CHAFTER III

TRANSFORMATION SEMIGROUPS

First, we recall for\th lowing notation of transformation

semigroups: For any sef X \ //

Tx = group on X,

Ix = semigroup on
migroup on X),

Gx =

nf all constant

CPx =

i X (including 0),
c‘rx = tq: oup of all constant
U, = ¥ all almost

ide tical partial annfﬁrma Tons of X,

A e RN NS o

identical trmnformti.ona of X and

%7 IR AATY B

_identical 1-1 partial transformations of X.

Since for any set X, Ix' Gx and Hx are inverse semigroups,

we have by Theorem 1.3 that for any set X, I.s Gy and W, are

absclutely closed.
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It is known that for any set X, Px and Tx are absolutely
closed (see [21,([3],[4],[5) and [6]). The first main purpose of ‘the
research is to generalize this result by proving that for any set X,

every ideal of Px and every ideal of Ty is absolutely closed. This

implies that for any set X, the transformation semigroups ‘\'-'Px and CTx

are absolutely closed sim: ‘ are ideals of P, and T,

_d
. Qﬂmt for any set X, the

are absolutely closed.

respectively.
Our second n

transformation semi

The followi
Let S be a @@ dentity, set 51 = 5, and
if 5 does not have aj . semigroup S with an
identity adjoined, u

Let X be a set. gpty subset A of X and for

')

x € X, let Ax ., W al teafisformation of X with
domain A and ra -?H ‘

CPy ={n'.||i#n:x.x=x}u{n}

a,,ﬂfwxﬂual'nwﬂﬂ'ﬁwann's
ammﬁ“a‘mum’mmaa

1fx= ,thanCT = {o0}.

We need the two following lemmas to prove that for any set X,
every ideal of Tx is absolutely closed. The first lemma follows

directly from the remark given in Chapter I, page 8.
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Lemma 3.1. Let U be a subsemigroup of a semigroup S. Assume that

XUy =X Uoe 00 Ugg ¥ = Up ¥y G=1,...,m-1),

. VoV = Moy o

where “a,‘u1-""'u2m e U, x.‘,...,x,y,l,..., Y ES.

Then ugyy = X Uon-

Lemma 3.2. Let X be awsel and U B-subsemigroup of T, containing
CT.‘H'

Let S be a semiocgln/dentain U a5va s bsemigroup. Let g e X.

For each s e5'1. : § A "._:"'". 1L of or p € X,

Then the following statain

(1) é:- implies ap_ = B¢, -

(2) For afi§ «; mpl:.an a= Eq -

i

o :’Ejuﬂﬁmﬂi‘ﬁmﬁi o
- YT T e,

(pade, = (pa) (X o)
= (PBIX ) (X 8)
= (pB)(X__(X_ s))

po pu
(pB) txpﬂa}

{pB) {xPBtJ

= (pBlo,



\
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since 'tﬁli}xpm =pa, X X =X oand X 5= Xgt. But

papa p =

{pulixpus} 1 E xpus e U,
{palvn =

g if xpu“ g U

and

{pBIlcpt =

therefore pl ag_

point in X, it fo

of Tx is absolutely closed.
]

X=0, Iis nbsnlaly closed since |I| = 1. Assume that X # f.

ASOate L1 115 (E0L) 0L S

I as a subseffigroup. Suppose that Dom(I,S) # I. Let d e Dom(I,S)~1I.

0 LG e R G

4

Proof: ‘et cd¥of T . For the case

x‘

d = ot

o fos el 54 e
(1) { ¢ .
51“21 = aj.+1“2:i.+1 'u21-1ti = “Eitiﬂ (i=1,...,m=1),
: “2m—1tm=u2m .

LY

'mand-smum. sincaforusIanﬂfnrxsx,xx-uxst,wahava

that CT, & 1. Let g be a fixed point in X. For each s € s', define
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¢ €T, as follows: For p e X,

s X
P{xpu} if :tpn eI,
Py -
q if xpa £ I:
Since & = %o g (4 = 1,...,m=-1), by

(TE) 44
 Taseem=1).

axists B € T, such that

Since T, is regular X

X

®om = %o Bﬁm' From

(111)
] o= 1,..m-).

