CHAPTER I

PRELIMINARIES

Let S be a BEmigeduss  An eleMent & Of S is called an identity

of S if xe = ex = X 14l c 8. Ao element z of S is called a zero

entity and at most one
zero. If an iden f fo, semr ropp gexists, it is usually denoted
by 1, and if a semig el 0" is usually used to denote

its zero.

A semig o semigroup if xy =0

foranx,yss.
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L semigroup S is called a regular semigroup if for every

element a of S, there is an element x of 8 such that a = axa.

A semigroup S is called an inverse semigroup if for every

element a of 5, there is a unique element a!

and ﬂ_1 = ﬂ-'u-‘l.

of 5 such that a = aa._1a



Let S and T be semigroups and ¢: S = T a map. The map ¢ is

called a homomorphism of S inte T if

(xy)lg = (xp)(yq)

for all x, ¥y £ 5.

Let X be a nonempty se empty finite sequence a,l 185 -

1

Sl a s of elements of X

8 cAlladsd word over "EHi bha XeTHE set 5& of all words with

{'&1&2---5-1“] Eh v- ‘ ‘ 2 Ty h - . h }
is a semigroup calded & re@, Semigroup o he set X.

Let X be a se binary relations on X.

For any p, 0 € B, 3 1e3r compési tibn po by

po = {(a,b) e: p and (x,b) e 0 for some x € X}.

o ti-:ms, which is called

the semigroup of ﬁ ary - m

A partial tmfpsformation ofy X is a map from a subset of X

tnto x. mﬂuﬂ%W‘éﬂm AR e

of X with empty domain and i¥ is denotegdyby H.'I'.‘b.nl transfor-
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ranpactivaly- Let l.='_,|'L be the set of all partial transformations of X

Then B is a se v

(including 0). For o, B € P, define the product of as follows : If

x?
VaNAB = @, let of = 0. If VanAB # §, let ab = (af 1msl )
(VaMAB)a Ta AR
(the composition of the maps al 1 and B| ) where
(Vanad)a™ Vo AR
u[ and Ei| denote the restrictions of a and B to

l‘.‘?unﬁﬂ}u'1 Van AR



(Vo ﬁﬁ}u'1 and VaMaB, respectively. Then Px is a regular semigroup

having 0 and 1}{ as its zero and identity, respectively where 1}_‘t is the

identity map on X. The semigroup Px is called the partial transforma- °

tion semigroup on X. Observe that o, B e P_, AcB = {?uhﬁﬁ]u_1(; An

X
and Vaf = (VaNAB)EB C VB. In fact, Py is a subsemigroup of B,.

of P

Let Ix be transformation of X.

nd it is called the 1=

R ' \gk letric inverse semigroup

Then Ix is an inverse g

partial transformatig

on X.
By a transfogfiag map of X into itself.
Let Ty be the e af \‘ ons of X. Then Ty is a
regular subsemigroup of P 5 5 {88fi8ity 1, and it is called the full

Let ,
B e ———————l ‘
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M, = the s& nf all 1-1 transformations of X
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onto transformations of x.
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nrutT » X € X, « is said to be 1-1 at x if (xo)a™! = {x}.
For « € T,, & is said to be almost 1-1 if the set {x € X|& is not 1-1
at x} is finite. Let LHx be the set of all almost 1-1 transformations

of X. Clearly, ch AM, . Claim that AM_ is a subsemigroup of Ty -

X
To prove this, let a, B £ Mxi For convenience, for ¥ E Tx, let
h"r- {x e x | ¥ is not 1-1 at x}. Hence for ¥ € Tx, ¥ me if and



only if h_r is finite. Let x e x\tnnu {AB}u-1}. Then x £ XA\ A, and

Xx € xxaﬂ. Let v & lx[uB).’l(aﬂ]-1. Then (yalp = y(aB) = x(aB) = (xa)B.

Since xa € X~A,, ya = xa. This implies that ¥y = x since x e X\ au.

