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CHAPTER I
INTRODUCTION

(1.1)

and found that all €q m
(1.2)

where « and /7 are arbi
Next, in 1970, H. Haruki[6] al s (i a different method and obtained
results similar to those of J.A #Baker: - -

In the same year, M. Kuchar ’m ) which satisfies the relation

[z, y) i______m £ 01z — ),
(% =
where ay and 3, dre a ons of the forin (1.2),

- -l ,
where o and /3 are -! sitrary functions. LJ

[n 1972, D.P. Flemmi ng [4] solved (1.1) uqmg the transformation of coordinates

”Wﬁﬂﬁﬁﬁﬂﬂﬁﬂﬂﬂﬂi

77:‘,‘ 1T+kc1

) P BNEL 361 URAINIA

rding the continuity of «, 3 and f.



In the same year, M. A. McKiernan [9] gave the solutions of (1.1) in the fol-

lowing more general context which take the form of

Fz,p) = alz4+y) + 8z —y) + Alz, 1),

wliere @, 7 are arbitrary functions and A's an arbi r&ry skew-symmetric bi-additive

function,

and

Next, in 1973, .1) and obtained
a result similar to th

In 1988, H. Haruki Mo ctional equation

fla+ty) — 206, y)fF [~ tiw) — [y #5) 20, Y) + flz,y - 9)

analogous to the wave cq alized polynomials when no

regularity assumptions are imposcd 4 °d the general solution of the

form

In 1968, J. Aczébd H. Haruki, M.A. McKiernan and G. N8akovi¢ 1] gave the
general solution of Lhe‘o alled square functignal equation

o fd UHANENINE AN T

which is equ1valent to the func Ll()ndl‘quamon

ammmmmn NEIA Y




which in turn is analogous to the 2-dimensional Laplace’s equation

0 o?
(52 * 5

) (z,y) =0.

The general solution of the functional equation (1.3) is in the form of generalized

polynomials

fo,0) = A0+ A'(x) + BiG) B AN (o) ATl () + (A(2) ~ 30s(m,0,)
‘ 53,7, Y)),

where each term represents . ger stali € \i\\ , Y.

In this thesis, wesgave (he gencra soliit *\*\\\\\ e

In Chapter H we will p dges used in this thesis. In

Chapter I, we L ' ,“w In Chapter

IV, we will solv the ,ﬂ;! nsional Poisson

solution of the functional

.»

equation. Finally, 11

|
equation analogous+6 the 3-dimensional Laplace equation.

ﬂUEJ’JVIEWl?WEJ’]ﬂ‘i
QWWNT’]?@UNWW?V]HWGB



CHAPTER II
PRELIMINARIES

Let XY be linear spages ra ficld ratiGae?™humber , let n be any positive

integer, and let f : X" allarbitray funcllOn1Orany «,, xa, . .., Tn,t € X,

-h-___-l
/.\‘J A A

we define the centra ‘L 10 the i™ argument for

BRI = 1 2y e i

Ai,ff(J:lv ceea gy

The iterates A, of

recurrence
and

S0, the 3-dimensior
il

e
mmﬂuﬂ?ﬁﬂﬁ§Wﬁﬂﬁi

2

awmaﬁbi”ﬂﬁd}m&aam

Ll,-- l+L *'L!l)"_./"[ly"‘ Ly +f y X - lw'r ILFl)" Tn)
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(&3]

where z;,2, € X for all i = 1,2,3,...,n, will be called an n-additive function. A

function f : X" — Y which satisfies the equation

Example 2.1. Given_ap Lt e 1 land et - ' R be a function defined
by P ‘A

forallzy,... .z, € Rig stant. Pr h ‘ and symmetric.
Proof. For all y € R an
f(xlv ceey Lio1, T = Y, L

o= 1PTis1 " Pa)

: 17«~~,yy$¢+1,-—-7317n)-
So, f is an n-additive functiolf.-For &l i, 5 = L, we have
- —— V]
f(Ilv § , r
L R [

