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º··Õè1

º·¹íÒ

à«µ¨ÙàÅÕÂáÅÐà«µ¿ÒÃŒ·Ù¢Í§¿’§¡ŒªÑ¹µÍ̂à¹×èÍ§ f º¹ C∞ à¡Ô´¨Ò¡¡ÒÃ¨Ñ´»ÃÐàÀ·¢Í§¨Ø´
z ã¹ C∞ µÒÁ¾ÄµÔ¡ÃÃÁ¢Í§¡ÒÃ·íÒ«íéÒ¢Í§ f º¹ÂˆÒ¹ã¡Å‰à¤ÕÂ§¢Í§ z â´Â ¶‰ÒÁÕÂˆÒ¹ã¡Å‰
à¤ÕÂ§¢Í§ z «Öè§¾ÄµÔ¡ÃÃÁ¡ÒÃ·íÒ«íéÒ¢Í§ f ¢Í§·Ø¡¨Ø´ã¹ÂˆÒ¹ã¡Å‰à¤ÕÂ§¹Ñé¹àËÁ×Í¹¡Ñ¹ ¨ÐãË‰
¨Ø´ z ÍÂÙˆã¹à«µ¿ÒÃŒ·Ù áµˆ¶‰Ò·Ø¡ æ ÂˆÒ¹ã¡Å‰à¤ÕÂ§¢Í§ z ¾ÄµÔ¡ÃÃÁ¡ÒÃ·íÒ«íéÒ¢Í§ f º¹
ÂˆÒ¹ã¡Å‰à¤ÕÂ§¹Ñé¹ÁÕ·Ñé§àËÁ×Í¹áÅÐáµ¡µˆÒ§¡Ñ¹ ¨ÐãË‰¨Ø´ z ¹Ñé¹ÍÂÙˆã¹à«µ¨ÙàÅÕÂ «Öè§ã¹¡ÒÃÈÖ¡ÉÒ
à«µ¨ÙàÅÕÂ·Õè¼ˆÒ¹ÁÒ¨ÐÈÖ¡ÉÒ¿’§¡ŒªÑ¹µÃÃ¡ÂÐ (rational function) áÅÐ¿’§¡ŒªÑ¹·ÑèÇ (entire

function) â´Âà©¾ÒÐÍÂˆÒ§ÂÔè§¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂˆÒ§¹‰ÍÂ 2 à»“¹¿’§¡ŒªÑ¹·ÕèÊÐ´Ç¡
ã¹¡ÒÃÈÖ¡ÉÒÅÑ¡É³Ð áÅÐÊÁºÑµÔ¢Í§à«µ¨ÙàÅÕÂä´‰ªÑ´à¨¹¡ÇˆÒ¿’§¡ŒªÑ¹Í×è¹ æ â´ÂÍÒÈÑÂÊÁºÑµÔ
ºÒ§ÍÂˆÒ§¢Í§¿’§¡ŒªÑ¹¾ËØ¹ÒÁ áÅÐ¡ÒÃËÒÍ¹Ø¾Ñ¹¸Œä´‰¢Í§¿’§¡ŒªÑ¹¾ËØ¹ÒÁ
´Ñ§¹Ñé¹ã¹§Ò¹ÇÔ¨ÑÂ¹Õé¨Ö§Ê¹ã¨ÈÖ¡ÉÒà«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ºÒ§ª¹Ô´«Öè§¤Å‰ÒÂ¿’§¡ŒªÑ¹

¾ËØ¹ÒÁ ·Ñé§·ÕèËÒÍ¹Ø¾Ñ¹¸Œä´‰áÅÐËÒÍ¹Ø¾Ñ¹¸ŒäÁˆä´‰ «Öè§ÁÕÅíÒ´Ñº¢Ñé¹µÍ¹´Ñ§¹Õé
ã¹ÊˆÇ¹áÃ¡¡ç¤×Íº··Õè 2 ¨Ð¡ÅˆÒÇ¶Ö§¹ÔÂÒÁ¢Í§à«µ¨ÙàÅÕÂáÅÐà«µ¿ÒÃŒ·Ù¢Í§¿’§¡ŒªÑ¹µ̂Í

à¹×èÍ§º¹ C∞ áÅÐËÅÑ§¨Ò¡¹Ñé¹à»“¹·ÄÉ®Õº·¢Í§¿’§¡ŒªÑ¹º¹ C áÅÐ C∞ «Öè§¨Ð¹íÒä»ãª‰
ã¹¡ÒÃ¾Ô¨ÒÃ³ÒÊÁºÑµÔµˆÒ§ æ ¢Í§à«µ¨ÙàÅÕÂáÅÐà«µ¿ÒÃŒ·Ù¢Í§¿’§¡ŒªÑ¹¾ËØ¹ÒÁ
ã¹º··Õè 3 ¨Ð¡ÅˆÒÇ¶Ö§ÊÁºÑµÔ¢Í§à«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹¾ËØ¹ÒÁ«Öè§ÁÕÃÐ´Ñº¢Ñé¹ÍÂˆÒ§¹‰ÍÂ

2 «Öè§¨Ðà»“¹á¹Ç·Ò§ã¹¡ÒÃ¾Ô¨ÒÃ³Òà«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹µˆÍà¹×èÍ§·ÕèÁÕÅÑ¡É³Ð¤Å‰ÒÂ¿’§¡ŒªÑ¹
¾ËØ¹ÒÁ ã¹º··Õè 4 «Öè§¨ÐÈÖ¡ÉÒà«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ f º¹ C∞ «Öè§ f ÁÕÊÁºÑµÔÇˆÒ
f(z) = f(z) ·Ø¡ z ∈ C∞ «Öè§µÑÇÍÂˆÒ§¢Í§ g ·ÕèàËç¹ä´‰ªÑ´¤×Í¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÊÑÁ»ÃÐÊÔ·¸Ôì
·Ñé§ËÁ´à»“¹¨íÒ¹Ç¹¨ÃÔ§ ÃÇÁ·Ñé§¿’§¡ŒªÑ¹àÍ¡â»à¹ÅàªÕÂÅ (exponential function) áÅÐ¿’§¡ŒªÑ¹
cos(z) áÅÐã¹º··Õè 4 ÂÑ§ÈÖ¡ÉÒ¶Ö§à«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹ h(z) = f(|z|) àÁ×èÍ f à»“¹¿’§¡ŒªÑ¹¾Ø
¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂˆÒ§¹‰ÍÂ 2 ·ÕèÁÕÊÑÁ»ÃÐÊÔ·¸Ôì·Ñé§ËÁ´à»“¹¨íÒ¹Ç¹¨ÃÔ§·ÕèÁÒ¡¡ÇˆÒËÃ×Íà·ˆÒ¡Ñº 1

ËÃ×Í f ÍÂÙˆã¹ÃÙ» z2 + c àÁ×èÍÊˆÇ¹¨ÃÔ§¢Í§ c ÁÒ¡¡ÇˆÒËÃ×Íà·ˆÒ¡Ñº 0



º··Õè2

¤ÇÒÁÃÙ‰¾×é¹°Ò¹

¢‰Íµ¡Å§ ãË‰ A à»“¹à«µã´ æ ¨Ðá·¹ÊˆÇ¹»”´¤ÅØÁ (closure of A) ´‰ÇÂ Cl(A) áÅÐ card(A)

¨Ðá·¹¨íÒ¹Ç¹àªÔ§¡ÒÃ¹Ñº¢Í§ A áÅÐ int(A) á·¹à«µÀÒÂã¹ (interior set) ¢Í§ A

¹ÔÂÒÁ 2.1 ãË‰ (X, d) áÅÐ (Y, ρ) à»“¹»ÃÔÀÙÁÔÍÔ§ÃÐÂÐ·Ò§ (metric space) ¨ÐàÃÕÂ¡
F «Öè§à»“¹Ç§ÈŒ (family) ¢Í§¿’§¡ŒªÑ¹ ¨Ò¡ (X, d) ä»ÂÑ§ (Y, ρ) ÇˆÒ equicontinuous ·Õè¨Ø´ x0

àÁ×èÍáµˆÅÐ¨íÒ¹Ç¹¨ÃÔ§ºÇ¡ ε ÁÕ¨íÒ¹Ç¹¨ÃÔ§ºÇ¡ δ «Öè§ÊíÒËÃÑºáµˆÅÐ x ∈ X áÅÐ f ∈ F ¨Ðä´‰
ÇˆÒ

¶‰Ò d(x, x0) < δ áÅ‰Ç ρ(f(x), f(x0)) < ε

áÅÐ¨Ð¡ÅˆÒÇÇˆÒ F equicontinuous º¹ X ¶‰Ò F equicontinuous ·Õè·Ø¡¨Ø´ã¹ X

¢‰ÍÊÑ§à¡µ 2.2 ¶‰Ò F equicontinuous º¹áµˆÅÐà«µÂˆÍÂ (subset) Dα ¢Í§ X ¨Ð
àËç¹ä´‰ªÑ´ÇˆÒ F equicontinuous º¹ ⋃Dα

·ÄÉ®Õº· 2.3 ãË‰ F à»“¹Ç§ÈŒ¢Í§¿’§¡ŒªÑ¹¨Ò¡»ÃÔÀÙÁÔÍÔ§ÃÐÂÐ·Ò§ (X, d) ä»ÂÑ§»ÃÔÀÙÁÔÍÔ§
ÃÐÂÐ·Ò§ (Y, ρ) ¨Ðä´‰ÇˆÒÁÕà«µÂˆÍÂà»”´·ÕèãË-ˆ·ÕèÊØ´à©¾ÒÐ¡ÅØˆÁ (maximal open subset) ¢Í§
X à¾ÕÂ§à«µà´ÕÂÇà·ˆÒ¹Ñé¹·Õè·íÒãË‰«Öè§·íÒãË‰ F equicontinuous

â´Âà©¾ÒÐ¶‰Ò F à»“¹Ç§ÈŒ¢Í§¿’§¡ŒªÑ¹¨Ò¡»ÃÔÀÙÁÔÍÔ§ÃÐÂÐ·Ò§ (X, d) ä»ÂÑ§µÑÇÁÑ¹àÍ§ ¨Ð
ä´‰ÇˆÒÁÕà«µÂˆÍÂà»”´·ÕèãË-ˆ·ÕèÊØ´à©¾ÒÐ¡ÅØˆÁ¢Í§ X à¾ÕÂ§à«µà´ÕÂÇà·ˆÒ¹Ñé¹·Õè·íÒãË‰Ç§ÈŒ¢Í§¡ÒÃ
·íÒ«íéÒ (iterate) {fn} equicontinuous

¾ÔÊÙ¨¹Œ ãË‰ A à»“¹Ç§ÈŒ¢Í§à«µÂˆÍÂ·Ñé§ËÁ´¢Í§ X «Öè§·íÒãË‰ F equicontinuous º¹à«µ¹Ñé¹
¶‰Ò A = ∅ ¨Ðä´‰ÇˆÒ ∅ à»“¹à«µÂˆÍÂà»”´·ÕèãË-ˆ·ÕèÊØ´à©¾ÒÐ¡ÅØˆÁ¢Í§ X ·Õè·íÒãË‰ F equicon-

tinuous

µˆÍä»ÊÁÁØµÔÇˆÒ A 6= ∅ áÅÐãË‰ C à»“¹â«ˆ (chain) ã´ æ ã¹ A â´Â¢‰ÍÊÑ§à¡µ 2.2 ¨Ðä´‰
ÇˆÒ ⋃C∈C C à»“¹¢Íºà¢µº¹ (upper bounded) ¢Í§ C ã¹ A ´Ñ§¹Ñé¹ â´Â·ÄÉ®Õº·»ÃÐ¡Íº
¢Í§«ÍÃŒ¹ (Zorn’s Lemma) ¨Ðä´‰ÇˆÒ A ÁÕÊÁÒªÔ¡·ÕèãË-ˆ·ÕèÊØ´à©¾ÒÐ¡ÅØˆÁ ãË‰à»“¹à«µ B ´Ñ§
¹Ñé¹ int(B) à»“¹à«µÂˆÍÂà»”´·ÕèãË-ˆ·ÕèÊØ´à©¾ÒÐ¡ÅØˆÁ¢Í§ X ·Õè·íÒãË‰ F equicontinuous

µˆÍä»¨ÐáÊ´§ÇˆÒÁÕà«µ´Ñ§¡ÅˆÒÇà¾ÕÂ§à«µà´ÕÂÇà·ˆÒ¹Ñé¹ â´ÂÊÁÁØµÔ A1 áÅÐ A2 à»“¹à«µ
à»”´·ÕèãË-ˆ·ÕèÊØ´à©¾ÒÐ¡ÅØˆÁ¢Í§ X ·Õè·íÒãË‰ F equicontinuous áÅÐ â´Â¢‰ÍÊÑ§à¡µ 2.2 ¨Ðä´‰
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ÇˆÒ A1 ∪ A2 à»“¹à«µà»”´·Õè·íÒãË‰ F equicontinuous áÅÐà¹×èÍ§¨Ò¡ A1, A2 ⊆ A1 ∪ A2 áÅÐ
·Ñé§ A1, A2 à»“¹à«µà»”´·ÕèãË-̂·ÕèÊØ´à©¾ÒÐ¡ÅØˆÁ¢Í§ X ·Õè·íÒãË‰ F equicontinuous ¨Ðä´‰ÇˆÒ
A1 = A1 ∪ A2 = A2

