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CHAPTER IV

ons on X,

all 1-1 transformations

all onto transformations

Lﬂ all a & T (the full

tra:ilfurmatinn nem:lﬁnup on X).

xfik T EITITIE LI Tak st S——

and nu are absolutély closed.sThe aim of ghis chapter is to

WO AN IAL LRI NG VbkBhowr coe 1

Ox, AM, or AO, then S is closed in every subsemigroup of By

which contains S (see (iii) page 8). In particular, Mo, Ox, AM, and

M}x are

closed in T, (the full transformation semigroup on X) and P,

(the partial transformation semigroup on X). We leave as an open

problem

set X.

whether Hx' Ox, M-lx and aﬂx are absolutely cleosed for any
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The following lemma is required to show that for any set X,

Hx iz cloged in Ex.

Lemma 4.1.  Let X be a set. If a & B, is such thatnﬂsuxf&

smﬁ:ﬂ,thmuenx.

Proof:  Let o exEatand o be such that o € M,. Then

-1

af = v for some Y € Hge inverse map of B, B ', is

X
u:ﬂ!‘"t!

in I wherelxj.s : - Then

ﬂumww%ﬂmﬁq i

2m—1 m

e QHALAGA RN IR N e -

-r,lsH SiMETzﬂ "712':”){ hyLamna#.i,-rzeHx From

X"

B = v;B,, for all i € {1,...,m-1}, it follows by Lemma 4.1

Yi41P2i 41
inductively that vy, € M, for all i € {1,...,m}. Then y e M,. But
a = TmBZm' sc o E Hx' Hence M{Hx.sx} = HX' Therefore Hx is closed

in BX' #
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To prove that for any set X, Dx and hﬂx are closed in Bx,

the following lemma is required.

Lemma 4.3. Let X be a set and U a subsemigroup of Tx‘ Assume that

for eacha e U, B € Tx' o € U implies B € U. Then U is closed in

U is closed in By -

-1et o E Dmn{U,Bx}.

Proof : If

Assume that X # @.

By assumption, we ary 1.2, there exist

steh that

2ili+1 [i"j--t]m“1]r

Then a = ¥ Bm. Il p:: nce CT, is an ideal of
Tys V is a au.bnmgroup of 'T contum.ng CT

adfind o ﬂﬁgwﬁﬂﬁ‘w El’]ﬂ‘i

For each A e Bx

AR %”fﬁumﬁima

Then from '521-1"1 = EZil:i..+1 (i=1,...,m=1) and ﬂ'Zm 1™ = Bzm' we have

by Lemma 3.2 that

B 5 P = B P (i = 1:-0-}m“1]'
2i-1 A 2i A

Bom-1% Bom *
m
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Now, we have the following system of equalities:

B t follows by assumption

By = 14842
Tkse = BoPailpy Panhr = aty el
Bopatta = Bag
m

Then by Lemma 3.1, Bﬂql v | JFL Bom? We have a = Euw11.
Since B, x =B Sp.assumpt ™ © Since

m : : - il T
By o® =B sumption. ' e U. From

'\\ -

: 49, =B,.9
2i-1 li 2i J"i'+1
inductively that Then ¢, € U. But

1

u'BDvl'm“E }-LI. Therefore U is

closed in Bx. "

N 0 that for a,B : X = X,

if of is onto, thenfBeis onto. Thig implies that for a € Oy, B € Ty,

R wﬂumnﬂmmmmm .y
mecrdl 1 wmmmmﬂnmm&a d

Proof: Let X be a set. Imtut!.ﬂxandB!:Txhenuchthat

af £ mx_ Then X “Vap is finite. Since VaBC VB, XNVBC X\ VaB,

which implies that X~ VB is finite. Therefore B e AO Hence by

x-

Lemma 4.3, I.ux is closed in Bx" #
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The next two lemmas are reguired to prove that for any set X,

}LHx is closed in B)['

Lemma 4.6. Let X be a set. IfuBBxanstTxaremhthat

af e Tx, then for x € x\aﬂa,t.z € X; (x,2),(t,z) £ a implies X = t.
Proof: Let o £ B be such that aBf e T,. Let
X E XN A ;lt’z\] E _’_ﬂ.- Then

uﬂa"dt‘

(x,zB),(t,z8) e of is, af is 1-1 at x),

X = .
Lemma 4.7. Let Afpbse that F © X which
satisfies the fﬂll |F,t,2 £ X, tx;z];tt;zlﬂﬁ
implies x = t. Thenfft winl statements hold:

(1) If BeT, Ntz e X, (x,2),(,2)e oB

implies x = t, where A a for some y e AB}.

