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1.1 Introduction 

CHAPTER I 

INTRODUCTION 

The glue operator is a mathematical operator defined by Uiyyasathain[1]. 

She studies maximal-clique partitions of different sizes whether or not there exists 

a clique-inseparable graph with n maximal-clique partitions of n different sizes, 

so the glue operator is defined to solve the problem . Later , Promsakon[2] studies 

colorability of the glued graphs. Bounds of the chromatic number and the edge

chromatic number of the glued graphs in term of the chromatic number and the 

edge-chromatic number of the original graphs are obtained in [3] and [4] . This is 

a motivation for us to study total colorings' of glued graphs. In section 1.2 , we 

show literature reviews of vertex colorings, edge colorings and total colorings. In 

section 1.3 , we give examples and also investigate some basic properties of glued 

graphs. In chapter 2, we analyze the results of total colorings of glued graphs for 

some classes of graphs such as cycles, bipartite graphs, trees and com plete graphs. 

In chapter 3, we study total colorings of the glued graphs between any graph and 

any tree. Moreover, there are some necessary conditions of graphs satisfying the 

Total Coloring Conjecture. In chapter 4, we give conclusions and open problems 

from Chapter 1, Chapter 2 and Chapter 3. 

In this thesis , we consider only a connected graph without loops and multiple 

edges. V (G) and E( G) stand for the vertex set and edge set of a graph G, 

respectively. The number of elements in V(G) is represented by . n(G) and the 
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number of elements in E( G) is represented by e( G). \Ve lise Vi for a vertex and 

use ei for an edge. Vve also use ViVj for the edge whose endpoints Vi and Vj. 

1.2 Basic Properties of Colorings, Edge-colorings and To

tal Colorings 

Let [k] represent the set {1 ,2, ... ,k} and we use {l ,2, ... ,k } as the set of k 

colors. A k -coloring of a graph G is a coloring f : V(G) --+ [k]. A k-coloring is 

proper' if adjacent vertices have different colors. A graph is k -colorable if it has 

a proper k-coloring. The chromatic number X(G) is the least positive integer k 

such that G is k-colorable. 

A k -edg e-coloring of a graph G is a coloring f : E( G) --+ [k]. A k-edge

coloring is proper if incident edges have different colors. A graph is k -edge

colorable if it has a proper k-edge-coloring. The edge-chromatic number X'(G) of 

a graph G is the least positive integer k such that G is k-edge-colorable. 

A k-total coloring of a graph G is a coloring f : F(G) U E(G) --+ [k]. A 

k-total coloring is proper if incident edges have different colors, adjacent vertices 

have different colors, and edges and its endpoints have different colors. A graph is 

k -total colorable if it has a proper k-total coloring. The total chromatic number 

X"(G) of a graph G is the least positive integer k such that G is k-total colorable. 

Remark 1.2.1. Let G be a graph. Then X"(G) ;::::: ~(G) + 1 . 

Proof. Let v be a vertex of a graph G with maximum degree. There are .6.(G) 

edges which are incident to v. Since these .6.( G) edges and v have different colors, 

wehave~(G)+l:S:X"(G). 0 

The Total Coloring Conjecture, introduced independently by Behzad[5] and 

Vizing[6], states that for every graph G, X" (G) :s: ~(G) + 2. It is known that for 
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any graph G, X"(G) 2: .6.(G) + 1. A graph G is of type 1 if X"(G) = .6.(G) + 1 

and type 2 if X"(G) = .6.(G) + 2. 

Remark 1.2.2. Let G be a graph and H be a subgraph of G. Then 

(a) X( H) ~ X(G), 

(b) X'(H) ~ X'(G), 

(c) X"(H) ~ X"(G). 

Proposition 1.2.3. Let G be a nontrivial graph. Then X"(G) 2: 3 . 

Proof. Since G is a nontrivial graph, there is an edge uv where u, v E V(G). We 

nred 3 colors to label vertices u, v and edge uv. Thus X" (G) 2: 3. 

Remark 1.2.4. Let G be a graph. Then 

(a) X"(G) 2: X(G), 

(b) X"(G) 2: X'(G). 

3 

~ ~ 
1 2 3 

A vertex coloring An edge coloring 

3 

~ 
1 3 2 

A total coloring 

o 

As shown in Figure 1.2.1, we are interested in determining a necessary and 

sufficient condition for equality of X( G), X' (G) and X" (G). 

{

2 if n is even, 
Remark 1.2.5. X(Cn ) = X'(Cn ) = 

3 if n is odd. 
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3 if n == a (mod 3). 
Proposition 1.2.6. [7] x"(Cn ) = 

4 otherwise. 

Theorem 1.2.7. [8],[9] For every graph G] x(G) S ~(G) + 1. Th e equality holds 

if and only if G is a complete graph or an odd cycle. 

Proposition 1.2.9. x (Cn) = x'(Cn) = x"(Cn) if and only if n 3 (mod 6). 

Proof. Sufficien cy. Assume that n == 3 (mod 6). Since Cn is a n odd cycle, we get 

x(Cn ) = 3 and X'(Cn ) = 3. By Proposition 1.2.6, we get X"(Cn) = 3. Therefore , 

Necessi ty. We will prove by contrapositive. Assume that n ::j. 3 (mod 6). By the 

division algorithm , n = 6k , 6k + 1, 6k + 2, 6k + 4 or 6k + 5 for som e integer k. 

Case 1. n = 6k, 6k + 2 or 6k + 4 . 

Since Cn is an even cycle, we get X(Cn) = 2. However, X"( Cn ) 2: .6(Cn ) + 1 = 3. 

Case 2. n = 6k + 1 or n = 6k + 5. 

Since n is not divi sible by 3, by Proposition 1.2.6, we get X" (Cn ) = 4. By 

T herefore, X(C n ) = X'(Cn) = X"(Cn) if a nd only if n 3 (mod 6). 

Remark 1.2.10. For every integer n, X(J(n) = n. 

Proposition 1.2.11. [10] ~' (I(n) = {n 
n-l 

Proposition 1.2.12. [11] x"(1(n) = {n 
n+l 

if n is odd, 

if n zs even. 

if n is odd, 

if n zs even. 

o 



Proposition 1.2.13. If n is odd then X(J<n) = X'(J<n) = x" (J<n) . Otherwise, 

X( Kn) = X'(Kn) + 1 = X"(Kn) - 1. 

Proof. Case 1. n is odd. By Remark 1.2.10, Proposition 1.2.11 and Proposi

tion 1.2.12, we get X(J<n) = X'(J<n) = X"(J<n) = n. 

Case 2. n is even 

By Proposition 1.2.12 , we get X"(I<n) = TI + 1. However , X(I<n) = n. Thus 

X(I<n) = X"(J<n) - 1. By Proposition 1.2 .11. we get X'(J<n) = n - 1. Thl\s 

X(J<n) = X" (J<n) + 1. 0 

Theorem 1.2.14. Let G be a graph. If G is not a complete graph of even degree, 

then X"(G) 2: X'(G) ~ X(G). Otherwise, X(G) = X'(G) - 1 = X"(G) + 1. 

PTOOf. Case 1. G is neither a complete graph 110r an odd cycle. By Theorem 1.2.7, 

X(G) ~ 6(G). Since ~(G) s:; X'(G) and X'(G) ~ x"(G) , we get X"(G) 2: X'(G) ~ 

X(G) . 

Case 2. G is an odd cycle. By Remark 1.2 .8, X"(G) ~ X'(G) ~ X(G). 

Case 3. G is a complete graph. If n is odd then X(J<n) = X'(Kn) = X"(J<n) and 

if n is even then X(Kn) = X'(Kn) + 1 = X"(Kn) - 1 by Proposition 1.2.13. 0 

The following theorem gives necessary and sufficient conditions for the equality 

of the chromatic number, the edge-chromatic number and the total chromatic 

number. 

Theorem 1.2.15. Let G be a graph with n vertices. X(G) = X'(G) = x"(G) if 

and only if G is Cn where.n == 3 (mod 6) OT](n where n is odd. 

Proof. Sufficiency. X(G ) = X'(G) = X"(G) by Proposition 1.2.9 and Proposi

tion 1.2.13. 

Necessity . Assume that X(G) = X'(G) = X"(G) . By Theorem l.2 .7 and Re

mark 1.2.1, we get X(G) s:; 6(G) + 1 s:; X"(G). Then X(G) = ~(G) + 1 = X"(G). 
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Thus X(G) > 6.(G). From Theorem 1.2.7, G is an odd cycle or a complete graph. 

By Proposition 1.2.9 and Proposition 1.2.13, G is a cycle of length n = 3 (mod 6) 

or a complete graph of order n when n is odd. o 

1.3 Basic Properties of Glued Graphs 

In this section, we introduce the glued graph and give some properties of glued 

graphs. Let G 1 and G2 be any two vertex-distinct graphs. Let HI and H2 be 

nontrivial connected subgraphs of G I and G2, respectively, such that HI ~ H2 

with an isomorphism J, then the glued graph oj G I and G2 at HI and H2 with 

respect to J, denoted by C£! -:/i} , is the graph that results from combining G] 

with G2 by identifying HI and H2 with respect to the isomorphism J between 

HI and H2. Let H be the copy of HI and H2 in the glued graph. We refer to 

II as its clone and refer to G I and G2 as its original graphs. 

The glued graph oj G I and G 2 at the clone H , written G I <J:G2 , means that 

there exist a subgraph HI of G I and a subgraph H2 of G2 and an isomorphism 

J between H1 and H2 such that GHI ~G}.12 and H is the copy of HI and H2 in the 
1- J 7 2 

resulting graph. 

We denote G1<J>G2 an arbitrary graph resulting from gluing graphs G] and G2 

at any isomorphic subgraph Hl ~ H2 with respect to any of their isomorphism. 

Notation K n (Vl,V2 , ... ,Vn ) denotes a complete graph on vertices V1,V2,""Vn , 

notes a path on vertices VI) V2, ... , Vn . 