¹ÔÂÒÁ 2.4 ãË‰ (X, d) à»“¹»ÃÔÀÙÁÔÍÔ§ÃÐÂÐ·Ò§ áÅÐ f : (X, d) → (X, d) à»“¹¿’§¡ŒªÑ¹
µˆÍà¹×èÍ§ ¡íÒË¹´ãË‰à«µ¿ÒÃŒ·Ù ¢Í§ f «Öè§à¢ÕÂ¹á·¹´‰ÇÂ Fatou(f) à»“¹à«µà»”´·ÕèãË-̂·ÕèÊØ´
à©¾ÒÐ¡ÅØˆÁ¢Í§ X ·Õè·íÒãË‰ {fn} equicontinuous áÅÐ ãË‰à«µ¨ÙàÅÕÂ ¢Í§ f à»“¹ÊˆÇ¹àµÔÁàµçÁ
(complement) ¢Í§ Fatou(f) à¢ÕÂ¹á·¹´‰ÇÂ J(f)

¹ÔÂÒÁ 2.5 ãË‰ (X, d) áÅÐ (Y, ρ) à»“¹»ÃÔÀÙÁÔÍÔ§ÃÐÂÐ·Ò§ àÃÒ¨ÐàÃÕÂ¡ F «Öè§à»“¹Ç§ÈŒ
¢Í§¿’§¡ŒªÑ¹µˆÍà¹×èÍ§¨Ò¡ (X, d) ä»ÂÑ§ (Y, ρ) ÇˆÒ»¡µÔ (normal) º¹à«µÂˆÍÂà»”´ U ¢Í§ X

¶‰Ò ·Ø¡ æ ÅíÒ´ÑºÍ¹Ñ¹µŒ (infinite sequence) ¢Í§¿’§¡ŒªÑ¹ã¹ F ÁÕÅíÒ´ÑºÂˆÍÂ«Öè§ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡
ÃÙ» (converge uniformly) ÊÙˆ¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ º¹·Ø¡à«µÂˆÍÂ·Õè¡ÃÐªÑº (compact) ¢Í§ U

áÅÐ¨Ð¡ÅˆÒÇÇˆÒ F à»“¹Ç§ÈŒ»¡µÔ·Õè¨Ǿ x ∈ X ¶‰ÒÁÕÂˆÒ¹ã¡Å‰à¤ÕÂ§ V ¢Í§ x «Öè§·íÒãË‰ F
à»“¹Ç§ÈŒ»¡µÔº¹ V

«Öè§ã¹·Õè¹Õéã¹¡ÒÃ¾Ô¨ÒÃ³Òà«µ¨ÙàÅÕÂáÅÐà«µ¿ÒÃŒ·ÙàÃÒ¨ÐÊ¹ã¨¾Ô¨ÒÃ³Òº¹»ÃÔÀÙÁÔÍÔ§ÃÐÂÐ·Ò§
C∞ àÁ×èÍ C∞ = C ∪ {∞} «Öè§ C ¤×ÍÃÐ¹ÒºàªÔ§«‰Í¹ (complex plane)

à¾×èÍ·Õè¨ÐËÒàÁµÃÔ¡º¹ C∞ àÃÒ¨Ðãª‰¡ÒÃ©ÒÂÊàµÍÃÔâÍ¡ÃÒ¿”¡ (stereographic projec-

tion) ¨Ò¡ C∞ ä»ÂÑ§·Ã§¡ÅÁË¹Öè§Ë¹ˆÇÂ (unit sphere) à»ÅÕèÂ¹àÁµÃÔ¡ÂÙ¤ÅÕà´ÕÂ¹ d (eu-

clidean metric) º¹·Ã§¡ÅÁË¹Öè§Ë¹ˆÇÂä»ÂÑ§àÁµÃÔ¡ σ º¹ C∞

â´Â[4] Ë¹‰Ò 8-9 ¨Ðä´‰ÇˆÒ σ(z, w) ÊÒÁÒÃ¶à¢ÕÂ¹ã¹ÃÙ» z áÅÐ w ä´‰´Ñ§¹Õé
ÊíÒËÃÑº z, w ∈ C

σ(z, w) =
2|z − w|

(1 + |z|2)
1

2 (1 + |w|2)
1

2

áÅÐ
σ(z,∞) =

2

(1 + |z|2)
1

2

áÅÐÂÑ§ä´‰´‰ÇÂÇˆÒ ÊíÒËÃÑºÅíÒ´Ñº (zn) ã¹ C áÅÐ z ∈ C ¨Ðä´‰ÇˆÒ σ(zn, z) → 0 ¡çµˆÍàÁ×èÍ
d(zn, z) → 0

áÅÐÊÑ§à¡µÇˆÒ ÊíÒËÃÑº z, w ∈ C∞ ã´ æ σ(z, w) ≤ 2 áÅÐ¨Ð¡íÒË¹´ãË‰ |∞| = ∞ áÅÐ
ÊíÒËÃÑº r > 0 ¨Ð¡íÒË¹´ãË‰ Vr = {z ∈ C | |z| > r} ∪ {∞} = {z ∈ C∞ | |z| > r}

â´Â [4] Ë¹‰Ò 156 ¨Ðä´‰ÇˆÒàÁµÃÔ¡ σ àÁ×èÍ¾Ô¨ÒÃ³Òº¹ C ¨ÐÊÁÁÙÅ¡ÑºàÁµÃÔ¡ÂÙ¤ÅÕà´ÕÂ¹
´Ñ§¹Ñé¹ U à»“¹à«µà»”´ã¹ C∞ «Öè§ ∞ /∈ U ¡çµˆÍàÁ×èÍ U à»“¹à«µà»”´ã¹ C ´‰ÇÂ áÅÐÂÑ§ä´‰
´‰ÇÂÇˆÒ U ¨Ðà»“¹à«µà»”´ã´ æ ã¹ C∞ «Öè§ ∞ ∈ U ¡çµˆÍàÁ×èÍ U ∩C à»“¹à«µà»”´ã¹ C áÅÐÁÕ
R > 0 «Öè§·íÒãË‰ VR ⊆ U

à¹×èÍ§¨Ò¡ C∞ à»“¹»ÃÔÀÙÁÔàª×èÍÁâÂ§à©¾ÒÐ·Õè (locally connected) ¨Ðä´‰ÇˆÒ·Ø¡ÂˆÒ¹ã¡Å‰
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à¤ÕÂ§ (neighborhood) ¢Í§ z ∈ C∞ ÊÒÁÒÃ¶àÅ×Í¡ãË‰à»“¹à«µàª×èÍÁâÂ§ (conected) ä´‰ ´Ñ§
¹Ñé¹µˆÍä»àÁ×èÍ¡ÅÒ̂Ç¶Ö§ÂˆÒ¹ã¡Å‰à¤ÕÂ§¢Í§¨Ø´ã´ æ ã¹ C∞ ¨ÐËÁÒÂ¶Ö§ÂˆÒ¹ã¡Å‰à¤ÕÂ§·Õèà»“¹à«µ
àª×èÍÁâÂ§

¹ÔÂÒÁ 2.6 ãË‰ U à»“¹à«µà»”´ã¹ C áÅÐãË‰ f à»“¹¿’§¡ŒªÑ¹«Öè§ f : U → C ¨Ð¡ÅˆÒÇ
ÇˆÒ f à»“¹¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒ (analytic function) º¹ U ¶‰Ò·Ø¡ z ∈ U ÁÕÂˆÒ¹ã¡Å‰à¤ÕÂ§ V

¢Í§ z «Öè§ f ËÒÍ¹Ø¾Ñ¹¸Œä´‰·Õè·Ø¡¨Ø´ã¹ V

¹ÔÂÒÁ 2.7 ãË‰ U à»“¹à«µà»”´ã¹ C∞ áÅÐãË‰ f à»“¹¿’§¡ŒªÑ¹«Öè§ f : U → C∞ ¨Ð
¡ÅˆÒÇÇˆÒ f ¹ÔÂÒÁº¹ºÒ§ÂˆÒ¹ã¡Å‰à¤ÕÂ§¢Í§ ∞ ¶‰Ò f ¹ÔÂÒÁº¹ VR ÊíÒËÃÑººÒ§ R > 0

¹ÔÂÒÁ 2.8 ãË‰ U à»“¹à«µà»”´ã¹ C∞ ·ÕèÁÕ ∞ ÍÂÙˆáÅÐãË‰ f à»“¹¿’§¡ŒªÑ¹«Öè§ f : U → C∞

¨Ð¡ÅˆÒÇÇˆÒ f à»“¹¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒ·Õè ∞ ¶‰Ò¿’§¡ŒªÑ¹ g «Öè§ g(z) = f(
1

z
) ¶‰Ò z 6= 0 áÅÐ

g(z) = f(∞) ¶‰Ò z = 0 à»“¹¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒº¹ºÒ§ÂˆÒ¹ã¡Å‰à¤ÕÂ§¢Í§ 0

¹ÔÂÒÁ 2.9 ãË‰ U à»“¹à«µà»”´ã¹ C∞ áÅÐãË‰ f à»“¹¿’§¡ŒªÑ¹«Öè§ f : U → C∞ ¨Ð
¡ÅˆÒÇÇˆÒ f à»“¹¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒº¹ U ¶‰Ò·Ø¡ z ∈ U ÁÕÂˆÒ¹ã¡Å‰à¤ÕÂ§ V ¢Í§ z «Öè§ f ËÃ×Í
1

f
ËÒÍ¹Ø¾Ñ¹¸Œä´‰·Õè·Ø¡¨Ø´ã¹ V

·ÄÉ®Õº· 2.10 (Open Mapping Theorem) ãË‰ U à»“¹à«µÂˆÍÂàª×èÍÁâÂ§à»”´ (open

connected set) ¢Í§ C áÅÐ f : U → C à»“¹¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒ·ÕèäÁˆãªˆ¿’§¡ŒªÑ¹¤ˆÒ¤§µÑÇ ¨Ðä´‰
ÇˆÒ f(U) à»“¹à«µà»”´ã¹ C ¹Ñè¹¤×Í f à»“¹¿’§¡ŒªÑ¹à»”´ (open map)

¾ÔÊÙ¨¹Œ ¡ÒÃ¾ÔÊÙ¨¹Œ´Ùä´‰¨Ò¡ [4] Ë¹‰Ò 162

·ÄÉ®Õº· 2.11 ÊíÒËÃÑºáµˆÅÐ n ∈ N ãË‰ fn à»“¹¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒº¹à«µàª×èÍÁâÂ§à»”´
D ⊆ C∞ áÅÐ (fn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ f º¹ D àÁ×èÍà·ÕÂº¡ÑºàÁµÃÔ¡ σ ¨Ðä´‰ÇˆÒ f à»“¹¿’§¡Œ
ªÑ¹ÇÔà¤ÃÒÐËŒº¹ D

¾ÔÊÙ¨¹Œ ¡ÒÃ¾ÔÊÙ¨¹Œ´Ùä´‰¨Ò¡ [1]

¢‰Íµ¡Å§ ¿’§¡ŒªÑ¹¾ËØ¹ÒÁº¹ C∞ ¨ÐËÁÒÂ¶Ö§ ∞ ËÃ×Í ¿’§¡ŒªÑ¹ f ·ÕèÍÂÙˆã¹ÃÙ»
anzn + an−1z

n−1 + · · · + a1z + a0 â´Â·Õè n ∈ N áÅÐ a0, a1, · · · , an ∈ C

·ÄÉ®Õº· 2.12 f à»“¹¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒº¹ C∞ ¡çµˆÍàÁ×èÍ f à»“¹¿’§¡ŒªÑ¹µÃÃ¡ÂÐ
(rational function) ¹Ñè¹¤×Í f(z) = p(z)

q(z)
â´Â·Õè p(z) áÅÐ q(z) à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ áÅÐ

p(z) áÅÐ q(z) äÁˆÁÕµÑÇ»ÃÐ¡Íº (factor) ÃˆÇÁ¡Ñ¹
¾ÔÊÙ¨¹Œ ¡ÒÃ¾ÔÊÙ¨¹Œ´Ùä´‰¨Ò¡ [7]
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·ÄÉ®Õº· 2.13 (Montel’s Theorem) ãË‰ F à»“¹Ç§ÈŒ¢Í§¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒº¹à«µ
ÂˆÍÂà»”´ D ¢Í§ C∞ ¨Ðä´‰ÇˆÒ¶‰ÒÁÕ¨Ø´ã¹ C∞ 3 ¨Ø´«Öè§·Ø¡ f ∈ F 3 ¨Ø´¹ÕéäÁˆÍÂÙˆã¹ f(D)