L)
| |

— ./.(:L.l) tH )‘/Ujr' sy &gy r 71‘71)'
Thus, [ is U w (N
Theoremﬂ or a positive mz‘egw n, I [( ﬂ an nfa]dzmm functwn.
For m(h Ti t X o= 1R H‘followmq stategments hold,
ARSI AN EA 8
(ii1) f(a:l, ooy Biay, &g Siny e in) =MIT 400 Ta ) Jor cviry indepes i,

() f(x1,...,Zic1, 7T, Tig1, -, ZTn) =1f(21,. .., T,) for every rational number r.



Proof. (1) 1t is obvious to sce that

f(-’Eh---7-75i~1,0,-’5u71,---,-'17:,) = _[(51:1,-~-7551“]70‘%_Oal‘itrla"-u];n)
= ’/.((L‘I,.,.,ZL'Z’,l,O,.'L'”,l,...,In)

ST, 0Ty, ).

So, we have

(i1) By referring to

fley, .z, + f(x . i A . ':':--—xl,...,zL‘n)

Thus, we get
IACIAN.

(731) Let m be any integer

’ ' i aind:
Case 1; m = 0. Using (i), we g -ﬂ

_,}_'.-_ , -, ¥4

(21,

Y

Case 2; m > 0. We-obt:
[]

f(il?h.. , Ly ],ILZ,T”D‘.. In)hf(l'l,...,.’l',;,l,.’lii‘}—"' .’I,'T',l'“_l,...,.’lf,,)
—_—

AL INB03

?mf Ty, n

QWW ﬁ‘ﬂﬂl‘iﬁm&‘lﬂﬂﬂmﬁﬂ

; Yy Lq 1, TN, Ly, - n - (“Lh'" sy Li-1, Tn’( 1) Lygt; - - (23)




By referring to Case 2, we have

Flay, oo, —m(—xy), T g1, Tr) = —mf(Ty, o T, — X Tip ity Tn)-

By using (4z), we have

—mf(r1,. .., T ,Ty) (2.5)
So, by (2.3), (2.4) and (
f(.’(:l Tk)

(1v) Let 7 be any rati and a non-zero integer

m such that

That is

-/’(‘,1"13"'7/.' 3 T4 i » L v‘j.— Y , 17“-)‘%7’-)
¥, ' »I' : ” 1 " oLy )

filling
LA

For any posit,iv ntege he condition

1+1

1
n M 1- z)i =0
7
positive 1%9 k, | be a symmetric k- additive function and let

A¥: X — Y be the dlagonah?a,tlon Gf Ay defined byd=w

QWWR\"Iﬂ‘i@N%«IMQﬂH’IﬁB

for any z € X.



Theorem 2.3. Let f : X — Y be a polynomial function of order n. Then there

exist syrmetric k-additive functions Ay - X* = Y, k= 1,2,... n, such thal

bl

flz) =A%+ Al(2) + -+ A™(x),

where A° 1s a constanl and 4" D k! || Vi fgs, quonahzalnm of Ag for each

k=1,2,3,...,n (For more d X , C / Ify pp. 65-79).
Example 2.4. Lel f: R ¢ ""“— melion which-sai ‘ s the relation

for all z € R.

In Example 2.4,

A \‘x, |
"" »
\eorer k\ there exist symmetric
\

tha
),

So, [ is a polynomial func

k-additive functions A .

where A® is a constant an

k=1,2.

1alization of A, for each

ﬂ‘UEl’J‘VIEWIﬁWEJ’]ﬂ?
ammmmummmaﬁ



CHAPTER III

(3.1)
for all x € R and | & ryffo) f . 7 o7 ¢ . "- additive function
A:R—> R and co '

(3.2)
and

(33)
Jor all x € R.