Example 1.3.1. Let G I and G 2 be graphs as shown in Figure 1.3.1. 

Let H1 ~ K3(1 , 3, 4) be a subgraph of G 1 and H2 ~ K3(a , b, c) be a subgraph 

of O2, Consider three isomorphisms J, g and h between H1 and H2, as follows: 

J(l) = a, J(3) = b, J(4) = c, 



Figure 1.3.1: The results of glued graphs G] and G2 in different isomorphisms 

9(1) = b, 9(3) = c, 9(4) = a and 

h(l) = c, h(3) = a, h(4) = b. 

7 

The glued graphs between G] and G2 with respect to j, 9 alld h are shown 

in Figure 1.3.1 

Example 1.3.1 shows that different isomorphisms can give the different or the 

same result. However, in some cases it is possible that a ll isomorphisms give the 

same result as shown in the next example. 

Example 1.3.2. Let G 1 and G2 be graphs as shown in Figure 1.3.2. 

Figure 1.3.2: The reslllts of glued graphs G] and G2 in different isomorphisms 
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Let HI ~ 1<:3(2,3.4) be a subgraph of G I and H 2 ~ 1<:3(0, b, c) be a subgraph 

of G2 . There are six isomorphisms between HI and H 2 : but all of them give the 

same result as shown in a Figure 1.3.2 where f is arbitrary isomorphism between 

HI and H 2 · 

We first observe some basic properties of gllled graphs in the following remark. 

Remark 1.3.3. 

1. The original graphs are subgraphs of their glued graph. 

2. The graph gluing does not create or destroy an edge. 

3. A glued graph between disconnected graphs is also disconnected and a glued 

graph between connected graphs is also connected. 

4. If u E V(G I ) - V(H) and v E V(G 2 ) - V(H) where G I and G 2 are graphs 

and H is a clone of G I <J:G2 , then u and v are not adjacent in G I <J:G2 . 

A glued graph could be a simple or not simple graph. C lea rl y the graph gluing 

of G j and G 2 is not a simpl e graph if G I or G 2 is not a simple graph. If original 

graphs are simple graphs, it is not necessary that their glued graph is a simple 

graph. The necessary and sufficiency condition for glued graphs to be simple is 

gIven 111 next theorem . In this thesis , we consider only simple connected glued 

graphs. 

Theorem 1.3.4. [2] Let G I and G2 be simple graphs and let H be the clone oj 

a glued graph G I <J:G2 . Th en G j <J:G2 is a simple 'graph iJ and only iJ there are 

no vertices 'U and v in H such that there are edges el E E(G I ) - E(H) and 

e2 E E(G2 ) - E(H) whose endpoints are u and v. 

Remark 1.3.5. [2] Let G I and G2 be nontrivial graphs. 

Then .6(G I <I>G2 ) ~ .6(Gd + .6(G2) - 1. 
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Proof. Since G 1 and G2 are subgraphs of G 1<I>G2 , we get X"(G 1) ~ X"(G 1<I>G2 ) 

and X"(G 2) ~ X"(G 1<I>G2). Then X"(G 1<I>G2 ) ~ max{ x l (G 1)'X"(G2 )}. 0 

Theorem 1.3.7 (a) gives an upper bound of the chromatic number of glued 

graphs in terms of the chromatic number of original graphs and Theorem 1.3.7 (b) 

shows an upper bound of the edge-chromatic number of glued graphs in terms of 

the edge-chromatic number of original graphs. Furthermore , Theorem 1.3.8 shows 

all upper bound of the chromatic number of glued graphs when the clone is an 

induced subgraph of original graphs in terms of the chromatic number of original 

graphs. 

Theorem 1.3.7. [3],[4] Let G1 and G2 be graphs. Th en 

(a) X(G 1<I>G2 ) ~ X(G 1)X(G2 ), 

(b) X'(G 1<I>G2 ) ~ x'(Gd + X'(G2 ) . 

Theorem 1.3.8. [3] Let Gland G2 be graphs and G I <J:G2 a glued graph with 

clone H . If H is an induced subgraph, then X(G 1<J:G2 ) ~ x(Gd + X(G 2 ). 



CHAPTER II 

TOTAL COLORINGS OF SOME CLASSES OF GLUED 

GRAPHS 

2.1 Upper Bounds of the Total Chromatic Numbers of 

Glued Graphs 

In this section, we investigate the values and bounds of the chromatic numbers , 

the edge-chromatic numbers and the total chromatic numbers of some classes of 

graphs and their glued graphs. 

Theorem 2.1.1. L et G] and G2 be graphs. If X"(G] <!>G2) S ~(G]<!>G2 ) + 2 

then X"(G1<!>G2) S X"(G J ) + X"(G2) - 1. 

Proof. Assume that X"(G J<!>G2) ::; .6(G]<!>G2) + 2. TheIl 

X"(G 1<!>G2) S ~(G]<!>G2) + 2 

::; .6(G]) + .6(G2) - 1 + 2, 

= (.6(G]) + 1) + (.6(G2) + 1) - 1 

S X"(G 1) + X"(G2) - 1, 

by Remark 1.3.5, 

by Remark 1.2.1. 

o 

We obtained an upper bound of the total chromatic numbers of glued graphs 

in terms of the total chromatic number of original graphs . Note that if graphs G] 

and G2 with X"(G 1<!>G2) S .6(G1<l>G2 ) + 2 satisfy following conditions 

(a) a vertex with maximum degree of G 1 is glued to a yertex \vith maximum 



degree of G2 and the corresponding vertex in the clone has degree 1, 

(b) G] and G2 are of type 1, 

(c) G]<I>G2 is of type 2. 

11 

However , any two conditions among above three conditions yield X"(G]<l>G2 ) :s; 

x"(G1 ) + X"(G2 ) - 2. We conjecture that no graph satisfies all of the above COll-

ditions; hence , we have the following conjecture. 

2. 

We next try to prove the conjecture by first considering some classes of graph 

such as cycles, bipartite graphs, trees and complete graphs. 

2.2 Total Colorings of Glued Graphs of Cycles 

In this section , we investigate the values or bounds of the chromatic number , 

the edge-chromatic numbers and the total chromatic numbers of cycles and their 

glued graphs. Moreover, we prove that any glu ed graph of cycles satisfies the Total 

Coloring Conjecture and give a necessary and sufficient condition to be either of 

type 1 or of type 2 of glued graphs of cycles. 

Proposition 2.2.1. [9] X(Cn ) = { : 
if n is even, 

if n is odd. 

Proposition 2.2.2. . {2 [9J X'(Cn ) = 3 
if n is even, 

if n is odd. 

Proposition 2.2.3. [7] X"(Cn ) = { : 
if n - 0 (mod 3), 

otherwise. 



12 

Figure 2.2.1: Total colorings of cycles 

A graph is said to be s-degenerated for an integer s 2:: 1 if it can be reduced 

to a trivial graph by successive remo\"al of vertices with degree at most s. 

For example, the graph in F igure 2.2.2 is 2-degenerated and every planar graph 

is 5-degenerated. 

Figure 2.2.2: A 2-degenerated graph 

Theorem 2.2.4. [12]'[13J If G is an s-degenerated graph then X(G) ::; s + 1. 

Proposition 2.2.5. [3J Let G] and G2 be graphs. Then G1<J>G2 is bipartite if 

and only if G1 and G2 are bipartite. 

Theorem 2.2.6. X(Cm<DCn) = { : 
if m and n are even, 

otherwise. 

Proof. Case 1. m and n are e\"en. Consequently, Cm and Cn are bipartite. By 

Proposition 2.2.5, Cm<J>Cn ·is bipartite. Hence X(Cm<J>Cn) = 2. 

Case 2. m or n are odd. Then Cm<J>Cn is not bipartite. Thus X(Cm<J>Cn) 2:: 3. 

Since Cm<J>Cn has at most 2 vert ices with degree greater than 2, Cm<J>Cn is a 

2-degenerated graph. By Theorem 2.2.4, X(Cm<J>Cn) ::; 3 . Thus X( Cm<J>Cn) = 

3. o 
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Let G be a conn ected graph . The line graph L(G) of G is the graph generated 

from G by V(L(G)) = E(G) and for any two vertices e,I E F(L(G)). vertex 

e and vertex 1 are adjacent in L( G) if and only if edge e and edge 1 share a 

common vertex in G. If H is the line graph of G, we call G the root graph of H . 

b 
be de 

G L(G) 

Figure 2.2.3: A graph G and its line graph L( G) 

Since colorings of the line graph of a graph G are edge-colorings of G , it follows 

that the chromatic number of the line graph of G is equal to the edge-chromatic 

number of G . 

Proof. If Cm<I>Cn is a cycle, we are done. Assume that Cm<I>Cn is not a cycle. 

Case 1. The clone of Cm<I>Cn is not P2 . Then every vertex in the line graph of 

Cm<I>Cn has degree at most 3. Hence ~(L(Cn<I>Cn)) ~ 3. Since L(Cm<I>Cn) is 

neither an odd cycle nor a complete graph, by Theorem 1.2 .7, X(L(Cm<I>Cn)) S; 

Case 2. The clone of Cm<I>Cn is P2 . Let Cm be a cycle with a vertex set 

1,2, ... ,m- 1 and em = UmUj. Let en be a cycle with a vertex set { V I , 'V2, ... ,vn } 

and an edge set {II , 12, . .. , In} where Ii = ViVi+ ! for i = 1,2, ... , n - 1 and 

In = VnV!. Since the clone of Cm;;:Cn is P2 , without loss of generality, assume 

that we glue Uj to VI and U2 to V2. Let 1 : E(Cm;;:Cn) -+ [3] be a ll edge-coloring 
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1 if :1; = ek where II, is odd and k < m, 

3 if x = ek wh ere k is even and k < m, 

f( x ) = 

1 if x = fk where k is odd and k < n, 

2 if x = fk wh ere k is even and k < n, 

3 if x = fn. 

