CHAPTER IV

POLYNOMIAL EXTENSIONS OF SEMIRINGS

In this chapter, the word "semiring" means an additively

commutative semiring whic /lement 0 such that

x . 0=0.x=0 and allxeS We shall study

polynomials with COV wing. . Before the study, we shall
give some notation. \

Notation Let S be denotes the infinite

In [3] P. Cohn Stud skew ynomial rings. We shall now

G oy

Definition 4.1. Leﬂs be 'z ] . ﬁ-r S a monomorphism such

that OL(O) g Let ' af'l E:Sforallnez and a, # 0

ﬂ‘IJEl’J) wmpg

for only finit@ly many

: zqmaﬁmm{umwmaﬁ

.Z (ai + bi)X
i=0

Denote (a by Z a; X Let

F + g

and £ g ¥y aiai(bj))x“.

2=0 i+j=2

The proof that (S[X,oc] ,+,') is a semiring is similar to the proof given

~ in Example 2.15. The semiring S[X,oa] is called the skew polynomial semiring.



We shall now give an example to show that a monomorphism
o : S+ S may not have the property that 0(0) = 0 so the assumption

above that a(0) = 0 is necessary.

Example 4.2. Let Z+ have the usual multiplication and define addition

by m + n = max{m,n} for all m,n € Z’ Then (Z’ ,+,*) is a semiring. Let

= {(an)naz+lan € Z';}.

+
( a )neZ’+ (bn

A (&) ezt - y < ’

Then (S,+,*) is a se by a((an)nez.,_) =
(1,al,a2,...). Then i \\. that ((0,0,0,...)) =

Theorem 4.3. Let S be ig additively canceilative

P!"OOf. A 6.:!—'—-:“__1‘7 rnn‘noi-hs.—-n ' lla‘t ive. Let

N ¥

xt “I [x,0] be such that

s

vf= 2 aX,g -ﬁbx and h = z g

fegrs ﬂ %ﬂ@ mmw%m«fs»x T
be arb ;+ Hence
g = h. Q'herefore SiX a; 1:@drtlve :@cel a 1g.ﬁlﬂ

Theorem 4.4. Let S be a semiring. If S is cancellative then s[x,a]

is cancellative.

Proof. Assume that S is cancellative. By Theorem 4.3, S[X,a]

is additively cancellative. To show that S[X,OL] is multiplicatively
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; o o . ©
cancellative, let £ = I ain € S[X,a]\{O} and g = I DbiX',
i=0 =

(o] .
h= I cix:L € S[X,a] be such that fg = fh. Then
i=0

o R © 3
2z aotm® = I (5 asie,ny.
2=0 i+j=% * I 220 d+g=t +

Since £ # 0, there exists a smallest integer k such that g # 0. For

Since S is M.C. and g # O,

forallj<n,b = c:. We

ak(bo) = ak(cé), so b, = 3

must show that bn = ) get that
akak(bn)

k
= a0 (o)

) ) ) -
ak+1 n-1 S TR i H = ] : Te+1 n-1 +.-.+an+ka Co)

and S is A.C.,akak( is M.C. and 3, # O,

k(b Y=a (c ), 80 b, Suppose that gf = hf. Then

(=<}

T ( Z

o csa?(a; )%k,
=0 j+i=g

'v__ﬁ____

For & = k, we gett i s M.C. and a # 0,

b = Cye Suppose that for gli 3 < n‘I;j = C4- We must show that b, = c, -
i ek "ﬂﬂdﬁf‘ﬂlﬂﬂ‘ﬁwmm
| “’fé\ii‘jimauﬁdqmj’*
. n-1 = n-1
Since b_ ,a (B ) F g Thow 5 e, 0 (8, q) + -o0 t B

~and S is A.C., bnozn(ak) & cnan(ak). Since S is M.C. and a  # 0,

b = c_. Hence g = h. Therefore s[x,a] is cancellative.

n n # :
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Theorem 4.5. Let S be a semiring. .If(S,+) satisfies the right [left]

Ore condition then (S[X,a],+) satisfies the right [left] Ore condition.

Proof. Assume that (S,+) satisfies the right Ore condition.

(=<} . o .
Let Z a.Xl, I c.x e S[X,or.]. Let n ¢ Z' be such that a, = ¢, = 0
joo 1 j=0 o i c

bi = di = 0., Thus and
w -
. X & . &
i=0 *

Next, we sh

such that the element > with the variables.

