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Throught this w be over C and Zs is the

set of positive inte

and [26].

For a vector space V', we wi blish the mng notations:

V7] @ ﬁ-@ly many n} ,

NJ
Vi, z‘l] j 3 butﬂritely many n} :

@n ﬁswﬂqns
WA e amv'mw 188

x+y

where <g>:1 Z =W, n € C and k € Z>o.



Let us define the formal §-function at z = 1 to be the series

In the theory of ver

“-—-_,
functions of the foll@

Lattices

metric qldegenera e Q valued Z-bi mear orm he nondegenerate
iroaert is the édﬁl %L 1mp11es « —q q Thére are Sﬁ %imtaul ﬁ

1. Lis even if (o, a) € 2Z for o € L.

2. L is integral if (o, 5) € Z for a, 3 € L.



3. L is positive definite if (o, a) > 0 for a € L — {0}.
4. L is negative definite if (o, ) <0 for « € L — {0}.

Wi

A lattice isomorphism ¢ fro

ra,f € L.

An algebra is C

algebra V' is said ﬁjbe associative

ﬂumnamwmm

The algebra V' is said to be commuﬁtwe if the commputative law holds:

RIAINTUANAINYIAY

Given a group G, we define its group algebra to be the associative algebra C[G]

| il

an identity el{H‘ent 1 for multiplication

which is formally the set of finite linear combinations of finitely many elements of G



with coefficients in C. That is the set G is a linear basis of C[G], and multiplication
in C[G] is defined by linear extension of multiplication in G. The identity element

of C[G] is the identity element of G ice that if the group G is abelian, we will
write e?, g € G, for the elem ;

/ ding to g € G, i.e. {9 | g€ G} is
a linear basis. In partlc
, 1=

1. [z,z] = iy \ 1 Skew-symmetry)

2. [z, v] _' . Uyz €9. (Jacobi identity)

The Virasoro algeb . o bra £ with basis {L,, | n € Z}U{c}

We call a Lie al?bra g a Heisenberg (Lie) al ebra if

ﬂUﬂ?ﬂﬁ%ﬂ?@Wﬂ']ﬂi

where tg—{ngl:I?y—OéyEQ}andg_[

Q‘Wﬁﬂﬁﬂﬁmﬁm’]’mmaﬂ

i:O



n times

—N—
where T = C, T = g, T? = g®c g, T" = g®c - ¢ g. Define a bilinear map

T™ x T™ to T™" satisfying

(11 ® -+ @ xp,) Q\“%@xm@)yl@ * @ Yn (1.3)
for z;,y; € g, and t is m D by give a multiplication map
T(g) x T'(g) to T(g). 1 s /(3| T N associative algebra, called

the tensor algebra of

The univers ' g Ulg) isah ra defined by 7'(g)/I

where [ is the 2-si i : ¢ ; .\"“«. : 1ts, of the form

etric algebra of g.

Let B be a subalgebra of an associative algebra A and let @e a B-module. Set

1Mace spanned by the
l

] usl) nﬁmimmemgew

1nA®B . Thenin ARV

AR a\'mm %J’W’}’Hﬂ Eﬂﬂ t

= ca®Q@u oracE

A®pV be th
)

elements

A ®p V is called the A-module induced by the B-module V. It is sometimes denoted

by Ind 4V,



Now we consider induced Lie algebra modules. Given a subalgebra h of a Lie

algebra g and a h-module V', the g-module induced by V is, by definition the g-
module corresponding to the U(g)-m ﬂg’?,
‘_‘_‘_.
Given a subng
induced by V tob - ale

We sometimes wri

we define the G-module

[G]-module C®¢p V.

1.2 Vertex properties

Definition 1.2.1. ector space equipped with a

linear map

n@)ndv
-

ggperties: for u,v e V
ll

||
1. u,v =0 fo sufﬁciently large. u

ﬂﬁﬂ?ﬂﬂﬂiﬂﬂ']ﬂi

3. Y“zlEV[z andhmz_@szl—v

QW‘TWT’T‘SWMM’MEH&EI

_15 Zl_”) Y (u,21)Y (v, 29) — 256 (M) Y (v, 29)Y (u, 21)

20

and a distingu

Y(2)
|

=210 (%) Y (Y (u, 20)v, 22).



We denote the vertex algebra just defined by (V,Y, 1) or, briefly, by V.

Definition 1.2.2. A Z-graded vertezx algebra is a vertex algebra

//, n = wtuv,
@the following relations:

—
For [,m,n EM and u,v €

equating the coeﬁic‘n

LU ;ﬂﬁg Tkil BN
amaaam%wmwmmj

In Borcherds’s Identity, let [ = 0 and m = 0, we have two formulas as follows:

|l
e component form cﬁlj‘:he Jacobi identity by

Proposition 1.2.4. Let u,v € V and m,n € Z.