Then f is a proper edge-coloring from E(Cm1!;Cn) to [3J . Thus X'( Cm<I>Cn) :s; 

3. o 

Theorem 2.2.8. X'(Cm 4>Cn ) = { : 
if Cm<I>Cn is an even cycle, 

otherwise. 

Proof. Case 1. Cm<I>Cn is a cycle. If Cm<I>Cn is an even cycle then X'( Cm<I>Cn) = 

~(Cm<I>Cn) = 3. By Theorem 2.2.7, we get x' (Cm<I>Cn) :s; 3. Consequently, 

o 

Figure 2.2.4: An edge-coloring of C6<l>C6 when its clone is P2' 

Theorem 2.2.9. [14J Let G be a graph. Then X"(G) :s; l ~~(G) J . 



Theorem 2.2.10. For a glued graph Cm<I>Cn , x"(Cm<I>Cn) ::::; 4. 

Theorem 2.2.11. For a glued graph Cm<I>Cn, 

{ 

3 if Cm<I>Cn is a cycle and m = n = 0 (mod 3) , 
X" (Cm<I>Cn) = 4 

otherwise. 

Figure 2.2.5: A total coloring of C7<I>Cg when its clone is P4 
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Proof. Case 1. Cm<I>Cn is a cycle. Then m = nand Cm<I>Cn ~ C m ~ en. 

If m = n = 0 (mod 3), by Theorem 2.2.3 , x" (Cm<I>Cn) = X"(Cm) = 3 . If 

m = n = 1,2 (mod 3), by Theorem 2.2 .3, X"(Cm<I>Cn) = X"(Cm) = 4. 

4. o 

Theorem 2.2.12. Any glued graph of cycles satisfies the Total Coloring Conjec-

ture. 

Proof. By Theorem 2.2.10,we get X"(Cm<I>Cn)::::; 4. Since fl(Cm<I>Cn) + 2 ;:: 4 , 

we get X"(Cm<I>Cn) ::::; fl(Cm<I>Cn) + 2. 0 

Theorem 2.2.13. If the glued graph Cm<I>Cn is a cycle and m = n 1, 2 

(mod 3) then Cm<I>Cn is of type 2 . Otherwise, Cm<I>Cn is of type 1. 
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Proof. Case 1. Cm<DCn is not a cycle. Then .6. (Cm<DCn) = 3. By Theo

rem 2.2.10, x" (Cm<DCn ) = 4 = Ll(Cm<DCn ) + 1 . Hence, Cm<DCn is of type 

1. 

Case 2. Cm<DCn is a cycle. Then m = nand Cm<DCn ~ Cm ~ Cn . If Cm<DCn is 

a cycle and m = n _ 0 (mod 3). By Theorem 2.2.3, we get X"(Cm<DCn ) = 3 = 

Ll(Cm<DCn )+l. Thus Cm<DCn is of type 1. If Cm<DCn is a cycle and m = n == 1,2 

(mod 3), by Theorem 2.2.3, X"(Cm<DC~) = 4 = .6.( Cm<DCn ) + 2. 0 

Corollary 2.2.14. 

(a) Cm<DCn is of type 1 if and only if Cm<DCn is not a cycle or m =I n or 

m = n = 0 (mod 3) J 

(b) Cm<DCn is of type 2 if and only if Cm<DCn is a cycle and m = n == 1,2 

(mod 3). 

Proof. It follows from Theorem 2.2.12 and Theorm 2.2.13. o 

Theorem 2.2.15. X"(Cm<DCn ) ::; X"(Cm) + X"(Cn ) - 2. The equality holds if 

m, n == 0 (mod 3) and X"(Cm<DCn ) = 4. 

Proof. By Theorem 2.2.10, we get X"(Cm<DCn ) ::; 4. Since XI(Cm) ,X"(Cn ) ~ 3, 

we get X"(Cm) + X"(Cn ) - 2 ~ 4. Then x" (Cm<t>Cn ) ::; X"(Cm) + X"(Cn ) -

2. If m,n 0 (mod 3), by Proposition 2.2.3, X"(Cm ) = X"(Cn ) = 3. Thus 

X"(Cm) + X"(Cn ) - 2 = 4 . Since X"(Cm<DCn ) = 4, we get X"(Cm<DCn ) = 4 = 

X"(Cm) + x" (Cn) - 2. 0 

2.3 Total Colorings of Glued Graphs of Bipartite Graphs 

In this section, we investigate the values or bounds of the chromatic numbers, 

the edge-chromatic numbers and the total chromatic numbers of bipartite graphs 



17 

and t heir glued graphs. Moreover, we prove that any glued graph of bipartite 

graphs satisfy the Total Coloring Conjecture. 

Proposition 2.3.1. [9] Let G be a nontrivial bipartite graph. Then x( G) = 2. 

Proof. It follows from the definition of a bipartite graph. o 

Theorem 2.3.2. (Konig [15]) For ever'y bipartite graph G, X'(G) = ~(G). 

Figure 2.3.1: An edge-coloring of a bipartite graph 

Proposition 2.3.3. Let G be a bipartite graph. Then X"(G) ~ ~(G) + 2. 

Proof. Let G be a bipartite graph. It is easy to see that X"(G) ~ X'(G) + X(G) 

By Proposition 2.3.1 and Theorem 2.3.2, X(G) = 2 and X'(G) = ~(G). Then 

X"(G) ~ ~(G) + 2. 0 

u);:----=----:;{·) .'> 

~ (j--------UJs 

Figure 2.3.2: A total coloring of a bipartite graph 

Theorem 2.3.4. Let G r and G2 be nontrivial graphs. 

Then X(Gr<l>G2 ) = 2 if and only if x(G 1 ) = 2 and X(G2 ) = 2. 



18 

Proof. Sufficiency. Assume that X(G}<I>G2 ) = 2. Since x(Gd ::; X(G ]<I>G2 ) = 2 

and G} is nontrivial , we get X( Gd = 2. Similarly, X(G 2 ) = 2. 

Necessity. Assume that X(G 1 ) = 2 and X(G2 ) = 2. Then G ] and G2 are 

bipartite. By Proposition 2.2.5, G] <I>G2 is also bipartite. 

Hence X(G}<I>G 2 ) = 2. o 

Remark 2.3.5. Let G 1 and G 2 be nontrivial bipartite graph s. Then X(G}<I>G 2 ) = 

2. 

Proof. Let G} and G2 be nontrivial bipartite graphs. By Proposition 2.2.5, 

G}<I>G2 is bipartie. Then X(G} <I>G2 ) = 2. 0 

Theorem 2.3.6. [I1J Km ,n is of type 2 if and only if m = n. 

Theorem 2.3.7. If G] and G2 aTe bipartite gmphs then X'(G} <I>G2 ) = .6.(G1<I>G2 ). 

Proof. Assume that G} and G2 are bipartite graphs. By Proposition 2.2.5, 

G}<I>G2 is also bipartite. By Proposition 2.3.2, X'(G}<I>G 2 ) = .6.(G J <I>G2 ). 0 

Theorem 2.3.8. A ny glued gmph of bipaTtite gmphs satisfies the Total Co loTing 

Conjecture. 

Proof. Let G1 and G2 be bipartite graphs. By Proposition 2.2 .5, G1 <I>G2 is 

bipartite. By Proposition 2.3.3, X"(G]<I>G2 ) ::; .6.(G}<I>G2 ) + 2. 0 

Theorem 2.3.9. Let G] and G2 be bipartite gmphs, X"(G] <I>G2 ) < X"(G J ) + 

X"(G2 ) - 1. 

Proof. By Theorem 2.3.8, we get X"(G1<I>G2 ) ::; .6.(G} <I>G2 ) + 2. Then this theo

rem holds by Theorem 2.1.1. 0 

Example 2.3.10. There are bipartite graphs G} and G2 such that X" (G}<I>G 2 ) = 

X"(G]) + X"(G 2 ) - 2. We consider Cm) Cn where m, n = 0 (mod 6) and t he clone 
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is an edge of them. Since m, n == ° (mod 3), we get Xl/(Cm) = Xl/(Cn ) = 3 . By 

Theorem 2.2.10, since Cm<J>Cn is not a cycle, we get XI/(Cm<J>Cn ) = 4. Hence 

I :OC .: 
.I 2 

1 3 

<I> 

I 

~j: 
.1 

Figure 2.3.3: Cm, Cn and Cm<J>Cn are bipartite graphs with XI/(Cm<J>Cn ) 

Figure 2.3.3 is an example of bipartite graphs with XI/(G]<J>G2 ) = Xl/(G J ) + 

xl/ (G2 ) - 2. Moreover, G], G 2 and G] <J>G2 are of type 1. Example 2.3.11 shows a 

glued graph of type 2 such that original graphs are of type 1. Furthermore , when 

original graphs are of type 2, a glued graph can be either of type 1 or of type 2 

as shown in Example 2.3.12 and Example 2.3.13. 

Example 2.3.11. According to the proper total coloring shown in Figure 2.3.4, 

xl/(Gd ::; 3 and XI/(G2 ) ::; 4. By Remark 1.2.1 , Xl/(G]) 2 L\(G]) + 1 = 3 and 

xl/(G2 ) 2 L\(G2 ) + 1 = 4. ·Hence G 1 and G 2 are of type 1. By Theorem 2.3.6, 

vVhen G] and G 2 are of type 2, G] <J>G2 can be both of type 1 and type 2 as 

shown in Example 2.3.12 and Example 2.3.13. 
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G, 

Figure 2.3.4: Both G} and G2 are of type 1 while G} <I>G2 is of type 2 

Example 2.3.12. In Figure 2.3.5, Gland G2 are ]{2,2. By Theorem 2.3.6 , G1 

and G2 are of type 2. Since G}<I>G2 is ]{3 ,2, by Theorem 2.3.6, G1<I>G2 is of type 

1. 