+

Definition 4.6, Let A the set of all finite

sequences in {1,2, ¥, L ") Define |a| = M and M is

2Ty % B=(Ry50.uudp) € AL
Let 0 be

Define a + B = (m ,...¢\§2 sene sl Jgaso o+ B e A,

a symbol not uﬂn ilﬂilrﬁ :ﬂzﬂlnj A v {0}. Extend

+ from A.to ﬁa+ ﬂqjglj: ,Tﬁtw?_l,-? o] = o.
Let s[X {1] = AE ﬂﬂf(a) £ 0 . on y finitely many

1,00.,

called the degree ofB. Le

o € B}. Let a e B. If f(a) = a, then we denote f by

n X n ) :
AN Tas s Iooa XX Hai e simplify notation we write
Rl e Paaw 1w
i=1 1321
"
this as 2 a X% where if o = (m go sy Then X% = XK LR
a 1 M m, m
|a]=0 P

o
and aox L= for all a, € S.



o]

=
et F= X ax% 6= I bBXBandH= P
a]=0 |gl=0 - lylz0 ¥

€S[X,...,%]. Define

(o]
F+G = ¥ e ows ™
Idl=0 o a)
[}
and F-G = L. T anaxy,
ly[z0 orgy *F

To show that (S[Xi,...

(F+6G) +Hwy

r c¢x%
aj=0 @
(b, + ¢ )X
so + is associative.
(FG)H  exV)
lyl=o Y
o
)cy)X
;i o=V O Y:o' b :.:.H
and r(cH) ¥ & ( g el s
187 Wb iety
Y b.a Y%

M aqri‘i"‘éﬁ'ﬂ*%a"'fﬁjigﬁfﬁ g

o|=0 a+B+y=0

therefore (FG)H = F(GH), so + is associative. Since
F(6 +H) SRfel o a x®)X ; (b, + ¢ )xB)
fol=0 .- |g=0 - F P

=]

§
2. L E »alby + o)X
[8]=0 a+p=s © B e

68
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(e} '6 (e}
tohe A B AE IR T ek E 5B c
|6]=0 otp=s &P |6]=0  a+p=s “o%p

and FG + FH )x)

8
I ( £ Cab, ¥#acec )X,
|§|=0 a+p=s @B OB

F(G + H) = FG + FH. Similarly, (F + G)H = FH + GH. Hence ° distributes

over +. Therefore (S[Xi,... ’Xn] ,+,°) is a semiring.

Wy
NS

Theorem 4.8. Let S : gd ishadditively cancellative

Remark 4.7. If n = olynomial semiring where the

elements of the semirin 1able.

Proof. The similar to the proof of ’

Theorem 4.3.

Theorem 4.9. Let S be cancellative then

6 N ,xn] is ;—;..«'

Proof. Assme that S 1is cancellativem By Theorem 4.8,

s[x ,...,x] i o 8% e v d]
is rlnul't::.pllca'tqely ca;c?e atl m‘ﬂ Hbfiﬂi S[X1 “ oo Xy ]\{O}

Ia =0
ek q&wfﬁﬁﬁﬂﬂﬁm}rwé}g nﬂrlkﬂ &Jthat FE =+FH,
Then A abB)xY= ¥ R ao ¥, i 6
lylz0 otg=y ° ly|=0 os+By @B

Let B € B be arbitary. We must show that bB = cg. Since F # 0,

there exist an oy € B such that amo # 0. Let o, = (mi""’mM) for

some M € Z: (M = 0 means that a_ = 0). We shall prove that bB = c':B
a

by induction on the degree of B. - For IBI =0, we get that a,, bo =
o o
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so b c_. For |B]= 1, 1et B = (£). Consider the term in (%) with

- il
index Y = (ml,... ,mM,R,). We get 'Fhat a, bB + aYbo = aa g + a e so

(@]

a@obﬂ aaocB, hence bB = cg- Assume by induction that it is true for

|l =L -13>1. Let B (%45...,%). Consider the term in (%) with

index vy = (mi,... ,mM,JZ.l,...,R,L) We get that

+ ... +tab =

A 2y, 2)) o
*1. 3""’£L) Y o

b
20,8t B0 +(8)7(0y s . o o

a c,+a c :
o, B a°+(&1) (2, = .

so aOtobB = aaocs, H. Similarly, if

GF = HF then G = H. ellative.

#
Theorem 4.13. Let S"beffa Semiring. iy If (S.4) satisfies the right [left]
Ore condition then (S k., .Iﬁ.ﬁ- isfies the right [left] Oz"el
condition. M
ﬁf"' ,LJ
Proof. TRE=Droof of this theorem +s—similar to .the proof

LY,
of Theorem 4.5. -ul
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