¾Ã‰ÍÁ¡Ñ¹ ¨Ðä´‰ÇˆÒ F à»“¹Ç§ÈŒ»¡µÔº¹ D ËÃ×Í¹Ñè¹¤×Í¶‰Ò card(C∞ −
⋃

f∈F f(D)) ≥ 3 ¨Ð
ä´‰ÇˆÒ F à»“¹Ç§ÈŒ»¡µÔº¹ D

´Ñ§¹Ñé¹¶‰Ò F äÁˆà»“¹Ç§ÈŒ»¡µÔº¹ D ¨Ðä´‰ÇˆÒÁÕ¨Ø´ã¹ C∞ ä´‰ÍÂˆÒ§ÁÒ¡ 2 ¨Ø´à·ˆÒ
¹Ñé¹«Öè§·Ø¡ f ∈ F 2 ¨Ø´¹ÕéäÁˆÍÂÙˆã¹ f(D) ¾Ã‰ÍÁ¡Ñ¹
â´Âà©¾ÒÐÍÂˆÒ§ÂÔè§ÊíÒËÃÑºÇ§ÈŒ¢Í§¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒ {fn} äÁˆà»“¹Ç§ÈŒ»¡µÔ¨Ðä´‰ÇˆÒ

card(C∞ −
⋃∞

n=1
fn(D)) ≤ 2

¾ÔÊÙ¨¹Œ ¡ÒÃ¾ÔÊÙ¨¹Œ´Ùä´‰¨Ò¡ [6]

·ÄÉ®Õº· 2.14 ( Ascoli-Arzela theorem) ãË‰ D à»“¹à«µÂˆÍÂà»”´¢Í§ C∞ áÅÐ
ãË‰ F à»“¹Ç§ÈŒ ¢Í§¿’§¡ŒªÑ¹µˆÍà¹×èÍ§¨Ò¡ D ä»ÂÑ§ C∞ ¨Ðä´‰ ÇˆÒ F equicontinuous º¹ D

¡çµˆÍàÁ×èÍ F à»“¹Ç§ÈŒ»¡µÔº¹ D

¾ÔÊÙ¨¹Œ ¡ÒÃ¾ÔÊÙ¨¹Œ´Ùä´‰¨Ò¡ [1]



º··Õè3

ÊÁºÑµÔ¾×é¹°Ò¹¢Í§à«µ¨ÙàÅÕÂ

ã¹º·¹Õé¨Ð¡ÅˆÒÇ¶Ö§ÊÁºÑµÔ¾×é¹°Ò¹¢Í§à«µ¨ÙàÅÕÂáÅÐà«µ¿ÒÃŒ·Ù¢Í§¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº
¢Ñé¹ÍÂˆÒ§¹‰ÍÂ 2

¹ÔÂÒÁ 3.1 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨ÐàÃÕÂ¡ w ∈ C∞ «Öè§
fp(w) = w ÊíÒËÃÑººÒ§¨íÒ¹Ç¹¹Ñº p ÇˆÒà»“¹ periodic point ¢Í§ f áÅÐ¨ÐàÃÕÂ¡¨íÒ¹Ç¹¹Ñº
p ·ÕèÁÕ¤ˆÒ¹‰ÍÂ·ÕèÊǾ ·ÕèÁÕÊÁºÑµÔ´Ñ§¡Å̂ÒÇÇˆÒ¤Òº (period) ¢Í§ w

ãË‰ w à»“¹ periodic point ¢Í§ f «Öè§ÁÕ¤Òºà»“¹ p ÊíÒËÃÑººÒ§ p ∈ N áÅÐ
(fp)′(w) = λ â´Â·Õè (fp)′ á·¹Í¹Ø¾Ñ¹¸Œ (derivative) ÍÑ¹´Ñº·ÕèË¹Öè§¢Í§ f p ¨ÐàÃÕÂ¡ w ÇˆÒ

superattractive ¶‰Ò λ = 0

attractive ¶‰Ò 0 ≤ |λ| < 1

indifferent ¶‰Ò |λ| = 1

repelling ¶‰Ò |λ| > 1

·ÄÉ®Õº· 3.2 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒ

J(f) = Cl({z | z à»“¹ repelling periodic point ¢Í§ f})

¾ÔÊÙ¨¹Œ ¡ÒÃ¾ÔÊÙ¨¹Œ´Ùä´‰¨Ò¡ [2]

·ÄÉ®Õº· 3.3 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ«Öè§ÁÕÃÐ´Ñº¢Ñé¹ÍÂˆÒ§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒÁÕ r > 0

«Öè§¶‰Ò |z| > r áÅ‰Ç |f(z)| > 2|z| ¹Ñè¹¤×Í f(Vr) ⊆ Vr

¾ÔÊÙ¨¹Œ ãË‰ r = max

{

2n|a0|

|an|
,

2n|a1|

|an|
, · · · ,

2n|an−1|

|an|
, 1,

(
4

|an|

) 1

n−1

}

áÅÐãË‰ |z| > r

µˆÍä»¨ÐáÊ´§ÇˆÒ
∣
∣
∣
a0

zn
+

a1

zn−1
+ · · · +

an−1

z

∣
∣
∣ <

|an|

2

¨ÐàËç¹ÇˆÒ
∣
∣
∣
a0

zn
+

a1

zn−1
+ · · · +

an−1

z

∣
∣
∣ ≤

|a0|

|zn|
+

|a1|

|zn−1|
+ · · · +

|an−1|

|z|



7

à¹×èÍ§¨Ò¡ |z| > r ¨Ðä´‰ÇˆÒ
∣
∣
∣
a0

zn
+

a1

zn−1
+ · · · +

an−1

z

∣
∣
∣ <

|a0|

rn
+

|a1|

rn−1
+ · · · +

|an−1|

r

áÅÐà¹×èÍ§¨Ò¡ r, r2, · · · , rn−1 ≥ 1 ´Ñ§¹Ñé¹ 1

r
,

1

r2
, · · · ,

1

rn−1
≤ 1 ·íÒãË‰ä´‰ÇˆÒ

|ai|

rn−i
≤

|an|

2n

·Ø¡ i = 0, 1, 2, · · · , n − 1

â´Â¶‰Ò |ai| = 0 ¨ÐàËç¹ä´‰ªÑ´ áÅÐ¶‰Ò |ai| 6= 0 ¨Ðä´‰ÇˆÒ
|ai|

rn−i
=

|ai|

rn−i−1r
≤

|ai||an|

rn−i−12n|ai|
≤

|an|

2n

´Ñ§¹Ñé¹

∣
∣
∣
a0

zn
+

a1

zn−1
+ · · · +

an−1

z

∣
∣
∣ <

n terms
︷ ︸︸ ︷

|an|

2n
+

|an|

2n
+ · · · +

|an|

2n

=
n|an|

2n

=
|an|

2

´Ñ§¹Ñé¹
∣
∣
∣
a0

zn
+

a1

zn−1
+ · · · +

an−1

z

∣
∣
∣ <

|an|

2

¹Ñè¹¤×Í |a0 + a1z + · · · + an−1z
n−1| <

|an||z
n|

2

´Ñ§¹Ñé¹

|f(z)| ≥ |anzn| − |an−1z
n−1 + · · · + a1z + a0|

> |an||z|
n −

|an||z|
n

2

=
|an||z|

n

2

=
|an||z||z|

n−1

2

≥
|an||z|

2

(
4

|an|

)n−1

n−1

= 2|z|

´Ñ§¹Ñé¹ ¶‰Ò |z| > r áÅ‰Ç |f(z)| > 2|z| > |z| > r ¹Ñè¹¤×Í f(Vr) ⊆ Vr

º·á·Ã¡ 3.4 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒÁÕ r > 0
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«Öè§ÊíÒËÃÑº ε > 0 ã´ æ ¨ÐÁÕ N ∈ N «Öè§·Ø¡ n ≥ N áÅÐ·Ø¡ z ∈ Vr ¨Ðä´‰ |fn(z)| > ε

¾ÔÊÙ¨¹Œ ãË‰ r ¤×Í r ã¹·ÄÉ®Õº· 3.3 ´Ñ§¹Ñé¹¶‰Ò |z| > r áÅ‰Ç |f(z)| > 2|z| ´Ñ§¹Ñé¹ ÊíÒËÃÑºáµˆ
ÅÐ n ∈ N ¨Ðä´‰ÇˆÒ

|fn+1(z)| > 2|fn(z)|

áÅÐ
|fn(z)| > 2n|z| > 2nr

à¹×èÍ§¨Ò¡ 2nr → ∞ ¨Ðä´‰ÇˆÒÊíÒËÃÑº ε > 0 ã´ æ ¨ÐÁÕ N ∈ N «Öè§ÊíÒËÃÑºáµˆÅÐ n ≥ N

¨Ðä´‰ÇˆÒ 2nr > ε ´Ñ§¹Ñé¹ÊíÒËÃÑºáµÅ̂Ð n ≥ N áÅÐ z «Öè§ z ∈ Vr ¨Ðä´‰

|fn(z)| > 2n|z| > 2nr > ε

º·á·Ã¡ 3.5 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 áÅÐãË‰ r ¤×Í r

ã¹·ÄÉ®Õº··Õè 3.3 ¨Ðä´‰ÇˆÒ (fn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ Vr ¡çµˆÍàÁ×èÍ ÊíÒËÃÑº ε > 0 ã´
æ ¨ÐÁÕ N ∈ N «Öè§·Ø¡ n ≥ N áÅÐ ·Ø¡ z ∈ Vr ¨Ðä´‰ |fn(z)| > ε

¾ÔÊÙ¨¹Œ ÊÁÁØµÔãË‰ (fn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ Vr áÅÐãË‰ ε > 0 ¨Ðä´‰ÇˆÒ ÁÕ N ∈ N «Öè§
n ≥ N áÅÐ ·Ø¡ z ∈ Vr ¨Ðä´‰

σ(fn(z),∞) <
2

√
1 + ε2

´Ñ§¹Ñé¹
2

√

1 + |fn(z)|2
= σ(fn(z),∞) <

2
√

1 + ε2

¨Ðä´‰ÇˆÒ |fn(z)| > ε

ã¹·Ò§¡ÅÑº¡Ñ¹ ÊÁÁØµÔãË‰ ·Ø¡ ε > 0 ÁÕ N ∈ N «Öè§·Ø¡ n ≥ N áÅÐ ·Ø¡ z ∈ Vr ¨Ðä´‰ÇˆÒ
|fn(z)| > ε ¨ÐáÊ´§ÇˆÒ (fn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ Vr

ãË‰ ε > 0 à¹×èÍ§¨Ò¡ σ(z, w) ≤ 2 ·Ø¡ z, w ∈ C∞ ´Ñ§¹Ñé¹ σ(fn(z),∞) ≤ 2 ·Ø¡ n ∈ N

áÅÐ·Ø¡ z ∈ Vr ´Ñ§¹Ñé¹àËç¹ä´‰ªÑ´ÇˆÒ¶‰Ò ε > 2 ¨Ðä´‰ÇˆÒ σ(fn(z),∞) < ε ·Ø¡ n ∈ N áÅÐ·Ø¡
z ∈ Vr

¨Ò¡ã¹ÊˆÇ¹¡ÒÃ¾ÔÊÙ¨¹Œº·á·Ã¡ 3.4 ¨Ðä´‰ÇˆÒ |fn(z)| > r ·Ø¡ z ∈ Vr áÅÐ·Ø¡ n ∈ N ´Ñ§
¹Ñé¹ fn(z) 6= 0 ·Ø¡ z ∈ Vr áÅÐ·Ø¡ n ∈ N ¹Ñè¹¤×Í

σ(fn(z),∞) < 2 ·Ø¡ z ∈ Vr áÅÐ·Ø¡ n ∈ N

´Ñ§¹Ñé¹ÊíÒËÃÑº ε = 2 ¨Ðä´‰ÇˆÒ σ(fn(z),∞) < ε ·Ø¡ n ∈ N áÅÐ·Ø¡ z ∈ Vr

ÊíÒËÃÑº 0 < ε < 2 ¨Ðä´‰ÇˆÒ
√

4

ε2
− 1 > 0
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¨Ò¡ÊÁÁØµÔ°Ò¹¨Ðä´‰ÇˆÒ ÁÕ N ∈ N «Öè§ n ≥ N áÅÐ ·Ø¡ z ∈ Vr ¨Ðä´‰ |fn(z)| >

√
4

ε2
− 1 ´Ñ§

¹Ñé¹ ÊíÒËÃÑº n ∈ N «Öè§ n ≥ N ¨Ðä´‰

|fn(z)|2 >
4

ε2
− 1

1 + |fn(z)|2 >
4

ε2

1

1 + |fn(z)|2
<

ε2

4

2
√

1 + |fn(z)|2
< ε

´Ñ§¹Ñé¹
σ(fn(z),∞) =

2
√

1 + |fn(z)|2
< ε

´Ñ§¹Ñé¹¨Ò¡·Ñé§ 3 ¡Ã³Õ ¨Ðä´‰ÇˆÒ ·Ø¡ n ∈ N «Öè§ n ≥ N áÅÐ ·Ø¡ z ∈ Vr ¨Ðä´‰ÇˆÒ
σ(fn(z),∞) < ε ¹Ñè¹¤×Í (fn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ Vr