:1 

(11 <J> G~ 

Figure 2.3.5: Both G} and G2 are of type 2 while G} <I>G2 is of type 1 

Example 2.3.13. In Figure 2.3.6, G 1 is ]{2,2, G2 is 1(3,3 and G} <I>G2 }s ]{3,3' 

By Theorem 2.3.6, G}, G2 and G}<I>G2 are of type 2. 

Vve show that any glued graph of bipartite graphs satisfies the Total Coloring 

Conjecture. It is an open problem to find a necessary and suffi cient condition of 

the glued graph of bipartite graphs be either of type 1 or of type 2. 
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2.4 Total Colorings of Glued Graphs of Trees 

In this section , we invest iga te the values or bounds of the chromatic numbers, 

the edge-chromatic numbers and the total chromatic numbers of trees and their 

glued graphs. Moreover , we prove that any glued graph of trees satisfies the Total 

Coloring Conjecture and give a necessary and sufficient condition to be either of 

type 1 or of type 2 of glued graphs of trees . 

Throughout this thesis, G - {VI, V2, ... , vd is the induced subgraph on V(G) -

{ V I ,V2, . . . ,vd. We write G-v insteadofG -{v}. 

Proposition 2.4.1. Let T be a nontrivial tree. Then 

(a) X(T) = 2, 

(b) X'(T) = L).(T), 

{ 

L).(T) + 2 
(c) X"(T) = 

L).(T) + 1 otherwise. 

Proof. (a) T is nontrivial bipartite. Then X(T) = 2. 

(b) By Proposition 2.3.2, X'(T) = L).(T) . 

(c) If T has only one vertex, then X"(T) = 1 = L).(T) + 1. If T is P2, then we 

have X"(T) = 3 = L).(T) + 2. Assume that T is a tree with n vertices, where 
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Figure 2.4.1: A coloring of a tree 

Figure 2.4.2: An edge-coloring of a tree 

n 2 3. Thus 6(T) 2 2. 

When n = 3, we get T ~ P3 ' It is easy to see that Xl/(T) = 3 = 6(T) + l. 

Assume that Xl/(T) = 6(T) + 1 for all T with k vertices where k 2:: 3. Let T be 

a tree with k + 1 vertices where k 2:: 3 and m = 6(T) + 1. It suffices 'to show 

that there is a proper total coloring from 11 (T) U E (T) to {I , 2, ... , m}. Since T is 

a tree, T has a vertex with degree 1, say v. Let u be a vertex which is adjacent 

to v. 

Case 1. u is a vertex with maximum degree . Then 6(T-v)+ 1 = 6(T) = m-l. 

Since T - v is a tree with k vertices where k 2 3, by induction hypothesis , 

Xl/ (T - v) ::; 6(T - v) + 1 = m - 1. Then there is a proper total coloring 

f : V(T - v) U E(T - v) -7 . {I, 2, .. . , m - I}. Since m - 1 = 6(T) 2 2, there is a 

color r which niffers from f(u) . Let l' : V(T) U E(T) -7 {I, 2, ... , m} be a total 
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coloring of T defined by 

f( x) if x E V(T - v) U E(T - v), 

1'(x) = k if x = uv, 

r if x = v. 

Then l' is a proper total coloring from V(T) U E(T) to {I, 2, ... , m}. 

Case 2. u is not a vertex with maximum degree in T - v. Then ~(T - v) + 1 = 

~(T) + 1 = m. Since T - v is a tree with k vertices where k ~ 3, by induction 

hypothesis , X"(T-v) ~ ~(T-v)+l = m. Thus there is a proper total coloring f : 

V(T-v)UE(T-v) -+ {1 ,2, ... ,m}. Since dT - v (u)+l ~ ~(T-v) = ~(T) = m-1, 

at most m-1 colors are used to color u and edges incident to u in T - v. There is 

a remaining color in {I , 2, ... , m} , say r. Since m = ~ (T) + 1 ~ 2 + 1 = 3, there is 

a color which differs from f(u) and r,say r'. Let 1': V(T)UE(T) -+ {1,2, ... ,m} 

be a total coloring of T defined by 

f( x) if x E V(T-v)UE(T-v), 

1'(x) = r if x = uv, 

r' if x = v. 

Then f' is a proper total coloring from V(T) U E(T) to {I, 2, ... , m}. Hence 

X"(T) ~ m = ~(T) + 1 . Since X"(T) ~ ~(T) + 1, we get X"(T) = ~(T) + 1. 0 

Example 2.4.2. Figure 2.4.3 shows an example of a total coloring of tree. 

Proposition 2.4.3. [3J Any glued graph of trees is a tree. 

Theorem 2.4.4. Let Tl and T2 be nontrivial trees. Then 

(a) X(T1 <r>T2 ) = 2 ) 

(b) X' (Tl <r>T2) = ~(T1 <r>T2), 

(c) Tl<r>T2 is of type 1 unless Tl ~ T2 ~ P2' 
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Figure 2.4.3: A total coloring of a tree 

Proof. Proposition 2.4.3 states that any glued graph of trees is a tree. Then this 

theorem follows from Theorem 2.4.l. o 

Remark 2.4.5. Any glued graph of trees satisfi es the Total Coloring Conj ecture. 

Theorem 2.4.6. Let Tl and T2 be nontrivial trees. Then X'(T1<I>T2) ::; X'(T1 ) + 

X'(T2) - 1. The equality holds if and only if 6.(Tl <I>T2) = 6.(T1 ) + 6.(T2) - 1. 

Proof. Let T) and T2 be trees. 

x' (T) <I> T2) = 6. (T1 <I> T2) , 

::; 6.(T1 ) + 6.(T2) - 1, 

= X'(T1) + X'(T2) - 1, 

by Proposition 2.4. 1 (b) , 

by Remark 1.3 .5, 

by Proposition 2.4. 1 (b). 

As shown above, if X'(T1<I>T2) = x'(Td + X'(T2) - 1 if and only if 6.(TJ<I>T2) = 

6.(Tl) + 6.(T2) - 1. 0 

Theorem 2.4.7. Let Tl and T2 be nontrivial trees. Then X"(T1<I>T2) ::; X"(TJ) + 

X"(T2) - 2. The equality holds if and only if 6.(T1<I>T2) = 6.(T]) + 6. (T2) - 1 and 

Tl <I>T2 F- P2· 

Proof. If TJ<I>T2 ~ P2 then TJ ~ T2 ~ P2· Since X"(P2) = 3, we get X"(T1 ) = 

X"(T2) = X"(TJ<I>T2) = 3. Then x"(Td + X"(T2) - 2 = 4 > X"(TJ<I>T2). Assume 



~ (6(Td + 6(T2) - 1) + 1, 

= 6(Td + 6(T2) 

by Proposition 2.4.1, 

by Remark 1.3.5, 

by Proposition 2.4.1. 
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o 

Example 2.4.8. Figure 2.4.4 shows examples of trees and their glued graph 

making the equality in Theorem 2.4.7 holds. By Proposition 2.4.1 (c), we get 

X"(TJ) = 4,X"(T2) = 3 and X"(TJ<I>T2) = 5. Hence X"(TJ<I>T2) = x"(Td + 

X"(T2 ) - 2. 

Figure 2.4.4: Total colorings of T1 , T2 and TJ <I>T2 

2.5 Total Colorings of Glued Graphs of Complete Graphs 

In this section, we investigate the values or bounds of the chromatic numbers, 

the edge-chromatic numbers and the total chromatic numbers of complete graphs 

and their glued graphs. Moreover , we prove that any glued graph of complete 
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graphs satisfies the Total Coloring Conjecture and give a necessary and suffi cient 

condition to be either of type 1 or of type 2 of glued graphs of complete graphs. 

Proposition 2.5.1. X(I<n) = n. 

Figure 2.5.1: Colorings of complete graphs with 5 and 4 vertices 

Proof. Proposition holds since each vertex is adjacent to all remaining vertices. 

{

n 
Proposition 2.5.2. [10] X'(](n) = 

n-l 

if n is odd, 

if n 2S even. 

Figure 2.5.2: Edge-colorings of complete graphs with 5 and 4 vertices 

Proposition 2.5.3. [11] X"(](n) = {n 
n+l 

if n is odd, 

if n 2S even. 

o 

Lemma 2.5.4. If a glu ed graph ](m<1>](n is a simple graph, th en 6.(I<m<1>Kn) = 
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Figure 2.5.3: Total colorings of complete graphs with 5 and 4 vertices 

Proof. Assume that ](m<J>Kn is a simple graph. Then the clone of Km<J>Kn IS a 

complete graph, say K r . Each vertex in the clone of Km:f:Kn gives the maximum 

degree. Hence fj,(f<m:f:Kn) = (m-l)+(n-l)-(r-l) = m+n-r-l. Besides, 

n( Km<J>Kn) = n(1<m) + n(Kn) - n(Kr) = m + n - r. Therefore, 6.( Km<J>Kn) = 
Kr Kr 

o 

Theorem 2.5.5. Any glued graph of complete graphs satisfies the Total Coloring 

Conjecture. 

Proof. Let Km and ](n be complete graphs of order m and 71 , respectively. Let 

since Km<J>Kn is a subgraph of K k , 

by Proposition 2.5.3 , 

by Lemma 2.5.4. 

o 

We have already proved that any glued graph of complete graphs satisfies the 

Total Coloring Conjecture. Next, Theorem 2.5.8 gives a necessary and sufficient 

condition to be either of type 1 or of type 2 for a glued graph of complete graphs 

by using Theorem 2.5.6 and Lemma 2.5.7. 
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A matching in a graph G is a set of edges with no shared endpoints. The 

maximum size of matching of a graph G is denoted by a'(G) 

Theorem 2.5.6. [16] Suppose that G is a graph of order 2n and .6.( G) = 2n - 1, 

then X" (G) = 2n if and only if e( G) + (x' (G) 2: n . 

Lemma 2.5.7. For m, n, l' E JR , 

21' - n m + n - l' 
m < r+ ifandonlyif(rn-r)(n - T)+(n-r) < . 