Hence [:H:IGBH{HE}'.I = {x}. This proves that if x e thnuu {na}u"]].

lu_1. Since a and B are almost
-1

then x € x\nﬂs. Hence huB: Anu{n

B

1=-1, Au and AB are finite. Ja  is finite since EB is a
finite subset of X and.g 3 s most. "4it follows that A, is finite.
Therefore af e AHx/

Forae T - p if X~ Vo is finite.
Let Mx be the s ’ o tione of X. Clearly,
Ox: on. For o,

Thus, if a, B € [AQ
=
17

that X~ VaB is 1 | e a subsemigroup of T

containing U

%g%%ﬂﬁ%ﬁﬂﬁx. S(a), is defined

to be the sed{x e Ac | xa # x}. A partial transformation a of X is

s QYR SBSTHAIIN IRE)

= the set of all almost identical partial transformations

finite, and it follows

x
of X,

\'x = the set of all almost identical transformations of X

and

Hx = the set of all almost identical 1-1 partial

transformations of X.



If a, B € Px, then Slap) = S(a)US(B). Hence ux, "nil'x and ﬂx are
subsemigroups of Px’ Tx and Ix. respectively. Moreover, Hx is an
inverse semigroup.

Let

C:Px = the set of all constant partial transformations of X
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(including 0)

BN gd, T, , respectively.

A subsemig : ; it JuphSiis Se d to be clanad'* in 8
if for any eleme group T and homomorphisms
g, & : §—-T such

A semigroup S ie 2 ps0 ] tely closed if S is closed

in every semigroup which coE s 5 &5 a subsemigroup.

Let S be_ gybup of S. For any
element 4 of 5, ":* "\,'-r U dominates d if

T

for any semigroup™¥ a.nd» fnr any hmm’m‘phimmq-; $ :5-1T, q:lu = 4.|U

implies deg . ‘ﬁm mﬁ bich are dominated

by U is calﬁuﬂm on :f in it mgted by Dom(U,S).
RTRTEHATINE 8 8

In Topology, it is known that for a metric space X and for
CC X, C is closed in X if and only if for any x € X N C, there are a
metric space Y and continuous mappings f,g : X = ¥ such that f|c- g]c

and f(x) # g(x).



(i) Dom(U,S) is a subsemigroup of S containing U.
(ii) U is closed in S if and only if Dom(U,S) = U.
(iii) If U and V are subsemigroups of 5 such that U CV, then

Dom(U,V) © Dom(U,S), and hence U is closed in S implies that U is

closed in V.
Let U be a subsemigrous! of # #emigroup S. A zigzag of length
m(m € N) in U over S kit sa system of equalities
q - ‘ #
=Bty

G Uai Vs i (eta2ushcamstl

with uﬂ’u‘l""'uZm s.
Remark, If (*) holds
A form of (*) San'be Lfollows :

@ - =

wxu < m
”‘“}j'mai’?ﬁ"ﬂmn's
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= *n2m Yom-1Ym = Y2m
The following results will be used in this thesis :

Theorem 1.1 (Isbell's Zigzag Theorem, [l]). Let U be a subsemigroup
of a semigroup S. Then d e Dom(U,S) if and only if d e U or there is

a zigzag in U over § with value 4.



It follows from the Theorem 1.1 that every ideal of a
semigroup S is closed in S.
Let U be a subsemigroup of a semigroup 5. Assume that U has

an identity 1. If 4 € U, then

d=1d

which implies that er S with value d.

Hence by Theorem 1.

Corollary 1.2.

N semigroup S. Assume

that U has an identi f and only if there is

a zigzag in U over §

Theorem 1.3 ([2]). Every imverse semigroup is absolutely closed.

It ;—— -t ‘r—:::up is absolutely
Ay -

closed. "I
W

U

‘o | v/
Y YL TRV TTUIRG LT Yo A
that a sr'-. qlIs sa,Nsa, = §f, then S ig, not absoluggly closed.
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