following with increasing headway 
FLI-4    1.5 Following with increasing headway 
FLI-5    2.0 Following with increasing headway 
FLI-6 2.50 30 12 0 Following with increasing headway 
FLI-7    0.5 Following with increasing headway 
FLI-8    1.0 Following with increasing headway 
FLI-9    1.5 Following with increasing headway 
FLI-10    2.0 Following with increasing headway 

 

 Table 4.18 and Figure 4.10 show the identification error of two-vehicle axle 

load identification from various bridge approach time intervals and velocity ratios. 

Scenarios with a velocity ratio less than 1.00 denote the movement with overtaking 

while others are following movements, except for the side-by-side case. Based on the 

obtained results, it can be observed that the identification errors are below 14% for all 

scenarios. However, it is noted that the minimum error is approximately 7%.  

Discussion on various movement scenarios is described separately in the following 

sections. 

 

4.3.8.1 Short headway movement 

Based on the results presented in Figure 4.10 for vehicle speed ratios between 

1.0 and 2.50 corresponding to following movement with short headway, the 

identification is not significantly influenced by the vehicle speed ratio or the bridge 

approach time interval.  This is particularly the case for the second vehicle which has 

slightly better accuracy compared to the leading vehicle as shown in Figures 4.10 (c) 

and (d). This is because the second vehicle travels at a slower speed for a longer 
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duration on the bridge. The axle loads for this vehicle scenario are identified within an 

RPE of 11%.  

 

4.3.8.2 Overtaking movement 

In this scenario, the following vehicle overtakes or passes the lead vehicle by 

traveling at a higher speed. In this situation, the problem to overcome is that of axle 

overlap. It is noticed from Figure 4.10 that the maximum identification error occurs in 

the case of a velocity ratio of 0.60 with td of 1.0 and 1.50, particularly for the second 

vehicle’s axle loads. This is because the second vehicle travels at a higher speed for a 

shorter duration on the bridge than the first vehicle. Additionally, the RPE at a 

velocity ratio of 0.60 is larger than one with a velocity ratio of 0.40 because the 

situation in which two vehicles travel at a close moving speed means a longer 

duration for the overlapping of axle loads. However, the identified axle loads are all 

within 14% RPE of the actual dynamic loads. This indicates that the proposed method 

can identify axle loads accurately, even when one vehicle is overtaking another while 

on the bridge. 

 

Table 4.18 Identification error of two-vehicle axle loads identification from various 

bridge approach time intervals and velocity ratios 

Velocity 
ratio 
(v1/v2) 

Axle load 
RPE (%)     
Bridge approach time interval, td (s) 
0 0.5 1.0 1.5 2.0 

0.40 

1st Front 7.57 7.84 8.02 7.56 7.83 
1st Rear 8.85 9.07 8.86 9.44 9.22 
2nd Front 9.64 9.91 10.92 10.20 10.63 
2nd Rear 9.88 10.27 10.30 11.58 9.30 

0.60 

1st Front 8.61 8.68 8.76 8.03 7.62 
1st Rear 8.47 10.00 9.47 9.63 8.64 
2nd Front 9.59 11.68 13.08 10.23 8.54 
2nd Rear 10.54 10.94 10.93 9.85 9.10 

1.00 

1st Front 8.37 8.97 9.05 8.90 8.47 
1st Rear 8.19 10.78 9.78 8.53 9.00 
2nd Front 8.37 9.92 9.31 8.83 8.59 
2nd Rear 8.19 10.05 8.70 8.86 9.09 

1.67 

1st Front 9.41 9.05 9.58 8.89 9.04 
1st Rear 10.56 10.14 9.59 9.23 9.11 
2nd Front 8.65 7.93 7.42 7.81 7.56 
2nd Rear 8.65 8.15 7.92 8.04 8.38 

2.50 

1st Front 9.14 9.23 8.82 8.91 9.30 
1st Rear 10.20 9.38 8.99 9.23 9.25 
2nd Front 7.40 7.49 6.99 7.49 7.21 
2nd Rear 8.69 8.62 8.68 8.93 8.63 
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Figure 4.10 Identification error of two-vehicle axle load identification from a three-

span continuous bridge with various vehicle speed ratios and bridge approach time 

intervals: (a) front axle load of 1st vehicle, (b) rear axle load of 1st vehicle, (c) front 

axle load of 2nd vehicle and (d) rear axle load of 2nd vehicle 

 

4.3.8.3 Side-by-side movement 

For a third two-vehicle axle load identification scenario, both vehicles are 

assumed to be moving side-by-side (SBS) at the same speed and location along the 

entire length of the bridge. Although the combined vehicle load can be identified as a 

single 2-axle vehicle, the independent axle loads of each vehicle are required. 

Therefore, the method identifies this scenario as a 2-vehicle 4-axle configuration. 
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Results from Table 4.18 indicate that identification errors for dynamic axle loads in a 

SBS scenario are below 9% for all axle loads. 

 However, it is noticed that the identified axle loads and RPE of the first and 

the second vehicles are equivalent. This is because both vehicles have the same 

properties and the system is simplified as a one-dimensional problem from modeling 

the bridge as beam elements. Therefore, there is a limitation on identification of side-

by-side movement between two vehicles when their physical properties are not 

equivalent. However, the presence of multiple vehicles with the same properties and 

moving at the same location along the entire bridge length is rarely observed in actual 

traffic.   

Based on the identification results and discussion of three possible vehicle 

travel scenarios, it can be concluded that the proposed USC method is generally 

applicable in practice for normally occurring traffic conditions because the method 

can accurately identify multiple axle loads if the axle loads do not overlap during the 

entire bridge crossing. 

 

4.3.9 Vehicle Type and Axle Load Configuration 

 In order to investigate the capability and efficiency of the proposed method for 

real application, identification of the axle load of a vehicle with various truck 

configurations is conducted. The truck categories employed in this section are 

selected from the highest fatigue damage potential vehicles presented by Laman and 

Ashbaugh (2007). Five truck categories with different numbers of axles from 2 axles 

to 7 axles including H-20, PA-EX9, PA-EX2, SHV-3S2 and PA-EX6 vehicles were 

selected. H-20 is the half truck of HS-20 used in highway design specified by 

AASHTO. PA-EX is a Pennsylvanian exclusion vehicle and SHV is a hauling vehicle. 

The time histories of axle loads are again assumed using the load function as Eq. (4.1) 

with different amplitude value corresponding to the axle weight for each vehicle type. 

The trucks travel along the three-span continuous bridge at a constant speed of 20 

m/s. The axle spacings, weight distribution and corresponding RPE of axle loads are 

presented in Table 4.19. To verify the approach effectiveness, plots of identification 

error versus regularization parameter of each truck, λ ,are again represented in Figure 

4.11. 
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 Based on the graphs from Figure 4.11, it can be clearly observed that the 

optimal regularization parameter is about 1.0 for every vehicle category. This result is 

similar to the study described in section 4.3.1 and proves that using λ of 1.00 is 

effective for every vehicle type and movement characteristic. According to the 

identification results listed in Table 4.19, it is found that the proposed method is 

capable of identifying vehicle axle loads accurately with the identification error 

within 13% for the first axle and less than 9% for others. The results also indicate that 

the closely spaced axle loads such as the second and third axles of the PA-EX9 

vehicle, the last four axles of the PA-EX6 vehicle are distinguishable in the 

identification without losing their accuracy. Axle loads which have heavier weight are 

identified with the better results than those with lighter weight. Axles that are more 

widely spaced compared to other axles are identified more accurately than ones 

closely spaced, i.e. the RPEs of the last axle of the H-20 and PA-EX2 vehicles are 

only 3.06% and 4.25%, respectively. 

 

Table 4.19 Identification error of vehicle axle load from different vehicle category 
Vehicle Type Axle Weight Distribution RPE (%) 

H-20 

 

1st Axle 12.57 
2nd Axle 3.06 

PA-EX9 

1st Axle 6.14 
2nd Axle 6.71 
3rd Axle 6.80 

PA-EX2 

1st Axle 12.34 
2nd Axle 8.28 
3rd Axle 7.01 
4th Axle 4.25 

SHV-3S2 

 

1st Axle 9.71 
2nd Axle 7.64 
3rd Axle 7.81 
4th Axle 7.53 
5th Axle 7.46 

PA-EX6 

 

1st Axle 12.83 
2nd Axle 7.95 
3rd Axle 7.11 
4th Axle 7.84 
5th Axle 7.66 
6th Axle 8.12 
7th Axle 8.80 
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Figure 4.11 Plots of identification error of different vehicle categories from various 

orders of regularization parameter: (a) H-20, (b) PA-EX9, (c) PA-EX2, (d) SHV-3S2 

and (e) PA-EX6 
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4.4 Summary 

According to the numerical study, the investigation on the effectiveness and 

accuracy of the proposed regularization with USC method based on the parametric 

study is presented. Comparison of the existing identification methods including the 

conventional least-square, the optimal regularization and the proposed regularization 

with USC methods is conducted. It is found that the proposed method performs with 

the most accuracy and robustness compared to other approaches. Identification with 

accurate results and robustness on high measurement noise level can be achieved. Ill-

conditioning usually found at the duration when axle loads crossing the internal 

supports of multi-span bridges is overcome when the USC technique is applied. 

Moreover, difficulty in regularization parameter selection is also eliminated since the 

parameter can be assigned with a wide range without disruption of solution accuracy. 

The number and location of sensors used in the measurement of nine sensors 

with three sensors for each bridge span is the most sufficient for both two and four 

loads identification. The sampling rate recommended for the use in the data 

acquisition system is at least ten times the first fundamental frequency or twice the 

five mode fundamental frequency of the bridge. The most efficient number of finite 

beam elements employed in structural modeling is 8 elements per bridge span. A 

vehicle with heavier mass and moving at a slower speed can be identified with higher 

accuracy than that with lighter mass and moving at a faster speed. However, vehicle 

mass is more influential to the solution accuracy than moving speed. Axle spacing and 

weight distribution between axles significantly influence solution accuracy. A 

lightweight vehicle with closely spaced axles is more difficult to identify accurately 

than a heavyweight vehicle with widely spaced axles. Using a bridge with smooth or 

very low surface roughness is highly recommended since the identification error is 

very sensitive and increases relatively to the higher level of roughness magnitude. 

In addition, the proposed method is also capable of accurately identifying the 

axle loads of multi-axle and multiple vehicles in any travel scenario. The axle loads of 

a vehicle traveling on the bridge at a slower speed can be identified more accurately 

than those moving at a faster speed. Finally, based on the identification results of 

various truck categories, it is concluded that the proposed method is effective and 

robust for any vehicle configuration and possible travel situation. 



CHAPTER V 

EXPERIMENTAL STUDY OF AXLE LOAD IDENTIFICATION 

USING SCALED MODEL 

 
5.1 General 

According to the numerical study conducted in Chapter IV, the experimental 

study using a scaled model in the laboratory or full-scale testing with an existing 

bridge is necessary in order to investigate the effectiveness and identification 

accuracy of the proposed USC method. However, it is difficult to control the system 

in conducting a full-scale test with a real bridge and vehicles. Moreover, actual load 

monitoring using instrumented vehicles is very expensive. Laboratory testing using a 

scaled model is therefore more convenient than the full-scale experiment since the 

vehicle travel can be controlled and the involved parameters can be measured 

precisely. In this chapter, the experimental design, experimental set-up, system 

calibration, methodology of testing and experimental results are described and 

discussed. 

 

5.2 Experimental Design 

 The design procedure of this experiment consists of a scaled bridge model 

design and a scaled vehicle model design. The scaled bridge is firstly designed based 

on vibration characteristics. The fundamental frequency of the bridges is used as the 

target parameter to be considered. Then the vehicle model is designed to conform to 

the order of actual bridge responses as occurring in actual practice. The scaled 

dimensions of both the bridge and vehicle can be determined from their physical 

characteristics such as the axle spacing to span ratio and duration of travel with 

respect to the actual situation. 

 

5.2.1 Design of Bridge Model 

Based on the computer simulation, the desired actual bridge model is analyzed 

and compared to the scaled bridge model. Using the natural frequencies as the main 

parameter, the relevant dimension of the bridge is then obtained by adjusting the 

scaled bridge model’s dimension until the fundamental vibration modes agree with 

the target bridge. The target bridge is firstly defined by again using an empirical 
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function between the first modal natural frequency and span length of the bridge 

presented by Chaallal and Shahawy (1998) as follows: 

 0.9
0 82f L−=  (5.1) 

where 0f  is the first natural frequency of the bridge, and L is bridge span length. 

Using this relationship, the sectional dimension of the target bridge is then adjusted to 

determine a mass and stiffness of the bridge that satisfies the fundamental frequency 

obtained from Eq. (5.1). Figure 5.1 demonstrates the relationship between bridge 

fundamental frequency and its span length from 883 existing bridges in Europe 

presented by Chaallal and Shahawy. 

 

 
 

Figure 5.1 Plot of relationship between natural frequencies against span length 

observed from 898 highway bridges in Europe 

 

 The actual bridge simulated as a scaled bridge model is a reinforced concrete 

deck slab bridge. The bridge model is made from steel plate and its fundamental 

frequency should be equivalent to the real bridge. Moreover, the order of strain 

responses measured from the passage of the vehicle between the real and scaled 

bridges should be similar. With these requirements, the dimensions of the scaled 

bridge model are determined. The bridge is scaled down 10 times in length. Table 5.1 

shows the dimensions and properties of the real reinforced concrete bridge and the 

scaled steel bridge model. The acting load for the scaled bridge model is 1/1000 times 

the full-scale system. Figure 5.2 shows the comparison of typical bending moment 
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signals from the real RC deck slab bridge and the scaled steel bridge loaded with 

point load functions. 

 

Table 5.1 Parameters of real and scaled bridge models 

Real RC bridge Scaled steel bridge 
L = 20:20:20 m L = 2.0:2.0:2.0 m 
EI = 9.458 × 109 N-m2 b = 0.5 m, h* = 0.010 m 
ρA  = 4320 kg/m EI = 8,596 N-m2 
γ  = 1.24 m ρ  = 7850 kg/m3 (steel) 
First ten fundamental frequencies  
5.81, 7.45, 10.87, 23.24, 26.48, 32.50, 
52.33, 57.16, 65.89 and 93.28 

First ten fundamental frequencies  
5.81, 7.45, 10.87, 23.24, 26.48, 32.50, 
52.33, 57.16, 65.89 and 93.28 

* Thickness of the scaled model is designed according to size available in the market. 
** The fundamental frequencies are theoretically calculated from physical properties. 
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Figure 5.2 Comparison of typical bending moment signals from full-scale RC deck 

slab bridge model and scaled steel bridge model 

 

5.2.2 Design of Vehicle Model 

The vehicles considered in this experimental study are two-axle vehicles. 