2n - 21' - 1 2 

Proof. 

21' - n r(2n - 21' - 1) + (21' - n) 
m < l' + {::} m < -'-- - ---'-----'----'-

2n - 21' - 1 2n - 21' - 1 
21' (n - 1') - (n - 1') 

{::}m <-'-------'--------'-----'-
2n - 21' - 1 

n - r 
{::} m < 2n _ 21' -1 (21' -1) 

2n - 21' - 1 
{::} m < 21' - 1 

n - 7' 

m 
{::} 2m - -- < 21' - 1 

n - r 

1 
{::} 2m - 21' + 1 < --m 

n - r 

{::} (n - r)(2m - 21' + 1) < m 

{::} (n - 1') (2m - 21') + (n - 1') < m 

{::} 2(n - r)(m - 1') + 2(n - 1') < m + n - T 

m+n-r 
{::} (n - 1')(m - T)+(n-r) < 2 

o 

21' - n 
Theorem 2.5.8. Let m > n. If m + n - l' is even and m < l' + ----

- 2n - 21' - 1 

then KmK<I>rKn is of type 2 . Otherwise, Km<I>Kn is of type 1 . Kr 

Proof. Let m 2: nand G = Km;J:Kn . 

Cas e 1. m + n - l' is odd. By Proposition 2.5.3, X"(I<m+n - r) == m + n - l' = 
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fl(I<m+n - r) + 1. Since G is a subgraph of Km+n- r and fl(G) = fl(Jen+n - r), we 

get Xl/(G) :::; Xl/(Km+n - r) = fl(J{m+n - r) + 1 = fl(G) + 1. Thus G is of type 1. 

Case 2. m + n - r is even . By Lemma 2.5.4, fl(G) = n(G) - 1 = m + n - r - 1 . 

The complement of G, Km;;:Kn has only one nontrivial component, ](m- r,n - r. 

Then e(G) = (m - r)(n - r). Since m ~ n , we get o/(G) = 11 - r . Thus 

e(G) + a'(G) = (m - r)(n - r) + (n - r). If m ~ r + 2n2~~rn_ l ' by Lemma 2.5.7 , 

e(G)+a'(G) = (m - r)(n-r)+(n-r) ~ m+;- r. Consequently, by Theorem 2.5.6, 

G is of type 1. If m < r + 2n2~~rn_ l' by Lemma 2.5.7, e(G) + a'(G) = (m - r)(n

r) + (n - r) < m+;- r. Hence, by Theorem 2.5.6, Xl/(G) =1= n + m - r . Since 

n + m - r = n(G) = ,0.(G) + 1 , we have Xl/(G) -I- fl(G) + 1. B y Theorem 2.5 .5, 

Xl/(G) :::; fl(G) + 2. Therefor, Xl/(G) = fl(G) + 2; hence, G is of type 2. 0 

Corollary 2.5.9. Let m ~ n. Then 

K K 2r - n (a) m
J
<;!> n is of type 1 if and only ifm+n-r is odd or m 2: r+ } 
'T 2n - 2r - 1 

]( K 2r - n 
(b) mK<I> n is of type 2 if and only ifm+n-r is even and m < r+----

T 211 - 2r - 1 

Proof. They follow immediately from Theorem 2.5.5 and Theorem 2. 5.8. 0 

Proof. Since the clone of Km<I>Kn must be nontrivial , we get m , n ~ 2. If m = 2, 

get XI/(Km<I>Kn) < Xl/(I<n) + 1 = Xl/(I<m) + Xl/(I<n) - 2. If n = 2 , similarly, 

by Theorem 2.5 .5, 

by Lemma 1.3.5, 

by Remark 1.2.1. 

Note that XI/(J{m<J>Kn) = Xl/(J{m) + Xl/(Kn) - 1 if a vertex with maximum 

degree of Km is glued to a vertex with maximum degree of Kn and the corre-
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sponding vertex in clone has degree 1, Km and Kn are of type 1 and Km<I>Kn is 

of type 2. 

Assume that a vertex with maximum degree of Km is glued to a vertex with 

maximum degree of K n and the corresponding vertex in clone has degree 1 and 

Km and K n are of type 1. Since the clone must be a complete graph, the clone is 

K 2 . Without loss of generality, assume that m::::: n. Since m::::: 3 and n::::: 3, we 

get (n - 2)(2m - 2(2) + 1) = (n - 2)(2m - 3) ::::: m. By Theorem 2.5.8, Km:f:Kn 

is of type 1. Thus X"(Km<I>Kn) =f. X"(Km) + X"(I<n) - 1. Hence X"(J<m<I>Kn) :S 

D 

Theorem 2.5.11. X"(Km<I>Kn) = X"(Km) + x" (Kn) - 2 if and only if m, n are 

odd and the clone of Km<I>Kn is K2 . 

Proof. Since we are interested in simple glued graphs, the clone is a complete 

graph, say K r . By Theorem 2.5.5, x" (Km:f:Kn ) :S ,6,( Km;;:Kn )+2. By Lemma 2.5.4, 

we have ,6, (1<111<1>Kn ) = n(Km<I>Kn) -1. Then x " ( K m<1>Kn) = ,6,( Km<I>Kn) + 1 = 
. l<r l<r }(r l<r 

n( Km<1>Kn) = m + n - r or x" (Km<I>Kn ) = ,6,( K m<1>Kn) + 2 = n( Km<I>Kn) + 1 = 
l<r }(r l<r }(r 

m+n-r+1. 

Case 1. m and n are odd. By Proposition 2.5.3, XI (Km)+X"(Kn)-2 = m+n-2. 

Then x"(Km;;:Kn) = X"(Km) + X"(J<n) - 2 if and only if r = 2. 

Case 2. Either m or n is odd. Then X"(I<m) + X"(Kn) - 2 = m + n - 1. If 

.r ::::: 3 then X"(Km;;:Kn) :S m + n - r + 1 :S m + n - 2 < X"(Km) + x" (Kn) - 2. 

Assume that r = 2. Then m + n - r is odd. By Corollary 2.5.9, x"(Km:;Kn) = 

.6.(Km:;Kn) + 1 = m + n --.:. 2 < X"(J<m) + x" (I<n) - 2. 

Case 3. m and n are even. By Proposition 2.5.3, XI (I<m)+X"(Kn)-2 = m+n > 

D 



CHAPTER III 

TRIMMED GRAPHS VS GLUED GRAPHS 

3.1 Total Colorings of t-trimmed Graphs 

A graph H is a t-trimmed graph of a graph G if G can be reduced to a graph 

H by successive removal of vertices with degree at most t. Among t-trimmed 

graphs of G , the smallest t-trimmed graph of G is the one with the minimum 

number of vertices. 

Example 3.1.1. A graph G have a lot of 2-trimmed graphs but only one smallest 

2-trimmed graph. 

• 

G 2-lrimmed graphs of G The smallest 2-trimmed graph of G 

Figure 3.1.1: A graph G with its 2-trimmed graphs and its smallest 2-trimmed 

graph 

Theorem 3.1.2. The is the only one smallest t-trimmed graph of a graph G , 

unless the smallest t -trimmed graph has one vertex. 

Proof. If the smallest trimmed graph of a graph G has only one vertex, thpn 

it is unique up to isomorphism . Assume that the smallest trimmed graph of a 
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graph G has more than one vertex. Let HI and H2 be the smallest t-trimmed 

graphs of G. Let HI be obtained from successive removal vertices VI , V2, ... , Vb 

respectively. Assume that HI i H 2 . By the definition of t-trimmed graph , a 

t-trimmed graph of G is an induced subgraph of G. Then V(Hd i V(H2)' 

Since H2 is the sm a llest t-trimmed graph of G, V(H2) CZ V( HJ) ' Let j E [k] 

be the smallest number such that Vj E V(H2 ) - V(Hd. If j = 1, let ]( = G. 

Then H2 is a subgraph of](. If j ~ 2, let K = G - {VI,V2, ... ,vj-d. Since 

VI, V2, ... , Vj- I tf. V (H2)' H2 is a subgraph of K . Both cases, H2 is a subgraph of 

K . Since d]{(vj) :::; t, we get dH2(vj) ::; t. Thus H2 - Vj is a t-trimmed graph 

of G. It is a contrad iction because H2 is the smallest t-trimmed graph. Hence 

o 

Lemma 3.1.3. Let G be a graph with ~(G) ~ 2 and contain a vertex v with 

degree 1. If X"(G - v) :::; ~(G - v) + 2 and ~(G) = ~(G - v) + 1) then G is of 

type 1. 

Proof. Since v has degree 1, let U be a vertex of G which is adjacent to v . 

Assume that X"(G - v) :::; ~(G - v) + 2 and ~(G) = ~(G - v ) + 1. Since 

~(G) = ~(G - v) + 1 , u is a vertex with maximum degree in G - v. Let 

k = ~(G) + 1. It suffi ces to show that there is a proper total coloring from 

V(G) U E(G) to [k] . 

We get ~(G-v)+2 = (~(G) - 1)+2 = k . Since X"(G-v) :::; ~(G-v)+2 , there 

is a proper total coloring f : V(G - v) U E(G - v) ~ [kJ . Since dc-v (u) + 1 ::; 

~(G - v) + 1 = ~(G) = 'k - 1 , we use at most k - 1 colors to color u and 

edges incident to u in G - v, there is a remaining color in [k], say r. Since 

k = ~(G) + 1 ~ 3, there is a color s which differs from f(u ) and r. Let 



l' : V(G) U E(G) -7 [k] be a total coloring of a graph G defined by 

f(x) ifxEV(G -v)UE(G-v), 

J'(x) = r if x = uv, 

s if x = v. 
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Then l' is a proper total coloring from V (G) U E (G) to [k]. Hence Xl/ (G) = 

6.(G) + 1 and G is of type 1. 0 

Lemma 3.1.4. Let v be a vertex with degree 1 of a graph G. If xl/(G - v) :::; 

6.(G - v) + 2 then Xl/(G) :::; 6.(G) + 2. 