º·á·Ã¡ 3.6 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒÁÕ r > 0

«Öè§·íÒãË‰ (fn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ Vr

¾ÔÊÙ¨¹Œ ä´‰â´ÂµÃ§¨Ò¡ º·á·Ã¡ 3.4 áÅÐ 3.5

¢‰ÍÊÑ§à¡µ 3.7 ¨Ò¡º·á·Ã¡ 3.6 ¨Ðä´‰ÇˆÒ {fn} à»“¹Ç§ÈŒ»¡µÔº¹ Vr áÅÐà¹×èÍ§¨Ò¡
Fatou(f) à»“¹à«µà»”´·ÕèãË-̂·Õè·íÒãË‰ {fn} à»“¹Ç§ÈŒ»¡µÔ áÅÐ Vr à»“¹à«µà»”´ ´Ñ§¹Ñé¹
Vr ⊆ Fatou(f) ´Ñ§¹Ñé¹ J(f) ⊆ {z ∈ C | |z| ≤ r}

º·á·Ã¡ 3.8 ãË‰ f(z) = z2 + c àÁ×èÍ c ∈ C áÅÐ r = max{|4c|, 4} ¨Ðä´‰ÇˆÒ (fn)

ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ Vr

¾ÔÊÙ¨¹Œ ä´‰â´ÂµÃ§¨Ò¡·ÄÉ®Õº· 3.3

·ÄÉ®Õº· 3.9 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒ à«µ
{z ∈ C∞ | fn(z) → ∞} à»“¹à«µà»”´
¾ÔÊÙ¨¹Œ ¨Ò¡º·á·Ã¡ 3.6 ¨Ðä´‰ÇˆÒÁÕÂˆÒ¹ã¡Å‰à¤ÕÂ§ Vr ¢Í§ ∞ «Öè§ (fn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ
∞ º¹ Vr ´Ñ§¹Ñé¹¨Ðä´‰´‰ÇÂÇ̂Ò ·Ø¡ z ∈ Vr ¨Ðä´‰ fn(z) → ∞

¨ÐáÊ´§¡ˆÍ¹ÇˆÒ
{z | fn(z) → ∞} =

∞⋃

n=1

f−n(Vr)

ãË‰ z ∈ C∞ â´Â·Õè fn(z) → ∞ ´Ñ§¹Ñé¹¨Ò¡º·á·Ã¡ 3.5 ¨ÐÁÕ N ∈ N «Öè§ |fN (z)| > r
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´Ñ§¹Ñé¹ fN (z) ∈ Vr ´Ñ§¹Ñé¹ z ∈ f−N (Vr) ⊆
⋃∞

n=1
f−n(Vr) ´Ñ§¹Ñé¹

{z | fn(z) → ∞} ⊆
∞⋃

n=1

f−n(Vr)

ã¹·Ò§¡ÅÑº¡Ñ¹ÊÁÁØµÔãË‰ z ∈ f−k(Vr) ÊíÒËÃÑººÒ§ k ∈ N ´Ñ§¹Ñé¹ f k(z) ∈ Vr ´Ñ§¹Ñé¹
|fk(z)| > r ´Ñ§¹Ñé¹ fn(fk(z)) → ∞ ·íÒãË‰ä´‰ÇˆÒ fn(z) → ∞ ´Ñ§¹Ñé¹

∞⋃

n=1

f−n(Vr) ⊆ {z | fn(z) → ∞}

´Ñ§¹Ñé¹
∞⋃

n=1

f−n(Vr) = {z | fn(z) → ∞}

áÅÐà¹×èÍ§¨Ò¡ fn à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ ·Ø¡ n ∈ N áÅÐ Vr à»“¹à«µà»”´ã¹ C∞ ·íÒãË‰ä´‰
ÇˆÒ f−n(Vr) à»“¹à«µà»”´·Ø¡ n ∈ N ´Ñ§¹Ñé¹ ⋃∞n=1

f−n(Vr) à»“¹à«µà»”´ ´Ñ§¹Ñé¹
{z ∈ C∞ | fn(z) → ∞} à»“¹à«µà»”´

·ÄÉ®Õº· 3.10 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒ J(f) 6= ∅

¾ÔÊÙ¨¹Œ ¡ÒÃ¾ÔÊÙ¨¹Œ´Ùä´‰¨Ò¡ [1]

¨Ò¡ÅÑ¡É³Ð¢Í§à«µà»”´ã¹ C∞ ´Ñ§·Õè¡ÅˆÒÇäÇ‰ã¹º··Õè 2 ¨Ðä´‰ÇˆÒÊíÒËÃÑº¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·Õè
ÁÕÃÐ´Ñº¢Ñé¹ÍÂˆÒ§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒ Open Mapping Theorem ¨Ðà»“¹¨ÃÔ§º¹ C∞ ´‰ÇÂ ¹Ñè¹¤×Í
ÊíÒËÃÑºà«µà»”´ U ã´ æ ã¹ C∞ ¨Ðä´‰ÇˆÒ f(U) à»“¹à«µà»”´ã¹ C∞ «Öè§¨ÐàËç¹ä´‰´Ñ§¹Õé
ÊíÒËÃÑº U à»“¹à«µà»”´¢Í§ C∞ «Öè§ ∞ /∈ U ¨Ðä´‰ÇˆÒ U ¡ç¤×Íà«µà»”´ã¹ C ´Ñ§¹Ñé¹â´Â

Open Mapping Theorem ã¹ C ¨Ðä´‰ÇˆÒ f(U) à»“¹à«µà»”´ã¹ C «Öè§¡çà»“¹à«µà»”´ã¹ C∞

´‰ÇÂ
ÊíÒËÃÑº U à»“¹à«µà»”´¢Í§ C∞ «Öè§ ∞ ∈ U ´Ñ§¹Ñé¹¨Ò¡¹ÔÂÒÁ¢Í§ U ¨Ðä´‰ÇˆÒ U ∩ C

à»“¹à«µà»”´ã¹ C áÅÐÁÕ R > 0 «Öè§ VR ⊆ U

¨ÐáÊ´§ÇˆÒ f(U) à»“¹à«µà»”´ã¹ C∞ ¨Ðµ‰Í§áÊ´§ÇˆÒ ·Ø¡¨Ø´ z ã¹ f(U) ¨Ðµ‰Í§ÁÕà«µ
à»”´ W º¹ C∞ «Öè§ z ∈ W ⊆ f(U) ´Ñ§¹Ñé¹¶‰Ò z ∈ f(U) áÅÐ z 6= ∞ ¨Ðä´‰ÇˆÒÁÕ u ∈ U ·Õè·íÒ
ãË‰ z = f(u) áÅÐà¹×èÍ§¨Ò¡ z 6= ∞ ¨Ðä´‰ÇˆÒ u 6= ∞ à¹×èÍ§¨Ò¡ ∞ à»“¹¨Ø´µÃÖ§¢Í§ f

à¹×èÍ§¨Ò¡ U ∩ C à»“¹à«µà»”´ã¹ C áÅÐ u ∈ U ∩ C ´Ñ§¹Ñé¹¨ÐÁÕà«µà»”́ V «Öè§
u ∈ V ⊆ U ∩ C ¹Ñè¹¤×Í V à»“¹à«µà»”´ã¹ C ´Ñ§¹Ñé¹â´Â Open Mapping Theorem º¹ C

¨Ðä´‰ÇˆÒ f(V ) à»“¹à«µà»”´ ´Ñ§¹Ñé¹

z = f(u) ∈ f(V ) ⊆ f(U ∩ C) ⊆ f(U)

¹Ñè¹¤×ÍÊíÒËÃÑº·Ø¡ z ∈ f(U) «Öè§ z 6= ∞ ¨Ðä´‰ÇˆÒÁÕà«µà»”´ f(V ) º¹ C∞ «Öè§
z ∈ f(V ) ⊆ f(U) àÁ×èÍ V à»“¹à«µà»”´ã¹ C «Öè§ z ∈ f(V ) ´Ñ§¹Ñé¹àËÅ×Íà¾ÕÂ§áÊ´§ÇˆÒ
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ÊíÒËÃÑº ∞ ¨Ðµ‰Í§ËÒà«µà»”´ W º¹ C∞ «Öè§ ∞ ∈ W ⊆ f(U) ´Ñ§¹Õé
à¹×èÍ§¨Ò¡ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ò¡·ÄÉ®Õº· 3.3 ¨Ðä´‰ÇˆÒ

ÁÕ r > 0 «Öè§·íÒãË‰ f(Vr) ⊆ Vr ´Ñ§¹Ñé¹¶‰Ò r1 = max{r, R} ¨Ðä´‰ÇˆÒ f(Vr1
) ⊆ Vr1

áÅÐ
Vr1

⊆ VR

à¹×èÍ§¨Ò¡ f(Vr1
) − {∞} ⊆ Vr1

´Ñ§¹Ñé¹¨ÐÁÕ r2 > 0 «Öè§

{z ∈ C | |z| > r2} ⊆ f(Vr1
) − {∞} ⊆ f(U) − {∞}

´Ñ§¹Ñé¹
Vr2

⊆ f(Vr1
) ⊆ f(U)

¹Ñè¹¤×ÍÁÕà«µà»”´ Vr2
º¹ C∞ «Öè§ ∞ ∈ Vr2

⊆ f(U) ´Ñ§¹Ñé¹ f(U) à»“¹à«µà»”´º¹ C∞

·ÄÉ®Õº· 3.11 ãË‰ f : C∞ → C∞ à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ð
ä´‰ÇˆÒ

1. f à»“¹¿’§¡ŒªÑ¹·ÑèÇ¶Ö§

2. f à»“¹¿’§¡ŒªÑ¹à»”´

¾ÔÊÙ¨¹Œ
1. ÊíÒËÃÑº w ã´ æ ã¹ C â´Â·ÄÉ®Õº·ËÅÑ¡ÁÙÅ·Ò§¾Õª¤³Ôµ (Fundamental Theorem of

Algebra) ¨ÐÊÒÁÒÃ¶ËÒ¤íÒµÍº¢Í§ÊÁ¡ÒÃ f(z) = w ä´‰ áÅÐà¹×èÍ§¨Ò¡ f à»“¹¿’§¡ŒªÑ¹¾ËØ
¹ÒÁ ´Ñ§¹Ñé¹ ∞ à»“¹¨Ø´µÃÖ§ (fixed point) ¢Í§ f ¹Ñè¹¤×Í f(∞) = ∞ ¹Ñè¹¤×Í ÊíÒËÃÑº w ã´
æ ã¹ C∞ ¨ÐÁÕ v ∈ C∞ «Öè§·íÒãË‰ f(v) = w ¹Ñè¹¤×Í f à»“¹¿’§¡ŒªÑ¹·ÑèÇ¶Ö§

2. à¹×èÍ§¨Ò¡ f à»“¹¿’§¡ŒªÑ¹ÇÔà¤ÃÒÐËŒº¹ C∞ áÅÐ¨Ò¡·Õè¡ÅˆÒÇ¢‰Ò§µ‰¹¡ˆÍ¹·ÄÉ®Õ ¨Ð
ä´‰ÇˆÒ f à»“¹¿’§¡ŒªÑ¹à»”´

·ÄÉ®Õº· 3.12 ãË‰ f à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§áÅÐà»“¹¿’§¡ŒªÑ¹à»”´º¹ C∞ ¨Ðä´‰ÇˆÒ
J(f) = f−1(J(f))

¾ÔÊÙ¨¹Œ
¨ÐáÊ´§ Fatou(f) = f(Fatou(f)) = f−1(Fatou(f)) á·¹à¾ÃÒÐ¶‰ÒáÊ´§ä ‰́´Ñ§¡ÅˆÒÇ

¨Ðä´‰ÇˆÒ

C∞ − Fatou(f) = C∞ − f−1(Fatou(f))

J(f) = f−1(C∞) − f−1(Fatou(f))

= f−1(C∞ − (Fatou(f)))

= f−1(J(f))
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áÅÐàÃÒ¨ÐáÊ´§à¾ÕÂ§ Fatou(f) = f−1(Fatou(f)) ãË‰ z0 ∈ Fatou(f) áÅÐ w0 =

f(z0) ¨ÐáÊ´§ÇˆÒ w0 ∈ Fatou(f) ¹Ñè¹¤×Íµ‰Í§ËÒÂˆÒ¹ã¡Å‰à¤ÕÂ§ U ¢Í§ w0 «Öè§ {fn}

equicontinuous º¹ U

à¹×èÍ§¨Ò¡ z0 ∈ Fatou(f) ¨ÐÁÕ δ1 > 0 «Öè§ {fn} equicontinuous º¹ Bσ(z0, δ1)