Based on the full-scale system, the real vehicle is assumed as a heavy truck with gross 

weight of 210 kN. According to bridge’s parameters listed in Table 5.1, the designed 

bridge model is approximately scaled down 10 times in length compared to the 

desired bridge. The vehicle model with regard to its axle spacing is then scaled down 
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at the same proportions, i.e. 10 times. The gross weight is designed to be convenient 

in testing approximately scaled down 1000 times from the real truck as 210 N. From 

these proportions, with respect to the parameters in Table 5.1, the bridge responses 

from both the target and designed bridges are closely matched. Two 2-axle vehicle 

models with non-articulated frames, spring suspension and rubber tires are fabricated. 

The axle spacing to span ratio (ASSR) of the existing 2-axle trucks normally ranges 

from 0.15 to 0.40, therefore, an ASSR equal to 0.16 (axle spacing of 32cm) is selected 

for the model vehicles in order to study the identification of closely spaced axles. 

 

5.3 Experimental Set-Up 

The experimental set-up of a vehicle-bridge system model fabricated in the 

laboratory is diagrammatically shown in Figure 5.3. The bridge model is a continuous 

bridge with three spans and is extended at both ends with the leading and trailing 

spans. The leading span is used for the vehicle to increase its speed before 

approaching the bridge. The trailing span is used to stop the moving vehicle after 

leaving the bridge. Model vehicle travel is controlled by aluminum guide rails 

attached to the scaled bridge roadway surface. Three guide rails are attached at the 

quarter points to allow three different vehicle travel paths. The vehicles are pulled 

along the bridge with strings, and truck speed is controlled by DC motors. Vehicle 

speed does not need to be constant because the identification procedure only requires 

the axle positions while traveling on the bridge. Practically, the axle position can be 

determined by installing sufficient photoelectric sensors, infrared sensors, tape 

switches, or other devices. 

Bending moments are determined based on the measured strain at nine 

different sections: L/4, L/2 and 3L/4 in each of the three spans according to the 9-C 

sensor pattern explained in section 4.3.2 of Chapter IV. Five strain gauges are 

mounted at L/2 and three gauges are mounted at L/4 and 3L/4. Precision 

tension/compression load cells are installed on each model vehicle axle in order to 

measure vehicle-bridge interaction forces. Two photoelectric sensors are positioned at 

each end of the model bridge to monitor the travel duration of the model vehicles. In 

addition, each model vehicle is equipped with white/black optical detection sensors to 

record the positions that model vehicles have passed as a function of time. By 

counting pulses from reading the black and white strips, the vehicle position as well 

as corresponding speeds can be determined. Data acquisition is completed with a 48-
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channel data logger set at a sampling rate of 1024 Hz for all 41 connected sensors 

including: 33 strain gauges, 4 load cells, 2 optical sensors and 2 photoelectric sensors. 

Figure 5.4 shows photographs of the instruments used in the experiment. 
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Figure 5.3 Experimental set-up 

 

Every strain gauge, load cell, optical and photoelectric sensor is connected 

through the completion bridge boxes which simultaneously convert the measured 

analog signals to digital signals and submit them to the data logger. The optical sensor 

used in vehicle location detection has 2 infrared sensors. One is used for signal 

emission while the other is a signal receiver. Based on the light reflected and absorbed 

by the equally spaced and alternating black and white tape, the optical sensor records 
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data with constant values of 0 and 1.0 when it reads the black and white stripes 

respectively as shown in Figure 5.5. Similarly, with the same principle of light 

reflection, the photoelectric sensor has an emitter and a receiver used to detect any 

objects that move between them. The 24 V DC motors are used in dragging the 

vehicle models. With the variable rotational speed controller, the moving speeds of 

the vehicles can be adjusted to simulate different vehicle travel situations. The 

tension/compression load cells used in actual axle load observation have their 

capacity of +/- 100kg with a precision of +/- 0.2% error. 

  

   
(a) (b) 

   
(c) (d) 

  

Tension-compress 
load cell

Optical sensor for 
positioning detection

Spring suspension

Rubber tire

Aluminum rail

Black-white stripe

 
(e) (f) 

 
Figure 5.4 Photographs of instruments used in the experiment: (a) 48-channel data 

logger, (b) completion bridge box, (c) optical sensor, (d) photoelectric sensor, (e) DC 

motor and (f) details of vehicle suspension and sensors installation 
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Figure 5.5 Typical measured signal of the optical sensor reading used for a vehicle’s 

position measurement 

 

5.4 Single Vehicle Axle Load Identification 

Experimental verification of the USC regularization method on single vehicle 

axle load identification is firstly considered. Effects of vehicle mass and moving 

speed on identification accuracy are investigated. The effect of the transverse 

direction of vehicle travel is also observed in order to investigate the efficiency of 

model simplification from using a beam model. Two configurations of vehicle model 

including two-axle and four-axle vehicles are identified and discussed. 

 

5.4.1 Two-Axle Vehicle 

In this section, consideration of the effect of vehicle mass and moving speed, 

the effect of the transverse direction of vehicle travel and the effect of bridge surface 

roughness on identification accuracy are experimentally studied. A vehicle model 

with axle spacing of 32 cm with gross vehicle mass (GVM) varying from 10 kg to 30 

kg is employed. 

 

5.4.1.1 Effect of Vehicle Mass and Moving Speed 

A model vehicle is pulled along the bridge in the longitudinal centerline of the 

deck with speed and vehicle mass varying from 0.2 m/s to 1.8 m/s and 10 kg to 30 kg, 

respectively. Figure 5.6 presents the RPE of the obtained front and rear axle loads 

identified by the regularization method with USC and λ  is equal to 0.1 for all cases.  
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Figure 5.6 RPE of identified dynamic axle load of single vehicle load identification: 

(a) front axle load and (b) rear axle load 

 

Figures 5.7 and 5.8 show the identified axle load time histories of heavyweight 

and lightweight two-axle vehicles traveling at slow and fast speeds, respectively. The 

obtained results indicate that identification of a heavy vehicle traveling at a slow 

speed results in a lower RPE than identification of light vehicle traveling at a fast 

speed. This is because vehicles at lower speeds induce less dynamic interaction with 

the bridge. In addition, heavy vehicles normally induce a larger signal to noise ratio 

than vehicles with low mass. Therefore, a collected response with smaller dynamic 

interaction and a larger signal to noise ratio usually provides a more accurate 

identification than one with larger dynamic interaction and smaller signal to noise 

ratio. Moreover, it is also observed that vehicle mass has a greater influence on 

identification accuracy than moving speed. These results agree quite well with those 

found in the numerical study using computer simulation (section 4.3.4). The 

maximum RPEs of front and rear axle loads are both below 20%. Furthermore, the 

RPEs for identification of the 30 kg model vehicle are below 10% for every speed 

level for both front and rear axle loads. 
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Figure 5.7 Time histories of identified axle load of a two-axle vehicle with 30 kg 

GVM traveling at slow speed: (a) front axle load and (b) rear axle load 

 
5.4.1.2 Effect of Transverse Direction of Vehicle Travel 

To study the effect of transverse vehicle position, experiments with a model 

vehicle crossing the bridge in three transverse positions are conducted. The three 

transverse vehicle travel positions are 1) on the bridge centerline; 2) 12.5 cm from the 

left edge of the bridge; and 3) 12.5 cm from the right edge of the bridge as shown in 

Figure 5.9. A model vehicle with gross vehicle mass (GVM) varying from 10 kg to 30 

kg in increments of 5 kg is adopted. Model vehicle speed is maintained at a constant 

speed of 0.6 m/s for all cases. Figure 5.10 presents the RPE of the identified single-

vehicle axle load traveling along the bridge at three transverse positions.  The results 

indicate that the USC technique accurately identifies axle loads for any transverse 

position. However, it is observed that the RPEs of all three travel positions except the 

rear axle load in the case of right lane travel are below 10%. The maximum difference 

in RPE of the left and right lane travels is within 4.5% compared to the center lane 



 
 

94

travel. Moreover, the effect of vehicle mass yields the same tendency as previously 

discussed in the above section. Therefore, using average sectional bending moments 

converted from strain gauges equally distributed in each section as the input responses 

is sufficient and effective. 
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Figure 5.8 Time histories of identified axle load of a two-axle vehicle with 10 kg 

GVM traveling at fast speed: (a) front axle load and (b) rear axle load 
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Figure 5.9 Travel paths of vehicles controlled by aluminum guide rails 
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Figure 5.10 RPE of identified dynamic axle loads of single model vehicle traveling on 

different transverse positions of the bridge 

 
5.4.1.3 Effect of Road Surface Roughness 

According to the results from the numerical study on the effect of bridge 

surface roughness discussed in section 4.3.5, it is obviously found that the surface 

roughness of the roadway significantly affects identification accuracy. This section 

presents the experimental study on the effect of bridge surface roughness in order to 

verify and evaluate the effectiveness of the proposed method beyond the numerical 

study. The main purpose of this experimental investigation is to study the capability 

of the proposed approach from identifying pulsing axle loads induced by an irregular 

roadway profile. To do so, the obstructive objects are placed on the pavement in order 

to induce impact upon the axle loads. The obstructive object assumed to simulate 

irregular roughness is a piece of acrylic plate with a thickness and width of 2 mm and 

15 mm, respectively. The acrylic plate is transparent which is convenient for 

installation on the black-white tape and it is also lightweight so it does not affect the 

mass of bridge. Figure 5.11 shows the photograph of the acrylic plate used as bridge 

surface roughness. 
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Figure 5.11 Acrylic plate used as an obstructive object to vehicle travel for the study 

on the effect of bridge surface roughness 

 

To study the efficiency on pulse load identification, a different roughness 

pattern is conducted by varying the spacing of the obstructive objects as shown in 

Table 5.2. The acrylic plates are placed at three different spacing intervals from large 

spacing (200 cm) to close spacing (50 cm). It is observed from sections 4.3.2 and 

5.4.1.1 that the effect of moving speed slightly affects solution accuracy but vehicle 

mass induces a greater effect. Therefore, the effect of vehicle mass is considered as 

well as the roughness pattern. A two-axle vehicle model with GVM varying from 10 

kg to 30 kg is moved at the centerline of the bridge at a constant speed of 0.60 m/s. 

Figures 5.12 and 5.13 represent the bending moment responses and the corresponding 

actual axle-load time histories of a two-axle vehicle moving on different roughness 

patterns, respectively. It is observed from both figures that the additional roughness 

object induces a dynamic impact to the bridge and the dynamic component of the axle 

load increases up to almost 70%, especially in the case of roughness pattern III which 

is placed with close spacing of 50 cm. 
 

Table 5.2 Arrangement of obstructive objects used in surface roughness study 
Roughness 
pattern 

No. of obstructive objects Location of acrylic plate placement 

I 3 L1/2, L2/2, L3/2 
 

II 5 L1/2, L2/2, L3/2 and at internal bridge supports (2m & 4m) 
 

III 11 L1/4, L1/2, 3L1/4, L2/4, L2/2, 3L2/4, L2/4, L3/2, 3L3/4, 
and at internal bridge supports (2m & 4m) 



 
 

97

Time (s)
0 1 2 3 4 5 6 7

A
ct

ua
l a

xl
e 

lo
ad

 (N
)

0

50

100

150

200

250

300
Front axle
Rear axle 

 
(a) 

Time (s)
0 1 2 3 4 5 6 7

A
ct

ua
l a

xl
e 

lo
ad

 (N
)

0

50

100

150

200

250

300
Front axle
Rear axle 

 
(b) 

Time (s)
0 2 4 6 8

A
ct

ua
l a

xl
e 

lo
ad

 (N
)

0

50

100

150

200

250

300
Front axle
Rear axle 

 
(c) 

 
Figure 5.12 Time histories of actual axle loads of a two-axle vehicle, 25 kg GVM 

traveling on different roughness patterns: (a) roughness pattern I (b) roughness pattern 

II and (c) roughness pattern III 
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Figure 5.13 Time histories of bending moment responses of a two-axle vehicle, 25 kg 

GVM traveling on different roughness patterns: (a) roughness pattern I (b) roughness 

pattern II and (c) roughness pattern III 

 

To evaluate the effectiveness of the proposed identification method, the RPE 

and correlation coefficient of identified axle loads are discussed. Table 5.3 lists the 

RPE of the identified axle loads of a two-axle vehicle traveling on the bridge with 
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various roughness patterns. The RPE of the axle loads from Table 5.3 results in the 

same behavior as found in the numerical study (section 4.3.5). Axle loads occurring 

from the pattern III surface roughness are more difficult to identify accurately than 

others induced by roughness patterns I and II. It is also found that a vehicle with 

lower mass is more likely to provide larger identification error than a heavier vehicle 

due to the effect of the signal to noise ratio. The surface roughness directly affects 

solution accuracy more than the effect of vehicle mass. Therefore, selecting a smooth 

bridge surface or smoothening the roadway surface by overlaying a new pavement 

before using the identification system is recommended. However, since the target 

vehicles whose axle loads are to be identified are heavyweight vehicles, the 

identification accuracy for heavy vehicles is acceptable within the RPE of 15%. 