Proof. Since v is a vertex with degree 1, let u be the vertex which is adjacent to 

v. Assume that Xl/(G - v) :::; 6.(G - v) + 2. Let k = 6.(G) + 2. It suffices to 

show that there is a proper total coloring from l'(G) U E(G) to [k] . 

Case 1. u is a vertex with maximum degree in G - v. 

Then .6.(G) = .6.(G - v) + 1 . By Lemma 3.1.3 , Xl/(G) = 6.(G) + 1 < 6.(G) + 2. 

Case 2. u is not a vertex with maximum degree in G - v. 

Hence .6.(G - v) + 2 = 6.(G) + 2 = k. Since Xl/(G - v) :::; 6.(G - v) + 2, there 

is a proper total coloring f : V(G - v) U E(G - v) -7 [k] . Since dG-v(u) + 1 :::; 

6.(G - v) + 1 = .6.(G) + 1 = k - 1 , we use at most k - 1 colors to color u and 

edges incident to u in G - v , there is a remaining color in [kJ, say r. Since 

k = .6.(G) + 2 ~ d(v) + 2 = 3, there is a color which differs from f(u) and r, say 

s. Let l' : V (G) U E (G) -7 [k] be a total coloring of a graph G defined by 

f(x) if xEV(G-v)UE(G-v), 

J'(x) = r if x = uv, 

s if x = v. 

Then l' is a proper total coloring from V(G) UE(G) to [k]. Hence Xl/(G):::; k = 

6.(G) + 2. 0 
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Lemma 3.1.5. Let v be a vertex with degree 2 of a graph G . If x"(G - v) ::; 

~(G - v) + 2 then X"(G) S ~(G) + 2. 

Proof. Since v is a vertex with degree 2, let Uj and U2 be vertices which are 

adjacent to v. Assume that X"(G -v)::; ~(G-v)+2. If ~(G) S 2, then 

G is a path or a cycle. SO X" (G) S ~ (G) + 2. Assume that ~ (G) ;:: 3. Let 

k = ~(G) + 2. It suffices to show that there is a proper total coloring from 

V(G) U E(G) to [k]. 

Case 1. Uj or U2 is a vertex with maximum degree in G - v. Without loss of 

generality, assume that Uj is a vertex with maximum degree in G - v. Then 

~(G - v) + 2 = (~(G) - 1) + 2 = k - 1. Since X"(G - v) S ~(G - v ) + 2, 

there is a proper total coloring f : V(G - v) U E(G - v) --7 [k - 1] . Since 

dC- v (u2) +1 ::; ~(G-v)+l = ~(G) = k-2, we use at most k - 2 colors to color 

U2 and edges incident to U2 in G - v, there is a remaining color in [k] , say r. 

Since ~(G) ;:: 3, we get k ;:: 5. Let .'3 be a color which differs from f(uJ) , f(U 2), r 

and k. Let l' : V(G) U E(G) -+ [k] be a total coloring of a graph G defin ed by 

f( x) if x E V(G - v) U E(G - v), 

k if x = UjV, 

j'(x ) = 

r if x = U2V , 

s if x = v. 

Then l' is a proper total coloring from V(G) U E(G) to [k]. 

Case 2. Uj and U2 are not vertices with maximum degree in G - v. Then 

~(G - v) + 2 = ~(G) + 2 = k. Since X"(G - v) ::; ~(G - v) + 2, there is a proper 

total coloring f : V(G - v) U E(G - v ) --7 [k]. Since dC-v (uJ) + 1 S ~(G - v) = 

~(G) = k - 2, we use at most k - 2 colors to color Uj and edges incident to U j 

in G - v. Then there are 2 rem aining unused colors . Let one be 1'. Similarly for 
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U2, there are 2 remaining colors. Pick the one which differs from r, say r'. Since 

~(G) 2: 3, we get k 2: 5. Let s be a color which differs from f(uI),f(u2),r and 

r'. Let l' : V (G) U E( G) ----1 [k] be a total coloring of a graph G defined by 

f(x) if x E V(G - v) u E(G - v), 

r if x = UIV, 
j'(x) = 

r' if x = U2V, 

s if x = v. 

Then l' is a proper total coloring from V(G) U E(G) to [k]. Hence Xl/(G) ::; k = 

~(G) + 2. o 

Theorem 3.1.6. If a graph G has a 2-trimmed graph H such that Xl/(H) < 

~(H) + 2 then Xl/ (G) ::; ~(G) + 2. In particular, if a graph G has a I-trimmed 

graph K such that X"(K) ::; ~(K) + 2 then X"(G) ::; .6(G) + 2. 

Proof. Assume that a graph G has a 2-trimmed graph H such that X"(H) ::; 

~(H) + 2. Without loss of generality, let H be obtained from G by successive 

removal vertices Vk, Vk-l, ... , VI, respectively. Let Ho = H and Hi = G[V (H) U 

{VI, V2, ... ,vd]· Let P(n) be the statement that X"(Hn) ::; .6(Hn) + 2. 

Basic Step. By the assumption, X"(Ho) ::; ~(Ho) + 2. 

Inductive Step. Assume that X"(Hi- 1) ::; ~(Hi-l) + 2 when i ::; k . By the 

definition of 2-trimmed graph, dHi (Vi) ::; 2. If dH ; (vJ = 1 , by Lemma 3:1.4 and 

the induction hypothesis, X"(Hi) ::; ~(Hi) + 2. If dHi(Vi) = 2, by Lemma 3.1.5 

and the induction hypothesis , X"(Hi) ::; ~(Hd + 2. By mathematical induction, 

we get X"(G) ::; .6(G) + 2. o 

An outerplanar graph is a graph with an imbedding in the plane such that 

every vertex appears on the boundary of the exterior face. 
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Theorem 3.1.8 shows that every outerplanar graph satisfies the Total Coloring 

Conjecture. 

Proposition 3.1.7. [9J Every outerplanar graph has a vertex of degree at most 

2. 

Figure 3.1.2: An outerplanar graph 

Theorem 3.1.8. For every outerplanar- gmph G, we have Xl/(G) S; ~(G) + 2. 

Pmoj. By the fact that a subgraph of outerplanar graph is an outerplanar graph 

and Proposition 3.1.7, the smallest 2-trimmed graph of every outerplanar graph is 

a trivial graph with one vertex. Since a trivial graph satisfi es the Total Coloring 

Conjecture, by Theorem 3.1.6, every outerplanar graph satisfi es the Total Coloring 

Conjecture. o 

Lemma 3.1. 9. Let G be a graph with ~ (G) 2': 2 and containing a vertex with 

degree 1 , say v. If xl/(G - v) = ~(G - v) + 1 then Xl/(G) = ~(G) + 1 . 

Pmoj. Let G be a graph with ~(G) 2': 2. Since v is a vertex with degree I , let 

'U be the vertex which is adjacent to v. Assume that Xl/(G - v) S; ~(G - v) + 1. 

Let k = ~(G) + 1. It suffices to show that there is a proper total coloring from 

V(G) U E(G) to [kJ . 

Case 1. u is a vertex with maximum degree in G-v. We get ~(G-v) = ~(G)-l. 

Then ~(G - v) + 1 = ~(G) = k -1. Since Xl/(G - v) S; ~(G - v) + 1, there is a 

proper total coloring f : V(G - v) UE(G - v) -t [k - lJ. Since k - i = ~(G) 2': 2, 
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there is a color s which differs from J(u) . Let l' : V(G) U E(G) -r [k] be a total 

coloring of a graph G defined by 

J(x) if x E V(G - v) U E(G - v), 

j'(x) = k if x = uv, 

s if x = v. 

Then l' is a proper total coloring from V(G) U E(G) to [k]. 

Case 2. u is not a vertex wi th maximum degree in G v . We get .6. (G - v) = .6. (G) . 

Then .6(G-v)+1 = .6.(G)+I = k. Since X"(G-v) ~ .6.(G-v)+I, there 

is a proper total coloring J : V(G - v) U E(G - v) -r [k]. Since dc-v (u) + 1 ~ 

.6(G-v) = .6(G) = k - I, we use at most k-I colors to color u and edges incident 

to u in G - v, there is a remaining color in [k], say T. Since k = .6.(G) + 1 2: 3, 

there is a color which differs from J(u) and T, say s. Let l' : V(G) uE(G) -r [k] 

be a total coloring of a graph G defined by 

J(x) if XEV(G-v)UE(G-v), 

j'(x) = T if x = uv, 

s if x = v. 

Then l' is a proper total coloring from V(G) U E(G) to [k]. Hence X"(G) ~ k = 

.6(G) + 1. 0 

.6(G) 2: 2 is a suffic ient condition in Lemma 3.1.9. Since G is connected, 

when .6(G) = 1, Gis f{2. Then X"(G) = 3 = .6(G)+2. However, for any vertex 

v of G, we get X" (G - v) = 1 = .6 (G - v) + 1. . 

Theorem 3.1.10. 1J a graph G has a I-trimmed graph f{ such that ]{ is oj type 

1 then G is oj type 1. 
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Proof. Assume that a graph G has a I-trimmed graph K such that X"(K) = 

I:::.(K) + 1. vVithout loss of generality, let K be obtained from G by successive 

removal vertices Vb Vk-I, ... , VI, respectively. Let Ko = K and Ki = G[V(K) U 

{VI, V2, ... ,vd]· Let P(n) be the statement that Xl/ (Kn) = 1:::.(I<n) + 1. 

Basic Step. By the assumption, X"(Ko) = 1:::.(I<o) + 1. 

Inductive Step. Assume that X"(I<i-d = I:::. (Ki - I ) + 1 when i ~ k. By the 

definition of I-trimmed graph , dK;(vi) = 1. From Lemma 3.1.9 and the induction 

hypothesis , Xl/(I<i) = 1:::.(I<i) + 1. By mathemaical induction , we get X"(G) = 

I:::.(G) + 1. 0 

In other words, let K be a I-trimmed graph of G. If K is of type 1, so is G. 