1
Proof. Supposef, g R — R satisly (3. 1) Then we have
e (3.4)

.,i
i

Replacing ¢ by 2¢ in (3. 4) to obtain

Mquﬂ?ﬂﬂ%$W8ﬁﬂi "
QISR g Ay

fla+4t) —4f(x+3t) +6f(x +2t) —4f(x +1) + f(z) =0



10

which can be written of the form

(3.7)
Substituting (3.7) in (3.1) to obtain

(3.8)
Setting z = 0 in (

(3.9)

where b = 2¢(0) i 9) also holds for t = 0.

Thus, we obtain

(3.10)
for all z € R. Substituting (3. V:V--.-I.-r 3
(3.11)
Setting £ =1 in 3.. il )
ol ‘i‘ (3.12)

By (3.11) and (3.1 LJ e have 4

Mﬂumm YiSHeng

A1) £ 12 A4(0, 1, 1),

amaomimumgmma ]

AP(x) = 22 Ay(x,1,1) (3.15)
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for all x € R. Hence, equation (3.7) becomes

f(x) = a+ A(z) + bz? + 2% As(z,1,1). (3.16)

Substituting (3.12) and (3.16) in (3.1) to obtain
(3.17)

Next, setting ¢ =1 in (3.
where ¢ = A3(1,1,1) i educes to

and equation (3.12) b

|t
that functions f and g inde e agion (3.1). & 0]

Conversely, we suppos s not hard to verify

Next ,we will give some ex Qr i’s Lemma as in the following

Theorems.
Theorem 3.2. (74 R R which
satisfy equation = =

(3.18)

.FI
L g
i. i=1 t

for all z € R and h,, . ‘ ,hy € R\{0} are qwen b

. Augmenamng -
AN TRAEMTINISY

T(:‘ a;, b; and ¢; are constants and o; : R — R is an additwe function for each

1=1,2,3,...,n
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Proof. For n > 3, we suppose f;,¢ : R — R satisfy equation (3.18). So, we can

write (3.18) in the form

1, /1. ‘
b ) = ) (h—?ﬁi_,fj(w)) (3.21)

By Lemma 3.1, there exists '-._ achion ay R — R such that
(3.22)
and
(3.23)
where a,,b; and ¢ >. ¢ cgl the form
h\gAh,z. 2L I | 5 4 \ AN 2% ,.VJ )) (3.24)
By Lemma 3.1, there exists an ‘ »‘ CR \'- ch that
: | (3.25)
and
g(w , (3.26)
where a;, by andl y_ ,
J :22 (b, + 3¢, - | % AZ e ” (3.27)
l‘“ﬁﬁﬁl’é‘ﬁﬂﬂ‘ﬁw g3
—ak;+(u17 + by z? +ck 328)

ammmmuma ,EJ']EIEJ

—9Zb + 3¢1) ( () ), (3.29)




13

where ag_y, by_1 and ¢, are constants and «y_q is an additive function. Now, we
can write equation (3.29) in the form

k—1 n

LA = o) =230 307~ 3 (6% 6@) ).

=1 | J=k+1 1

By Lemma 3.1, there exists an adc i " , ¥ -+ R such that

(3.30)
and

glz)y —2 bera (3.31)

that is,

(3.32)
where ag, by and ¢, areseonsta -4 O ‘— 7 ‘ icde. t (3.28) and (3.29)
hold for all k =1,2,3,... .n— 1 _"e:_.., il 3.32), we have

which can be

'. n Jj=1 i |

Again, by Lemma 3. 1‘ » exists an addmvuncmon e, : R — R such that

ﬂUﬂ@MEMiWBWﬂi
%fwwmmumnwmaa
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that is,

already given by (3.20) a
(3.20) holds for any posibi
Conversely, we s

Using Lemma 3.1, w

O
y . ~ ‘ ‘
Theorem 3.3. Let A be a f 'f_f...un'n sta nd C be arbitrary constants.
Functions [,g: R —- R whz’c gu__,f,;‘" F 2 ﬁ.r; quation
————————————— T, dy-y (3.33)

. 1'!‘ N

. l_.,—_' = L — 4
A
jo:allLERls g

4P |

2

ﬂ%ﬂ%ﬁﬂaﬁ“ oy

=aqyp+ ax +azz

RN AEATMAIIN TR Y

w&r(, ay, a1 and ay and are constants, and o : R — R is an additive function.