 

Table 5.3 RPE (%) of identified axle loads of a two-axle vehicle traveling on the 

bridge with various roughness patterns 

GVM 
(kg) 

RPE (%) 
Smooth surface Roughness pattern I Roughness Pattern II Roughness Pattern III 
Front axle Rear axle Front axle Rear axle Front axle Rear axle Front axle Rear axle 

10 7.93 12.31 11.96 19.21 26.68 44.30 54.16 82.43 
15 8.20 12.82 11.70 13.27 18.29 24.92 21.03 32.62 
20 3.79 11.43 12.56 10.19 15.82 19.89 20.26 20.03 
25  4.26 10.63 9.20 11.16 11.45 15.02 15.51 18.78 
30 6.02 4.66 7.34 8.07 9.08 9.52 11.83 12.78 
 

Figures 5.14 to 5.16 show the time histories of the identified axle loads of a 

two-axle vehicle, 20 kg GVM traveling on smooth surface, roughness patterns I and 

II, respectively. It is noticed from Figure 5.15 that the proposed USC method can 

accurately identify the axle load on rough bridge surface for both the static and 

dynamic components. However, in the case of roughness pattern II (see Figure 5.16) it 

is found that the time histories of identified axle load around the internal bridge 

supports cannot be accurately identified. This is because in the roughness patterns II 

and III, there are obstructive objects placed at the internal bridge supports. The bridge 

response at the duration when the vehicle axles are located on the supports is very 

small since the axle loads are directly transferred to the support. 
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Figure 5.14 Time histories of identified axle load of a two-axle vehicle, 20 kg GVM 

traveling on smooth surface: (a) front axle (b) rear axle 

 
5.4.2 Four-Axle Vehicles 

Past research on axle load identification has considered only the case of a two-

axle vehicle with the exception of the study by Yu and Chan (2004) focusing on a 

three-axle vehicle. In this section, the axle load identification of a multi-axle vehicle 

employing a four-axle vehicle is experimentally studied in order to extend and verify 

the effectiveness of the proposed method before conducting the axle load 

identification study of multiple vehicles. The vehicle is fabricated by assembling two 

2-axle vehicles together with free-connection without spacing between the rear 

bumper of the first vehicle and the front bumper of the second. Figure 5.17 shows the 

dimensions and axle spacings of the four-axle vehicle. The gross vehicle mass (GVM) 

ratio of the load configuration of the vehicle varies between the first and the second 

vehicle (GVM1/GVM2) from 0.60 to 1.67. The vehicle model travels along the bridge 
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at the bridge centerline with a moving speed varying from 0.2 m/s to 1.8 m/s at an 

increment of 0.4 m/s. 
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Figure 5.15 Time histories of the identified axle load of a two-axle vehicle, 20 kg 

GVM traveling on roughness pattern I: (a) front axle (b) rear axle 

 

The experimental scenarios and results of four-axle vehicle load identification 

are represented in Table 5.4. Figure 5.18 represents the RPE of the identified axle 

load of four-axle vehicle. The results from Figure 5.18 are obtained from 

identification with λ of 0.1 for all cases. It is observed that a vehicle part with heavier 

mass (larger Ms) can have its axle loads identified more accurately than another part 

with lighter mass (lower Ms), i.e. in the case of a GVM ratio equal to 0.80, the RPEs 

of the 1st and 2nd axle loads (lighter part) are higher than the RPEs of the 3rd and 4th 

axle loads (heavier part). Moreover, moving speed slightly affects the solution 

accuracy but not systematically. It is also observed that the maximum RPE is at 75% 

approximately for the 3rd axle load at a GVM ratio of 1.67. This is because in this case 

the 3rd axle load is the front axle load of the vehicle part with a GVM of 15kg which 
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is very light compared to another with a GVM of 25kg. Besides, the axle spacing 

between the 2nd and 3rd axles is very close at only 11cm (approximately one-third of 

the axle spacing between the 1st and 2nd axles or the 3rd and 4th axles). Based on the 

effect of ASSR, the closely spaced axle is identified with higher identification error 

than those with wider axle spacings. 
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Figure 5.16 Time histories of identified axle load of a two-axle vehicle, 20 kg GVM 

traveling on roughness pattern II: (a) front axle (b) rear axle 

 

 
 

Figure 5.17 Axle spacings and trailer connection of four-axle vehicle model 
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Table 5.4 Experimental scenarios and results of four-axle vehicle load identification 
GVM Ratio 
(Ms1/Ms2) 

Ms1 
(kg) 

Ms2 
(kg) 

v 
(m/s) 

RPE (%) 
1st Axle 2nd Axle 3rd Axle 4th Axle 

0.60 15 25 0.2 33.12 7.91 5.47 3.67 
15 25 0.6 29.27 8.09 5.88 5.25 
15 25 1.0 28.26 6.42 6.73 7.45 
15 25 1.4 27.26 7.80 6.41 8.28 
15 25 1.8 23.18 6.63 5.84 9.19 

0.80 20 25 0.2 53.86 9.34 12.38 7.15 
20 25 0.6 43.37 15.82 10.74 7.13 
20 25 1.0 37.67 12.94 9.95 6.94 
20 25 1.4 29.64 13.79 10.18 6.89 
20 25 1.8 28.25 11.66 13.01 8.83 

1.00 20 20 0.2 48.28 23.51 32.64 5.21 
20 20 0.6 41.44 23.12 31.37 12.14 
20 20 1.0 45.51 26.03 29.32 11.76 
20 20 1.4 37.05 27.08 34.36 12.09 
20 20 1.8 39.56 25.47 30.66 11.82 

1.25 25 20 0.2 4.93 25.04 38.05 8.90 
25 20 0.6 11.49 27.60 33.62 10.64 
25 20 1.0 11.75 25.40 34.31 9.40 
25 20 1.4 8.86 30.28 72.51 17.02 
25 20 1.8 11.39 27.26 33.84 8.44 

1.67 25 15 0.2 5.58 29.21 67.36 2.48 
25 15 0.6 6.05 32.65 71.27 16.38 
25 15 1.0 7.50 31.39 72.44 15.98 
25 15 1.4 8.86 30.28 72.51 17.02 
25 15 1.8 11.45 29.43 74.81 15.61 

 

However, in order to explain this behavior thoroughly, all scenarios are re-

identified with their optimal regularization parameter. Table 5.5 and Figure 5.19 show 

the obtained results. It is clearly noticed from Table 5.5 that moving speed 

significantly affects the optimal regularization parameter and the obtained accuracy. 

A vehicle traveling at a higher speed requires a higher order of regularization 

parameters since it induces higher dynamic impact to the bridge than a vehicle 

traveling at a slower speed. In addition, it is clearly observed that identification with 

optimal λ effectively reduces the RPE for all scenarios with a maximum error of 

approximately 17%. Therefore, it is noted that the range of appropriate regularization 

parameters of a multi-axle vehicle depends on weight distribution, axle spacings and 

moving speed. The range of the appropriate regularization parameters of this multi-

axle vehicle study lies from 0.0005 to 0.01. In this case, the most appropriate λ of this 

4-axle vehicle that can be used for all scenarios is 0.001. 
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Figure 5.18 RPE of identified axle load of four-axle vehicle with different GVM 

ratios and moving speed: (a) 1st Axle load, (b) 2nd Axle load, (c) 3rd Axle load, and (d) 

4th Axle load 
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Table 5.5 Experimental scenarios and results of four-axle vehicle load identification 

(identified with optimal λ) 

GVM 
Ratio 
(Ms1/Ms2) 

Ms1 
(kg) 

Ms2 
(kg) 

v 
(m/s) 

RPE (%) Optimal 
λ 1st Axle 2nd Axle 3rd Axle 4th Axle 

0.60 15 25 0.2 5.72 3.05 2.85 2.77 0.0001 
15 25 0.6 7.06 3.37 2.74 2.75 0.0005
15 25 1.0 9.33 8.33 4.30 4.59 0.001
15 25 1.4 12.29 6.54 4.16 6.08 0.005
15 25 1.8 13.35 9.41 4.67 7.92 0.01

0.80 20 25 0.2 7.75 4.26 7.05 3.98 0.00001 
20 25 0.6 9.38 5.07 8.51 4.02 0.0001
20 25 1.0 10.37 4.68 8.94 6.16 0.001
20 25 1.4 12.70 4.80 10.72 7.92 0.001
20 25 1.8 14.89 3.95 14.85 14.09 0.01

1.00 20 20 0.2 6.99 4.34 8.78 3.34 0.00001 
20 20 0.6 7.50 5.44 13.23 4.25 0.00005
20 20 1.0 11.17 6.09 16.56 6.88 0.0001
20 20 1.4 11.69 4.44 13.54 7.55 0.0005
20 20 1.8 13.89 5.60 10.64 9.51 0.001

1.25 25 20 0.2 3.56 3.20 7.19 3.61 0.00001 
25 20 0.6 4.88 5.24 11.73 3.87 0.0001
25 20 1.0 6.96 5.42 14.98 6.83 0.0001
25 20 1.4 7.82 5.19 15.38 7.83 0.0005
25 20 1.8 8.74 6.45 10.40 9.21 0.0005

1.67 25 15 0.2 2.94 2.70 7.08 3.49 0.00001 
25 15 0.6 3.90 3.85 13.89 4.44 0.00005
25 15 1.0 5.26 4.20 15.83 6.33 0.0005
25 15 1.4 6.52 4.37 12.88 7.39 0.0005
25 15 1.8 6.99 6.31 10.86 9.51 0.001

 

Figure 5.20 shows the RPE of identified axle loads computed with λ of 0.001. 

The identified axle load results in acceptable accuracy with maximum RPE of 30% 

for the 3rd axle load. However, since the weight distribution of vehicle axles are 

unknown in a real situation, gathering information on the appropriate range of 

regularization parameter for each vehicle category is suggested before using an 

identification method in practice. 
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Figure 5.19 RPE of identified axle load of four-axle vehicle with different GVM ratio 

and moving speed (identified with optimal λ): (a) 1st Axle load, (b) 2nd Axle load, (c) 

3rd Axle load and (d) 4th Axle load 
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Figure 5.20 RPE of identified axle load of four-axle vehicle with different GVM 

ratios and moving speed (identified with λ of 0.001): (a) 1st Axle load, (b) 2nd Axle 

load, (c) 3rd Axle load and (d) 4th Axle load 

 

5.5 Multiple-Vehicle Axle Load Identification 

Multiple-vehicle axle load identification is studied by conducting several 

experiments under several conditions involving two model vehicles. Two 25 kg GVM 

model vehicles are adopted for the experiments. The typical measured bending 

moments and their corresponding measured axle loads of two model vehicles are 

shown in Figure 5.21.  Table 5.6 presents all the experiment scenarios of vehicle 

travel to simulate all realistic possibilities. The first and the second vehicles travel in 

the left and the right traffic lanes, respectively. To control the vehicle travel, two 

indices are defined: vehicle speed ratio and bridge approach time interval. The vehicle 

speed ratio is the ratio of the first and the second model vehicle velocities, v1/v2. The 
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bridge approach time interval, td, is the delay time between the arrival of the second 

vehicle and the first vehicle at the bridge. The regularization parameter λ is set to 0.1 

as well as in the case of single vehicle axle load identification. 
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Figure 5.21 Typical measured bending moments and the corresponding measured axle 

loads of two-vehicle axle load identification: (a) measured time histories of bridge 

bending moments, (b) measured time histories of front and rear axle loads of 1st 

model vehicle and (c) measured time histories of front and rear axle loads of 2nd 

model vehicle 
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Table 5.6 Experimental scenarios of two-vehicle axle load identification 

Case Vehicle speed ratio 
(v1/v2) 

v1  
(m/s) 

v2  
(m/s) 

td  
(s) 

Scenarios 

OVT-1 0.43 0.6 1.4 0 Overtaking 
OVT-2    1 Overtaking 
OVT-3    2 Overtaking 
OVT-4    3 Overtaking 
OVT-5    4 Overtaking 
OVT-6 0.71 1.0 1.4 0 Overtaking 
OVT-7    1 Overtaking 
FLD-1    2 Following with decreasing headway 
FLD-2    3 Following with decreasing headway 
FLD-3    4 Following with decreasing headway 
SBS 1.00 1.0 1.0 0 Side-by-side 
FLC-1    1 Following with constant headway 
FLC-2    2 Following with constant headway 
FLC-3    3 Following with constant headway 
FLC-4    4 Following with constant headway 
FLI-1 1.40 1.4 1.0 0 Following with increasing headway 
FLI-2    1 Following with increasing headway 
FLI-3    2 Following with increasing headway 
FLI-4    3 Following with increasing headway 
FLI-5    4 Following with increasing headway 
FLI-6 2.33 1.4 0.6 0 Following with increasing headway 
FLI-7    1 Following with increasing headway 
FLI-8    2 Following with increasing headway 
FLI-9    3 Following with increasing headway 
FLI-10    4 Following with increasing headway 
 

Figure 5.22 presents the RPE of all two-vehicle axle load scenarios as a 

function of vehicle speed ratio and td. All experimental schemes provide solutions 

within 15% for a vehicle. For the first vehicle, the RPEs of both the front and the rear 

axle loads significantly increase with respect to the increase of the vehicle speed ratio. 

The RPEs of the second vehicle are all below 10% and tend to increase slightly at 

vehicle speed ratios below 1.00. To determine the correctness of the proposed 

method, the correlation coefficients of identified axle loads are presented in Table 5.7. 

Three categories of two vehicle travel are discussed as follows. 
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Figure 5.22 The RPE of identified dynamic axle load of two-vehicle axle load 

identification: (a) front axle load of 1st vehicle, (b) rear axle load of 1st vehicle, (c) 

front axle load of 2nd vehicle and (d) rear axle load of 2nd vehicle 
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Table 5.7 Correlation coefficients of identified vehicle axle loads from different two-

vehicle axle load identification scenarios 
Case 1st Front axle 1st Rear axle 2nd Front axle 2nd Rear axle 
OVT-1 0.9758 0.9453 0.9939 0.9919 
OVT-2 0.9522 0.9585 0.9921 0.9906 
OVT-3 0.9495 0.9494 0.9929 0.9915 
OVT-4 0.9592 0.9381 0.9927 0.9912 
OVT-5 0.9642 0.9472 0.9949 0.9918 
OVT-6 0.9151 0.9169 0.9809 0.9833 
OVT-7 0.9551 0.9218 0.9915 0.9875 
FLD-1 0.9783 0.9778 0.9911 0.9857 
FLD-2 0.9869 0.9820 0.9868 0.9856 
FLD-3 0.9880 0.9871 0.9923 0.9902 
SBS 0.9157 0.8896 0.9441 0.9219 
FLC-1 0.9855 0.9756 0.9868 0.9881 
FLC-2 0.9874 0.9727 0.9887 0.9877 
FLC-3 0.9857 0.9811 0.9906 0.9889 
FLC-4 0.9885 0.9881 0.9914 0.9905 
FLI-1 0.9900 0.9859 0.9882 0.9868 
FLI-2 0.9911 0.9848 0.9874 0.9917 
FLI-3 0.9907 0.9888 0.9889 0.9872 
FLI-4 0.9887 0.9845 0.9893 0.9894 
FLI-5 0.9908 0.9836 0.9908 0.9905 
FLI-6 0.9922 0.9877 0.9817 0.9828 
FLI-7 0.9926 0.9884 0.9874 0.9841 
FLI-8 0.9933 0.9893 0.9924 0.9884 
FLI-9 0.9903 0.9831 0.9928 0.9927 
FLI-10 0.9865 0.9807 0.9910 0.9916 
 

5.5.1 Short Headway Movement 

Figure 5.23 presents the typical results of two-vehicle axle load identification 

with short headway. Figure 5.24 demonstrates the zoom of typical identified axle load 

time histories from the same case shown in Figure 5.23. The axles of both vehicles 

travel on the bridge without overlapping and are identified individually in the time 

history. Based on the results presented in Figure 5.22 for vehicle speed ratios between 

1.0 and 2.33 corresponding to short headway, the identification is not significantly 

influenced by the vehicle speed ratio or the bridge approach time interval.  This is 

particularly the case for the second, slower vehicle which spends a longer duration on 

the bridge. The axle loads for this vehicle scenario are identified within an RPE of 

13%. From the axle load time history resulting from two vehicles with short headway 

(Figure 5.22), it is observed that the actual and identified axle load time histories 

compare well for the four axle loads according to a correlation of 0.981 shown in 

Table 5.7.  This also indicates that the time histories exhibit no significant fluctuation 

in accuracy over time or disruption in identification when the vehicles cross over 

bridge supports. In addition, the axle loads are consistently identified through the 
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entire bridge crossing for each axle without the distortion that might be expected as a 

result of the residual bridge vibration caused by the lead vehicle.  
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Figure 5.23 Identified axle loads of two vehicles with short headway (FLC-3) 
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Figure 5.24 Zoom of typical identified axle loads of two vehicles (FLC-3) 
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5.5.2 Overtaking Movement 

Figure 5.25 presents the results of two-vehicle axle load identification in an 

overtaking travel situation. In this scenario, the following vehicle overtakes or passes 

the lead vehicle by traveling at a higher rate of speed. In this situation, the problem to 

overcome is that of axle overlap. It can be observed from Figure 5.22 for a vehicle 

speed ratio below 1.0 that the identified axle loads are all within 10% RPE of the 

actual dynamic loads. This indicates that the proposed method can identify axle loads 

accurately, even when one vehicle is overtaking another while on the bridge. 