L v = > (7:‘) ) N

>0

2. (Um’U um % Um—l—n 'Luz)
z>0 ﬂ
From [26], taking Res_§hcobl id 1n the commutator formula:

_ —

[L(6) Y (v, )] = (L(0)Y (v, 2) = Y (v, 2) L(0))u

—zE (wtv) E vpuz L

Takﬂu&mﬂﬂﬂiw yIn9

R ARSI N &

that is, v, is a homogeneous operator that maps Vit t0 Vigtuswtv—n_1 for all n € Z.

Notice that for n € Z>, from the property



tor) subalgebra of a vertex (operator)

, (w € U) and such that U is

: ___-’

Let (V4, Y4, ® V,. Define
the linear map Y
(0™, 2)
for v® €V, 1 <i <
Suppose that for each”s =. ' : TV operator algebra with a conformal

with the natural Z-grading V' =

| |l
Then the vertex ebra Vig---dV, is a vertex operator algebra of the same central

qﬁ‘m Sl ingng

The vertex algebra V =V} ® --- ® V, is constructed on the tensor product of

vector spaces Vi,...,V, where the linear map Y is defined by



10
Y((U(l) ® e ® 'U(T)), z) — Y(/U(l), Z) ® P ® Y(/U(T), Z)

for v® e Vi, 1 <4 <r and the vacuum vectoris 1 =1® --- ® 1.

Now suppose that each V; i erator algebra with a conformal vector
w® of the central charge \ ﬂ =V1®---®V, is Z-graded as

V= 1lhez Vim, where‘_ /
—— 9 — _-,

where Y (w, 2) c+H1l®--- Q1R
@ (n) (@)

Definition 1.2.6. Let (Vl, el and (Voy be verter algebras. A vertex algebra
homomorphism f:V; — | map such that

i €L, aM such that f(1) =

W)
or equivalently, f A{‘fddv) =

If V; and V, are Z- grgtiﬁertex algebras ( vertUperator algebras), a homomorphism

] ummmwm N9
q Wﬂﬂ’ﬁeﬂ%}d UAARBNRE

Remark 1.2.7. From preserving of the conformal vector of a homomorphism f,

fLY(n) = L*(n)f forn€Z,



11

G < Aut (V) t

vertex operator a

1.3 Module$ and

, aweak V-module M is a vector

End M,

/", and U{ﬁlM
or n‘@ntly large.

AU ﬁqwﬂwswﬂﬂns

Jacobi identity) U

W1, mgmumawmaﬂ

Yar(u, 21)Yar (v, 22) — 2 2220 ) Y (v, 22) Y (u, 21)

Definition 1.3.1. ([13 et |

space equipped with a linea;

which satisfies tltﬁ ollowing prop

21 ZO

—22 UZO’UZQ
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We denote the weak V-module M by (M,Y)).

Definition 1.3.2. Let V be a Z-graded vertex algebra. An admissible V-module is

‘\ v, 2) (1.10)
\ \ m+n,OCV7 (111)

(1.12)

An irreducible weak .,.sr sothle v weak V-module that has no weak
(admissible) @ pt {0} and itself. Here a weak @ﬂssible) submodule
N

| il

A weak (admﬂé ible) V-module 1 etely reducible {Nﬂ can be rewritten as a

direct sum of ﬁmtel‘ irreducible weak ( 1ss1b1e V-modules.

ﬂ UPANUNINEANS. ...

V- subm ule of W generated by a ?bset T of W. Then

qmmmquwmaﬂ

Corollary 1.3.4. If W is an irreducible weak V -module then

W =Spanc{ v,w |vEV,nEZ}.
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Here, w is a non-zero element in W.

Definition 1.3.5. Let V' be a vertex algebra. Let M; and M, be V-modules. A

f ap ¢ such that
V w e Ml,

= [ Vi Then g(v;) =

nel

where T' is the or ;- A T v} . We adopt standard

notation in using W e i ef alued formal series in arbitrary
) 5

Definition 1.3.6. ([14]). A_ wisle wedule is a vector space equipped with

a linear map ,

Whequ € End M,

neQ

eM

UUANININYINT

nex +Z

ATl nyn sy

which sgilsﬁes the fﬁlﬁg conditions for all@&€ r < T — 1, u e V", v
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4. (the twisted Jacobi identity)

—20

_16 (zl Zz) YM(U Zl)YM V,22) — 20_15 (M) YM(UJZQ)YM(U’ Zl) (113)
j

(Y (u, 20)v, 22). (1.14)

Definition 1.3.7.

V-module M which carri

If g = idy,, these definiti . -.'. is \ > used in [13].

Remark 1.3.8. ([20 ' ’ diJacobi identity as in (1.13)

(20 + 20)" 7TV (u, 20 b AA L 0 Y0 (Y (u, %), 20)w,  (1.15)

[
I = lUl
21 - Zo 21 0

[Yar(u, z1), Yar( ’U& Reszoz Y (u, z0)v, 29)

~S1WE3 ‘ﬂEJ 1l i Ml '] ﬂ B

of z.

RIANNIUNNIINYAY

[y, Un] = i (7) (W0 )t (1.17)

=0
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A g-twisted weak (admissible) V-submodule of a g-twisted weak (admissible) mod-
ule M is a subspace N of M such that v, N C N holds for all v € V and n € Q. If

M has no g-twisted weak (admissibl ubmodule except {0} and M, M is called

an irreducible g-twisted wea )l
A g-twisted weak(a

ten as a direct sum 0 1rre

01bl
We say that 1S g-7 e g=twisted V-module is completely

reducible.