However, if ]( is of type 2, G can be both of type 1 and type 2 as illustrated in 

Example 3.1.13 and Example 3.1.14. 

Lemma 3.1.11. Let G be a graph with I:::. (G) ~ 2 and V be a vertex with degree 

1. If X"(G - v) ~ .6(G - v) + t then X"(G) ~ I:::.(G) + t for each positive integer 

t. 

Proof. Let G be a graph with 1:::.( G) ~ 2 and v be a vertex with degree 1 of 

G. Since v is a vertex with degree 1, let u be the vertex which is adjacent 

to v. Assume that X"(G - v) ~ I:::.(G - v) + t. If t = 1, by Lemma 3.1.4, 

Xl/(G) ~ I:::.(G) + 1. If t = 2, by Lemma 3.1.5, Xl/(G) ~ I:::.(G) + 2. Assume that 

t ~ 3. Let k = I:::. (G) + t. I t suffices to show that there is a proper total coloring 

from V(G) U E(G) to [k]. 

Then I:::.(G - v) + t ~ I:::.(G) + t = k. Since Xl/(G - v) ~ I:::.(G - v) + t, there 

is a proper total coloring f : V(G - v) U E(G - v) ---+ [k]. Since dc-v (u) + 1 ~ 

I:::.(G - v) + 1 ~ I:::.(G) + 1 ~ k - 1, we use at most k - 1 colors to color u and 

edges incident to u in G - v, there is a remaining color in [k], say r. Since 
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k = ~(G)+t ::::: 3 , there is a color which differs from f(u) and T, say s. Let 

l' : lI(G) U E(G) -t [kJ be a total coloring of a graph G defined by 

f( x ) if xE V(G-v)UE(G-v) , 

j'(x) = T if x = uv, 

s if x = v. 

Then l' is a proper total coloring from V(G)UE(G) to [kJ. Hence X"(G):S; k = 

~(G) + t. 0 

Theorem 3.1.12. If a graph G has a 1-trimmed graph K such that X"(K) ::; 

~(]() + t then X"(G) ::; ~(G) + t . 

PTOOf. Assume that a graph G has a 1-trimmed grpah ]( such that X"(]() ::; 

~(K) + t. Without loss of generality, let ]( be obtained from G by successive 

removal vertices Vk, Vk-I,"" V I , respec tively. Let ](0 = ]( and Ki = G[V(K) U 

{VI, V2,'" ,vdJ· Let P(n) be the statement that .X"(1{n) = ~(Kn) + t. 

Basic Step. By the assumption, X"(J{o) = ~(1{0) + t. 

Indu ctive Step. Assume that X"(I(i-l) = ~(I{i- l) + t when i ::; k . By the 

definition of 1-trimmed graph, dK;(vi) = 1. By Lemma 3.1.11 and the induction 

hypothesis, X"(J() = ~(Ki) + t. By mathematical induction , we get X"(G) = 

~(G) + t. 0 

Example 3.1.13. Let G be a graph as in Figure 3.1.3. As the given proper total 

coloring shown in the figure, X" (G) = ~ (G) + 1. Hence G is of type 1. Moreover, 

K4 is a 1-trimmed graph of G . Since X"(J(4) = 5, K4 is of type 2. 

Cycles whose length are not divisible by 3 and complete graphs with even 

vertices are of type 2 [7][l1J. Fews other type 2 graphs are found. In 1992 , Bor

Liang Chen and Hung-Lin Fu found nonregular type 2 graphs [17J. Their results 
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Figure 3.1.3: A type 1 graph having a I-trimmed graph of type 2 

and Theorem 3.1.6 yield a construction of type 2 graphs whose I-trimmed graphs 

are of type 2. 

Figure 3.1.4: A type 2 graph which is constructed by Chen and Fu[I7] 

Example 3.1.14. Let ]( be a graph in Figure 3.1.4 and let G be a graph whose 

the smallest I-trimmed graph J< and ~(G) = ~(J<). Figure 3.1.5 shows an 

example of such a graph. 

Since K is of type 2 and K is a subgraph of a graph G, X"(G) ~ Xl/(J<) = 

~(K) + 2 = ~(G) + 2. Since the smallest I-trimmed graph of a graph G in 

Figure 3.1.5 is K and X"(K) = ~(K) + 2, by Theorem 3.1.6, we get X"(G) ~ 

~(G) + 2. Then we get X"(G) = ~(G) + 2. Hence G is of type 2. 

Figure 3.1.5: A type 2 graph which has a I-trimmed graph of type 2 
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Theorem 3.1.15. Let G be a graph with .6. (G) 2: 2. Let K be a 1 -trimm ed 

graph of type 2 of G. Then G is of type 1 if and only if .6.(G) > .6.(K). 

Proof. Let G be a graph with .6.(G) 2: 2 and K a I-trimmed graph of G. Assume 

that K is of type 2. 

Necessity. Assume that .6.( G) :s; .6.(K). Since K is a subgraph of G, 6.(K) = 

6.(G). Since K is of type 2, we get X"(K) = .6.(K) + 2. Also X"(G) ~ X"(K) = 

6.(K) + 2 = L\(G) + 2. Hence G is not of type l. 

Sufficiency. Assume that 6.(G) > .6.(K) . Let K be obtained from successive 

removal vertices VI, V2, ... , Vk, respectively. Let j E [k] be the smallest number such 

that .6.(G-{VI ,V2, ... ,Vj}) < 6.(G) . If j = 1, by Lemma 3.1.3, X"(G):S; .6.(G)+1. 

Assume that j 2: 2. Let K j = G - {VI ,V2, ... ,Vj} and K 2 = G - {Vj ,V2, .. . ,vj-d· 

Since x"(1{) = .6.(K) + 2 and ]( is a I-trimmed graph of K I , by Theorem 3.1.6, 

we get X"(KI) :s; 6.(Kd + 2. Since 6.(KI) = .6.(1(2) + 1 , by Lemma 3.1.3, K2 is 

of type 1. Since K2 is a I-trimmed graph of G, by Theorem 3.1.10, G is of type 

1. o 

Proposition 3.1.16. If a graph G has a regular I -trimmed graph K such that 

X"(K):S; .6.(K) + 2 and K =1= G, then G is of type 1. 

Proof. Assume that a graph G has a regular I-trimmed graph K such that 

X"(K) :s; .6.(K) + 2 and K =1= G. If K is of type 1, by Theorem 3.1.6, G is 

of type 1. If K is of type 2, since K is regular, we get .6. (G) > .6. (]() . By 

Theorem 3.1.15, G is of type 1. 0 
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3.2 Trimmed Graphs and Glued Graphs 

Remark 3.2.1. Let ]{ be a I-trimmed graph of a connected graph G. Then 

there is a tree T such that ]{ <J>T = G. 

Proof. Let a graph ]{ be a I-trimmed graph of a connected graph G. Since G is 

connected, G has a spanning tree T. Thus ]{ <J>T = G. o 

Remark 3.2.2. Let G be a graph and T be a tree. Then G is a I-trimmed 

graph of G<J>T. 

Theorem 3.2.3. Let G be a graph and T be a tree. If G is of type 1 , so is 

G<J>T. 

Proof. Let G be a graph and T be a tree. Assume that G is of type 1. Sin ce G 

is a I-trimmed graph of G<J>T, by Theorem 3.1.10, G<J>T is of type 1. 0 

Theorem 3.2.4. Let G be a graph and T be a tree, if G satisfies the Total 

Coloring conjecture, so is G<J>T. 

Proof. Let G be a graph and T be a tree . Assume that X" (G) :::; ~ (G) + 2. Since 

G is a I-trimmed graph of G<J>T, by Theorem 3.1.6, x" (G<J>T) :::; ~(G<J>T) + 

2. 0 

Theorem 3.2.5. Let G be a type 2 graph and T be a tree, G<J>T is of type 1 if 

and only if ~(G<J>T) > ~(G) 

Proof. Let G be a type 2 graph and T be a tree. Since G is a I-trimmed graph 

of G<J>T, by Theorem 3.1.15, this theorem holds. 0 

Theorem 3.2.6. Let T be a tree and G a regular graph. If G i: G<J>T and 

X"(G) :::; ~(G)+2 then G<J>T is of type 1. 
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Proof. This theorem follows from the fact that G is a I-trimmed graph of G<J>T 

and Proposition 3.1.16. o 

Theorem 3.2.7. Let G be a graph and T be a tree. If xl/ (G) :S ~ (G) + t then 

Xl/(G<J>T) :S ~(G<J>T) + t. 

Proof. This theorem follows from the fact that G is a I-trimmed graph of G<J>T 

and Theorem 3.1.12. 0 

Recall that for any graph T if T 'I- P2 then X"(T) = ~(T) + l. 

Theorem 3.2.8. Let G be a graph and T be a tree. X"(G<J>T) :S X"(G)+X"(T) -

2. 

Proof. Let G be a graph and T be a tree. If T ~ P2 then X" (T) = 3 and 

G<J>T = G. Hence Xl/(G<J>T) = X"(G) < X"(G) + X"(T) - 2. Assume that T is 

not P2 . Let k be an integer such that X" (G) = ~(G) + k. 

X"(G<J>T) :S ~(G<J>T) + k, 

:S ~(G) + ~(T) - 1 + k, 

= (~(G) + k) + (~(T) + 1) - 2 

= Xl/(G) + X"(T) - 2, 

by Theorem 3.2.7, 

by Remark 1.3.5, 

by Remark 1.2.1. 

o 

Theorem 3.2.9. Let G be a graph and T be a tree. Then Xl/ (G<J>T) = X"( G) + 

X"(T) - 2 if and only if xl/(G<J>T) - ~(<J>T) = x"(G) - ~(T) and ~(G<J>T) = 

~(G) + ~(T) - 1. 