áÅÐà¹×èÍ§¨Ò¡ f à»“¹¿’§¡ŒªÑ¹à»”´ ´Ñ§¹Ñé¹ f(Bσ(z0, δ1)) à»“¹à«µà»”´ áÅÐ w0 = f(z0) ∈

f(Bσ(z0, δ1)) ¹Ñè¹¤×Í f(Bσ(z0, δ1)) à»“¹ÂˆÒ¹ã¡Å‰à¤ÕÂ§¢Í§ w0

¨ÐáÊ´§ÇˆÒ {fn} equicontinuous º¹ f(Bσ(z0, δ1)) ãË‰ u ∈ f(Bσ(z0, δ1)) áÅÐ ε > 0

´Ñ§¹Ñé¹¨ÐÁÕ v ∈ Bσ(z0, δ1) «Öè§ u = f(v) áÅÐà¹×èÍ§¨Ò¡ {fn} equicontinuous ·Õè v ´Ñ§
¹Ñé¹àÃÒÊÒÁÒÃ¶àÅ×Í¡ δ2 > 0 «Öè§·íÒãË‰ Bσ(v, δ2) ⊆ Bσ(z0, δ1) «Öè§ÊíÒËÃÑºáµˆÅÐ n ∈ N áÅÐ
w ∈ C∞

¶‰Ò σ(v, w) < δ2 áÅ‰Ç σ(fn+1(v), fn+1(w)) < ε (1)

ÊÑ§à¡µÇˆÒ f(Bσ(v, δ2)) à»“¹à«µà»”´ ´Ñ§¹Ñé¹¨ÐÁÕ δ3 > 0 «Öè§·íÒãË‰

Bσ(u, δ3) = Bσ(f(v), δ3) ⊆ f(Bσ(v, δ2))

´Ñ§¹Ñé¹ÊíÒËÃÑºáµÅ̂Ð n ∈ N áÅÐ u′ ∈ C∞ ¶‰Ò σ(u, u′) < δ3 ¨Ðä´‰ÇˆÒÁÕ v′ ∈ Bσ(v, δ2) «Öè§
u′ = f(v′) ´Ñ§¹Ñé¹¨Ò¡ (1) ¨Ðä´‰ÇˆÒ

σ(fn(u), fn(u′)) = σ(fn+1(v), fn+1(v′)) < ε

¹Ñè¹¤×Í ÊíÒËÃÑºáµˆÅÐ ε > 0 ¨ÐÁÕ δ3 > 0 «Öè§ ÊíÒËÃÑºáµˆÅÐ n ∈ N áÅÐ u′ ∈ C∞ ¨Ðä´‰ÇˆÒ

¶‰Ò σ(u, u′) < δ3 áÅ‰Ç σ(fn(u), fn(u′)) < ε

¹Ñè¹¤×Í {fn} equicontinuous ·Õè u áÅÐ¨Ò¡ u à»“¹¨Ø´ã´ æ ã¹ f(Bσ(z0, δ1))

«Öè§à»“¹ÂˆÒ¹ã¡Å‰à¤ÕÂ§ w0 ¹Ñè¹¤×Í w0 ∈ Fatou(f) áÅÐ¨Ò¡ w0 = f(z0) ¨Ðä´‰ÇˆÒ z0 ∈

f−1(Fatou(f)) ´Ñ§¹Ñé¹ Fatou(f) ⊆ f−1(Fatou(f))

µˆÍä»¨ÐáÊ´§ÇˆÒ f−1(Fatou(f)) ⊆ Fatou(f) ÊÁÁØµÔãË‰ z0 ∈ f−1(Fatou(f)) ´Ñ§¹Ñé¹¨Ð
ÁÕ u0 ∈ Fatou(f) «Öè§ f(z0) = u0 ´Ñ§¹Ñé¹ {fn} equicontinuous ·Õè u0

ãË‰ ε > 0 ´Ñ§¹Ñé¹¨ÐÁÕ δ′
1

> 0 «Öè§·Ø¡ n ∈ N áÅÐ w ∈ C∞ ¨Ðä´‰ÇˆÒ

¶‰Ò σ(w, u0) < δ′
1
áÅ‰Ç σ(fn(w), fn(u0)) < ε (2)

áÅÐ¨Ò¡ f µˆÍà¹×èÍ§·Õè¨Ø´ z0 ´Ñ§¹Ñé¹¨ÐÁÕ δ′2 > 0

¶‰Ò σ(z, z0) < δ′
2
áÅ‰Ç σ(f(z), f(z0)) < δ′

1
(3)

´Ñ§¹Ñé¹¨Ò¡ (2) áÅÐ (3) ¨Ðä´‰ÇˆÒ ·Ø¡ n ∈ N áÅÐ z ∈ C∞ ¨Ðä´‰ÇˆÒ

¶‰Ò σ(z, z0) < δ′
2
áÅ‰Ç σ(fn+1(z), fn+1(z0)) < ε

¹Ñè¹¤×Í {fn+1} equicontinuous ·Õè¨Ø´ z0 ´Ñ§¹Ñé¹ {fn} equicontinuous ·Õè¨Ø´ z0 ´‰ÇÂ
áÅÐà¹×èÍ§¨Ò¡ z0 à»“¹¨Ø´ã´ æ ã¹ f−1(Fatou(f)) ¨Ðä´‰ÇˆÒ {fn} equicontinuous
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º¹ f−1(Fatou(f)) áÅÐà¹×èÍ§¨Ò¡ Fatou(f) à»“¹à«µà»”´ áÅÐ f à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§
¨Ðä´‰ÇˆÒ f−1(Fatou(f)) à»“¹à«µà»”´ áÅÐà¹×èÍ§¨Ò¡ Fatou(f) à»“¹à«µà»”´·ÕèãË-̂·ÕèÊØ´
à©¾ÒÐ¡ÅØˆÁ·Õè·íÒãË‰ {fn} equicontinuous ¨Ðä´‰ÇˆÒ f−1(Fatou(f)) ⊆ Fatou(f) ´Ñ§¹Ñé¹
f−1(Fatou(f)) = Fatou(f)

·ÄÉ®Õº· 3.13 ãË‰ f à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ ¿’§¡ŒªÑ¹à»”´ áÅÐà»“¹¿’§¡ŒªÑ¹·ÑèÇ¶Ö§º¹ C∞

¨Ðä´‰ÇˆÒ J(f) = f−1(J(f)) = f(J(f))

¾ÔÊÙ¨¹Œ à¹×èÍ§¨Ò¡ f à»“¹¿’§¡ŒªÑ¹·ÑèÇ¶Ö§ ¨Ðä´‰ÇˆÒ J(f) = f(f−1(J(f))) áÅÐ¨Ò¡·ÄÉ®Õº·
3.12 ¨Ðä´‰ÇˆÒ J(f) = f−1(J(f)) ´Ñ§¹Ñé¹ J(f) = f(J(f))

µÑ§ÍÂˆÒ§ 3.14 à¹×èÍ§¨Ò¡¿’§¡ŒªÑ¹¾ËØ¹ÒÁ f à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ áÅÐ¨Ò¡·ÄÉ®Õº· 3.11

¨Ðä´‰ÇˆÒ f à»“¹¿’§¡ŒªÑ¹·ÑèÇ¶Ö§áÅÐà»“¹¿’§¡ŒªÑ¹à»”´ ´Ñ§¹Ñé¹ â´Â ·ÄÉ®Õº· 3.13 ¨Ðä´‰ÇˆÒ
J(f) = f−1(J(f)) = f(J(f))

·ÄÉ®Õº· 3.15 à«µÀÒÂã¹¢Í§ J(f) à»“¹à«µÇˆÒ§
¾ÔÊÙ¨¹Œ ÊÁÁØµÔãË‰à«µÀÒÂã¹¢Í§ J(f) äÁˆà»“¹à«µÇˆÒ§ ãË‰à»“¹à«µ U ´Ñ§¹Ñé¹ {f n} äÁˆà»“¹Ç§ÈŒ
»¡µÔº¹ U ´Ñ§¹Ñé¹â´Â Montel’s theorem (·ÄÉ®Õº· 2.13) ¨Ðä´‰ÇˆÒ

card(C∞ −
∞⋃

n=1

fn(U)) ≤ 2

¹Ñè¹¤×Í ⋃∞n=1
fn(U)) à»“¹à«µ·ÕèäÁˆÁÕ¢Íºà¢µáÅÐ¨Ò¡µÑÇÍÂˆÒ§ 3.14 áÅÐ¢‰ÍÊÑ§à¡µ 3.7 ¨Ðä´‰

ÇˆÒ ⋃∞n=1
fn(U) ⊆ J(f) ⊆ {z | |z| ≤ r} ´Ñ§¹Ñé¹ ⋃∞n=1

fn(U) à»“¹à«µ·ÕèÁÕ¢Íºà¢µ ´Ñ§¹Ñé¹
à¡Ô´¡ÒÃ¢Ñ´áÂ‰§ ¹Ñè¹¤×Í·ÕèÊÁÁØµÔäÇ‰äÁˆ¨ÃÔ§ ´Ñ§¹Ñé¹à«µÀÒÂã¹¢Í§ J(f) à»“¹à«µÇˆÒ§

·ÄÉ®Õº· 3.16 ãË‰ f : C∞ → C∞ à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ð
ä´‰ÇˆÒ

1. ¶‰Ò fn(0) → ∞ áÅ‰Ç J(f) ¨Ðà»“¹à«µäÁˆàª×èÍÁâÂ§·Ø¡ÊˆÇ¹ (totally disconnected

set)

2. ¶‰Ò fn(0) 6→ ∞ áÅ‰Ç J(f) ¨Ðà»“¹à«µàª×èÍÁâÂ§ (connected set)

¾ÔÊÙ¨¹Œ ¡ÒÃ¾ÔÊÙ¨¹Œ´Ùä´‰¨Ò¡ [2]

·ÄÉ®Õº· 3.17 ãË‰ f : C∞ → C∞ à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 áÅÐ
Kf = {z ∈ C∞ | fn(z) 6→ ∞} ¨Ðä´‰ÇˆÒ J(f) = ∂Kf

¾ÔÊÙ¨¹Œ ¨Ò¡º·á·Ã¡ 3.7 ¨Ðä´‰ÇˆÒÁÕ r > 0 «Öè§ J(f) ⊆ {z | |z| ≤ r}

¶‰Ò z ∈ J(f) ´Ñ§¹Ñé¹¨Ò¡µÑÇÍÂˆÒ§ 3.14 ¨Ðä´‰ÇˆÒ fn(z) ∈ J(f) ·Ø¡ n ∈ N ´Ñ§¹Ñé¹
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fn(z) 6→ ∞ à¾ÃÒÐ¶‰Ò fn(z) → ∞ ¨Ò¡º·á·Ã¡ 3.5 ¨ÐÁÕ N ∈ N «Öè§·Ø¡ n ≥ N ¨Ðä´‰
|fn(z)| > r «Öè§¢Ñ´áÂ‰§¡Ñº J(f) ⊆ {z | |z| ≤ r} ´Ñ§¹Ñé¹ z ∈ Kf ⊆ Kf ¹Ñè¹¤×Í J(f) ⊆ Kf

ãË‰ z ∈ J(f) ¨ÐáÊ´§ÇˆÒ z ∈ Kc
f â´ÂãË‰ U à»“¹ÂˆÒ¹ã¡Å‰à¤ÕÂ§¢Í§ z ¨Ðä´‰ {fn} äÁˆ

equicontinuous º¹ U ´Ñ§¹Ñé¹ {fn} äÁˆà»“¹Ç§ÈŒ»¡µÔº¹ U ´Ñ§¹Ñé¹â´Â·ÄÉ®Õ¢Í§ Montel

(2.13) ¨Ðä´‰ÇˆÒ
card(C∞ −

∞⋃

n=1

fn(U)) ≤ 2

áµˆ¨Ò¡º·á·Ã¡ 3.6 ¨Ðä´‰ÇˆÒ ÁÕ r > 0 «Öè§ fn(z) → ∞ º¹ Vr áÅÐàËç¹ä´‰ªÑ´ÇˆÒÁÕ
R > r «Öè§ VR − {∞} ⊆

⋃∞
n=1

fn(U) ´Ñ§¹Ñé¹¨ÐÁÕ w ∈ C∞ «Öè§ |w| > R áÅÐ w ∈ fk(U)

ÊíÒËÃÑººÒ§¨íÒ¹Ç¹¹Ñº k áÅÐ à¹×èÍ§¨Ò¡ |w| > R > r ´Ñ§¹Ñé¹ f n(w) → ∞ áÅÐ à¹×èÍ§¨Ò¡
w ∈ fk(U) ¨ÐÁÕ v ∈ U «Öè§ fk(v) = w ´Ñ§¹Ñé¹ fn(v) → ∞ ´Ñ§¹Ñé¹ v ∈ Kc

f ¹Ñè¹¤×Í ÊíÒËÃÑº
·Ø¡¨Ø´ã¹ z ∈ J(f) áÅÐ·Ø¡ÂˆÒ¹ã¡Å‰à¤ÕÂ§ U ¢Í§ z ¨ÐÁÕ v ∈ U ∩ K c

f ¹Ñè¹¤×Í z ∈ Kc
f ¹Ñè¹¤×Í

J(f) ⊆ Kc
f ´Ñ§¹Ñé¹ J(f) ⊆ Kf ∩ Kc

f = ∂Kf

ÊíÒËÃÑº¡ÒÃ¾ÔÊÙ¨¹Œº·¡ÅÑº´Ùä´‰¨Ò¡ [2]