ﬂUﬂ’JﬂﬂﬂiWﬂ’lﬂi
qmmnmummmaﬂ



CHAPTER I1

vortant, classes of vertex algebras

es, affine Lie algebras and Vi-

| \\\\\

rasoro algebras. Th igi introdneed imxthe ren kel-Lepowsky-Meurman
= \\\ A\ R
construction of the ; vertexalgebra (see [21]). The representation

D v\\ > del it ven lattice. In fact, for
such case, the classi 1 i icible weakiV dules, and the study of the
sidone by Abe, Dong, Jiang,

R\

When L is a rank one ;}EC*-Q:-: te ice, the classification of irreducible

admissible V;"-modules wa ",T'

classified all @

of admissible 7,:_

3]. Later, in [30, 31], Yamskulna

@mplete reducibility

nite even lattice of

— 1 el
arbitrary rank, aﬂﬁ when L is a n rate even latti@hat is neither positive

definite nor negatlv‘d

£ UHINYNINYINT .

d. Set f) = C®z L and extend ( tea C-bilinear form on h. Viewing h as an belian

ammnmum'mmaﬂ

h=hClt,t @ Cc
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be the corresponding affine Lie algebra with the following commutator relations:

Bethyat" = MOminoc and |c, f)] =0 (2.1)

\\\f//

From [21], the suba s a'sfiucture of Heisenberg (Lie)

algebra in the sense i mtato des with its center, which

Here for conveni ite (1 ﬁ Rt \\ 5 \ and m € Z.
Consider h @ C[t] stiba 364, L t Cibe a h © C[t] © Ce-module
5 =

which h ® C[t] acts trivi a mulfiplication by 1. From (1.4), we

{al(—nH —ng)l | oq,..., a5 €h, ny, ... nkMZ>0,k € Zxo}

8 mlj mﬂmw:ﬂmﬁm
ammmmwmmaﬂ

1+5 ﬁ,al 042

= 5(,6, 051>062(—].)1.
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Then there exists a linear map Y : M(1) — End (M(1))[[z,27!]] such that M(1)

becomes a simple Z-graded vertex algebra with the vacuum vector 1 and the Virasoro

d
clement w — %Zﬂi(—1)21 (see [21 tfl/e {B1,..., 04} is an orthonormal basis of

Next, we let L be ﬁ&em}ﬁl WZZ

____Wby the cyclic group of order
= >

— il
2, we have an exjcm%/

Let

(2.2)

be a section of L, that i as identity element of L.

Define theZzhilinear-map-c-L-x-L-— {1 determined™ )

7 \J

“l 0\Cg, by ) — ai,05) 1f1M§ j7
(2.3)

e, o) =

ifi>

Sutiinniuiing...

2-cocycle, satisfying ¢ =N Qv
RIAND I RANRIINEIQ Y
e(a, B)ela+ 5,7) = e(B,7)e(a, F+7),
e(a, Ble(B ) = (1),

€(a,0) = €0,a)=1
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for a, 8,7 € L (see [21], pp. 104-107).

Remark 2.0.10. Viewing L as L x (£1) , L under operator (a, (—1)*)(8,(—-1)") =

(a+ 3, (=1)5"e(a, B)) for o, 3 / ,is a group which (+1) ¢ Z(L). In

particular, eyes = (a,1 ,ﬁ ot for a, 8 € L.
Consider C as a Whlc'. 1)-—1—ﬂnote by C{L} the induced

L-module /

For a,b € L, we wri d P 1l an ".\ actionof L on C{L} is

Recall (2.2), C{L}

° inear isomorphism

iﬂe _ o @a eL (2.5)
U NeNng..

(C[L ®cp-1)) C ~ C[L°] = @,\eLoC‘such that the action of L° is defined asfi(2F

wqmm:uummmaﬂ

L° = Uiero/n(L+ Ni)

the coset decomposition such that Ay = 0, and we define
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C[L+ \] = @ Ce* ™.
a€el

Then C[L + \;] is an L-module under the following action:

(2.6)

Let z be a formal pe action-of ‘ h) Swill act naturally on Vi,

o+A) gBfnatA for g e L.
“ € VL (= Vi), let

B ~-~)
zJ»n emazma
| ol

For homogeneous v = vy (—n J===ap{—1,

4 f-;w'.
X
Y ( em‘tz [

define “l
Y@, s 0 Van(2) - @D ()Y (", 2

- YsINgdnN3 MLEH N3 ..

operatlon which reorders the opera‘brs so that a(n E h,n < 0) and e

W ﬁﬁﬂﬁmﬂi‘lﬁ’]'}ﬂmﬂ ]

Remark 2.0.11. Notice that for v = ay(—nq) - - - g (—ng) @™, we have that wtv =

ny+ -+ ny + 5 {ma, ma).
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Proposition 2.0.12. ([5, 7, 21]).