T
' 1§
Simalz.snn:.&aal‘pf'r and a zl,mwtﬁqh elC S for all

b LA T 1 e

equalities:

’QW’I&ﬂﬂ‘imNW]’mmaﬂ

b TR Y L TR )
“21-1“1:15“21::} = nz_i{qrtiﬂ Bay ) (i=1,...,m-1),
%m-1¢% P! = %o -

By Lemma 3.1, “D{"t,IB“Zm} =sa, . Since d = 8% d = unlot1ﬂu2m}.
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Thmfmde:baﬁauaaao,qszarﬂyt.BeTx. This is a
1

contradiction. Hence Dom(I,S) = I. This proves that I is absolutely

closed as required. #

Let X be a set. Then T, is an ideal of itself. The

of Tx since uxx = xx and

Corollary 3.4. tely closed.

Corollary 3.5. 1tely closed.

Next, we shall prave thal any set X, every ideal of L

na 3.1 and the following
. = Y )

Lemma 3.6. Let X Pa a set and U a subsemigroup of P containing

e G B BRAHH} R o o

sgs,daf.vma:p sP as follows: Forpn:x

mm&w SN PYARY

undefined LE xps ¢ U~N{0}.

Then
(1) For each g, R e U, 5, t & s‘, as = Bt implies “4'5 = B#t.
(2) For eacha, Be U, te 51. ¢ = Bt implies e = H’t‘
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Proof : To prove (1), let a, B € U and B,tBEibEB'L‘Ich

that e¢s = Bt. To show that Ms: ﬂ.ﬂﬁt, let p e M&s. Then p e Aa
and xpe:“ e u~{0}. 1If p £ 4B, then xpﬁ'- 0, so Ot = xpﬂt = xpus =
xpus € U, and hence 0 = 0(0t) = 0t = xpmn. a contradiction. Hence
p € AB. It then follows that X .t = xpﬂ-t = xpns = xpus e U~ {0}.

B
Therefore pB e 4¢ , sop € AR

The prmf that AB¢ ,‘ 5 ot giw.ran similarly. Hence
bog_ = B84, . :

Next, to show /5 R hﬂr (= ﬁBﬂ-‘ Y. ‘Then
X % Xt € u ~ {0} #Sidcé s -' =-: 't fodlows that plad ) = (pa)d, =
(po) (X&) = (pa) Cx e JPN BN Mpolf oe) = (pa) (X g (X g)) =

Therefore r.w.llrB = Bﬁt.

The statement® ( P and the fact that ¢,1 = 1}{'

Theorem 3.7. is absolutely closed.

Proof:

xb-ea id@ofpx. If 1 = {0},

= BN, v ..
ARSI AR

Suppose that Dom(I,S) # I. Let d € Dom(I,S)~I. By Theorem e 1,

there exist “D'“'I““‘uzm e I, 31....,3 ' 1;1,..., tm € S such that

d=g,t,, a5 = 5,q,
(1)
o b RO N R T Il TR LR L il

Gom-1tm™ %2m .
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Then d = 8 G- For each s 51. define 1.3 e P, as follows: For

X
peEX,
p{xps] if xps e 170},
pé, =
undefined it xps g In{0}.

Since S = mzm_1tm,

by Lemma 3.6, we get

{11}

by oo aastl=1) ,

Since Px is regular exists B € Py such that

nz = ﬂsz“Em' From

(TIRY

(i = 1;---jm-1] -

oo 10 [ RIS WEART <o o o

i€ {1,...,nP. By (1) and (J11), we haye the followipg system of
= RR mn‘imumfmmaﬂ

ai“zi =8 1% .1 uzi_.lidatiﬁnm} = a, H"tiHEaZm] (i=1,...,m=1),

LI (tlatmﬂuzm} =a, .
By Lemma 3.1, o, (¢ B“zm} = 5@, . Sinced =s 0, ,d = ag b, Be, ).

1 2 1
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Therefore d € I because u.n, uzm e I and ¢t1, B e Px' It contradicts

the choice of d. Hence Dom(I,S) = I. This proves that I is absolutely

closed, as reguired. "

Let X be a set. Then P, is an ideal of itself. It is easy

toaaathntfm-uu—:?x.ﬂ

and
=7 ,
It then follows that CP "" ! Px. Hence the two following

corcllaries are "§oCU LAY 5

]

18 absul\&ly closed.

v_ — -
Corollary 3.8. mz‘ any set X, Fy

s U DN WEQDS. ..
RN UINIIVENRLL o, e

the transformation semigroup of all almost identical partial transfor-

mations of X, U,, and the transformation semigroup of all almost
identical transformations of X, 'Jx, are absolutely closed.
Let X be a set.