º··Õè4

à«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ºÒ§ª¹Ô´

4.1 à«µ¨ÙàÅÕÂ¢Í§ f àÁ×èÍ f à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§

4.1.1 à«µ¨ÙàÅÕÂ¢Í§ f àÁ×èÍ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2

·ÄÉ®Õº· 4.1.1.1 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒÁÕ r > 0 «Öè§
¶‰Ò |z| > r áÅ‰Ç |f(z)| > 2|z| áÅÐ f(Vr) ⊆ Vr

¾ÔÊÙ¨¹Œ ãË‰ r ¤×Í r ã¹·ÄÉ®Õº· 3.3 ´Ñ§¹Ñé¹¨Ò¡ã¹¡ÒÃ¾ÔÊÙ¨¹Œ¢Í§·ÄÉ®Õº· 3.3 ¨Ðä´‰ÇˆÒ
∣
∣
∣
∣

a0

zn
+

a1

zn−1
+ · · · +

an−1

z

∣
∣
∣
∣
<

|an|

2

´Ñ§¹Ñé¹ |a0 + a1 z + · · · + an−1 zn−1| <
|an||z|

n

2

´Ñ§¹Ñé¹ã¹·íÒ¹Í§à´ÕÂÇ¡Ñº¡ÒÃ¾ÔÊÙ¨¹ŒÊ̂Ç¹ÊØ´·‰ÒÂã¹·ÄÉ®Õº· 3.3 ·íÒãË‰ä´‰ÇˆÒ ¶‰Ò |z| > r áÅ‰Ç
|f(z)| > 2|z|

·ÄÉ®Õº· 4.1.1.2 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒÁÕ r > 0 «Öè§
ÊíÒËÃÑº ε > 0 ã´ æ ¨ÐÁÕ N ∈ N «Öè§·Ø¡ n ≥ N áÅÐ·Ø¡ z ∈ Vr ¨Ðä´‰ |fn

(z)| > ε

¾ÔÊÙ¨¹Œ à¹×èÍ§¨Ò¡º·á·Ã¡ 3.4 à»“¹¨ÃÔ§ÊíÒËÃÑº¿’§¡ŒªÑ¹ g ã´ æ «Öè§ÁÕÊÁºÑµÔÇˆÒ¶‰Ò |z| > r

áÅ‰Ç |g(z)| > 2|z| àÁ×èÍ r ¤×Í r ã¹·ÄÉ®Õº· 3.3 ´Ñ§¹Ñé¹â´Â·ÄÉ®Õº· 4.1.1.1 ¨Ðä´‰ÇˆÒº·
á·Ã¡ 3.4 à»“¹¨ÃÔ§ÊíÒËÃÑº f

·ÄÉ®Õº· 4.1.1.3 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 áÅÐ r ¤×Í r

ã¹·ÄÉ®Õº· 3.3 ¨Ðä´‰ÇˆÒ (f
n
) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ ¡çµˆÍàÁ×èÍ ÊíÒËÃÑº ε > 0 ã´ æ ¨ÐÁÕ

N ∈ N «Öè§·Ø¡ n ≥ N áÅÐ·Ø¡ z ∈ Vr ¨Ðä´‰ |fn
(z)| > ε

¾ÔÊÙ¨¹Œ ¾ÔÊÙ¨¹Œã¹·íÒ¹Í§à´ÕÂÇ¡Ñ¹¡Ñºº·á·Ã¡ 3.5

·ÄÉ®Õº· 4.1.1.4 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒ ÁÕ
r > 0 «Öè§·íÒãË‰ (fn

) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ Vr

¾ÔÊÙ¨¹Œ ä´‰â´ÂµÃ§¨Ò¡·ÄÉ®Õº· 4.1.1.2 áÅÐ 4.1.1.3

º·á·Ã¡ 4.1.1.5 ãË‰ f(z) = z2 + c àÁ×èÍ c ∈ C áÅÐ r = max{|4c|, 4} ¨Ðä´‰ÇˆÒ
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(f
n
) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ Vr

¾ÔÊÙ¨¹Œ ä´‰â´ÂµÃ§¨Ò¡·ÄÉ®Õº· 4.1.1.4

·ÄÉ®Õº· 4.1.1.6 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒ
{z ∈ C∞ | f

n
(z) → ∞} à»“¹à«µà»”´

¾ÔÊÙ¨¹Œ ¾ÔÊÙ¨¹Œã¹·íÒ¹Í§à´ÕÂÇ¡Ñ¹¡Ñº·ÄÉ®Õº· 3.9 â´Âãª‰¤ÇÒÁ¨ÃÔ§·ÕèÇˆÒ f à»“¹¿’§¡ŒªÑ¹µˆÍ
à¹×èÍ§

·ÄÉ®Õº· 4.1.1.7 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒ

1. f à»“¹¿’§¡ŒªÑ¹·ÑèÇ¶Ö§

2. f à»“¹¿’§¡ŒªÑ¹à»”´

¾ÔÊÙ¨¹Œ
ãË‰ c à»“¹¿’§¡ŒªÑ¹º¹ C∞ â´Â c(z) = z ·Ø¡ z ∈ C∞ áÅÐà¹×èÍ§¨Ò¡ ÊíÒËÃÑº z, w ∈ C∞

σ(c(z), c(w)) = σ(z, w)

=
2|z − w|

√

1 + |z|2
√

1 + |w|2

=
2|z − w|

√

1 + |z|2
√

1 + |w|2

= σ(z, w)

¹Ñè¹¤×Í c à»“¹ÊÁÁÔµÔ (isometry) ´Ñ§¹Ñé¹ c−1 à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§´Ñ§¹Ñé¹ c à»“¹¿’§¡ŒªÑ¹à»”´
1.à¹×èÍ§¨Ò¡ f áÅÐ c à»“¹¿’§¡ŒªÑ¹·ÑèÇ¶Ö§ ´Ñ§¹Ñé¹ f = c ◦ f à»“¹¿’§¡ŒªÑ¹·ÑèÇ¶Ö§
2.à¹×èÍ§¨Ò¡ f áÅÐ c à»“¹¿’§¡ŒªÑ¹à»”´ áÅÐàËç¹ä´‰ªÑ´ÇˆÒ¡ÒÃ»ÃÐ¡Íº¡Ñ¹ÃÐËÇˆÒ§¿’§¡ŒªÑ¹à»”´
ÊÍ§ ¿’§¡ŒªÑ¹¨Ðà»“¹¿’§¡ŒªÑ¹à»”´ ´Ñ§¹Ñé¹ f = c ◦ f à»“¹¿’§¡ŒªÑ¹à»”´

·ÄÉ®Õº· 4.1.1.8 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 ¨Ðä´‰ÇˆÒ
J(f) = f(J(f)) = f

−1
J(f)

¾ÔÊÙ¨¹Œ ä´‰â´ÂµÃ§¨Ò¡·ÄÉ®Õº· 4.1.1.7 áÅÐ 3.13

·ÄÉ®Õº· 4.1.1.9 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 áÅÐãË‰
Kf = {z ∈ C∞ | f

n
(z) 6→ ∞} ¨Ðä´‰ÇˆÒ J(f) ⊆ Kf

¾ÔÊÙ¨¹Œ ¨Ò¡·ÄÉ®Õº· 4.1.1.4 ¨Ðä´‰ÇˆÒ ÁÕ r > 0 «Öè§·íÒãË‰ (f
n
) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ

∞ º¹ Vr ´Ñ§¹Ñé¹â´ÂàËµØ¼Åà´ÕÂÇ¡Ñ¹¡Ñº¢‰ÍÊÑ§à¡µ 3.7 ¨Ðä´‰ÇˆÒ Vr ⊆ Fatou(f) ´Ñ§¹Ñé¹
J(f) ⊆ {z | |z| ≤ r}

¶‰Ò z ∈ J(f) ´Ñ§¹Ñé¹¨Ò¡·ÄÉ®Õº· 4.1.1.8 ¨Ðä´‰ÇˆÒ f
k
(z) ∈ J(f) ·Ø¡ k ∈ N ´Ñ§¹Ñé¹
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f
k
(z) 6→ ∞ à¾ÃÒÐ¶‰Ò f

k
(z) → ∞ â´Â·ÄÉ®Õº· 4.1.1.3 ¨Ðä´‰ÇˆÒÁÕ N ∈ N «Öè§ ·Ø¡ n ≥ N

¨Ðä´‰ |fn
(z)| > r «Öè§¢Ñ´áÂ‰§¡Ñº J(f) ⊆ {z | |z| ≤ r} ¹Ñè¹¤×Í z ∈ Kf ´Ñ§¹Ñé¹ J(f) ⊆ Kf

4.1.2 à«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹µˆÍà¹×èÍ§ f «Öè§ f ÁÕÊÁºÑµÔÇˆÒ f(z) = f(z) ·Ø¡ z ∈ C∞

·ÄÉ®Õº·»ÃÐ¡Íº 4.1.2.1 ãË‰ f à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§º¹ C∞ «Öè§ÁÕÊÁºÑµÔÇˆÒ f(z) = f(z)

·Ø¡ z ∈ C∞ ¨Ðä´‰ÇˆÒ

f
n
(z) =







fn(z) àÁ×èÍ n à»“¹¨íÒ¹Ç¹¤Ùˆ
fn(z) àÁ×èÍ n à»“¹¨íÒ¹Ç¹¤Õè

¾ÔÊÙ¨¹Œ ãË‰ z ∈ C∞ ¨Ð¾ÔÊÙ¨¹Œâ´Âãª‰ÍØ»¹ÑÂàªÔ§¤³ÔµÈÒÊµÃŒ´Ñ§¹Õé
ãË‰ p(n) á·¹¢‰Í¤ÇÒÁ

f
n
(z) =







fn(z) àÁ×èÍ n à»“¹¨íÒ¹Ç¹¤Ùˆ
fn(z) àÁ×èÍ n à»“¹¨íÒ¹Ç¹¤Õè

¨Ò¡¹ÔÂÒÁ¢Í§ f ¨Ðä´‰ÇˆÒ f(z) = f(z) ´Ñ§¹Ñé¹ p(1) à»“¹¨ÃÔ§
ÊÁÁØµÔãË‰ p(n) ¨ÐáÊ´§ÇˆÒ p(n + 1) à»“¹¨ÃÔ§¨Ð¾Ô¨ÒÃ³Ò ´Ñ§¹Õé

¡Ã³Õ 1 n + 1 à»“¹¨íÒ¹Ç¹¤Ùˆ
´Ñ§¹Ñé¹ n à»“¹¨íÒ¹Ç¹¤Õè ´Ñ§¹Ñé¹à¹×èÍ§¨Ò¡ p(n) à»“¹¨ÃÔ§¨Ðä´‰ÇˆÒ f

n
(z) = fn(z) ´Ñ§¹Ñé¹

f
n+1

(z) = f(f
n
(z))

= f(fn(z))

= f(fn(z))

= f(fn(z)) (à¹×èÍ§¨Ò¡ f(z) = f(z) = f(z) ·Ø¡ z ∈ C∞)

= fn+1(z)

¡Ã³Õ 2 n + 1 à»“¹¨íÒ¹Ç¹¤Õè
´Ñ§¹Ñé¹ n à»“¹¨íÒ¹Ç¹¤Ùˆ ´Ñ§¹Ñé¹à¹×èÍ§¨Ò¡ p(n) à»“¹¨ÃÔ§¨Ðä´‰ÇˆÒ f

n
(z) = fn(z) ´Ñ§¹Ñé¹

f
n+1

(z) = f(f
n
(z))

= f(fn(z))

= f(fn(z))

= fn+1(z)

¨Ò¡·Ñé§ 2 ¡Ã³Õ¨Ðä´‰ÇˆÒ p(n + 1) à»“¹¨ÃÔ§ ´Ñ§¹Ñé¹·Ø¡ z ∈ C∞ ¨Ðä´‰ÇˆÒ

f
n
(z) =







fn(z) àÁ×èÍ n à»“¹¨íÒ¹Ç¹¤Ùˆ
fn(z) àÁ×èÍ n à»“¹¨íÒ¹Ç¹¤Õè
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·ÄÉ®Õº· 4.1.2.2 ãË‰ f à»“¹¿’§¡ŒªÑ¹µˆÍà¹×èÍ§º¹ C∞ «Öè§ÁÕÊÁºÑµÔÇˆÒ f(z) = f(z) ·Ø¡
z ∈ C∞ ¨Ðä´‰ÇˆÒ J(f) = J(f)

¾ÔÊÙ¨¹Œ à»“¹¡ÒÃà¾ÕÂ§¾Í·Õè̈ ÐáÊ´§ÇˆÒ Fatou(f) = Fatou(f) ¨Ò¡·ÄÉ®Õº·»ÃÐ¡Íº
4.1.2.1 ¨Ðä´‰ÇˆÒ ÊíÒËÃÑº z, w ∈ C∞ ¶‰Ò n à»“¹¨íÒ¹Ç¹¤Ùˆ ¨Ðä´‰ÇˆÒ