1. The space Vi is a simple Z-graded vertex algebra with a Virasoro element

w = %Z?Zl hi(—=1)? ® €°. e {h; | 1 <i<d} is an orthonormal basis of
h. Moreover, M(1) \ ///gebm of V.

2.{ Vi |1 € L° ' @ducible Vi,-modules.

Next, define M

nl

if 2); ¢ L and

O(a1(—nq)az(—ng) - - r )b e ar(—ny) - - ap(—ng)e N
it 2\; € L. Here ¢y, is a Lr . al” ;). Then 0 is a linear automorphism
of V.. Moreover, 8 is an aubomorp dl M(1).

For any stable #-subspace 7 ANV s = _1. yace of U for @ is denoted by U*.

">—{u€M()I9(

"EYH Ay ;mmm ip
QRARNIIA I I TRy

Let h[—1] = h ® t2C[t,t7!] @ Cc be the twisted affine Lie algebra with the com-

mutator relation
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Bty @t"] = (B,7) Mominoc and [c, h[—1]] =0

where 3,7 € b and m,n € Z + 5. Next we let M(1)(0) = S(h® t=2C[t™1]) be the

unique irreducible h[—1]-modul ! acts as 1, and when n > 0, § ® t" acts
on 1 as zero. E\\ // é

By abusing the n | 611se O‘to d tomorphism of L defined by

0(eq) = e_o and 0(k) = ¢
character of L/K su 7 2l 0L, bethe irreducible L/K-module

with central charact
We define an action

Here, 5; € b, n; € %—i— A : r . We % the +1-eigenspace of VLTX

for 6.

PmpOSitim{‘ : ). Let x be a central character of ] i )such that x(u()) =
—1 and let T&

are irreducible wﬁi} Vi -modu

Remark 2.0.15. Frof=Propositon 7.4.8 in age 167, there are exactly |R/2L|

L, B oz ¢

RIAINTUNRINYINY



CHAPTER III

) is finite dimensional.

hu used this condition, as well as

of certain trace functions. Since

Qol in the study of

other assumptions, to sho _;;f;:'-‘;ua_'_'._a_‘#\;l;.,___

its introduct@ the Cy-condition ha;

AU ANENINeIng

¢

S WENRIVE e MY

-product.

4. V/Cy(V) is a commutative associative algebra under (—1)%-product.
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Definition 3.0.18. Let M be a weak V-module. We define
Co(M) = Spanc{ u_sw |u eV, we M }.
The space M is called Cs-co

\\* Wh s a finite dimension.

The following is t cker
i/*(

this statement is | — Dmguaiidd - one may write a,w as

Proposition 3.

W = Co(W

Proof. We first

Here v/, v’ € V. By using a duct gin- an'show that a,w € Cy(W) for all

aeV,weWandn > —_ ij,l';?_ .

Next, by th 7 e 5@ Yforalla € V,w €
J

Corollary 3.0. U Assume tha a weak Mﬂﬂjﬁodule M is completely

reducible, then M :‘J

ﬂummmwm FYQ 2

vertex malgebm of V' such that V Co(V). If V' is completely reducible as a weak

QW"Tﬂ“ﬁﬂ?mﬂ‘Wﬂﬂmﬂﬂ

f. By Corollary 3.0.20, we can conclude that V' = Since Co(V

subset of Cy(V”), we then have that V' = Cy(V”). O
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Proposition 3.0.22. Let V!, ..., V" be Z-graded vertex algebras. Assume that V7 =

Co(V7) for some j € {1,...,n}. Then V! @ --- @ V™ satisfies the Co-condition. In

particular, V1@ - @ V" = Cy(V1

Proof. The statements fol% L y%
Vi- ﬁ@ e Vn
‘ - .
, :

O

For the rest of thi tion, we assuthie : raﬁnne negative definite
even lattice s:{: 7

||!

Em — ema _|_ 6—ma’ Fm — ema _ p M« a‘]-,l(i

)

fiug 1%’%%’1 N9
RIEIATHN NN

. As a vertex algebra, ement w and any
singular vector of weight greater than zero. In particular, M(1)" is generated

by w and J where J = gza(—1)*1 + ta(=3)a(—1)1 — 2a(—2)1.



26

2. The vertex algebra M (1)t is spanned by

—Mg J—nl : J—nt

. V

3. ViH(m) is span

Vi (m, —km? + 6) has

Basis of V;"(m

g1 = a(=6)F™, Gr—al Sl B™, g3 = o(-4)a(-2)E™,

e —
] sl

{
E’Llé|£+5) and V" (m, —km?+

i
Furthermore, thﬁUjllowing elements form bases of V+(

, respectively:

AUEANgNINNg
mﬁiﬁ NIIRAINY IR Y

fr=a(=1)°F"

Basis of V;"(m, —km? + 3)
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hy = a(=3)F™, hy = a(=2)a(—1)E™, hy = a(—1)3F™.