Recall that for a e Px‘ S{a) = {x € Ax l xx £ x}
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(the shift of @) and & is almost identical if and only if S(a) is

finite,
u, = {a e Py 1 S(a) i8 finite)
and
| s¢e
Observe that
It is known BRat f0r ok Posmeessiec if and only if Vao Aa

The followi Cif phich e uired to use is easily seen:

\ {a}a is a finite subset
&)

of X. In general, \ ‘\H Ux or ‘U‘x, then
U (sla)Us(ala) : ‘
acF
For convenieng oo i - following notation: For

AC X and x £ X, 1uti’x

el | %E‘Vﬂ‘%ﬂ*’ﬂ"ﬁ PeBA Gy e

ama\iﬂ” fﬁﬂ%zmmmaa

(3) A e Vy if and only if A is finite.

4) @p*= X .

(5) Foruz-r,ifsa:ujcn,thmnu=im.
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The following lemma is required to show that for any set X,

Vy is absolutely closed.

Lemma 3.10. Let X be a set and S a semigroup mntu:ﬂ.ng\r as a

subsemigroup. Let F be a finite subset of v, and A = U (s(eluS(a)a)
aeF

Let g € X. For each s e S\, daf v as follows: For p E X,

and A s :

P, hpa = Vg o
Then:
(1) For B &'F, '8 t &5l % = Bt implies ag_ = By,.
(2) For e : - \ Bt implies & = Byt
Proof : E:Fands.tts1hemh
that as = Bt. . FHe S(B)B < A which imply

*l
) =5,

¥

p €A. Thanli:n. pB e A, Tht'efom we have that {pﬂlﬂm = pd.

M,lummmumm

“qiﬁrm SUTHTINGA

{pniiﬁpna} = HPHAP“HLNI}

= {pBHKpa{ipusH

= (pg) {ipu']

that Aa C A and AB

= [pB}{EPBtI :

Since pa, pB € A, we have that
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(pa) {ipun} if nga €V, »
(p)e. =
q if hpus 4 Vg
and
t e '!'x ¥
(pB )¢
A n’-‘i.'x 3
so (pulp_ = (pBle ) p{thl.
Case 2: p £ A 5 P DY
Hence plag ) = (pa) = p{th}.
This prov
The statema d the fact that ?, = 1x,
the identity map on X.
Theorem 3.11. L\ s B i .;# closed.
Proof : ﬂet X be a set. If X= Fmthun 'uF is absolutely
i % "“‘ﬂ'HEI’J ”P'I‘E‘M‘i WEI"] i
absolutely dilbsed, let S be grnup con _as a
“”'ﬂ*ﬁ“l &y fT‘J‘ﬂ!"ﬁW’i‘J K B"Tﬁ 4 gE
llar}r 1.2, there exist e L RNl E '-.r » Sqaeses8 ,t1. - ,t ES

mmh that
F

d = ﬁut1; ﬂn = 51'“1,

(1) < 8,0, = B Gy 4y O o E =8yt (A=1,...,m-1),

“Zm— 1t|:n = “Zm 'S
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Then d = s o, . Let q be a fixed point in X. Let F = logregseenso,

and A = U (S(el)S(a)a). For each s € 51, define , S vx as
aclF

follows: For p E X,

'

p{ipni if p £ A and ips eV, ,
PY, = thandas#vx,
Since 0, ;t;= 0yt \ iy, TE = Coms by Lemma 3.10,we get that
\ aseai=1),
{II)
By (I) and (II), we ; ‘gllowing system of equalities:
e o

5. 0 {i‘.l"--]m-"],

4 S

¥

H&ncebylmma31,ragetthat¢? =8 0, Sincad-aﬁ and

o 2 e vﬂﬂgq wﬂquﬂﬁm Pom(v,.,8) = V,

A ﬁ“ﬁﬁ“ AN SRR ey

" closed. The following lemma is required:

Lemma 3.12, Let X be a set and S a semigroup containing Ux as a

subsemigroup. Let F be a finite subset of le and A = U (S{a)usS(ala).
: aeF



32

For each s E 51, define 1;5 e U, as follows: For p e X,

X
p{Apa} if p € Aand As € Uy {o},
pt‘l«anﬂp ifpﬁhanﬁ{p}ps-{p}]:.
undefined otherwise.
Then:
(1) For each *=-:-7 F, as = Bt implianu.q.- a¢
{2) For es 1: J.I'I:Ip].'i.ﬂs o = Btl-t
Proof: ands,ttts1'basuch
that os = Bt. ThegfAofTen A e show that qﬂas = ﬁE#t,

it suffices to show

{pex |petan e . e A ": "edtlpeeBNa and p'Bambt}

{pex |peig A and pBEM’t]‘ f

Y |
To ’:* ‘ {p=x|psﬁﬂr“m and pr:Mr k;

=
1

i nce pur:ml; BPSEU ~{o}.

