CHAPTER II

SOME CERTAIN SEMIGROUPS

The purpose of this Shaptésf e to characterize the following

semigroups which are ab -
(1) samiqrnup;;&?
(2) semigro : féxte av? Hieh are group with zero,
(3) free =g |

(4) zero se

To characterige ge : - agroup extensions which are

Lemma 2.1. E=Se o subsenuoroun ot o SrT up¢. Then S is closed

in G if and only :i.
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it follows from Theorem 1.1 that 1 € Dom(S5,G) = S.

Alsoc, for each x € 5, we have
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b4 = X .o 8, x E G,
Sl g X* e s, S e's ;) X = %7 Tk .
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which implies by Theorem 1.1 that x € Dom(S,G) = S.

Theorem 2.2. Let S ba® _#of arolp » grnup extension. Then

S is absolutely closéfl if £4d on __ ._ oup .
A

Proof :
subsemigroup of G.
If S is absaoll i closed in G, soc by
Lemma 2.1, 5 is a & limplies that S is a group.

The converse . Theorem 1.3.

¥
V‘— Y
Because tl-ﬁ'sn‘ . ‘con ¢flumbeyd forms a group under
usual addition, the fgllowing coroldary is clearly obtained from
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absolutely closed if and only if it is a group.

It follows from Coreollary 2.3 that each of the semigroups
™,+), (@,+) and (R*,+) is not absolutely closed where N, @' and R'
denote the set of all positive integers, the set of all positive

rational numbers and the set of all positive real numbers, K respectively
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and + denotes the usual addition of complex numbers. Since M,+) is
not absolutely closed, it follows that every infinite cyclic semigroup

is not absolutely closed.

Corollary 2.4. Every infinite cyclic semigroup is not absoclutely

closed.

having extensions wh srolpe Wifhozerc. To prove this, we need

the following lemma

Lemma 2.5. Let

Proof : Then Dom(5,T) = 5.

To prove that S 1%1 cher og1 o '1’1 subgroup with zero of

|

T, it suffices to pgoye that if S {D}, then 1 ¢ S and for x e S,

OISV (1 VAl e NP
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we have that 1 € Dom(S,T) (Theorem 1.1), so 1 e S. Next, let x e S

and x ¥ 0. Then
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x = XX s XeE 8 , X e T,
_12"2,32=5,x :T.x-x1x2,
A .1&:5,1-:2::2.

By Theorem 1.1, x" £ S.

The converse follows

di W from Theorem 1.3. "

Theorem 2.6. Let 5 ke & b1 axtunsim which is a

group with zero. d if and only if S is

either a group or a g

Proof : L&T ' LE laving S as a .

subsemigroup.

If 5 is abso! i8 closed in T, so by

Lemma 2.5 , § is eithe ' a subgroup with zero of T.
Hence S is a group or &

ThEe CONVEr Stk

Since the sa‘i of all ccmpl numbers under usual multiplica-

tion forne ﬂ%ﬂ@ %%ﬁ%ﬁq A% g

corollary :

A AININURIINAE

cﬂrnllary 2.7. A multiplicative semigroup of (complex) numbers is

absolutely closed if and only if it is either a group or a group with

Zero.

Corollary 2.7 implies that each of the semigroups (N, *),

(10,11,*) and ({z € ¢ | |z| € 1},+) is not absolutely closed where C
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denotes the set of all complex numbers and * denotes the usual

multiplication of complex numbers.

We show in the next theorem by mmliary 2.4 and Thaurum 1.4

that every free semigroup on a ncnempty set is not absolutely closed.

% free semigroup on X, % is
--l..'
——

‘g?:\h

\ \\ losed.

: N
T r\ hE o distinct elements in X.

Proof : finite cyclic semigroup,

hence by Coroll

Suppose
Then a, b € f}'; de 1_.\-,.. of free semigroup
that a.‘"‘l ";lh = h?ﬁ ZBihd .- B, THe e by Theorem 1.4,

% is not absclutely close

- -

Finally, \W& Bhe

4_ groups which are

on@mg lemma :
mum RN ﬁjﬁtmmﬂ TR
°°““ai“wf7a3ﬁffaj uﬁ*’”’a"’ﬂm 1

1“13'1!“1511;3‘1:5;11“-){1“1,

absclutely clﬂs&d.!ﬁf‘irst,

X Ua¥5 o MR o Po €SN ULy = UVa N

xzuayz 3 u3- € 0 , x2 E. & ; x1u2 - xzu3 »

*n2m-1'm’ “2m-1°

= XX 1u

mzm'“mn';”'“zm-ﬂ‘m'“m’

that is,
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= X_ U

d =u5y it o

3 1%

{021 = X 41920417 Yoioq¥iT BaaViaq nteceomen,
uz.n_.1ym- uzm.l
for some Ugslyseeasls € U and RS ST A E 5.