Separation of the identified axle loads during overtaking and passing the bridge 

support is achieved because the axle loads are identified independently and controlled 

by static influence lines from the USC algorithm. 

 

5.5.3 Side-by-Side Movement 

Figure 5.26 presents the results of a two-vehicle axle load identification 

scenario where both vehicles move side-by-side (SBS) at the same speed and location 

along the entire length of the bridge. Both vehicles travel at the same speed of 1.0 

m/s. Although the combined vehicle load can be identified as a single 2-axle vehicle, 

the independent axle loads of each vehicle are required. Therefore, the method 

identifies this scenario as a 2 vehicle, 4-axle configuration. Figure 5.22, in the case of 

a vehicle speed ratio of 1.0 and bridge approach time interval, td = 0 is exactly this 

scenario.  Figure 5.22 indicates that identification errors for dynamic axle loads in a 

SBS scenario are below 10% for all axle loads. The identified axle loads for both 

vehicles exhibit the same time-history shape with a small difference in the median 

force. The median of identified axle loads of the first vehicle are smaller than the 

second vehicle as 3.4 N and 2.0 N for the front and the rear axle loads, respectively. 

This is because the GVM of the first vehicle is slightly smaller than the second 

vehicle as 9.8 N. The axle positions for both vehicles are the same for the duration of 

the bridge crossing. Therefore, the four axle loads are similar to the two axle loads 

scenario separated into four axle loads as average values for the same axle position. 

Hence, the system simplification from assuming the bridge as the beam structure is 

not appropriate for multiple-vehicle axle load identification of side-by-side 

movement. However, the multiple presence of vehicles with the same number of axles 

and axle spacing are rarely observed in actual traffic.  The scenario of two identically 

configured vehicles traveling at the same speed SBS is even rarer.  



 
 

115

Time (s)

0 1 2 3 4 5 6 7 8 9 10

1st
 F

ro
nt

 a
xl

e 
lo

ad
 (N

)

0

50

100

150

200
Actual load
Identified load

 

Time (s)

0 1 2 3 4 5 6 7 8 9 10

1st
 R

ea
r a

xl
e 

lo
ad

 (N
)

0

50

100

150

200
Actual load
Identified load

 

Time (s)

0 1 2 3 4 5 6 7 8 9 10

2nd
 F

ro
nt

 a
xl

e 
lo

ad
 (N

)

0

50

100

150

200
Actual load
Identified load

 

Time (s)

0 1 2 3 4 5 6 7 8 9 10

2nd
 R

ea
r a

xl
e 

lo
ad

 (N
)

0

50

100

150

200
Actual load
Identified load

 
 

Figure 5.25 Identified axle loads of two vehicles with overtaking movement (OVT-4) 
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Figure 5.26 Identified axle loads of two vehicles with side-by-side travel (SBS) 
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Therefore, the proposed USC method is generally applicable in practice for 

normally occurring traffic conditions because the method can identify multiple axle 

loads accurately if the axle loads do not overlap during the entire bridge crossing. 

According to the objective function in the optimization, the identified axle 

loads are a group of acting forces that induce the bridge to have the best match 

between the reconstructed and the measured bending moments. Therefore, if there is 

an overestimated axle load, other axle loads would tend to be underestimated in order 

to keep minimizing the objective function, i.e. the results shown in Figure 5.23 and 

Figure 5.25. This characteristic is also found from other researchers using a similar 

objective function (Law et al., 2007). 

Figure 5.27 presents the percentage error of the estimated static gross vehicle 

weight in the case of two vehicles. The estimated static axle loads are represented by 

the median forces of dynamic load time histories in the duration that the axle loads 

travel on the bridge span. It is observed that the static gross weights of both vehicles 

are below 8%. It is also noticed that the error of the first vehicle gross weight is less 

than 5% in the cases when the vehicle speed ratio is 1.00 and below. For the second 

vehicle gross weight, the error of is less than 5% when the vehicle speed ratio is 

above 1.00. This result shows that a vehicle traveling on the bridge at a lower speed 

can have its static weight identified more precisely than one traveling at a higher 

speed. This is because the slower vehicle travels on the bridge with longer time 

histories and induces lesser dynamic interaction than the faster vehicle.  
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Figure 5.27 Percentage error of static vehicle gross weight from two-vehicle axle load 

identification: (a) 1st vehicle gross weight and (b) 2nd vehicle gross weight   
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In order to determine the accuracy of the proposed USC method, a comparison 

between measured bending moments and bending moments reconstructed from the 

identified loads is performed in order to verify the correctness of bending moment 

optimization. Table 5.8 presents the correlation between measured and reconstructed 

bending moments for three typical experimental cases. It is observed that the 

identified axle loads induce a near identical match of bridge bending moments with a 

correlation greater than 0.99 for every nine measuring stations. These coefficients 

imply that the proposed approach is correct, very effective and can be applied in 

problems related to multiple-moving load identification, particularly in multiple-

vehicle axle load identification. However, it should be noted that in order to obtain a 

more accurate solution in practice, it is highly recommended that noise filtering be 

applied in data acquisition. This is because the signal to noise ratio becomes smaller 

for a higher iteration number according to the USC algorithm. 

 

Table 5.8 Correlation coefficients of reconstructed bending moments from different 

two-vehicle axle load identification scenarios 
Measuring 
station 

Correlation coefficients of bending moments at measuring stations 
OVT-4 FLD-2 SBS FLC-3 FLI-4 

L1/4 0.9982 0.9979 0.9987 0.9978 0.9963 
L1/2 0.9990 0.9982 0.9990 0.9988 0.9987 
3L1/4 0.9963 0.9966 0.9984 0.9935 0.9952 
L2/4 0.9988 0.9946 0.9982 0.9962 0.9969 
L2/2 0.9997 0.9990 0.9994 0.9990 0.9989 
3L2/4 0.9983 0.9961 0.9977 0.9931 0.9974 
L3/4 0.9946 0.9967 0.9987 0.9928 0.9966 
L3/2 0.9995 0.9989 0.9997 0.9989 0.9993 
3L3/4 0.9991 0.9984 0.9994 0.9988 0.9990 

 

5.6 Summary 

An experimental study is conducted to investigate the effectiveness of the 

USC identification method. The actual dynamic axle loads of vehicles are directly 

measured and used in accuracy evaluation. The bridge model is made from steel plate 

and its fundamental frequency is designed to be similar to a real bridge. 

According to the experimental results, the single-vehicle axle load 

identification indicates that the solution accuracy depends on vehicle mass, moving 

speed and bridge surface roughness. A heavy vehicle traveling at slow speed will 

result in more accurately identified axle loads than a lighter vehicle moving at faster 

speed. Moreover, the effect of vehicle transverse positioning is eliminated by using 

average sectional bending moments converted from strain gauges uniformly 
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distributed in each bridge section. Vehicle axle loads traveling on a smooth bridge 

surface are more accurately identified than those moving on a rough surface. 

However, identification of large impact axle load induced by roadway roughness is 

more likely to yield large identification error especially for a lightweight vehicle. 

Overlaying a new pavement on a rough surface bridge or selecting a smooth surface 

bridge is recommended for system application. Additionally, although the static 

component of axle load is identified accurately through the time history, the dynamic 

component at the duration when the axle loads are located at the internal bridge 

support cannot be identified since the bridge response is very small. 

In the case of a multi-axle vehicle, the identification accuracy mainly depends 

on axle spacing and weight ratio. A vehicle axle with lower weight and closer axle 

spacing is identified with lower solution accuracy than one with higher weight and 

wider axle spacing. Besides, investigation into an appropriate range of regularization 

parameters for each vehicle category should be carried out before applying the 

identification system in order to gain the most accurate result. 

For identification in the case of the multiple presence of axle loads, various 

scenarios of two vehicles traveling with either short headway, overtaking, or SBS are 

studied to determine the accuracy and effectiveness of the proposed method. The 

presentation of identified axle loads reveals that the proposed USC method returns 

accurate identification of dynamic axle load time histories under 10% RPE from 22 of 

25 study cases. The USC method identifies axle loads for all tested scenarios without 

distortion due to overlapping because the axle loads are independently identified, 

corresponding to the static influence lines of the USC algorithm. 

In addition, the identified axle loads can be accurately identified at any 

location along the bridge including when the vehicles pass bridge supports.  This is a 

significant improvement in obtaining loads without a significant fluctuation in 

accuracy over time or disruption in identification when the vehicles cross over bridge 

supports, as has troubled previous studies on load identification from continuous 

bridge responses.  

The identified dynamic axle loads are determined within an RPE of 10% with 

a few cases determined up to 13%. Moreover, correlation between identified axle 

loads and reconstructed bending moments demonstrate that the approach is very 

effective – within less than 1% error. For the static gross weight estimation, the USC 

method provides solution within 8% error for both the two vehicles. Finally, it is 
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conclusively expected that the proposed method is applicable to a practical system 

designed to accurately identify multiple-vehicle axle load time histories, and that it 

can also be applied in the practice of the static gross weight determination of the 

weigh-in-motion system. 

 



CHAPTER VI 

AXLE LOAD IDENTIFICATION WITH INCOMPLETE 

MEASUREMENT INFORMATION 

 
6.1 General 

In this chapter, the capability of the proposed identification method on axle 

load identification with incomplete measurement information is investigated in order 

to determine the limitations of the identification approach and to gather any useful 

information for recommendations toward real application. This is because in the real 

application, it might not be possible to measure every enquired signal due to a lack of 

workability in instrument installation, limitations in the instruments used in the data 

acquisition system, etc. An effectiveness evaluation based on the experimental results 

identified with incomplete information is given. Discussion on the limitations of the 

identification approach is also provided. 

 

6.2 Axle Load Identification with Incomplete Velocity Information 

Regarding the algorithm of the identification method, the time history of the 

axle load positioning while the vehicles are moving on the bridge is one required 

input. Based on the bridge behavior and its identification system in the time-domain, 

vehicles can travel along the bridge independently at any speed and with any 

acceleration characteristics since the system only requires the proper locations of the 

axle loads. In practice, the correct axle load positioning can be obtained by using 

several photoelectric sensors or employing image processing technology. However, 

employing such technology is expensive and requires very large memory storage and 

computing. On the other hand, using lots of photoelectric sensors is also expensive 

and requires a multi-channel data acquisition system. In addition, the moving speed of 

vehicles traveling in the real situation is usually almost constant since the considered 

time duration when the vehicles pass the bridge is very short. Therefore, this study 

conducts axle load identification when the vehicles are assumed as moving at constant 

speed for which the measuring system needs only two photoelectric sensors located at 

the beginning and the end supports of the bridge. The percentage error of vehicle 

position time history is calculated from Eq. (6.1) as follows: 
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ˆ

position error 100%i i

i

−
= ×

x x
x

 (6.1) 

where xi and x̂  are actual and simplified position vectors of the ith vehicle, 

respectively. 

In the experiment explained in Chapter V it is difficult to control the moving 

speed of vehicles so as to be exactly constant throughout the duration of vehicle travel. 

Therefore, the axle load is re-identified with the simplified vehicle position based on 

constant speed assumption in order to determine the sensitivity of the vehicle position 

error. Figure 6.1 shows the plots of actual and constant speed assumption time 

histories of the vehicle axle position. The corresponding time histories of actual and 

simplified bending moments are shown in Figure 6.2.  

0 1 2 3 4 5 6 7
0

1

2

3

4

5

6

7

Time (s)

Po
si

tio
n 

of
 fr

on
t a

xl
e 

(m
)

 

 

Actual position
Constant speed position

 
Figure 6.1 Actual and constant speed assumption time histories of vehicle axle 

position of a 2-axle vehicle, 25 kg GVM, traveling at a velocity of 1.0 m/s 
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Figure 6.2 Actual and constant speed assumption time histories of the bending 

moment of a 2-axle vehicle, 25 kg GVM, traveling at a velocity of 1.0 m/s 
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 The relative percentage error of vehicle axle loads identified with constant 

speed simplification is shown in section I of Appendix C. It is observed from the 

results of identification with constant speed assumption for both single-vehicle and 

multiple-vehicle cases that the identification error is very sensitive to the axle load 

position. A small difference in axle position can result in a large solution error 

compared to a solution obtained from identification with actual position. It is also 

noticed that the RPE of identified axle loads can increase up to 100% from 

identification with the error in vehicle position only 5%. This is because the axle 

position directly affects the relevant bending moment. Hence, the bending moment 

used in the identification for each time step is not to be consistent with the actual axle 

position. 