.,

Lemma 3.1.2. The set { L(—

3} is a basis of Vi (m, —k Z\\

) 3E™ | 1<i<T7, 1<j<

Proof. The table 1 dﬁ__ essu&s 0 1), L(=3)h; (5 =
1,2,3), and (a(—1)*1), _ We will denote this table
by a 11 x 11 matri g and m, k are positive
integers, we can co \ (-1)fi (=1,...,7),
L(=3)h; (=1 (m, —km? + 6) O
g7 | 98 99910911
L(-1)f, 0] 0 |0]o]|o
L(-1)f, 0] 0 (0|00
L(=1)fs 0| o |ololo
L(-1)f, m| 0 |0o]o|o
L(~1)f 0] 1 |mlol|o
L(-1)f o — ol o 13lmlo
L(-1)f; 0] 0 |0|5/m
2kL(— | 0 0 (0(0]0
ﬁﬁ PRl

)_sE™ |—32k3m3U8k*mHA8k m—24km24k*m?—48km| 4 —8km

qmmnmmmwmaﬂ

Proposﬂzlon 3.1.3. For m € Zsg, we have V' (m, —km?+2n) is a subset of Co(V;")

when n > 3.
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Proof. By Proposition 3.0.17 and Lemma 3.1.2, we can conclude immediately that

ViF(m, —km? + 6) is contained in Cy(V;").

Next, we will show that V" (m v 2n) is a subset of Cy(V;") for n > 4. Since
— + . \ l
2\Vr ) N /
) e 02 (V).

Theorem 3.1.4.

Proof. First, w

—a)a(—l) ® e—a(n+1)

e—a(n—i—l)) _ 2]{;En—1,

and for n > 2, V;"(n + ined in Cy(V;") (cf. Proposition

3.1.3), it follows thiat ) for n positioty 8/1.1 we can conclude

further that \*

Theorem 3.1.5. V‘ isfies the Co- coﬁmte s§ condition. In particular,

ﬂuﬂmﬂmwmm

Proof. We will show that V;F = Cg . Itis enough tasshow that M(1)" isc t ned

,of@@t,ﬂﬁ AL fwai ARG

these imply that 1 By Proposition 3.1.1, we can conclude that

)T is a subset of Cy(V;"). Consequently, V" = Co(V;").
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Corollary 3.1.6. Fvery irreducible weak V; -module satisfies the Cy-condition.

Proof. This follows immediately from Proposition 3.0.19 and Theorem 3.1.5. O

= 2

it follows th _—___-.-—..___‘—--_--___- By using the fact

that V' = Cy(V72), fo
Il

Yio -V = @ V)
Sinceﬂ ®ﬂL gnntﬂ I ! i ” ﬂ 1@ jllows from
Proposmon 3.0.21 that V,f = Since V;" is g@pletely reducible asfafveak

qmmmmwwv}ma B

Corollary 3.2.2. Every irreducible weak V" -module satisfies the Cy-condition.
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3.3 Case III: L is a rank d non-degenerate even lattice that

is neither positive definite nor negative definite

I
Theorem 3.3.1. Assume tha ”ye erate even lattice of a finite rank
that s neither posztwe % Then the vertex algebra V"

and its zrreduczble w ~€ on. In particular, we have

Vi = Co(Vi) anddde=Cly rredugile odule.

ﬂUﬂ’J’ﬂﬂﬂiWﬂ']ﬂi
mmnmummmaﬂ



CHAPTER IV

20\ f/f F THE VERTEX
BRATO v
Let V be a 5/ 0 '. a finite automorphism

\ \ ib

group of V . In

1V (€
We define a (g -action on Af such that g acts on &= AF %l.e scalar e 27 7°'

With this action,“ t ﬁ us elements. For n €
|
F+17, up(w) has weight wt u+wtw—n—1 Ewtw——-l—Z Then ey
nEZ T T

gYn(u, 2)g YMguzforalluEV

3 m mmm Nﬁﬂﬁﬂﬂ%ﬁﬂ

in the decomposition M = M°®+ M+ -+ MT=1 MO, . ~Y under g-action on

M are nonzero and non-isomorphic irreducible V9 -modules.
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For g € G, let (M,Y)) be an irreducible g-twisted V-module. For h € G, we set

(M, Yar) o h = (M o h,Yaron).

M o h is an irreducible i pdulenifan if h € Cg(g).

Here Cg(9)

Set

It was proved in |
Proposition 4.0.4. ({19 ,32]) g‘h;

1. Assume that g € Z(G ff"r"‘ wbleg-twisted V -module. If Gy is

of M with respect to the action of

L)

a cyclic group, say (h 5;, “:: ’

h are z

2. Suppose g é—:%i irreducible g'-twisted
|
V-module J&jere 1<t <p-—1. Hence the ez’genspaces‘MM are irreducible VC-
modules.
In paﬂ’ uﬂ:% ﬂ ﬂm j w/HOdUI n i
In thls chapter we work on a ﬁlple vertex oper algebra V", L is osi itive
GI w f I—la ﬁ faaﬁw %oswlvq altt‘
Wlth a symmetric nondegenerate Q-valued Z-bilinear form (-, -) and having (o, ) =
<O£2, Oég) = 2k.