Proof. This theorem follows from the proof in Theorem 3.2.8. o 

Figure 3.2.1 and Figure 3.2.2 show a graph G and a tree T such that X"(G<J>T) = 

X"(G) + X"(T) - 2. 
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Figure 3.2.1: Total colorin gs of K3 and K),3 

Figure 3.2.2: A total coloring of K 3<t>K),3 when its clone is P2 
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As the proper total coloring shown in Figure 3.2.1, we get X"(K3) :=:; 3 . 

Since x" (I(3) ~ t:..(K3) + 1 = 3 , X" (I(3) = 3. Similarly, X"(I<) ,3) = 4 and 

X"(K3<t>K) ,3) = 5. Hence we get X"(I(3<J>J() ,3 ) = X" (K3) + X"(K) ,3) - 2. 

Theorem 3.2.10. Let G be a graph. If X"(G) :=:; t:..(G)+2 and n(G<J>Cn ) > n(G) . 

Then X"(G<J>Cn ) :=:; t:..(G<J>Cn ) + 2. 

Proof. Assume that X"(G) :=:; t:..(G) + 2 and n(G<J>C) > n(G) then G is a 2-

trimmed graph of G<J>C. By Theorem 3.1.6, we get X"(G<J>C) :=:; t:..(G<J>C) + 

2. o 



CHAPTER IV 

CONCLUSIONS AND OPEN PROBLEMS 

4.1 Conclusions 

In this section, we conclude main results in this thesis. 

EquaEty of the chromatic number, the edge-chromatic number and 

the total chromatic number 

Let G be a graph with n vertices. Then X(G) = X'(G) = X"(G) if and only if G 

is Cn where n == 3 (mod 6) or ](n where n is odd. 

Upper bounds of the total chromatic numbers of glued graphs 

1. Let G 1 and G2 be graphs. If X"(G 1<I>G2 ) :::; 6(G1<I>G2 )+2 then X"(G 1<I>G2 ) :::; 

X" ( G d + X" ( G 2) - 1 . 

2. Let G be a graph and T be a tree. Then X" (G<I>T) :::; X" (G) + X" (T) - 2. 

Colorability of the glued ·graphs of cycles 

. { 2 if.m and n are even , 
1. X(Cm<I>Cn) = 3 

otherwise. 

if Cm <I>Cn is an even cycle, 

otherwise. 



{ 

3 if Cm<l>Cn is a cycle and 
3. X"(Cm<l>Cn) = 

4 otherwise. 

m = n = 0 (mod 3), 

4. Any glued graph of cycles satisfies the Total Coloring Conjecture. 
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5. • Cm<l>Cn is of type 2 if Cm<l>Cn is a cycle and m = n == 1,2 (mod 3). 

Otherwise, Cm<l>Cn is of type I , 

• Cm<l>Cn is of type 1 if and on ly if Cm<l>Cn is not a cycle or m = n == 0 

(mod 3), 

• Cm<l>Cn is of type 2 if and only if Cm<l>Cn is a cycle and m = n _ 1,2 

(mod 3). 

Colorability of the glued graphs of nontrivial bipartite graphs G j 

3. The glued graph of bipartite graphs satisfies the Total Coloring Conjecture. 

Colorability of the glued graphs of nontrivial trees T j and T2 

4. Any glued graph of trees satisfies the Total Coloring Conjecture. 
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6. X"(T1<J>T2) ~ X"(Tl) + X"(T2) - 2. The equality holds if and only if 

Colorability of the glued graphs of complete graphs 

1. Any glued graph of complete graphs satisfies the Total Coloring Conjecture . 

• Let m > n. If m + n - r is even and m < r + 2r-n then Km<J>Kn - 2n-2r-l Kr 

is of type 2. Otherwise, K m:f: 1( n is of type 1, 

• Km:f:Kn is of type 1 if and only if m+n-r is odd or m ~ r+ 2;":.2r
n
_ l' 

3. X"(I{m<J>Kn) = X"(Km) + X"(I(n) - 2 if and on ly if m, n are odd and the 

Colorability of the glued graphs of a graph G and a tree T 

1. X"(G<J>T) ~ X"(G) + X"(T) - 2. 

2. X"(G<J>T) = X"(G) + X"(T) - 2 if and only if X"(G<J>T) - 6.(G<J>T) 

X"(G) - 6.(T) and 6.(G<J>T) = 6.(G) + /:;:'(T) - l. 

3. If G is of type 1, so is G<J>T. 

4. ·If G satisfies the Total Colorings Conjecture, so is G<J>T . 

5. If G is a type 2 graph, then G<r>T is of type 1 if and only if /:;:'(G<J>T) > 

/:;:'(G) . 
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6. If G is a regular graph such that X"(G) ::; .6.(G) + 2 and G<J>T =I G, then 

G<J>T is of type 1. 

Colorability of the glued graph of a graph G and a cycle Cn 

If X"(G) ~ .6.(G) + 2 and n(G<J>Cn ) > n(G) , then X"(G<J>Cn ) ::; .6.(G<J>Cn ) + 2. 

Applications of 2-trimmed graphs 

1. If a graph G has a 2-trimmed graph H such that X"(H) ::; .6.(H) + 2 then 

X"(G) ::; .6.(G) + 2. 

2. Every ou terplanar graph G, X" (G) ::; .6. (G) + 2. 

Applications of I-trimmed graphs 

1. If a graph G has a 1-trimmed graph J< such that X" (K) S; .6. (K) + 2 then 

X"(G) ::; .6.(G) + 2. 

2. If a graph G has a 1-trimmed graph J< such that ]( is of type 1 then G is 

of type 1. 

3. Let G be a graph with .6. (G) 2 2. Let J< a 1-trimmed graph of type 2 of 

G. Then G is of type 1 if and only if .6.(G) > .6.(J<). 

4. If a graph G has a regular 1-trimmed graph J< such that X" (K) ::; .6. (J<) + 2, 

then G is of type 1. 

4.2 Open Problems 

We prvpose some ·open problems in this thesis for further research as follows. 

1. In Chapter 2, we obtained an upper bound of the total chromatic numbers 

of glued graphs in terms of the total chromatic number of original graphs. Theo

rem 2.l.1 states that for any graphs G 1 and G2 , if X"(G 1<J>G2 ) S; .6.(G] <J>G2 ) +2, 
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then X"(G 1<l>G2) ::; X"(G]) + X"(G2) - 1. Note that if graphs G] and G2 with 

X"(G]<l>G2) ::; ~(GI<l>G2) + 2 satisfy following conditions 

(a) a vertex with maximum degree of G[ is glued to a vertex with maximum 

degree of G 2 and the corresponding vertex in the clone has degree 1, 

(b) G] and G 2 are of type 1, 

(c) G]<l>G2 is of type 2. 

Then we have XI/(G1<l>G2) = Xl/(G]) + XI/(G2) - 1 . 

However , any two conditions among above three conditions yield XI/(G]<l>G2) ::; 

X"(G]) + XI/(G2) - 2. We conjecture that no graph satisfies all of the above con

ditions ; hence , we have the following conjecture. 

2. we have already investigated necessary and sufficient conditions to be either 

of type 1 or of type 2 of glued graphs of trees, cycles and complete graphs. It is 

an open problem to find a necessary and sufficient condition of the glued graph 

of bipartite graphs to be either of type 1 or of type 2. 

3. In Chapter 3, we have already proved that if there is a 2-trimmed graph 

H of a graph G such that X"(H) ::; t:::.(H) + 2 then Xl/(G) ::; ~(G) + 2. It is 

interested to prove that for each positive integer t 2: 3, if there is a t- trimmed 

graph H of a graph G such that Xl/(H) ::; ~(H) + 2 then X"(G) ::; t:::.(G) + 2. 

This conjecture has some advantages. For example, the conjecture for case t = 5 

yields that every planar graph satisfies the Total Coloring Conjecture. 
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A graph G is a triple consisting of a vertex set V (G) ) an edge set E( G) . and a 

relation that associates with each edge two vertices (not necessary to be distinct) 

called its endpoints. The number of elements in V(G) is represented by n(G) and 

the number of elements in E( G) is represented by e( G) . 

The degree of a vertex v in a graph G is the number of edges incident with 

v and is denoted by dG(v) or simply by d( v) if the graph G is clear from the 

context. The maximum degree of G is the maximum degree among the vertices 

of G and is denoted by ~(G) ; the minimum degree of G is denoted by o(G) . 

The complement G of a simple graph G is the simple graph with vertex set 

V(G) defined by uv E E(G) if and only if uv rt E(G) . 

A graph G is bipartite if V(G) is the union of two disjoint (possible empty) 

independent sets called partite set of G. 

A component graph is trivial if it has no edge; otherwise it is nontrivial. An 

isolated vertex is a vertex of degree O. 

A path is a simple graph whose vertices can be ordered so that two vertices are 

adjecent if and only if they are consecutive in the list. A cycle is a graph with an 

equal number of vertices and edges whose vertices can be placed around a circle 

so that two vertices are adjacent if and only if they appear consecutive along the 

circle. 

The (unlabeled) path and cycle with n vertices are denoted Pn and en re-

spectively; an n -cycle is a cycle with n-vertices. A complete graph is a simple 

graph whose vertices are pairwise adjacent; the (unlabeled) complete graph with 

n vertices is denoted by Kn . A complete bipartite graph or biclique is a simple 

bipartite graph such that two vertices are adjacent if and only if they are in dif-

ferent partite sets. When the set has size rand s, the (unlabeled) biclique is 

denoted Kr s . , 
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A graph with no cycle is acyclic. A forest IS an acyclic graph. A tree IS a 

connected acyclic graph. 

An outerplanar graph is a graph with an imbedding in the plane such that 

every vertex appears on the boundary of the exterior face. 

The line graph of G, written L( G), is the simple graph whose vertices are the 

edges of G, with ef E E(L(G)) when e and f have a common endpoint in G. 

An induced subgraph is a subgraph obtained by deleting a set of vertices. We 

write G[T] for G - T, where T = V(G) - T; this is the subgraph of G induced 

by T . 
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