Figures 6.3 and 6.4 present examples of identified axle load time histories due 

to small and large differences in vehicle position, respectively. With comparison to 

the actual axle load and identified axle loads with actual vehicle position, the obtained 

axle load from identification based on simplified vehicle position results in a very 

large difference in both the static and dynamic components throughout the time 

histories of the vehicle travel. This is because the physical characteristic of the 

relationship between the acting load and bridge bending moment controlled by the 

vehicle position is incorrect. The obtained axle loads are loads that only satisfy the 

objective function with least residual error. Therefore, the solution from identification 

with simplified vehicle position becomes inaccurate. This property can be noticed 

especially in Figure 6.4 where the identified front axle load is minus while the rear 

axle load is an overestimation with a large difference. Moreover, the effects of vehicle 

mass and moving speed on the identification seem to vanish when the position error is 

presented since the effect of the position error is much more influential. Further 

results and discussion on multiple vehicle identification by assuming vehicle travel as 

constant speeds are given in section I of Appendix C. 
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Figure 6.3 Time histories of identified axle loads of a two-axle vehicle moving on a 

three-span continuous bridge with 3.08% position error (GVM = 20 kg, v = 1.8 m/s); 

(a) front axle load (b) rear axle load 

 

Additionally, the effects of vehicle speed ratio and bridge approach time 

interval on identification accuracy cannot be correctly discussed when the vehicle 

position error is observed. Therefore, it is concluded that the effect of vehicle position 

error directly affects identification accuracy. Assuming vehicle position time history 

with constant speed travel is acceptable only in a case of the position error being less 

than 2%. Applying many axle position detectors is recommended in practice in order 

to obtain the best identification accuracy. 
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(b) 

 
Figure 6.4 Time histories of identified axle loads of a two-axle vehicle moving on a 

three-span continuous bridge with 8.48% position error (GVM = 20 kg, v = 1.0 m/s); 

(a) front axle load (b) rear axle load 

 

6.3 Axle Load Identification with Incomplete Bending Moment Information 

 According to the numerical study on the number of sensors used in 

identification, the experimental investigation presented in Chapter V is identified with 

9 sections of bending moment. Based on the results from simulation in section 4.3.2, 

it is noted that the identification system is applicable when the number of 

measurement stations is not less than the number of unknown axle loads. However, 

difficulty in sensor installation due to the lack of workability in approaching the 

specified location or limitations of the instrument capacity might be encountered in 

practice. Hence, in this section, the identification of axle loads with incomplete sensor 

stations is carried out and discussed in order to evaluate the efficiency and to 

investigate the robustness of the proposed method when applied in a real situation. 
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The sensors are removed from 1 up to 5 stations. The measurement station 

arrangement with various patterns of sensor removal and the corresponding 

identification results are shown in section II of the Appendix C. 

Figure 6.5 represents the RPE of the identified axle loads of both vehicles re-

identified with incomplete measured bending moment station. The plot from Figure 

6.5 indicates that the maximum RPE slightly increases with respect to the number of 

removed measurement stations. However, the maximum percentage error and 

correlation coefficient of all axle loads are below 14% and 10% respectively. 

Removing a sensor used in identification does not seriously affect solution accuracy. 

The best identification accuracy for all vehicle axle loads from sensor removal of 1 to 

5 stations is below 6%, except in the case of 1 station removal which provides the 

lowest error within 8%.  
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Figure 6.5 RPE (%) of identified axle loads of two vehicles traveling with overtaking 

movement (OVT-7) re-identified with incomplete measured bending moment station; 

(a) 1st front axle load (b) 1st rear axle load (c) 2nd front axle load and (d) 2nd rear axle 

load 
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Additionally, from the plots of obtained results shown in Figure 6.5 as well as 

the RPE of identified axle loads listed in Table C.4 in Appendix C, it is noted that 

there are some cases where the RPE of identified axle loads are below 6% for every 

vehicle axle. There are seven cases of sensor patterns including 8R-D, 7R-C, 6R-J, 6-

RN, 5R-G, 5R-Y and 4R-A which provide a very accurate solution even though some 

measurement stations are removed. Table 6.1 summarizes the sensor patterns of these 

considered cases. From these patterns, it is noticed that the identification requires at 

least two measurement stations from the intermediate span in which the sensor at mid-

span is critical and at least one sensor at L/4 of the first and the last bridge spans is 

required (4R-A pattern). 

 

Table 6.1 Sensor patterns of vehicle axle load identification with removed 

measurement stations providing identification error within 6% 
No. of removed 
sensor 

Sensor 
pattern 

Measurement station (● = used , ○ = not used) 
L1/4 L1/2 3L1/4 L2/4 L2/2 3L2/4 L3/4 L3/2 3L3/4 

1 8R-D ● ● ● ○ ● ● ● ● ● 
2 7R-C ○ ● ● ○ ● ● ● ● ● 
3 6R-J ● ○ ● ○ ● ● ● ○ ● 
3 6R-N ● ● ○ ○ ● ● ○ ● ● 
4 5R-G ○ ○ ● ○ ● ● ○ ● ● 
4 5R-Y ● ○ ○ ○ ● ● ○ ● ● 
5 4R-A ○ ○ ● ○ ● ● ○ ○ ● 

 

Figure 6.6 demonstrates the comparison of identified axle load time histories 

from identification with different sensor numbers removed. The most accurate results 

for each sensor removal case including 8R-B, 6R-J and 4R-A from station removal of 

1, 3 and 5 respectively, are compared. The identified axle loads provide a very good 

match particularly in the static component. It is also observed that the identified axle 

loads exhibit the lowest correlation coefficient of only 0.9225. Therefore, it can be 

concluded that identification with sensor removal is still capable without disturbing 

solution accuracy when the number of measurement stations is not less than the 

number of identified axle loads. 
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Figure 6.6 Time histories of identified axle loads calculated with various numbers of 

measurement stations 
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6.4 Axle Load Identification with Bridge Responses of Target Span 

 According to the identification process mentioned in Chapters IV and V, the 

identified axle loads are calculated from bridge responses at the time history of the 

vehicle crossing the entire length of the continuous bridge. Identification using 

measurement information from all bridge spans is beneficial concerning the aspect of 

the overall dynamic behavior of the vehicle axle load which cannot be considered on a 

short span bridge. However, it is also observed that axle load time histories identified 

on a multi-span bridge system exhibit accuracy weakness at the internal bridge 

supports due to the support condition in the transformation matrix introducing zero 

entries at the bridge support. The proposed USC method enhances solution accuracy 

at the bridge support especially the static component of the identified loads which is 

significantly improved. In addition, identification from longer time history 

information requires longer computational time since the size of the transformation 

matrix is large. The multiple presence of vehicles is more likely to be observed 

leading to worse solution accuracy. Moreover, it might not be necessary to implement 

and employ measurement data in the identification for all bridge spans since only a 

critical span is of interest. 

Alternatively, in order to reduce the computational time and to identify the 

vehicle axle loads on a particular bridge span, identification with reduced 

measurement signal from the bridge span in question is studied. Therefore, in this 

section the identification of vehicle axle load of a multi-span bridge with the target 

span is considered and its effectiveness on solution accuracy is also discussed. 

Measurement signals used in identification are cut off from the regular signal 

recorded on the entire continuous bridge by considering only the duration that the first 

vehicle axle approaches the first support of the particular span and the last vehicle 

axle leaves the other support of the target span. However, it is noted that identification 

with structural simplification by considering the target span as a single-span bridge is 

not practicable because there is the continuity from the adjacent bridge spans. Hence, 

the axle load traveling on other spans can induce bridge response of the target span 

leading to incorrect bridge response reconstruction. 

Axle load identification on a particular span is mainly divided into two 

categories. One is identification with a determined or overdetermined problem while 

the other is an underdetermined problem depending on the number of measurement 

stations used in the identification. The determined problem is a problem in which the 
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number of unknown parameters equals the number of equations. If it is a case in 

which the numbers of identified axle loads and measurement stations are equivalent 

and the number of signal stations employed in the measurement is higher than the 

number of vehicle axle loads, the problem becomes overdetermined. If the number of 

axle loads exceeds the number of measurement stations, the identification is an 

underdetermined problem. 

 Regarding the results from the numerical and experimental studies mentioned 

in Chapters IV and V for the identification of a single–vehicle identification, the 

identification with middle span will be overdetermined (2 unknowns; 3 measurement 

stations) and will be underdetermined in the case multiple-vehicle identification (4 

unknowns; 3 measurement stations). To investigate the effectiveness of the axle load 

identification using target span, the measurement data from the experiment in Chapter 

V is adopted. Tables 6.2 and 6.3 present the identified results of overdetermined and 

underdetermined study cases of selected scenarios from the experiment in Chapter V 

re-identified with bending moments from the middle bridge span, respectively. The 

overdetermined cases are selected from single-vehicle identification while the 

underdetermined cases are sorted from multiple-vehicle identification in the case of 

the multiple presence of vehicles in the middle span being observed. For the 

considered study cases listed in Table 6.3, the first vehicle is the vehicle that first 

approaches the first bridge span, then the other vehicle is noted as the second vehicle 

similar to the definition made and described in Chapter V. 

 

Table 6.2 RPE of identified axle load and correlation coefficients of bending moments 

in the case of an overdetermined problem from the experiment identified with target 

span 
GVM 
(kg) 

Moving 
speed (m/s) 

RPE (%) Correlation coefficient of bending moments 
Front axle Rear axle L/4 L/2 3L/4 

10 0.2 14.27 15.95 0.9920 0.9993 0.9964 
10 1.0 8.93 11.02 0.9842 0.9987 0.9888 
10 1.8 13.33 18.40 0.9688 0.9961 0.9758 
20 0.2 2.70 14.32 0.9974 0.9993 0.9955 
20 1.0 4.01 15.40 0.9980 0.9986 0.9968 
20 1.8 4.20 13.04 0.9965 0.9992 0.9966 
30 0.2 6.18 1.63 0.9985 0.9995 0.9975 
30 1.0 8.94 7.37 0.9980 0.9993 0.9976 
30 1.8 4.40 4.01 0.9976 0.9982 0.9969 
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Table 6.3 RPE of identified axle load and correlation coefficients of bending moments 

in the case of an underdetermined problem from the experiment identified with target 

span 
Study 
case 

RPE (%)    Correlation coefficient of bending moments 
1st front 
axle 

1st rear 
axle 

2nd front 
axle 

2nd rear 
axle 

L/4 L/2 3L/4 

OVT-3 5.58 5.59 5.11 12.67 0.9992 0.9993 0.9978 
OVT-4 6.06 5.98 9.06 11.42 0.9988 0.9998 0.9991 
OVT-5 12.96 4.67 5.60 9.74 0.9984 0.9996 0.9987 
OVT-6 48.62 7.30 28.62 15.82 0.9981 0.9993 0.9988 
OVT-7 12.79 4.74 8.14 13.39 0.9976 0.9994 0.9984 
SBS 8.44 6.90 12.35 2.72 0.9979 0.9992 0.9977 
FLI-1 8.71 8.17 5.67 5.44 0.9956 0.9981 0.9953 

 

The results from Table 6.3 indicate that identification using only the bridge response 

from a particular bridge span is capable. Vehicle mass, as well as identification with 

bridge response from all spans, has the same tendency to affect solution accuracy 

while moving speed has no obvious effect. The RPE of identified axle loads are all 

below 16% and the most accurate scenario allows identification error of only 4.40%. 

The correlation coefficient of the reconstructed bending moment demonstrates that the 

algorithm of the proposed identification method is correct with the correlation 

coefficient error of 4% in the case of 10kg GVM and below 2% for others. 

The results observed from Table 6.7 indicate that identification using bending 

moments from target span allows an identification error of axle loads within 15%, 

except for the OVT-6 scenario. Moreover, the correlation coefficients listed in Table 

6.7 imply that the identification method is correct. In the case of the OVT-6 scenario, 

the RPE is up to 49% because it is difficult to distinguish the overlapping axle loads 

of two vehicles in the analysis of bending moment considered at the particular 

duration compared to other cases (see Figure 6.7). Moreover, identification with a 

lower number of measurement stations also decreases the information used in an 

optimization. Examples of the time histories of identified axle loads of two-vehicle 

travel in the cases of overtaking and following scenarios are presented in section III of 

Appendix C. 
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Figure 6.7 Time histories of shortening measured bending moments of middle span 

used in axle load identification: (a) OVT-4 scenario (b) OVT-6 scenario and (c) FLI-1 

scenario 

 

Therefore, it can be concluded that identification of vehicle axle load with 

bridge response from target span and the shortening time history of vehicle travel by 

considering only the duration that a vehicle crosses the particular span is capable and 

effective for static axle load estimation. In addition, since the duration in an 

optimization is reduced as well as there being a fewer number of measurement 
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stations, the axle load of an axle traveling with longer overlapping duration is more 

difficult to identify accurately than those traveling with less overlapping in overtaking 

or side-by-side movements. 

 

6.5 Summary 

 Axle load identification with incomplete measurement information is 

conducted in order to investigate efficiency and robustness as well as the limitations 

of the proposed identification method. The measurement information considered in 

this study consists of three parameters including vehicle positioning, number of 

measurement stations and number of bridge spans used in identification. 

 For the study of incomplete vehicle velocity information, the normal axle 

position of traveling vehicles can be observed using many photoelectric sensors or by 

employing image processing technology. Using less vehicle axle detectors may 

provide a large error in axle position. However, most vehicles traveling in a real 

situation usually move at constant speed because the recorded duration is very short. 

Therefore, an evaluation of solution accuracy from identification with the vehicle 

position assumed to be traveling at constant speed is carried out. The obtained results 

indicate the axle position is very sensitive to the accuracy of identified axle loads. A 

small error in vehicle position can initiate a large error in load time histories. This is 

because the axle load acting on the bridge and the relevant bending moment response 

is incorrect. Hence, assuming vehicle speed as constant in the identification is not 

appropriate. Accurately measuring the axle position throughout the duration of 

vehicle travel is highly recommended. 

Secondly, the study of incomplete bending moment information is conducted. 

In practice, there is the possibility that some instruments used to measure bridge 

response cannot be installed due to difficulty in approaching the particular location or 

local structural damage. Axle load identification with a reduced number of 

measurement stations is studied. Various schemes of sensor removal from 1 to 5 

stations from the existing 9 sections of bending moment are identified. The results 

indicate that maximum RPE increases relative to the number of removed 

measurement stations with the maximum percentage error and correlation coefficient 

of all axle loads below 14% and 10% respectively. The identified axle loads provide 

very good matches particularly in the static component. Therefore, it is concluded that 

identification with sensor removal is effective without disturbing solution accuracy 
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when the number of identified axle loads is not higher than the number of 

measurement stations. 