/(-’




Proof. Suppose f,g : R — R satisfy equation (3.33) with a non-zero constant a.

Then, we can write (3.33) in the form

02110 = 5 (o0) - Brows@ - Crio))

By Lemma 3.1, we get

(3.36)
and
(3.37)
where ag, a; and b asefeonstants@nd o - R - R S an.ad live function. From the
expression of f(z) in ' \ ‘
1
;A.sf(-"lf)
ag(x — =5)*
(3.38)
So, by (3.36), (3.37) and
g(7) = 20,/ +6bAx -
" LA Clay + az) + ape® + bat) - (3.39)
Replacing s by r5h e '-:‘f o rational number,

|| : ,
|
we have i ! jj

—?a ,— apC — Z(LQB'E — z — Cafz)

ﬂﬂﬂ?ﬁ%ﬂ%’ﬂ%ﬂﬂ‘i

If equa,tlon“ 40) is regarded as a polynomial of r, and noting that the polynomldl

lellbheS for any non-zero rational ngnbel r, then

ANE S REaa 3

+ap,C2? + bCx?,
= 0.
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50, by equation (3.36) and the second equation in (3.41), we get

f(’,l:) =ay + afz) + anz?. (3.42)

£ Calz) + ayCxz?. (3.43)

ok

If B # 0, then setfing o
(3.44)

\ .
for all s € R\{0}. -\""\l\‘ll hus, we obtain
Y

(3.45)

for all z € R\{0}, where a
and (3.43) yield

onstant. Hence, (3.42)

and

am aqnimﬁmmmw
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If B # 0 and f, g are given by equation (3.35), then
Lo pla , 1,
A+ BAL 4 C ) f(s) = Ay ATf(x) + BoAf(5) + Cf(2)

T + axx ) + B%AS (ao + o7+ a2$2)

2
ag + a1 + axx )

ﬂﬂﬂ?‘l’lﬂﬂ’iﬂﬂ’m‘i
QW']Mﬂ‘ifuﬂmemﬁﬂ



CHAPTER IV
THE 2-DIMENSIONAL_POISSON FUNCTIONAL

T e the gen@hc functional equa-

In this chapter, we /il

tion
analogous to the :

Theorem 4.1. F‘ung ;
all z,y € R and all

) + (a,g:z;?’ + a4y3

+ () 4l Gri=s zy+aﬁ(y>:c3)
+ (az’y ‘ (4.2)
and
P J
g(’l')?/) =2 | a2 05('1,' +y)

rl
1)
y+3aby w) +2 ab(% + 3zy*) + a7 (9° + 3a° 1/))

w.f] ﬂf?;l A9 ﬂmmmmﬂ

additive fun 107,

FRARIN G4 HRIFHRN G

AzsfffJ =g(z,y) 5 AL f(z,y).

onal equation (4{.1) for
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For a fixed 2 € R, by Lemma 3.1, we have
J(z,y) = Ax) + Al(z,y) + B(z)y” + C(a)y’ (4.4)

and

9(z,y) — AT f(,0) '(I)y» (4.5)
where A° B,C : R — R are [ikirown ctio@2 — R is additive in
the second variable. Substi o) i ,

1 .
9(xy) - ,_zAit( ’ )+ 6C(z)y. (4.6)

Setting y = 0 in (¢

_ (4.7)
By Lemma 3.1, we | 7‘
(4.8)
and
(4.9)

e - 1 . .
where ag, a1, a3 ace ~Stbstituting (4.7)

. . h ‘
into (4.6), we obtain r.

| it
.| 1

1 A (f y) + Blx)y® + C( L)e/‘*) +g(z,0)

glz,y) = 1

“”WuﬂﬂﬂﬂW5Wﬂ?ﬂi

Agsgm y) = A7, (2B( :L)+GC' 411)