σ(f
n
(z), f

n
(w)) = σ(fn(z), fn(w))

áÅÐ¶‰Ò n à»“¹¨íÒ¹Ç¹¤ÕèáÅÐ¨Ò¡¹ÔÂÒÁ¢Í§ σ ¨Ðä´‰ÇˆÒ

σ(f
n
(z), f

n
(w)) = σ(fn(z), fn(w))

= σ(fn(z), fn(w))

´Ñ§¹Ñé¹·Ø¡ n ∈ N ¨Ðä´‰ÇˆÒ σ(f
n
(z), f

n
(w)) = σ(fn(z), fn(w)) ·Ø¡ z, w ∈ C∞ ´Ñ§¹Ñé¹¨Ðä´‰

ÇˆÒ {fn} equicontinuous ·Õè¨Ø´ z ∈ C∞ ¡çµˆÍàÁ×èÍ {f
n
} equicontinuous ·Õè¨Ø´ z ∈ C∞ ´Ñ§

¹Ñé¹ Fatou(f) = Fatou(f) ·íÒãË‰ä´‰ÇˆÒ J(f) = J(f)

µÑÇÍÂˆÒ§¢Í§¿’§¡ŒªÑ¹ f «Öè§ J(f) = J(f)

1. ¿’§¡ŒªÑ¹¾ËØ¹ÒÁ f º¹ C∞ «Öè§ÁÕÊÑÁ»ÃÐÊÔ·¸Ôì·Ñé§ËÁ´à»“¹¨íÒ¹Ç¹¨ÃÔ§ ´Ñ§¹Ñé¹ f(z) =

f(z) ´Ñ§¹Ñé¹â´Â ·ÄÉ®Õº· 4.1.2.2 ¨Ðä´‰ÇˆÒ J(f) = J(f)

2. ¿’§¡ŒªÑ¹ f(z) = ez à¹×èÍ§¨Ò¡ f(z) = ez = ez = f(z) ´Ñ§¹Ñé¹â´Â·ÄÉ®Õº· 4.1.2.2 ¨Ð
ä´‰ÇˆÒ J(f) = J(f)

3. ¿’§¡ŒªÑ¹ f(z) = cos(z) ¨ÐàËç¹ÇˆÒ f(z) = cos(z) = cos(z) = f(z) ´Ñ§¹Ñé¹ ¨Ò¡·ÄÉ®Õ
º· 4.1.2.2 ¨Ðä´‰ÇˆÒ J(f) = J(f)

µÑÇÍÂˆÒ§¢Í§¿’§¡ŒªÑ¹ f «Öè§ J(f) 6= J(f)

ãË‰ f(z) = z2 − i ´Ñ§¹Ñé¹ f(z) = f(z) = z2 + i ¨Ð¾ÔÊÙ¨¹ŒÇˆÒ J(f) 6= J(f)

à¹×èÍ§¨Ò¡

fn(0) =







−i àÁ×èÍ n = 1

−1 − i àÁ×èÍ n à»“¹¨íÒ¹Ç¹¤Ùˆ áÅÐ n ≥ 2

i àÁ×èÍ n à»“¹¨íÒ¹Ç¹¤Õè áÅÐ n ≥ 3
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¨ÐàËç¹ÇˆÒ f2(−1 − i) = f(f(−1 − i)) = f(i) = −1 − i ´Ñ§¹Ñé¹ −1 − i à»“¹ periodic point

¢Í§ f «Öè§ÁÕ¤Òº 2 áÅÐ¨ÐàËç¹ÇˆÒ f 2(z) = z4 − 2iz2 − 1 − i ´Ñ§¹Ñé¹ (f 2)′(z) = 4z3 − 4iz

áÅÐ |(f2)′(−1 − i)| = |36i − 4| > 1 ¹Ñè¹¤×Í −1 − i à»“¹ repelling periodic point ¢Í§ f

´Ñ§¹Ñé¹¨Ò¡·ÄÉ®Õº· 3.2 ¨Ðä´‰ÇˆÒ −1 − i ∈ J(f)

à¹×èÍ§¨Ò¡ f2(0) = −1 − i ´Ñ§¹Ñé¹ 0 ∈ f−2({−1 − i}) ´Ñ§¹Ñé¹¨Ò¡µÑÇÍÂˆÒ§ 3.14 ¨Ðä´‰ÇˆÒ
0 ∈ J(f)

áÅÐÊÑ§à¡µÇˆÒ f(0) = i áÅÐ f
2
(0) = −1 − i áÅÐ f

3
(0) = 3i áÅÐ f

4
(0) = −9 − i ´Ñ§

¹Ñé¹ |f
4
(0)| > 4 áÅÐ¨ÐàËç¹ÇˆÒ |f

n
(0)| > |f

4
(0)| ·Ø¡ n ≥ 5 áÅÐ 4 ¡ç¤×Í¤ˆÒ r ã¹º·á·Ã¡

4.1.1.5 ¨Ðä´‰ÇˆÒ f
n
(0) → ∞ ¹Ñè¹¤×Í 0 ∈ Kc

f
áÅÐâ´Â·ÄÉ®Õº· 4.1.1.9 ¨Ðä´‰ÇˆÒ 0 /∈ J(f)

´Ñ§¹Ñé¹ J(f) 6= J(f)
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4.2 à«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹ f(|z|) àÁ×èÍ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº
¢Ñé¹ÍÂˆÒ§¹‰ÍÂ 2

à¾×èÍ¤ÇÒÁÊÐ´Ç¡¨Ð¡íÒË¹´ãË‰ h(z) = f(|z|) ·Ø¡ z ∈ C∞

4.2.1 à«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹ h(z) = f(|z|) àÁ×èÍ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹
ÍÂˆÒ§¹‰ÍÂ 2 «Öè§ÊÑÁ»ÃÐÊÔ·¸Ôì·Ñé§ËÁ´¢Í§ f à»“¹¨íÒ¹Ç¹¨ÃÔ§ºÇ¡«Öè§ÁÒ¡¡ÇˆÒËÃ×Íà·̂Ò¡Ñº 1

«Öè§µˆÍä»¨ÐàËç¹ÇÒ̂à«µ¨ÙàÅÕÂ¢Í§ h ¨Ðà»“¹à«µÇˆÒ§«Öè§µ‰Í§ÍÒÈÑÂ·ÄÉ®Õº·»ÃÐ¡Íº´Ñ§µˆÍ
ä»¹Õé

·ÄÉ®Õº·»ÃÐ¡Íº 4.2.1.1 ãË‰ f(z) = anzn + an−1z
n−1 + · · · + a1z + a0 â´Â n ≥ 2 áÅÐ

an 6= 0 áÅÐ ai à»“¹¨íÒ¹Ç¹¨ÃÔ§ºÇ¡«Öè§ÁÒ¡¡ÇˆÒËÃ×Íà·̂Ò¡Ñº 1 ·Ø¡ i = 0, 1, 2, · · · , n ¨Ðä´‰ÇˆÒ

1. ·Ø¡ m ∈ N áÅÐ z ∈ C ¨Ðä´‰ÇˆÒ |hm+1(z)| > |hm(z)|

2. ·Ø¡ m ∈ N áÅÐ z ∈ C ¨Ðä´‰ÇˆÒ |hm(z)| ≥ m

¾ÔÊÙ¨¹Œ
1. ¨ÐàËç¹ä´‰ÇˆÒÊíÒËÃÑº z ∈ C ¨Ðä´‰ÇˆÒ |h(z)| = |f(|z|)| = f(|z|) ≥ a0 ≥ 1 ´Ñ§¹Ñé¹¶‰Ò |z| < 1

¨Ðä´‰ÇˆÒ |h(z)| ≥ 1 > |z| áÅÐ¶‰Ò |z| ≥ 1 ¨Ðä´‰ÇˆÒ

|h(z)| = f(|z|)

≥

n terms
︷ ︸︸ ︷

|z| + |z| + · · · + |z|+a0 (à¹×èÍ§¨Ò¡ |z| ≥ 1)

= n|z| + a0

≥ |z| + 1

> |z|

´Ñ§¹Ñé¹ |h(z)| > |z| ·Ø¡ z ∈ C áÅÐµˆÍä»¨ÐáÊ´§ÇˆÒ |hn+1(z)| > |hn(z)| ·Ø¡ m ∈ N áÅÐ·Ø¡
z ∈ C â´Â¡ÒÃÍØ»¹ÑÂàªÔ§¤³ÔµÈÒÊµÃŒ
ãË‰ p(m) á·¹¢‰Í¤ÇÒÁ ·Ø¡ z ∈ C ¨Ðä´‰ÇˆÒ |hm+1(z)| > |hm(z)|

à¹×èÍ§¨Ò¡·Ø¡ z ∈ C ¨Ðä´‰ÇˆÒ |h(z)| > |z| ´Ñ§¹Ñé¹ |h2(z)| = |h(h(z))| > |h(z)| ´Ñ§¹Ñé¹ p(1)

à»“¹¨ÃÔ§
µˆÍä»ÊÁÁØµÔãË‰ p(m) à»“¹¨ÃÔ§ ¹Ñè¹¤×Í·Ø¡ z ∈ C ¨Ðä´‰ÇˆÒ |hm+1(z)| > |hm(z)| ´Ñ§¹Ñé¹

ÊíÒËÃÑº z ∈ C ¨Ðä´‰ÇˆÒ

|hm+2(z)| = |hm+1(h(z))| > |hm(h(z))| = |hm+1(z)|
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´Ñ§¹Ñé¹ p(m + 1) à»“¹¨ÃÔ§

2. ¨ÐàËç¹ÇˆÒ·Ø¡ m ∈ N ¨Ðä´‰ÇˆÒ m2 ≥ m ´Ñ§¹Ñé¹ m2 − m ≥ 0 ´Ñ§¹Ñé¹¨Ðä´‰ÇˆÒ
m2 + m + 2 ≥ 2m + 2 ´Ñ§¹Ñé¹·Ø¡ m ∈ N ¨Ðä´‰ÇˆÒ m2 + m + 2

2
≥ m + 1

µˆÍä»¨ÐáÊ´§ÇˆÒ ·Ø¡ m ∈ N áÅÐ z ∈ C ¨Ðä´‰ÇˆÒ |hm(z)| ≥ m â´Âãª‰¡ÒÃÍØ»¹ÑÂàªÔ§
¤³ÔµÈÒÊµÃŒ
ãË‰ p(m) á·¹¢‰Í¤ÇÒÁ ·Ø¡ z ∈ C ¨Ðä´‰ÇˆÒ |hm(z)| ≥ m

¨Ò¡µÍ¹µ‰¹¢Í§¡ÒÃ¾ÔÊÙ¨¹Œ¢‰Í 1 ¨ÐàËç¹ä´‰ÇˆÒ ·Ø¡ z ∈ C∞ ¨Ðä´‰ÇˆÒ |h(z)| ≥ 1 ´Ñ§¹Ñé¹ p(1)

à»“¹¨ÃÔ§
ÊÁÁØµÔãË‰ p(m) à»“¹¨ÃÔ§ ¹Ñè¹¤×Í ·Ø¡ z ∈ C ¨Ðä´‰ |hm(z)| ≥ m ´Ñ§¹Ñé¹ ÊíÒËÃÑº z ∈ C ¨Ð

ä´‰ÇˆÒ

|hm+1(z)| = hm+1(z)

= h(hm(z))

= f(|hm(z)|)

= an|h
m(z)|n + an−1|h

m(z)|n−1 + · · · + a1|h
m(z)| + a0

≥ |hm(z)|n + |hm(z)|n−1 + · · · + |hm(z)| + |a0|

≥ mn + mn−1 + m(n−2) + · · · + m(n−(n−1)) + 1

≥ m + (m − 1) + (m − 2) + · · · + (m − (m − 1)) + 1

= m2 − (1 + 2 + · · · + (m − 1)) + 1

= m2 + 1 −
(m − 1)m

2

=
m2 + m + 2

2

≥ m + 1

¹Ñè¹¤×Í p(m + 1) à»“¹¨ÃÔ§ ´Ñ§¹Ñé¹ ·Ø¡ m ∈ N áÅÐ·Ø¡ z ∈ C∞ ¨Ðä´‰ÇˆÒ |hm(z)| ≥ m

·ÄÉ®Õº·»ÃÐ¡Íº 4.2.1.2 ãË‰ f à»“¹¿’§¡ŒªÑ¹¾ËØ¹ÒÁ·ÕèÁÕÃÐ´Ñº¢Ñé¹ÍÂ̂Ò§¹‰ÍÂ 2 áÅÐ
ÊÑÁ»ÃÐÊÔ·¸Ôì¢Í§ f à»“¹¨íÒ¹Ç¹¨ÃÔ§ºÇ¡·ÕèÁÒ¡¡ÇˆÒËÃ×Íà·Ò̂¡Ñº 1 ¨Ðä´‰ÇˆÒ J(h) = ∅