Let 7 : L — L be a map from L into itself that sends
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a1 — —ag and ag — ag.
Remark 4.0.5. Notice that V' is spanned by the vectors of the form

< _' W ?

wq—i—]ag_'_e—wq ]ag) and

iart+jon e—zal jag)

dr+51s0dd

T(al(—ml) e ol T .,‘.j - i +jon + e—ial—jaz))
- ’,J':j, p
= 7(a)(- if(rjf(az) + mim(an)—jr(a2))
—=

it implies that M M

ﬂtum mw%*w UIng-.

_1 k—|—l _ —ia1—jog + 6za1+]a2

ﬂmmmwumwmaﬂ

7'2(041(_7”1) cag (—myg)as(—ng) - as(—ny) ® (e iatjor 4 i Jaz))

= ai(—my) - ar(—my)as(—ny) - ao(—ny) @ (67T 4 ef M) (41)
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If £+ 1 is odd, it implies that

T2(a1(—m1) cee (—n ) <t Qg nl ® (elal-HOQ _ e—zou—jaz))
| |
= —Ozl(—ml) e ﬂ —Wl —joz __ m1+yaz)
— c. : ia1tjaz —za1 jO{2) (42)

From Remark 4.0. . : d camy e order of T is 2. O

Since T(E*) = Ej’_;

7_(Em,n + ,— j“'..r" En,—m+Em,n,

T(Em ,n En —m > .’i FA
.r //5
7
If & and [ are eviﬂ then M

_ _(Em,n _ En,—m)’

n,—m)

vml; s N5 anl 7 ST M. 7mk = 7mk: 1yeuesT0] +vn17 SN, M)
vml; SN ,.5M +,Un17 MM .. 7mk: ,Umh TN, Unl, SNsM,.. amk:

ﬂﬂ\‘lﬂ%ﬂiﬂ%ﬂ’%ﬂ&ﬂﬂ t

If £ i1s even and [ is odd, then

vml, mk,nl, ,nl + vnl, ,nl ml, ,mk) _(vm17.-.,mk;nl,-..,nl - vnl,...,nz;ml,...,mk)?

7-(Uml ..... MpiN1,eyny — Ung,.omgyma,..., mk) = Umy,...mun1,...,n + Uny,..oonpsma e, my -
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We note that E~%J = E% and F~%7 = —F%J,

Set ST to be
Spanc{
: k‘,l S 2N0 }
Spanc{
..... k,l € 2Ny }
It is clear that ¢ L ja 1d L = —v. We have the

_‘

decomposition V= S5 , The

subalgebra
Since VLJF i a S'WJJ (see [16]). Now we
have (1) = {1, 7' a cychc group, from Proposition 4.0. 4 J we have VL "and S~

are tw ilgens ace espect to 7. Then@éth of them become two irreducible
1heorem§1 j 5 L ii be a posz!we Jeﬁmte even |attzce ﬂen any zrreduﬂ

admissible V" -module is isomorphic to one of irreducible modules
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ViE Vi, Vi for X € L° with 2\ ¢ L,

VL++>\, Vi Jor X € L° with 2\ € L and

-module T\, with central character x.
A /&(t we will find all )\ satisfied in

e 6 e C®

Tort 1 Ty . .
VT VT for any irreducible

i ]
Case (ag, ag) € {0 +2k}. We have

Auganenin N7 -

0[1,()[2
041,(12 (o, 9)% — 4 2!
W'] ﬂﬁﬂ%ﬁﬁ;ﬁmw i ﬂ Y
[{a1,a k2
(£ + €as(Gitaziis) (4.12)

i,j=0
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. R (a1,02) ; 2k . (ap,00) -+ 2% .
where €ay(4,i)+az(ij) = [(a1 a2)2— —azd — <a17a2>2_4k22 o1+ <a17a2>2_4k22 (al,a2)2—4k2~7 2y

/w Uttt U™
Sﬁ% - | 7(v) = Liv}.

Proposition 4.1.2. V/ = S+

where ST ={ve VS |

Set Ut to be
Spanc{ Emm)
- B,

ZF’IL —m

)7
)’
) Q(F™™ 4 FT),
™)

® (Fm™" 4 i F™~

= =
Spanc{ Uvmm e (Bl o),

A1 ﬂ’ifﬁ%m ﬁﬁ%ﬁ

(Vmrempina g on,.... R ey ) — i
W'] aNT 384 NWW% #9 ﬂ t
k,p,g€2Ng+1, I,s,r €2
It is clear that Vo € U™, 7(v) = v and Yo € U™, 7(v) = —iv. Moreover,

Vo =UteU 0
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Remark 4.1.3. If 2¢,,(ji)ta0(i,j) € £, we have ¢ = j = 0, that is, VEJF6 =

@1(0,0)+a2(0,0)

Vi =S8t @ S, it was done. For 2u;;_;,2)\;; € L, we have i,j € {0,k}.