Finally, axle load identification by considering only a particular span is 

conducted. This is because it might not be necessary to instrument all bridge spans in 

order to determine the axle loads acting on a particular span. Moreover, the 

computational time can be reduced from the corresponding duration by considering 

only the time gap in which the vehicle crosses the target span. The identified axle 

loads exhibit acceptable accuracy within RPE of 16%, particularly for the static 

component of axle load. However, the method fails to accurately identify the dynamic 

component. This is because the duration in an optimization is reduced as well as there 

being less measurement stations. It is also observed that the axle load of an axle 

traveling with longer overlapping duration is more difficult to identify accurately than 

those traveling independently or with overlapping movement, due to the overlapping 

between each other. 

 

 

 

 

 

 

 

 

 
 



CHAPTER VII 

CONCLUSIONS AND RECOMMENDATIONS 

 
7.1 Conclusions 

Based on the numerical and experimental studies as in chapters IV and V, the 

effectiveness and accuracy of proposed identification method using regularization via 

the SVD method adopting the USC technique was investigated. The proposed method 

has been proven to be more robust against measurement noise and also to provide 

better identification accuracy than the existing identification approaches. The problem 

of ill-conditioning usually found when axle loads cross the internal supports of multi-

span bridges is completely overcome using the USC technique. Moreover, difficulty 

in regularization parameter selection is also eliminated since the parameter can be 

assigned with a wide range without disruption to solution accuracy. In addition, the 

proposed method is capable of accurately identifying the axle loads of multi-axle and 

multiple vehicles with any travel scenarios. The effect of incomplete measurement 

information on identification accuracy is also found to be not significant providing the 

total number of measurement stations is greater in number than the unknown axle 

loads. The following detailed conclusions for each aspect can be drawn. 

 

7.1.1 Axle Load Identification from Bridge Bending Moment 

Conclusive remarks concerning axle load identification with the proposed 

USC regularization method from the parametric study conducted with numerical and 

experimental investigations are given as follows: 

 

1.  A vehicle with a heavier mass and moving at a slower speed can be 

identified with greater accuracy than a vehicle with lighter mass and 

moving at a faster speed.  

2.  Closely spaced and lightweight vehicle axles are more difficult to identify 

accurately than those with wider spacing and heavier in weight.  

3. The effect of vehicle transverse positioning is eliminated by using average 

sectional bending moments converted from strain gauges uniformly 

distributed in each bridge section. 
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4.  A vehicle traveling on a smooth bridge surface is more accurately 

identified than one moving on a rough surface. However, identification of 

a large impact axle load induced by roadway roughness tends to yield 

large identification error, especially for a lightweight axle. 

5. Although the static component of an axle load is identified accurately 

throughout the time history, the dynamic component at the duration when 

the axle loads are present around the internal bridge supports cannot be 

identified since the bridge response is very small. 

6.  In the case of the multi-axle vehicle, identification accuracy mainly 

depends on axle spacing and weight ratio. A vehicle axle with a lower 

weight and closer spacing is identified with lower solution accuracy than 

one with a heavier weight and wider spacing. 

7.  The maximum identification errors from the experimental results for a 2-

axle vehicle and two 2-axle vehicles are 18% and 13%, respectively. 

However, in the case of the axle load identification of a 4-axle vehicle, the 

maximum error is 35% at λ of 0.001 and up to 75% at λ of 0.1. 

8. The proposed identification method can accurately identify all possible 

scenarios without distortion resulting from the vehicle axles overlapping 

with each other because the axle loads are independently identified, 

corresponding to the static component of the USC algorithm. 

9.  Because the problem is simplified to the two-dimensional axle load 

identification of multiple vehicles traveling for a long duration of 

overlapping or moving side-by-side there tends to be large identification 

error. 

10.  For the static gross weight estimation, the USC method provides solution 

within 8% error for both the two vehicles for all considered cases. 

 

7.1.2 Axle Load Identification with Incomplete Measurement Information 

Axle load identification with incomplete measurement information is 

conducted in order to investigate efficiency and robustness as well as the limitations 

of the proposed identification method. The measurement information considered in 

this study consists of three parameters including vehicle positioning, number of 
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measurement stations and number of bridge spans. The conclusions for this study are 

provided as follows: 

 

1.  The accuracy of identified axle loads is very sensitive to axle position. 

Small error in vehicle position can initiate large error in load time 

histories. This is because the axle load acting on the bridge and the 

relevant bending moment response is incorrect. Hence, assuming vehicle 

speed as constant in the identification might not be appropriate. 

2.  Based on identification with reduced measurement stations, it is found 

that identification with some sensor removal is still effective without 

disturbing solution accuracy when the number of identified axle loads is 

not higher than the number of measurement stations. The RPE of vehicle 

axle loads slightly increases with the number of removed measurement 

stations. However, the maximum percentage error and correlation 

coefficient of all axle loads are still below 14% and 10% respectively. In 

addition, the estimation of the identified axle is observed as being very 

good particularly for the static component. 

3.  In the case of axle load identification using the response from a target 

span with reduced response time history, the identified axle loads exhibit 

acceptable accuracy within an RPE of 16%, particularly for the static 

component of axle load. However, the method fails to accurately identify 

the dynamic component. This is because the duration in an optimization is 

reduced as well as there being a fewer number of measurement stations. It 

is also observed that it is more difficult to accurately identify the axle load 

of an axle traveling with a longer overlapping duration than those 

traveling independently or moving with a short overlapping duration 

between each other. 

 

7.2 Recommendations 

 Recommendations of the study on the practical application of the axle load 

identification system and suggestions for further study are given in the following 

sections. 
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7.2.1 Recommendations toward Real Application 

 Regarding the effectiveness and robustness investigation of the proposed 

identification method, in order to achieve the greatest benefits of the identification 

system, the limitations and recommendations for application are provided as follows: 

 

1.  Concerning the number and location of sensors used in the measurement, 

nine sensors with three sensors for each bridge span proves to be the most 

efficient at identifying multiple axle loads. 

2.  The sampling rate recommended for use in the data acquisition system is 

at least 10 times the first fundamental frequency or 2 times the five mode 

fundamental frequency of the bridge. 

3.  Although the proposed method is robust to the level of measurement 

noise, applying noise filtering in data acquisition seems necessary. 

4.  The effective number of finite beam elements employed in structural 

modeling is 8 elements per bridge span. 

5.  Using a bridge with smooth or very low surface roughness or overlaying a 

new pavement on an existing bridge in operation is highly recommended. 

6.  Investigation on an appropriate range of regularization parameters for 

each vehicle category should be carried out before applying the 

identification system in order to obtain the most accurate result. 

7.  Accurate measurement of axle position throughout the duration of vehicle 

travel has to be provided. 

8.  Identification with less number of measurement stations or identification 

using information only from a target span is capable but the accuracy of 

the identified axle load, especially for the dynamic component, will 

deteriorate. 

 

7.2.2 Recommendations for Further Study 

 Regarding the results and limitations of the current study, the following are 

recommendations for further study: 

1. Study on a greater number of vehicles and more different bridge types and 

number of spans should be considered. 
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2. The tolerance of identification accuracy to the error of vehicle position 

measurement should be improved in order to obtain a more robust solution 

in practice. 

3. An improved approach reducing the computational time consumed by the 

identification system should be studied and developed. 

4. Identification with an underdetermined system should be developed in 

order to reduce computational time and instrument costs. 
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APPENDIX A 

MODEL CALIBRATION 
 

 From the fabricated bridge and vehicle models, since there might be some 

incorrectness in the physical properties due to materials and instruments, the model 

calibration is very necessary in order to obtain the most accuracy and effectiveness of 

the solution. This is because using incorrect data in identification certainly leads to 

incorrect solution. The calibration is the procedure employed to determine the proper 

parameters of the material (i.e. elastic modulus E, moment of inertia I, support 

continuity), to determine the vibration characteristics (fundamental frequency, 

damping ratio ξ), and to correct the signal measurement recorded by the instruments. 

The model calibration in this experiment consists of calibrations of vehicle model and 

bridge model. 

 

I. Calibration of Model Vehicle 

 Calibration of vehicle model is firstly carried out because the bridge model is 

loaded by the vehicle model. Calibration of bridge model is therefore required the 

corrected vehicle model. Vehicle model calibration is an instrument calibration on 

tension/compression load cells used as actual axle load detectors. Based on the 

recorded signal using 48-channel data logger collecting digital signal from load cells, 

the digital signal is converted from analog signal induced by axle load detector. The 

obtained data is then raw data with incorrect value and unit. Relationship between the 

reading signal and the actual axle load is needed to be investigated. The load cell 

calibration is conducted by recording the signal measurement while incremental 

weighing the load cell with the recognized masses. Figure A.1 to Figure A.4 show the 

recorded calibration signals with the corresponding signal/load conversion of the 

tension/compression load cell of front and rear axles of both model vehicles. It is 

obviously noticed that the relationship between the acting load and measured signal is 

linear when applying and removing the weighted masses. 
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Figure A.1 Calibration chart of a tension/compression load cell used for actual load 

detection of front axle of 1st vehicle 
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Figure A.2 Calibration chart of a tension/compression load cell used for actual load 

detection of rear axle of 1st vehicle 
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Figure A.3 Calibration chart of a tension/compression load cell used for actual load 

detection of front axle of 2nd vehicle 

 

y = 0.01781488x
R² = 0.99998875

0

1

2

3

4

5

6

7

8

9

10

0 10 20 30 40 50 60 70

Lo
ad

 (k
g)

Strain (micro strain)

 
Figure A.4 Calibration chart of a tension/compression load cell used for actual load 

detection of rear axle of 2nd vehicle 

 

II. Calibration of Model Bridge 

Calibration of bridge model consists of determination flexural stiffness, EI 

which is a multiplication of elastic modulus and moment of inertia, determination of 

rotational spring stiffness coefficients and determination of vibration properties 

including fundamental frequency and damping ratio. Determination bridge 
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fundamental frequency and damping ratio needed to be carried out in the dynamic 

system which is the parameters from static system including the flexural stiffness 

must be firstly achieved. 

For the bridge model fabrication, since the bridge model is made from three 

steel plates (one per span) connected each other with bolts, the analytical model must 

be modified due to the continuity at the internal supports has been changed. Figure 

A.2 shows the analytical bridge model of continuity modification used in 

experimental bridge calibration and identification. The bridge is modeled with 

assembled 24 finite element beam elements with support continuity modification 

using hinge and rotational spring as a connecting joint.  

 

 
 

Figure A.5 Analytical bridge model of continuity modification used in experimental 

bridge calibration and identification 

 

Based on finite element method, the stiffness matrix of the bridge model has 

been also modified. The rotational springs at the first and second internal bridge 

supports are denoted their stiffness by kc1 and kc2, respectively. The stiffness matrices 

of the rotational springs are expressed as follows: 

 

 1 1 2 2
1 2

1 1 2 22 2 2 2

; .c c c c
c c

c c c c

k k k k
K K

k k k k
× ×

− −⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

   (A.1) 

 

The global stiffness matrix of the bridge model, Kb is then represented in Eq. (A.2). 
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where K1 , K2 and K3 are respectively sub-stiffness matrices of the first, middle and 

last bridge spans which each stiffness is assembled from 8 local finite beam stiffness 

matrices. The stiffness matrices of the rotational springs are assembled at the last and 

the first degree of the freedoms of the adjacent bridge span stiffness matrices as 

shown in Eq. (A.2). 

Bridge flexural stiffness coefficients and rotational spring stiffness are 

determined based on testing in static condition or least dynamic condition by 

measuring the bending moments induced by recognized axle loads vehicle moving at 

the crawl speed. The measured bending moment is corrected with constant coefficient 

as follow: 

 Zcalibrated = αZmeasured       (A.3) 

 

where  Zcalibrated is the calibrated bending moment matrix with the size of k×NN, 

 Zmeasured is the measured bending moment matrix with the size of k×NN, 

 α is the correction coefficient matrix containing coefficients used in flexural 

stiffness correction and the matrix is diagonal with the size of k×k (9×9). 

 

Based on an optimization, the coefficient matrix can be determined by 

minimizing the residual error between the analytical and measured bending moments. 

A relevant least squares objective function is expressed as  

 ( ) ( )
2

1 1

,
k NN

i i
c analytical measured

j i j

k Z αZα
= =

⎡ ⎤
Δ = −⎢ ⎥

⎢ ⎥⎣ ⎦
∑ ∑     (A.4) 

where Zanalytical is the analytical bending moment matrix with the size of k×NN 

constructed from theoretical bridge model. The analytical bending moment is 

calculated with bridge stiffness modified with the addition of rotational spring 

stiffness. It is noted that the sectional bending moments used in identification are 

adopted from average value of bending moments converted from strains measured 

from strain gauges installed at the same section. 

The objective function in Eq. (A.4) is optimized using computer program, 

MATLAB with “fminunc” command utilizing Quasi-Newton algorithm. However, 

regarding to the correction coefficient matrix, optimization with 11 parameters (9 

coefficients for flexural stiffness, α1-9; 2 variables for rotational spring stiffness, kc1 

and kc2) may lead the calibrated parameters to be improper and requires very long 
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computational time. Consequently, calculation with reduced parameters from 11 into 

5 parameters is preferable. By assuming flexural stiffness of each section in the same 

bridge span to be equivalent, the rotational stiffness coefficients are reduced into three 

parameters, α1-3 = αa, α4-6 = αb and α7-9 = αc. The optimized flexural stiffness 

coefficients and rotational stiffness variables of the bridge model are listed in Table 

A.1. Figure A.3 shows the typical signal of the measured and analytical bending 

moments of the calibrated bridge model. 

 

Table A.1 Calibrated coefficients and variables of the experimental bridge model 
Flexural stiffness coefficients Rotational spring stiffness variables 
αa = 1.238 kc1 = 23,207 N-m/rad 
αb = 1.155 kc2 = 19,404 N-m/rad 
αc = 1.111  
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Figure A.6 Typical signals of the measured and analytical bending moments of the 

calibrated bridge model 
  

 Subsequently, the vibration properties of the bridge model including damping 

ratio and fundamental frequency are investigated. Both properties can be determined 

from free vibration testing by applying initial displacement. Figure A.4 shows the free 

vibration strain response at mid-span of the intermediate span. Employing Fast 

Fourier Transform (FFT) to transform the response into frequency domain, the 
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fundamental frequency of the bridge is obtained. The damping ratio of the bridge can 

be calculated from rate of response decay by Eq. (A.5). It is observed from Figure A.5 

that the fundamental frequency of the bridge model equals to 6.32 Hz which is close 

to the fundamental frequency of the designed bridge (see Table 5.1) and the calculated 

damping ratio ξ equals to 0.018 or 1.8%. 
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Figure A.7 Free vibration strain response at mid-span of the intermediate span of 

bridge model 
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Figure A.8 Frequency domain of Fast Fourier Transform (FFT) magnitude from free 

vibration test of bridge model 
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APPENDIX B 

DATA ACQUISITION AND NOISE FILTERING 
    

Regarding to the actual axle load observed by load cells as shown in Figure 

B.1, the FFT is applied to the time history axle load to estimate frequency of the 

vibration force. It is noticed from Figure B.2 that the vehicle axle load excites with 

the frequency below 15 Hz approximately. The bending moment signal is 

contaminated by measurement noise with amplitude of 2 micro-strains at dominant 

frequency of 50 Hz which is the frequency of electrical current approximately. 