Then d = 0 if one of the following conditions holds :

(1) a4 ==x_0.

(2) 4 =

(3)
(4)
(5)

(6)

2 (=1 =1 =1
([

(7)

d = 0.

Proof : {“ ;0 for all

ie {u:1r---a21'ﬂ}- ;l L:]

Assume ghat d-xﬂ. nﬂ-xuﬁ. Butx_lu.luun,

o @ = uyg -ﬁWEI’J‘VIHVI?WEJ’]ﬂ‘i

(2) It can be provedfsimilarly &o (1) that if,d = Oy , then

d-uammnimum'sﬂmaﬂ

(3) Since u for all i € {1,...,m-1}, we

Y25 1Y = Y23Yi49
have that for each i € {1,...,m-1}, Oy, = Ou,. .y, = Ouj.y. . =0y, ..
Hence it follows that if 4 = Oy,, then d= Oy, which implies by (2)
that 4 = 0.

{(4) 1t can be proved similarly to (3) by using (1) that if

d=x0, then d = 0.
m

01532&
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(5) Assume that d = x Oy . Then d = x Ou Since

2m-1"m"

U gl = Mgty d= xmiJuZm = xmﬂ. By (4), we get that d = u_.

{6) Since u for all i e {1,...,m-1},

24171 = Y2i¥i4q

we have that Oy, = Ou,. .y, = Ou,.y for all i £ {1,...,m-1}.

i+1 nyi+‘l
Then

ﬁ for all i € {1,...,m-1},

1 '1.,;.'.‘_.‘ +1u for all

for i = 1;...,m-1. B ataf d = xiﬁyi for some

ie {13---;m—1}'_thﬂn 4 s

(7)) If B

then d = x, nuziyi+ﬂ= B -5 ‘n; = U5 ¥ig hence
G-xﬂy,and-uﬁ 6).

ﬂ‘UH’J‘ﬂﬂWﬁWHWﬂ‘E

Thnoramzw. Let S be a zefo semigroyp. Then S ig absolutely

ms;‘o'lﬁmﬁﬂiﬂmﬁﬂﬂma 4

Proof : Let 0 be the zero of S.

ies that d = 0 by (5).

gh that d = x: 0y 40

Assume that |S| € 2. If |s| = 1, then S is a group, hence §
is absolutely closed. Assume that |S| = 2. Let s = {0,a}. Let T be
a semigroup containing S &s a subsemigroup. Suppose that Dom(S,T) £S,

Let 4 € Dom(S,T)~S. Then, by Theorem 1.1, we have
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d=u 3 W, = NAL

(A R S el
Xy Upy =% 1925410 Voi Y3 = VaiViyq B=lieocim-t),

Yom-1"m = Yom’

for SOME WU, peeeslly E 5, KyrerasX o y.l,...,yma T. By Lemma 2.9,

we get that for each i € {0,1,...,2m}, w, # 0, hence u, = a for all

) ; /’""m“ﬂ YTt Y2idi g
for each i e {1.....m a3 _& implies that ay, = ay, .
ve @ nd hence d = ay . Since

u 1¥m and . v \ B AV =AY Thus

2m = “2m-
d-n},rm-n. It 3

Dom{s,T) = 5.

For the convgf: \\f Lata1anda2betwu

distinct nonzero el BES. -{ ) 940 8gaees and b.‘, bz, ‘.::3....

be distinct symbols alements of S and let

T = sUJAS

Define the operati‘ * on T as llnwn H

; *ﬂ-ﬂﬁﬂ’ﬂﬂ‘ﬂ?%&ﬂﬂ" ks

x*y y*x=0 i§355'\{ﬂ .a}andy:{h1,2 3...-}.

’Qbﬁ?ﬁﬁﬂ%ﬂw%’ﬂ}mﬂﬁ d

a*h-b*n-a. for all i, j e N.
1 ] i+3

¥

Then {SU{'&B":&’E ye22}s*) is a zero semigroup with zero 0,

5
({h,l,bz,b y.--1,*) is an infinite cyclic semigroup (having b, as'its
generator) and 0 * x = x * 0 = 0 for all x e T.

For x, ¥, z € T, it is easy to see that if at least one of

X, ¥, z is in Em{at,az} or at least two of X, ¥, z are in
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{a!,nz.aa,...}, then (x * y) * 2 =0=x* (y * z). Fori, j, k € N,
(aebyeB =g B =8 . earbi satibrb),
(by* a)vB =a, *h =8, b *a;, =b¥lab),

(byo By ea =b ("0 =8, =B85 mb*(byray),

Hence * is associative on T. Therefore (T,*) is a semigroup having S

as a subsemigroup.

Claim that Lu:.: . épﬂwﬂ the claim by

showing that a Dom(S,T) # S). By

P

3 & Dom
defining T and *,

23 = a

ﬂumwamwmm
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