Proposition 4.1.4. If 2)\” € }, we have

L+>\;J
+ _
where Sy, ={v €

Proof. Recall that

Wherek>()l>0r>s> , s, even and r + s is odd. Let
’Ev’izj»mn = " 2 : T o —Ai,j—ma1 —nog and
—nasg

\ I

Jand i -

We note tha
19
Ei7j7m7n F/_i>_ja_a n
) “l

%,J,M,m 7, —1,m,—
Span@{ Umg,.. , n17 - E’ T+ Uny,.. nl,ml, - E
3,7,1,M —i,n
/Uml7 MM 15M1 50y F ’J, ‘ Unla SNM ey ’

mmnmummmaﬂ
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i7j7m7n — ~j7_i7n7_m
SpanC{ 'Uml,...,mk;nl,...,nlE vnl,,..,nl;ml,...,mkE )

,5,m,n 5, —%,m,
Um1,--~,mk+1m1,~--,nl+1E + Un1,~--7nl+1§m17-~-:mk+1E

ﬁivjam n me ﬁjv_iyna_m

Umy,...ompsma .. nig

Fi—im—m : kle 2Ny L

,Umh M1 7n17

4 e
Set U;;Zj to be —— —-ff

Spanc{ (V.. e o ORE ~',—z’,n,—m),

Set UA to be

Spanc{

b

5,7,m,m J,— 1,1, —m
,Uml: 1. nq + Unli ;Mg ;M. 7mp F F

ﬂumwﬁﬂmmﬂ.
ma\m‘i TNy

Proposition 4.1.5. If 2X; ;, 20, j_i, 2€0, (57 i")+as(ir,jr) € £ fori,j as in (4.5) and 7', j'

. . ()
as in (4.12), we have Viyx, ;, Vivv,_i Viye are simple V" -modules.

ay (4, ) fag(i,5")
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Proof. Recall that V., . is spanned by the vectors of the form

Ai,j+mai+nasz
Umy,.oympind,..,ny & e

where k, [ € Ny, m,n € Z. We from Viga, _, onto Veyy, o7 by this
action: \ ,
— —-—-_-:'.?
@—i+mal+naz)

Then as V; -modules,

{1}7 Vﬁ-l—)\i,j I

ag Z Vg, - Therefore Gy =

e other, the proof is similarly. [

Remark 4.1.6°

W) NS
1. When (al,ﬁ!ﬁ €27 {l"]‘

L={reLl]| @) C2Z}.

g NEiINENDS....

modules 77, T5 such that $+2‘ acts as mult1p11c n by 1 and —1, resp

RRIATOUUNIINEIRE

bz+ or | =

2. When (o, a2) € 2Z + 1, we have



41
2L={x € L | (z,L) C 2Z}.

Then 2£/2L has only one irreducible module T, which V/ = M, +1 (1)@ T ~

Proposition 4.1.7. Fo

_d'

where qufi = {v

Proof. Recall t Uy omgnn oy, @
ande ®t, where k > 0,1 >
0,s>0,r>0,k+1 and t € T;. Set
St = Spanc{ _m®t,

l+1;m ey @t | k1€ 2Ny, t €T},
S7. = Spanc{ vy O L,

oo M1 ®t | k;7l 6 2N07t E 711}7
LE2Ny,t € T)},
B £, <)

Ny, t € T;}.

saJ {veV, ‘@ev“ | 7(v) = £iv}
Tﬁﬁ‘ TigTidneng

L1 and Mason have show. f in [12] that if V is a simple vertex o erator

q Wlﬁ‘ IOIHUATIN Y

Here the vertex operator algebra V; has at least one simple 7-twisted V/; -module.

T+ | 7_

It is clear that = +v} and U%Z —
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4.2 An irreducible 7 o §-twisted M (1)-module

There is a construction of v-twisted M (1)-module (see [10]), under assumption that v

is an isometry. To get 7 or 706 ‘ operty, we will assume that (o, ag) = 0.
Consider 700, , * //é'

—
—_— Qind —Gpimiamind

A

we have 7 o 6 induce otder 4. Decompose M (1) with

.

respect to 7o 6:

(4.13)
where M* = {#"¢ e M(1) | (100)8 = £if}
which

M+ = a . “: "7 .7 ’ 7" | 7nl;m1v"'7mk1’ (414)
_ vn17~--»nl+1?m17-~~7mk+11 (4'15)
(4.16)

M_‘U:LJSpan(c{ ..... ; — Ung,.., ny ;W‘}M‘,mkla (417)

Uml,...,mk+1;n1,...,n N_ Unl,...,nl+1;m1,...,mk+1 1 (418)

AULANEWINEND
RIRINTUNRIINEIAY

M_’L = SpanC{(Uml Mp415M1,5-- ny + ZU’nl ..... MM ey mk+1)1 | k7l E ZNO)t 6 7—’7/}' (421)

.....

—~

4.19)
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Next, consider a primitive 4-th root of unity w, = e =iinC. Forn € Z, set

by ={a € oHa—zoz}Cf)

We defined the 7o i ie=alg I a [ hothe SCaied with the abelian Lie

with
[z @™ m,n € 17
Set “l .
[Toek 1)®t4+”69(C + 3" by @tit @ Ce,
7o
ﬂ e 'szém iw 2T
n€Z<o n€l<o

Then the subalgebra

HAGIN I URINYIAY
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of b[r 0 6] is a Heisenberg algebra. Form the induced b7 o f]-module

C ~ S(b[r 0 6]7) (linearly) (4.22)

M(1)[r o8] = U(blr o 0]) @y, T' 0@Ce
where 6[7 o 0]t acts triv%%\i %) will use the notation a™?(n)

omof oz@t" @ (1)[T 0 4].