Therefore, the measurement noises with frequency of 50Hz and above are filtered out. 

The noise filtering approach based on data smoothening method called moving 

average (“smooth” command in MATLAB) is employed.  Moving average method is 

one of the low-pass filters with filter coefficients equal to the reciprocal of the average 

data span. The filtered signal at each step is calculated by an average value of data 

span around the considered step point. The frequency of data span ratio between the 

initial sampling rate and number of average data span should not less than the 

frequency of excitation. In the study, an average span at 21 data points with 

approximate frequency of 48 Hz (1042/21 Hz) which is lower than noise frequency of 

50 Hz and higher than excitation frequency of axle loads (15 Hz) and  is used. 
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Figure B.1 Typical time histories of actual vehicle axle loads observed by 

tension/compression load cells 
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Figure B.2 Frequency domain of Fast Fourier Transform (FFT) magnitude of 

measured vehicle axle load 

 

According to the data acquisition from 48-channel data logger recording at 

sampling rate of 1024 Hz, identification with this sampling rate seems to be 

unnecessary and wasteful. Accurate solution can be achieved with lower sampling 

rate as discussed in section 4.3.3 in Chapter IV. Since the fundamental frequency of 

the bridge is 5.4 Hz, identification at sampling rate of 64 Hz which is higher than 10 

times of the fundamental frequency is preferable. This is because it is a divisible 

number with 1/16 times of the initial sampling frequency which is convenient in data 

reduction. Therefore, the pre-identification signals are processed from the initial 

recorded signal filtered measurement noise by moving average method with average 

span of 17 points and then re-sampled at the sampling rate of 64 Hz in order to reduce 

the unnecessary data. Figure B.3 shows comparison of the initial and processed 

measured bending moments and corresponding measured axle loads. 
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Figure B.3 Typical pre-processed and post-processed bending moments and 

corresponding measured axle loads: (a) bending moment at section L1/2, (b) bending 

moment at section L2/2, (c) bending moment at section L3/2, and (d) front and rear 

axle loads 
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APPENDIX C 

AXLE LOAD IDENTIFICATION WITH INCOMPLETE 

MEASUREMENT INFORMATION 
 

I. Axle Loads Identification with Incomplete Velocity Information 

 

The RPE of identified axle loads of single and multiple vehicles from 

identification by assuming their position time histories from constant speed of travels 

is listed in Tables C.1 and C.2, respectively. In case of multiple vehicle identification, 

it is observed that simplification of vehicle position with constant speed provides 

large solution accuracy particularly in the case of vehicle position error is above 5%. 

This is because the overall length of continuous bridge is a long distance compared to 

the axle spacing which requires longer duration of travel than single span bridges. 

Therefore, vehicle travel with non-uniform speed for all duration is usually observed.  

 

Table C.1 RPE (%) of 2-axle vehicle re-identified its axle load with simplified vehicle 

position by assuming moving speed of vehicle travel to be constant 
GVM (kg) v (m/s) Position 

error (%) 
Actual position Simplified position 
Front axle Rear axle Front axle Rear axle 

10 0.2 9.26 14.02 10.44 127.38 54.53 
10 0.6 5.53 9.84 9.75 100.65 51.95 
10 1.0 1.61 7.93 12.31 32.54 9.18 
10 1.4 0.78 11.94 13.98 12.60 20.14 
10 1.8 2.04 11.53 17.87 20.20 17.84 
15 0.2 2.78 4.49 7.92 34.13 28.85 
15 0.6 4.69 8.72 9.76 103.11 21.78 
15 1.0 5.95 8.20 12.82 123.90 26.21 
15 1.4 3.93 8.07 11.36 90.28 29.36 
15 1.8 1.89 9.16 13.55 48.38 7.31 
20 0.2 5.00 3.36 8.78 99.76 31.42 
20 0.6 6.98 4.48 6.54 130.50 46.35 
20 1.0 8.48 3.79 11.43 141.36 41.19 
20 1.4 1.50 5.43 11.44 21.56 4.29 
20 1.8 3.08 5.07 10.75 74.96 24.62 
25 0.2 16.00 3.17 8.27 187.62 55.75 
25 0.6 2.89 3.08 8.37 52.88 15.20 
25 1.0 1.29 4.26 10.63 10.82 13.20 
25 1.4 1.65 3.96 5.15 9.86 8.23 
25 1.8 2.67 5.49 5.58 55.16 30.93 
30 0.2 7.63 6.81 3.33 102.06 65.35 
30 0.6 6.23 4.66 3.43 100.04 75.55 
30 1.0 3.11 6.02 4.66 9.94 21.36 
30 1.4 0.79 5.00 5.11 5.31 11.88 
30 1.8 2.36 4.44 6.35 50.02 26.02 
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Table C.2 RPE (%) of multiple vehicles identification re-identified its axle load with 

simplified vehicle position by assuming moving speed of vehicle travel to be constant 
Case Position error (%) Actual position Simplified position 

First 
vehicle 

Second 
vehicle 

First 
front 

First 
rear 

Second 
front 

Second 
rear 

First 
front 

First 
rear 

Second 
front 

Second 
rear 

OVT-1 1.28 3.00 5.59 6.56 5.66 8.41 17.32 6.37 45.68 52.24 
OVT-2 3.39 1.75 5.49 5.23 6.74 9.20 45.00 23.22 29.68 36.49 
OVT-3 3.75 1.66 6.17 5.74 4.30 9.63 66.57 34.80 8.00 17.66 
OVT-4 2.42 3.44 5.70 4.29 5.99 9.14 48.10 31.96 30.21 43.59 
OVT-5 1.81 2.48 5.91 4.80 6.30 7.20 11.52 8.59 15.65 25.88 
OVT-6 1.69 7.35 8.35 5.640 8.63 4.21 184.38 22.41 69.06 15.30 
OVT-7 1.50 2.58 5.54 4.79 4.92 7.35 25.77 24.34 20.17 18.99 
FLD-1 1.08 0.89 9.58 4.50 7.79 8.30 23.36 13.87 4.60 16.21 
FLD-2 0.97 1.09 7.28 3.74 5.56 9.00 16.51 11.62 13.37 20.33 
FLD-3 1.07 2.06 6.62 3.91 4.37 8.14 23.83 14.57 27.93 35.35 
SBS 3.30 2.96 9.42 8.34 9.42 5.14 72.91 27.04 65.20 47.13 
FLC-1 1.01 10.98 6.66 4.79 4.81 8.05 20.96 16.54 151.95 72.28 
FLC-2 0.89 1.71 10.48 5.57 5.52 10.35 13.72 7.90 20.43 6.71 
FLC-3 1.11 6.10 6.31 6.13 4.72 7.35 19.03 8.94 101.24 56.34 
FLC-4 1.00 3.06 7.50 4.95 4.56 6.76 16.25 7.51 63.11 35.82 
FLI-1 3.37 3.09 9.76 8.18 6.42 7.43 60.17 32.51 52.38 51.23 
FLI-2 0.51 1.24 9.61 8.28 4.86 6.93 13.27 5.92 15.25 20.05 
FLI-3 0.86 1.25 8.84 7.49 4.44 8.76 23.37 6.15 15.83 23.65 
FLI-4 0.66 1.53 8.56 5.78 4.92 6.34 10.67 8.54 24.94 28.27 
FLI-5 0.85 2.02 9.66 6.67 4.70 7.77 13.57 9.92 34.59 36.79 
FLI-6 1.90 2.65 11.41 6.68 4.47 6.61 37.73 30.11 14.11 10.14 
FLI-7 1.08 4.11 8.65 6.65 4.51 6.70 12.87 5.79 74.77 72.33 
FLI-8 0.85 0.95 7.63 6.15 3.82 6.95 13.31 13.20 10.30 18.94 
FLI-9 1.18 3.01 9.02 9.69 3.93 5.91 19.62 21.20 43.17 20.64 
FLI-10 0.68 3.81 12.33 10.35 5.26 7.91 10.56 16.14 65.96 66.33 
 

Results from Table C.2 indicate that position error of single vehicle does not 

affect only the solution accuracy of its axle loads but also the solution accuracy of the 

axle loads of another vehicle (i.e. in the case of OVT-7). Although most of the 

position errors of both vehicles in the multiple vehicles experiment are below 3%, the 

identified axle loads exhibit in large value of more than 30% for all cases. Figure C.1 

to Figure C.3 represent the time histories of identified axle loads of three example 

scenarios of shot headway, overtaking and side-by-side movements, respectively. In 

the case of FLC-3, it is found that the identified axle loads of the first vehicle results 

in an acceptable accuracy with very close order of static component while the 

dynamic component is quite similar to the axle loads identified with actual vehicle 

position. This is because the first vehicle nearly travels with uniform speed. However, 

the method fails to correctly identify axle loads of the second vehicle since the second 

vehicle travels with non-uniform speed with the position error of 6.1%. The results 

from Figures C.2 and C.3 indicate that if there is an overestimate axle load, other axle 

loads will be underestimated in order to keep minimizing the objective. 
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Figure C.1 Time histories of identified axle loads of multiple vehicles with short 

headway scenario (FLC-3) re-identified with constant speed position 
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Figure C.2 Time histories of identified axle loads of multiple vehicles with overtaking 

scenario (OVT-4) re-identified with constant speed position 
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Figure C.3 Time histories of identified axle loads of multiple vehicles with side-by-

side scenario (SBS) re-identified with constant speed position 
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II. Axle Loads Identification with Incomplete Bending Moment Information 

 The experimental data from Chapter V is considered and used for 

identification with fewer numbers of sectional bending moments. In case of the 

number of total removed measurement station is less than 4 stations; number of 

station that can be removed for each span must not exceed 1 station. In case of the 

number of overall sensor removal is more than 3 sections; the measurement station 

can be taken off up to 2 stations for each bridge span except the intermediate span that 

allows only 1 station removal. This is because the vibration behavior of the bridge is 

dominated with the first fundamental frequency of the intermediate span. Remaining 

the most intermediate span information is preferable. The repetitive formation of 

sensor arrangement with symmetrical pattern is also reduced. The overall sensor 

patterns with removed measurement stations from 1 to 5 stations for re-identification 

of axle loads are listed in Table C.3. As the overall 81 cases from different sensor 

patterns, the total sensor arrangement is consisted of 5, 13, 15, 33 and 15 cases for 1-5 

sensor removal respectively. The selected experimental case is an overtaking travel 

(OVT-7) which the second vehicle follows the first vehicle with fast speed at the 

bridge approach time interval, td of 2 seconds and it overtakes the first vehicle in the 

last bridge span. Table C.4 represents the RPE and correlation coefficient of identified 

axle load of the corresponding sensor removal cases listed in Table C.3. 
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Table C.3 Sensor pattern of vehicle axle load identification with removed 

measurement stations 
No. of removed 
sensor 

Sensor 
pattern 

Measurement station (● = used , ○ = not used) 
L1/4 L1/2 3L1/4 L2/4 L2/2 3L2/4 L3/4 L3/2 3L3/4 

0 9R ● ● ● ● ● ● ● ● ● 
1 8R-A ○ ● ● ● ● ● ● ● ● 
1 8R-B ● ○ ● ● ● ● ● ● ● 
1 8R-C ● ● ○ ● ● ● ● ● ● 
1 8R-D ● ● ● ○ ● ● ● ● ● 
1 8R-E ● ● ● ● ○ ● ● ● ● 
2 7R-A ● ○ ● ○ ● ● ● ● ● 
2 7R-B ● ● ○ ● ○ ● ● ● ● 
2 7R-C ○ ● ● ○ ● ● ● ● ● 
2 7R-D ● ○ ● ● ○ ● ● ● ● 
2 7R-E ● ● ○ ● ● ○ ● ● ● 
2 7R-F ○ ● ● ● ○ ● ● ● ● 
2 7R-G ● ○ ● ● ● ○ ● ● ● 
2 7R-H ● ● ○ ● ● ● ○ ● ● 
2 7R-I ○ ● ● ● ● ○ ● ● ● 
2 7R-J ● ○ ● ● ● ● ○ ● ● 
2 7R-K ○ ● ● ● ● ● ○ ● ● 
2 7R-L ● ○ ● ● ● ● ● ○ ● 
2 7R-M ○ ● ● ● ● ● ● ○ ● 
3 6R-A ○ ● ● ○ ● ● ○ ● ● 
3 6R-B ○ ● ● ○ ● ● ● ○ ● 
3 6R-C ○ ● ● ○ ● ● ● ● ○ 
3 6R-D ○ ● ● ● ○ ● ○ ● ● 
3 6R-E ○ ● ● ● ○ ● ● ○ ● 
3 6R-F ○ ● ● ● ○ ● ● ● ○ 
3 6R-G ○ ● ● ● ● ○ ○ ● ● 
3 6R-H ○ ● ● ● ● ○ ● ○ ● 
3 6R-I ● ○ ● ○ ● ● ○ ● ● 
3 6R-J ● ○ ● ○ ● ● ● ○ ● 
3 6R-K ● ○ ● ● ○ ● ○ ● ● 
3 6R-L ● ○ ● ● ○ ● ● ○ ● 
3 6R-M ● ○ ● ● ● ○ ○ ● ● 
3 6R-N ● ● ○ ○ ● ● ○ ● ● 
3 6R-O ● ● ○ ● ○ ● ○ ● ● 
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Table C.3 (continued): Sensor pattern of vehicle axle load identification with removed 

measurement stations 
No. of removed 
sensor 

Sensor 
pattern 

Measurement station (● = used , ○ = not used) 
L1/4 L1/2 3L1/4 L2/4 L2/2 3L2/4 L3/4 L3/2 3L3/4 