(2) 1f A CoMtandt Bemea f | is finite, and

2

= isfﬂni
Jﬁumwgrwi’wmm‘““ o

t,z E h that (x,z) z) Then there exist w,w' e X

= SRV TR

and (x,%) € a, it follows that w e x\n But (w,z),(w ,z) € B, so

hence FU RBu

w=w . Therefore (x,w),(t,w) € a. Since x € X\ F, by assumption,
X = t.
To prove (2), assume that F is finite and B € AM . For each

y e X, let 3!&'1' ={xe x| (x,y) € a}. Then Aﬁu—1 = U yu_1- Claim
yehy

that for each y € X, ya | is finite. To show the claim, let y e X.
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Case 1: yu'ini:x\pnf g. Let x e yuqntKRFl. Then (x,y) € o and

X gXvF. Ifw syu'1, then (w,y) € @, sC by assumption, x = W.

Therefore yuﬂ = {x}.

case 2: ya"NGX\F)= . Then ya ! = (yo M (X\E)Uye 'n F) = yo N F

and therefore ya"v:__ F. is finite, yu'1 is finite.

Hence we have the ._'\‘ S e e
we have by the claim FHae y. 'é. Hence AB¢_1 is finite. "
Corollary 4.8, B o - \ \ ‘and ¥, M E 'B be such

that o = pB.

property: for x implies x = t. Then

for x ;x\{ruhu : pimplies x = t.

holds. Let

\\
X ex\{PUh“fH and ;,':. _. at (x,z),(t,z) € u. Then
Lemma 4.7(1), we ﬂ '

et SRR Y RIHHNTS

nmm*ﬁﬁ QA Ay,

X

§3£B) £ yo. By

let a € Dmn{h}lx,sx}. Since 1, € Mlx, by Corollary 1.2, there exist

Eu|a‘1,'-.,ﬂzm E Mx, 11}---,'&"3111-..,11! E Bx Such that

« = Byris By = Y8y

B

;B 2i+1°

§Pa " R

B

1 = 52:.1 (i=15.5.m=T),

2i-1

Bote kil = Bo

+1
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Then a = TmBZm‘ Let g€ X and U = AM, U CTy - Since l.'.:Tx is an ideal

of Tx, U is a subsemigroup of Tx containing i:Tx. For each A € Bx'

define 9, € T as follows: For p £ X,

X
X A i U
pl L ) i Kpl e U,
Pe,. =
Then from By 13y = Cxmlees Tt ) and By Ay = Bops
we have by Lemma 37 . ‘ .
- N ”
Ezi_1¢ ".’ | ‘ \ --.,m 1]]

52;-.-1"

= B‘zi¢l. {i"l,..,;lﬂ-!},
ya i+1
ek,
so by Lemma 3.1, wetgg, that B Since a = v B, ,

@umm%ﬂﬁnm |
mﬂm AR TAY,

implies x = t. Let E'1 = AB ~

: Since 5& £ Bux, F.I is finite. Since

1‘1&2 = 1253, by Corollary 4.8, we have that for each

® E XN tF.lLJA 1;1],t,z X, xz),(t,2) € 1, implies x = t. Let

E’z
F2 = |.='1u hﬁ 1;1. Then we have by Lemma 4.7(2) that Fz is finite since
2

Bz E Mix. Since 1254 = 1355. by Corollary 4.8, we have that
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for each x € xx.{rzuhﬁ -r';},t.z e X, (x,2),(t,2) € Ty implies % = t.
4

1. By Lemma 4.7(2), Fy ig finite. From

LAt Fs okl “ﬂfz

B for all i € {1,...,m=-1}, it follows by Corollary 4.8

B2 = Yi41P2i4

and Lemma 4.7(2) inductively that for each i e {1,...,m-1}, there

exists a finite subset F, of X such that for each x € X\ F 3
irl i+1

(x,2),(t,z) %41 imp nce there exists a finite subset

F_of X such that forues S8 X, (x,2),(t,z) € ¥ implies

x = t. By Lemma 4  that fomugach x € X\ (F UA, T:J.
tlz E xl IX,zl,lt,zi . af 1 l‘.i; \",-.-l".{ ‘L'M\“ Let F=F uas 1,"1.
3 W . m 2m m

, / -2 N \.- \\\\
By Lemma 4.7(2), F g gindde: —stnce ¥ 6,

s ae T, @ is 1-1 at every
point in XN F. ThegFA JC T 9o ‘ w.r':-. Hence o € th‘

This proves & Hence Mx is closed in

Bige -~ &

AR

¥
) d
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