(oz € f)(4n),n S %Z) f'—_.
Set 7

For v = ay(—nq)~- -

where 9" =

A -"‘-;,_‘
N\ .\"4.__ ’
o \
7 and define ¥ \ Here, A, is a certain formal

operator involving the forma Jr' ] 4_,; {L ned'as follows: For an orthonormal
s

basis of b, namely {3 =

A = sl o) ] v
= Bz lgmoz: [((70 (o 9)_QIM)(m)a2(n)] pm g
s 1 9

AUEINENTNEINT
QRIAASRINEIINY A
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where constants ¢,y € C for m,n € Z>o, [ = 0,1, 2,3 are defined by the formulas

R 1+ a)Y4 =7 (1 4 )
Z Cmnol Y = ﬁ?j( ) — i_r( y) ) : (423)
m,n>0 X ‘ .'.

), for 1 #£0. (4.24)

It has been est the irreducible 7 o 0-

twisted M (1)-mo

¥
S

M (1)[r o 6] into ﬂﬁ eige : 1M

Drod] = ‘%o@ ® M(1 [TOQWM o6 M(1)[ro6]"

wherﬂ WEINLHTWEINT

1)[ro0)* —{vEMl}Toe Toev—:tw}

ﬂW’iﬂ‘ﬂﬂ@ﬁMﬂ’W}’mmﬂﬂ

(1)[T 0 6]" is spanned by vectors having forms:

2(=n) - 2(=ns)y(=m) - - y(=m,)
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where ( U [i] x

M (1)[r o 6]~ is spanned by vectors having forms:

Wil

§

1)[T o0 / dton

where (s,7) € [0] x

Notice that f@ - ol ﬁ = M(1)[r 0 0]* are

eight simple I&J“,

4.3 Irreduc1b&e -twisted M (1 dules
N mm NINDINT o
actlon

AR Mieit] MW]Q"’II JabY

(0)(=n1) - - - (02)(=ns) (Oy) (=) - - - (Oy) (—=my)

= (=) w(=n) - 2(=ns)y(=ma) - - -y(=m,).
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Clearly, 0Y™%(v,2)071 = Y™(@v, z) for v € M(1), the action of § on M(1)[r o 0]

gives an automorphism on M(1)[r o f]. Then we now decompose M (1)[r o §] into its

.

where  M(1)[ro 9}%( 71'9] | e that from Remark 4.2.1,

we have 7

M (1) G0 0N 0]~, and

eigenspaces with respect to 6:

Next, to show t §\ T AL Nare - ed M(1)"-modules, it

=M~ and

We observe thatﬂﬁf (H*+ = b M) = M, and M? = M?2,. Recall
twisted Jacobi 1den‘?y For u e V" (:%00), r=20,1,2,3,
ZO_ Z1Z , ( ’Zl " i ’ %wvﬂﬂ’/ﬂ i
=2" (zlz_zo ! Zl;zo Yo (Y (u, zo)v, 22).
tw1sted M(1)*-modules. As (M(1)[r06],Y™) 080 = (M(1)[r06 00 Y;O" where

M(1)[r o6l 06 = M(1)[r o 0] as vector spaces and Y{OQ(v,z) = Y™(0(v), 2) for
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v € M(1). We have M(1)[t0f] o8 = M(1)[r o 60] as T o f-twisted M (1)-modules.

Since () is an automorphism of M (1) of order 2, by applying Proposition 4.0.3 or

4.0.4, we have M(1)[r 0 0]*% and M ‘V 0]~% are two irreducible T-twisted M (1)*-

modules. \

In the future, we se rﬁults

i ——
modules. 7

t irreducible 7-twisted V-

ﬂUﬂ’J‘ﬂﬂﬂﬁWﬂ’mi
'iW’]ﬂﬁﬂﬁUﬁJW]’mmﬂﬂ
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APPENDIX

The calculation of Table 1.
Recall that w = —j-a(—1)%1,
—2EmF™ and

\WV//Q jr o0 = —2mET, aOFT =
-—_" . ‘ ‘

a(=1)a(0)] a(=3)a(-2)E™

2% a(~3)a(~2)a(-1)F™,

L-1)fi = A | QA B)o(-1)F"
(3o~ 1)E",

—1)04(@&(—2)2&(-1)11771
VE™ + a(—2)3F™ + ma

Ay mﬂﬂmﬁ’iﬁ%

” = —g [20(- SFm

NI AN

= 6ka F™ 4+ 2kma
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2kL(=3)hy = —2k4-[2a(=5)a(2) + 20(—4)a(1) + 20(—3)x(0)
+2a(—2)a(—1)]a(—-2)a(-1)E™

AU INENINGINS
RIAINTUNRINYINY
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