¾ÔÊÙ¨¹Œ à»“¹¡ÒÃà¾ÕÂ§¾Í·Õè̈ ÐáÊ´§ÇˆÒ Fatou(h) = C∞ â´Â¡ÒÃáÊ´§ÇˆÒ (hn) ÅÙˆà¢‰ÒÍÂˆÒ§
àÍ¡ÃÙ»ÊÙˆ ∞ º¹ C∞

ãË‰ ε > 0 â´Â Archemedean Property ¨Ðä´‰ÇˆÒÁÕ N ∈ N «Öè§ N > ε

¨Ò¡·ÄÉ®Õº·»ÃÐ¡Íº 4.2.1.1 (1 ) ¨Ðä´‰ÇˆÒ·Ø¡ n ∈ N «Öè§ n ≥ N + 1 áÅÐ·Ø¡ z ∈ C ¨Ð
ä´‰ÇˆÒ

|hn(z)| > |hN (z)|
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áÅÐ¨Ò¡·ÄÉ®Õº·»ÃÐ¡Íº 4.2.1.1 (2) ¨Ðä´‰ÇˆÒ·Ø¡ z ∈ C

|hN (z)| ≥ N

´Ñ§¹Ñé¹ ·Ø¡ n ∈ N «Öè§ n ≥ N + 1 áÅÐ·Ø¡ z ∈ C ¨Ðä´‰ÇˆÒ

|hn(z)| > |hN (z)| ≥ N > ε

áÅÐ¨ÐàËç¹ä´‰ªÑ´ÇÒ̂·Ø¡ n ∈ N «Öè§ n ≥ N + 1 ¨Ðä´‰ÇˆÒ

|hn(∞)| = |∞| = ∞ > ε

´Ñ§¹Ñé¹¨Ðä´‰ÇˆÒ ·Ø¡ n ∈ N «Öè§ n ≥ N + 1 áÅÐ·Ø¡ z ∈ C∞ ¨Ðä´‰ÇˆÒ

|hn(z)| > ε

à¹×èÍ§¨Ò¡ã¹·ÄÉ®Õº· 3.3 àÃÒÊÒÁÒÃ¶¾ÔÊÙ¨¹Œä´‰ÇˆÒ
∣
∣
∣
∣

a0

|z|n
+

a1

|z|n−1
+ · · · +

an−1

|z|

∣
∣
∣
∣
<

|an|

2

´Ñ§¹Ñé¹ ã¹·íÒ¹Í§à´ÕÂÇ¡Ñ¹¡Ñº¡ÒÃ¾ÔÊÙ¨¹ŒÇˆÒ ·ÄÉ®Õº· 3.3 º·á·Ã¡ 3.4 áÅÐº·á·Ã¡ 3.5

à»“¹¨ÃÔ§ÊíÒËÃÑº f ·íÒãË‰àÃÒä´‰ÇˆÒ ·ÄÉ®Õº· 3.3 º·á·Ã¡ 3.4 áÅÐº·á·Ã¡ 3.5 à»“¹
¨ÃÔ§ÊíÒËÃÑº h(z) = f(|z|) ´‰ÇÂ ´Ñ§¹Ñé¹ (hn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ C∞ ´Ñ§¹Ñé¹
C∞ ⊆ Fatou(h) ´Ñ§¹Ñé¹ Fatou(h) = C∞ ¹Ñè¹¤×Í J(h) = ∅

4.2.2 à«µ¨ÙàÅÕÂ¢Í§¿’§¡ŒªÑ¹ h(z) = f(|z|) àÁ×èÍ f(z) = z2 + c àÁ×èÍ c = a + bi

áÅÐ a ≥ 0

·ÄÉ®Õº·»ÃÐ¡Íº 4.2.2.1 ·Ø¡ z ∈ C∞ ¨Ðä´‰ÇˆÒ |hn(z)| ≥ |hn(0)| ·Ø¡ n ∈ N

¾ÔÊÙ¨¹Œ ¨ÐàËç¹ÇˆÒ¶‰Ò z = 0 àËç¹ä´‰ªÑ´ÇˆÒ |hn(z)| ≥ |hn(0)| ·Ø¡ n ∈ N áÅÐ¶‰Ò z = ∞ ¨Ðä´‰
ÇˆÒ |hn(∞)| = |∞| ≥ |hn(0)| ·Ø¡ n ∈ N ´Ñ§¹Ñé¹àËÅ×Íà¾ÕÂ§¡Ã³Õ |z| > 0

¨ÐáÊ´§ÇˆÒ¶‰Ò |z| > 0 áÅ‰Ç |hn(z)| > |hn(0)| ·Ø¡ n ∈ N â´ÂÍØ»¹ÑÂàªÔ§¤³ÔµÈÒÊµÃŒ ´Ñ§
¹Õé
ãË‰ z ∈ C∞ «Öè§ |z| > 0 áÅÐãË‰ p(n) á·¹¢‰Í¤ÇÒÁ |hn(z)| > |hn(0)|

¨ÐàËç¹ÇˆÒ

|hn(z)| = ||z|2 + c|

=
√

(|z|2 + a)2 + b2

>
√

a2 + b2 (à¹×èÍ§¨Ò¡ a ≥ 0 áÅÐ |z|2 > 0)

= |c|

= |h(0)|
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´Ñ§¹Ñé¹ p(1) à»“¹¨ÃÔ§ áÅÐÊÁÁØµÔãË‰ p(n) à»“¹¨ÃÔ§ ¹Ñè¹¤×Í |hn(z)| > |hn(0)| ¨Ðä´‰ÇˆÒ

|hn+1(z)| = |h(hn(z))|

= |f(|hn(z)|)|

= ||hn(z)|2 + c|

> ||hn(0)|2 + c| (à¹×èÍ§¨Ò¡ p(n) à»“¹¨ÃÔ§ áÅÐ a ≥ 0)

= |h(hn(0))|

= |hn+1(0)|

´Ñ§¹Ñé¹ p(n + 1) à»“¹¨ÃÔ§ ¹Ñè¹¤×Í¶‰Ò |z| > 0 ¨Ðä´‰ÇˆÒ |hn(z)| > |hn(0)| ·Ø¡ n ∈ N ´Ñ§¹Ñé¹ ·Ø¡
z ∈ C∞ áÅÐ·Ø¡ n ∈ N ¨Ðä´‰ÇˆÒ |hn(z)| ≥ |hn(0)|

·ÄÉ®Õº·»ÃÐ¡Íº 4.2.2.2 ÊíÒËÃÑº·Ø¡ n ∈ N ∪ {0} áÅÐ·Ø¡ z ∈ C∞ «Öè§ |z| ≥ 1¨Ð
ä´‰ |hn+1(z)| ≥ |hn(z)|

¾ÔÊÙ¨¹Œ ¨ÐáÊ´§â´Âãª‰ÍØ»¹ÑÂàªÔ§¤³ÔµÈÒÊµÃŒ´Ñ§¹Õé
ãË‰ p(n) á·¹¢‰Í¤ÇÒÁ·Ø¡ z ∈ C∞ «Öè§ |z| ≥ 1 ¨Ðä´‰ÇˆÒ |hn+1(z)| ≥ |hn(z)| áÅÐãË‰

z ∈ C∞ «Öè§ |z| ≥ 1 ´Ñ§¹Ñé¹

|h(z)| = ||z|2 + c|

=
√

(|z|2 + a)2 + b2

≥
√

(|z|2 + a)2

≥
√

(|z|2)2 (à¹×èÍ§¨Ò¡ a ≥ 0)

= |z|2

≥ |z| (à¹×èÍ§¨Ò¡ |z| ≥ 1)

´Ñ§¹Ñé¹ p(0) à»“¹¨ÃÔ§
ÊÁÁØµÔãË‰ p(n) à»“¹¨ÃÔ§ ¹Ñè¹¤×Í·Ø¡ z ∈ C∞ «Öè§ |z| ≥ 1 ¨Ðä´‰ÇˆÒ |hn+1(z)| ≥ |hn(z)| ãË‰

z ∈ C∞ «Öè§ |z| ≥ 1 ¨Ðä´‰ÇˆÒ

|hn+2(z)| = |h(hn+1(z))|

= ||hn+1(z)|2 + c|

≥ ||hn(z)|2 + c| (à¹×èÍ§¨Ò¡ p(n) à»“¹¨ÃÔ§ áÅÐ a ≥ 0)

= |h(hn(z))|

= |hn+1(z)|

´Ñ§¹Ñé¹ p(n + 1) à»“¹¨ÃÔ§ ´Ñ§¹Ñé¹ ·Ø¡ z ∈ C∞ «Öè§ |z| ≥ 1 áÅÐ·Ø¡ n ∈ N ¨Ðä´‰
|hn+1(z)| ≥ |hn(z)|
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·ÄÉ®Õº·»ÃÐ¡Íº 4.2.2.3 ¶‰Ò hn(0) → ∞ áÅ‰Ç J(h) = ∅

¾ÔÊÙ¨¹Œ ãË‰ hn(0) → ∞ à»“¹¡ÒÃà¾ÕÂ§¾Í·Õè̈ ÐáÊ´§ÇˆÒ (hn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ C∞

«Öè§¹Ñè¹¡ç¤×Í C∞ ⊆ Fatou(h) ´Ñ§¹Ñé¹ Fatou(h) = C∞ ´Ñ§¹Ñé¹·íÒãË‰ J(h) = ∅

ãË‰ ε > 0 â´Â Archemedean Property ¨Ðä´‰ÇˆÒ ÁÕ N ∈ N «Öè§ N > ε áÅÐà¹×èÍ§¨Ò¡
hn(0) → ∞ ¨Ðä´‰ÇˆÒÁÕ N1 ∈ N «Öè§ ·Ø¡ n ≥ N1 ¨Ðä´‰

|hn(0)| > N > ε

¨Ò¡·ÄÉ®Õº·»ÃÐ¡Íº 4.2.2.1 ¨Ðä´‰ÇˆÒ ·Ø¡ z ∈ C∞ ¨Ðä´‰

|hN1(z)| ≥ |hN1(0)| > N > ε

áÅÐà¹×èÍ§¨Ò¡ |hN1(z)| > 1 ·Ø¡ z ∈ C∞ ´Ñ§¹Ñé¹â´Â·ÄÉ®Õº·»ÃÐ¡Íº 4.4.2.2 ¨Ðä´‰ÇˆÒ ·Ø¡
n ≥ N1 + 1 ·Ø¡ z ∈ C∞ ¨Ðä´‰ |hn(z)| ≥ |hN1(z)| ´Ñ§¹Ñé¹ ·Ø¡ n ≥ N1 + 1 áÅÐ·Ø¡ z ∈ C∞

¨Ðä´‰ÇˆÒ
|hn(z)| > ε

áÅÐà¹×èÍ§¨Ò¡ ·ÄÉ®Õº·»ÃÐ¡Íº 3.3 º·á·Ã¡ 3.4 áÅÐº·á·Ã¡ 3.5 à»“¹¨ÃÔ§ÊíÒËÃÑº h

´‰ÇÂ ´Ñ§¹Ñé¹ (hn) ÅÙˆà¢‰ÒÍÂˆÒ§àÍ¡ÃÙ»ÊÙˆ ∞ º¹ C∞

µÑÇÍÂˆÒ§ ãË‰ h(z) = |z|2 − i ¨ÐàËç¹ä´‰ÇˆÒ hn(0) → ∞ ´Ñ§¹Ñé¹¨Ò¡·ÄÉ®Õº· 4.2.2.3

¨Ðä´‰ÇˆÒ J(h) = ∅

µÑÇÍÂˆÒ§ ¶‰Ò c ∈ C «Öè§ÁÕÊÁºÑµÔÇˆÒÁÕ N ∈ N «Öè§·íÒãË‰ |hN (0)| > 4|c| ¨Ðä´‰ÇˆÒ J(h) = ∅

¾ÔÊÙ¨¹Œ à¹×èÍ§¨Ò¡·ÄÉ®Õº·»ÃÐ¡Íº 3.3 à»“¹¨ÃÔ§ÊíÒËÃÑº h ¹Ñè¹¤×Í ¶‰Ò |z| > r áÅ‰Ç
|h(z)| > 2|z| ¹Ñè¹¤×Í ¶‰Ò |z| > r áÅ‰Ç hn(z) → ∞ «Öè§ r ã¹·Õè¹Õé¡ç¤×Í¤ˆÒ r ã¹·ÄÉ®Õº··Õè 3.3
«Öè§¶‰Ò f(z) = z2 + c ¨Ðä´‰ÇˆÒ r ¡ç¤×Í 4|c| ¹Ñè¹àÍ§
´Ñ§¹Ñé¹¶‰Ò ÁÕ N ∈ N «Öè§ |hN (0)| > 4|c| ´Ñ§¹Ñé¹ hn(hN (0)) → ∞ ´Ñ§¹Ñé¹ hn(0) → ∞ ´Ñ§

¹Ñé¹¨Ò¡·ÄÉ®Õº· 4.2.2.3 ¨Ðä´‰ÇˆÒ J(h) = ∅
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