4 5R-A ○ ○ ● ● ● ● ○ ○ ● 
4 5R-B ○ ○ ● ● ● ● ○ ● ○ 
4 5R-C ○ ○ ● ● ● ● ● ○ ○ 
4 5R-D ○ ● ○ ● ● ● ○ ○ ● 
4 5R-E ○ ● ○ ● ● ● ○ ● ○ 
4 5R-F ● ○ ○ ● ● ● ○ ○ ● 
4 5R-G ○ ○ ● ○ ● ● ○ ● ● 
4 5R-H ○ ○ ● ○ ● ● ● ○ ● 
4 5R-I ○ ○ ● ○ ● ● ● ● ○ 
4 5R-J ○ ○ ● ● ○ ● ○ ● ● 
4 5R-K ○ ○ ● ● ○ ● ● ○ ● 
4 5R-L ○ ○ ● ● ○ ● ● ● ○ 
4 5R-M ○ ○ ● ● ● ○ ○ ● ● 
4 5R-N ○ ○ ● ● ● ○ ● ○ ● 
4 5R-O ○ ○ ● ● ● ○ ● ● ○ 
4 5R-P ○ ● ○ ○ ● ● ○ ● ● 
4 5R-Q ○ ● ○ ○ ● ● ● ○ ● 
4 5R-R ○ ● ○ ○ ● ● ● ● ○ 
4 5R-S ○ ● ○ ● ○ ● ○ ● ● 
4 5R-T ○ ● ○ ● ○ ● ● ○ ● 
4 5R-U ○ ● ○ ● ○ ● ● ● ○ 
4 5R-V ○ ● ○ ● ● ○ ○ ● ● 
4 5R-W ○ ● ○ ● ● ○ ● ○ ● 
4 5R-X ○ ● ○ ● ● ○ ● ● ○ 
4 5R-Y ● ○ ○ ○ ● ● ○ ● ● 
4 5R-Z ● ○ ○ ○ ● ● ● ○ ● 
4 5R-AA ● ○ ○ ○ ● ● ● ● ○ 
4 5R-BB ● ○ ○ ● ○ ● ○ ● ● 
4 5R-CC ● ○ ○ ● ○ ● ● ○ ● 
4 5R-DD ● ○ ○ ● ○ ● ● ● ○ 
4 5R-EE ● ○ ○ ● ● ○ ○ ● ● 
4 5R-FF ● ○ ○ ● ● ○ ● ○ ● 
4 5R-GG ● ○ ○ ● ● ○ ● ● ○ 
5 4R-A ○ ○ ● ○ ● ● ○ ○ ● 
5 4R-B ○ ○ ● ○ ● ● ○ ● ○ 
5 4R-C ○ ○ ● ○ ● ● ● ○ ○ 
5 4R-D ○ ○ ● ● ○ ● ○ ○ ● 
5 4R-E ○ ○ ● ● ○ ● ○ ● ○ 
5 4R-F ○ ○ ● ● ○ ● ● ○ ○ 
5 4R-G ○ ○ ● ● ● ○ ○ ○ ● 
5 4R-H ○ ○ ● ● ● ○ ○ ● ○ 
5 4R-I ○ ● ○ ○ ● ● ○ ○ ● 
5 4R-J ○ ● ○ ○ ● ● ○ ● ○ 
5 4R-K ○ ● ○ ● ○ ● ○ ○ ● 
5 4R-L ○ ● ○ ● ○ ● ○ ● ○ 
5 4R-M ○ ● ○ ● ● ○ ○ ○ ● 
5 4R-N ● ○ ○ ○ ● ● ○ ○ ● 
5 4R-O ● ○ ○ ● ○ ● ○ ○ ● 
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Table C.4 RPE (%) and correlation coefficients of identified axle loads from 

identification with sensor removal 
No. of 
removed 
sensor 

Sensor 
pattern 

RPE (%) Correlation coefficients 
1st front 
axle 

1st rear 
axle 

2nd 
front 
axle 

2nd rear 
axle 

1st front 
axle 

1st rear 
axle 

2nd 
front 
axle 

2nd rear 
axle 

0 9R 5.54 4.79 4.92 7.35 0.9551 0.9218 0.9915 0.9875 
1 8R-A 5.63 4.94 5.77 8.65 0.9537 0.9214 0.9915 0.9874 
1 8R-B 5.53 5.24 5.93 7.97 0.9565 0.9225 0.9914 0.9876 
1 8R-C 5.98 5.22 6.04 8.75 0.9533 0.9216 0.9914 0.9874 
1 8R-D 5.47 4.56 4.68 4.84 0.9549 0.9224 0.9914 0.9875 
1 8R-E 5.58 4.97 5.10 8.54 0.9557 0.9228 0.9917 0.9876 
2 7R-A 5.54 5.09 5.22 5.12 0.9567 0.9229 0.9914 0.9877 
2 7R-B 6.68 6.55 6.35 10.81 0.9525 0.9215 0.9916 0.9873 
2 7R-C 5.50 4.58 5.21 5.58 0.9538 0.9223 0.9913 0.9873 
2 7R-D 5.64 5.78 6.15 9.43 0.9567 0.9230 0.9916 0.9877 
2 7R-E 10.18 7.66 8.20 11.36 0.9495 0.9175 0.9911 0.9872 
2 7R-F 5.56 4.93 5.84 9.84 0.9542 0.9228 0.9917 0.9875 
2 7R-G 9.51 7.52 8.20 10.62 0.9523 0.9180 0.9910 0.9873 
2 7R-H 5.60 3.87 5.15 8.51 0.9546 0.9293 0.9915 0.9878 
2 7R-I 9.31 6.96 8.08 11.34 0.9497 0.9165 0.9911 0.9871 
2 7R-J 5.26 3.89 5.03 7.69 0.9578 0.9302 0.9915 0.9880 
2 7R-K 5.47 4.18 4.60 8.16 0.9552 0.9297 0.9916 0.9878 
2 7R-L 5.94 6.48 5.66 8.04 0.9555 0.9208 0.9912 0.9874 
2 7R-M 5.79 5.53 5.22 8.51 0.9525 0.9198 0.9914 0.9872 
3 6R-A 5.38 4.22 4.37 5.19 0.9561 0.9310 0.9915 0.9879 
3 6R-B 5.78 5.29 4.99 5.64 0.9523 0.9200 0.9911 0.9871 
3 6R-C 7.11 6.47 7.47 6.05 0.9516 0.9213 0.9911 0.9869 
3 6R-D 5.71 3.98 4.75 9.77 0.9541 0.9305 0.9918 0.9878 
3 6R-E 5.67 5.62 5.22 9.74 0.9536 0.9213 0.9917 0.9874 
3 6R-F 7.16 7.42 8.25 10.45 0.9514 0.9221 0.9916 0.9872 
3 6R-G 7.22 4.40 6.93 11.01 0.9540 0.9270 0.9915 0.9878 
3 6R-H 8.69 7.74 7.21 11.09 0.9471 0.9137 0.9908 0.9869 
3 6R-I 10.17 7.28 7.59 7.64 0.9547 0.9185 0.9911 0.9874 
3 6R-J 5.18 3.75 4.41 4.76 0.9587 0.9314 0.9916 0.9882 
3 6R-K 5.35 3.91 5.08 9.29 0.9562 0.9304 0.9916 0.9880 
3 6R-L 6.47 8.07 6.20 9.87 0.9560 0.9211 0.9915 0.9875 
3 6R-M 8.83 5.48 8.00 10.76 0.9561 0.9272 0.9913 0.9879 
3 6R-N 5.48 3.67 4.40 5.64 0.9561 0.9309 0.9917 0.9882 
3 6R-O 6.02 4.30 5.34 10.77 0.9520 0.9287 0.9915 0.9874 
 

 

 

 

 

 

 

 

 

 



 
 

166

Table C.4 (continued): RPE and correlation coefficients of identified axle loads from 

identification with sensor removal 
No. of 
remove
d sensor 

Sensor 
pattern 

RPE (%) Correlation coefficients 
1st 
front 
axle 

1st rear 
axle 

2nd 
front 
axle 

2nd rear 
axle 

1st 
front 
axle 

1st rear 
axle 

2nd 
front 
axle 

2nd rear 
axle 

4 5R-A 5.52 4.75 7.03 9.31 0.9571 0.9285 0.9915 0.9879 
4 5R-B 6.48 5.59 9.56 9.18 0.9540 0.9285 0.9914 0.9876 
4 5R-C 5.83 9.86 8.76 9.83 0.9514 0.9217 0.9909 0.9870 
4 5R-D 7.00 5.05 7.44 10.40 0.9524 0.9276 0.9915 0.9876 
4 5R-E 8.54 6.12 9.74 10.34 0.9492 0.9273 0.9914 0.9874 
4 5R-F 7.03 5.83 7.91 9.09 0.9553 0.9281 0.9912 0.9877 
4 5R-G 5.22 3.87 5.04 5.67 0.9575 0.9305 0.9915 0.9880 
4 5R-H 6.53 8.37 6.03 6.39 0.9545 0.9187 0.9908 0.9870 
4 5R-I 7.88 9.46 8.68 6.70 0.9526 0.9207 0.9910 0.9868 
4 5R-J 5.51 4.12 6.54 11.38 0.9542 0.9294 0.9916 0.9879 
4 5R-K 5.86 8.49 6.88 11.16 0.9545 0.9208 0.9914 0.9874 
4 5R-L 6.86 9.45 9.69 11.49 0.9515 0.9224 0.9913 0.9872 
4 5R-M 7.96 5.44 9.16 12.36 0.9553 0.9263 0.9913 0.9879 
4 5R-N 7.98 8.81 8.07 11.68 0.9489 0.9151 0.9906 0.9871 
4 5R-O 9.67 9.52 10.55 11.75 0.9488 0.9188 0.9908 0.9871 
4 5R-P 5.52 3.75 4.85 6.81 0.9542 0.9307 0.9917 0.9880 
4 5R-Q 7.68 7.50 6.17 7.38 0.9509 0.9193 0.9913 0.9872 
4 5R-R 9.44 8.68 8.91 7.62 0.9488 0.9207 0.9913 0.9870 
4 5R-S 6.05 4.22 6.16 12.49 0.9496 0.9286 0.9915 0.9874 
4 5R-T 7.24 8.46 6.76 12.22 0.9501 0.9202 0.9915 0.9871 
4 5R-U 8.77 9.52 9.41 12.42 0.9469 0.9214 0.9914 0.9869 
4 5R-V 10.20 5.98 9.35 13.34 0.9516 0.9256 0.9913 0.9876 
4 5R-W 10.20 9.25 8.44 12.67 0.9458 0.9146 0.9907 0.9869 
4 5R-X 12.12 10.12 10.72 12.70 0.9451 0.9180 0.9909 0.9869 
4 5R-Y 5.71 4.10 5.04 5.72 0.9568 0.9301 0.9916 0.9883 
4 5R-Z 7.85 9.04 5.85 5.95 0.9537 0.9194 0.9912 0.9876 
4 5R-AA 9.62 10.22 8.61 6.24 0.9511 0.9210 0.9913 0.9874 
4 5R-BB 7.12 6.41 7.36 12.04 0.9506 0.9253 0.9910 0.9872 
4 5R-CC 7.14 9.90 6.71 10.93 0.9523 0.9197 0.9911 0.9872 
4 5R-DD 8.69 10.91 9.43 11.16 0.9486 0.9208 0.9910 0.9869 
4 5R-EE 10.19 6.74 9.56 12.07 0.9542 0.9260 0.9910 0.9877 
4 5R-FF 10.13 10.26 8.50 11.34 0.9490 0.9159 0.9905 0.9871 
4 5R-GG 12.03 11.06 10.86 11.44 0.9478 0.9193 0.9907 0.9870 
5 4R-A 5.82 5.00 5.98 5.76 0.9583 0.9292 0.9914 0.9879 
5 4R-B 7.65 6.70 8.90 6.14 0.9553 0.9289 0.9914 0.9876 
5 4R-C 6.41 11.85 8.22 6.61 0.9517 0.9206 0.9905 0.9866 
5 4R-D 5.49 5.33 7.54 11.62 0.9556 0.9287 0.9917 0.9879 
5 4R-E 6.66 6.92 10.33 11.76 0.9518 0.9283 0.9915 0.9877 
5 4R-F 5.61 10.94 9.19 12.00 0.9529 0.9239 0.9912 0.9874 
5 4R-G 7.67 6.57 9.98 12.55 0.9554 0.9253 0.9912 0.9878 
5 4R-H 9.61 7.20 11.70 11.91 0.9535 0.9269 0.9913 0.9878 
5 4R-I 7.54 4.87 6.40 7.27 0.9543 0.9293 0.9917 0.9879 
5 4R-J 9.21 6.04 8.78 7.28 0.9515 0.9290 0.9917 0.9877 
5 4R-K 7.21 6.10 7.52 12.95 0.9502 0.9273 0.9916 0.9874 
5 4R-L 8.65 7.18 9.67 12.81 0.9466 0.9272 0.9915 0.9872 
5 4R-M 10.17 7.12 10.17 13.50 0.9516 0.9249 0.9913 0.9876 
5 4R-N 7.86 6.25 6.23 5.70 0.9567 0.9290 0.9916 0.9883 
5 4R-O 7.22 7.51 7.61 11.55 0.9515 0.9258 0.9911 0.9873 
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III. Axle Loads Identification with Bridge Responses of Target Span 

Figure C.4 and Figure C.5 represent time histories of identified axle load in a 

case of 30 kg GVM, 2-axle vehicle moving with velocity of 0.2 m/s and 1.8 m/s, 

respectively. It is observed that the identified axle loads from Figure C.4 match the 

actual axle loads very well. However, in the case of a faster speed scenario, although 

the RPE of the identified axle loads are below 5%, plots of identified load time 

histories shown in Figure C.5 indicate that the obtained solution lose information on 

dynamic component and only static component that very well matches the actual 

loads. This is because the problem loses the information on bridge initial condition 

from cutting duration of the time histories and identifying with fewer measurement 

stations. 
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Figure C.4 Time histories of identified axle loads of 30 kg GVM, 2-axle vehicle 

moving with velocity of 0.2 m/s identified its axle load with response from the target 

bridge span 
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Figure C.5 Time histories of identified axle loads of 30 kg GVM, 2-axle vehicle 

moving with velocity of 1.8 m/s identified its axle load with response from the target 

bridge span 

 

Example of time histories of identified axle loads of two vehicle travel in the 

case of overtaking (OVT-6) and following (FLI-1) scenarios are represented in Figure 

C.6 and Figure C.7, respectively. Similarly to the single vehicle identification which 

is an over-determined problem, results from both figures exhibit acceptable accuracy, 

particularly in static component of axle load. 
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Figure C.6 Time histories of identified axle loads of OVT-4 scenario identified its 

axle load with response from the target bridge span 
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Figure C.7 Time histories of identified axle loads of FLI-1 scenario identified its axle 

load with response from the target bridge span 
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