0 ¢ o LIS YR RITA T -

0 = 0(0t) -@t-hup,acmtraﬂm on. Hamapsﬁﬂ Therefore

- R TENA SR BN B ey

The proof that {peX|peABN A and psen¢t}:{pex|psmn A and paedd }

latpamﬁhanpazaﬁt Thenpush

can be given similarly. Hence {peX|peAanA and pashﬁa} =

{peX|peaBN A and paehd.-t} .

Next, to show that {peX|peAa™~A and pue:&d.-sl c

{peX|peaB\ A and pB:Mvt}, let p € Ax\A and pa € A¢_. Since s{a)cA,
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pe = p. Since pu & Ad_, {P“}pus = {pn}m- Then _{p}ps = {p}p. If

p ¥ AB, then {p}FB- 0 and hence {plp- {p]pa = {p}pus = {p}P“- =

£p}Pat = Ot, which implies that 0 = 0(0t) = 0t = {p}P. a contradic-

tion. Hence p € AB. Therefore p € AB\A. Since S(B)C A, pB = p-

It follows that {PB}th = {p}pat = {p}pﬁt = {P}p“ = {p}ma = {p}pa =

{plp = {pﬁ]PB. Therefore p‘

Now,

Case 1: peA. Then p

A 5, A

Pﬂ pﬂt E Ux {ﬂ}. ; ,.‘.

'h'ﬁi_’.ﬁ”_ ----

Ith s)

fl UE AIRERINEINT

= (PB)(A (A s))

Qﬁﬁﬂﬂﬂﬁﬁiﬂﬁﬂﬂmaﬂ

= {pBHh 1:]

= (pB)g,

= p(E#-t} .

Case 2: p gA. Then pa = p = pB £ A.

a.nd pB e M.-t. we have
a) and thM = (pBthBt}.

= A A - Since
pe  “popa

But pa M«B and pB € Mrt. 80

(pu}q.-s = pa and (pﬁhl.-t = pB which imply that pluq.-al = plBll't}.
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This proves that l:utl.-B = Bll-t, as required.

The statement (2) follows from (1) and the fact that 1-1 1x,
the identity map on X. "
Theorem 3.13. For any set X, U, is absolutely closed.

Proof : Let X basa . #-4the case X = #, Ux is absolutely

closed since IU}I:I = gt To prove that Ux is

absclutely closed, nEi.ng U, as a subsemigroup.

Let d € DmuIUx,SJ Y 'I 2, there exist

uu,u.l e ,m2m E ch that

4 = ayt,3

t

(1) 4 g =Gyt g =lsee.m1)5

‘-‘- -
%

b2 -1tm= “om

e

= « e Y = =

Then d = nmuzm. Let F e’ﬂg ,r and A U (Sla)U S(a)a)
el

F hse s‘fﬂf FiTE— gt p € X

f"

p(n s) if p e A and As e Uy ~ {0},

£ Q‘VIEWI?MELQI‘}‘} -
ARR FIRTINYINY

Since u'Ei 1557 %stin (i=1,...,m1)and Q= @ gDy lemma 3.12, we get that

rites ~ YRt = Lenspueil;
i41
(I1)
o & = O .
2m-1 t:.m 2m

By (I) and (II), we obtain the following system of equalities:
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B %o = 85 %5141 Y2i- 1“‘1; % e 3 (A=15..05 oty

zm-t“'tm = %m ,

mhyLmaEngatﬂmtuUQ = s a, sincani-su anduu

R
¢ eU,d=o0o4d¢ €U sSSDSHE - Hence Dom(U, »8) = U,.
R T S WYy

This proves that U

X S SISy I o

ﬂ‘iJEJ’J‘VIEWIﬁW BN
ammnmummmaﬂ

TA0HOBALD
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