@Wﬂﬂﬁﬂifﬁﬂwﬂﬂmﬂ d

g9(z,y) = D°(z) + D" (z,y) + E(x)y* + F(a (4.12)

C(z)y. (4.10)



and

1

507, (2B(x) + 6C(2)y) = 2E() + 6F (2)y, (4.13)

where DY, E_F : R — R are unknown functions and D' : R? — R is additive in

the second variable. Replacing ¢ | where 7 denotes any rational

number, we get

1, P
'AI,tB

5 y)r = 0. (4.14)

If equation (4.14) is rcz w. that the polynomial

vanishes for any rational atin

(4.15)
We will start with s 'i'n st equatior By na 3.1, we will get

(4.16)
and

(4.17)

e s— _——

e ot
1 d unction. Next,

where ay, as and g%

setting y = 1 in th -sI co

i gij] EJV]TWEI'I n73 e

awwmmmum‘mmaﬂ

= 2a7 + baszx, (4.19)



HOmIANA QudInemwging
v o
VBN IeNNN Iy §y
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where ay4, a7, ag are constants and a5 : R — R is an additive function. So, by

(4.12), (4.17) and (4.19), we get

9(z,y) = D°(z) + D'(z,y) + (205 + Basz)y” + (207 + 6as$)y3u (4.20)

— Bagz’y. (4.21)

(4.22)
and
2ca(y) + B0 (y)2 (7 asy — 60 (2)y 5 Bagr?y's; 6asz’y,  (4.23)
where an, ay, a6 : R - 3 knowr functions and ‘_ |'u-‘ R is additive in the
first variable . -
Setting z = 0 in (4.23)

Next, setting z =

L .

= =

Since A! is additiv the se additive function.

e
Combining results yxn (4. 4) (4.8), (4.16), (4.18) and (4.22), we get

AUt
@‘Wﬂ“ﬂ@ﬂﬁﬂm’iﬂ M ) a ]

2a1 + 6aszx + 204(y) + 6 (y)x + 2a2 + 2a3(x) + 6asy + Bas(z

D) is U

+ (2a5 + 6azy)z”® + (2a6 + 6a8y).r‘ = D%x) + DY(z, ). (4.25)
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Replacing r by ry in (4.25), where r denotes any rational number, we have

D(z) — 2ay — 2ay — 6azz — 2a3(z) — 2a5z” — 2a6z” + (D'(z,y) — 6ayy

— 204(y) — 6as(x)y — 6ag(y)r — 6ayz’y — 6agz’y)r = 0. (4.26)

(4.27)
DY (z,y) = ara’y + 6agz’y.
Therefore, by (4.20) _
g(z,y) = 20y + 2a9 + , + %) + 6a5(x)y

\ ‘. 2Py + zy°). (4.28)

Q — R satisfies (4.3).

F () + aa(y) + Bz, y) + a2

Conversely, suppose

So, we get

1,1 Wi
(t—QAf,t + ;Aé,s)f(w,y) = ( LAY
* + au(y)a’ + as(z)y’

agzgyz)

Y+ 6a5 [:J + 2a6(2* + 31y%)

+2a7(y + 3z 1/)+ba,3 oy + ay?)

ﬂ‘UEJ‘JVIEJWliWEﬂﬂ‘i i
ﬁ‘ﬁmﬂﬁﬂﬂ@"mﬁl

( S0+ 5 La )f( ) =0 (4.29)
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which is analogous to 2-dimensional Laplace equation

ar,ay R — R and a bi-addativ

(4.30)
for all v,y € R, where :
Proof. Suppose f : R? by Theorem 4, we have
flx,y) = ag + \ +(a;¢ + aqy
+ s
+ (agr (4.31)
and
2 ((11 + (L:;) + 2( 3azx +: %> + ZUQ),,WL 3as(T)y
+ 3a6(y):[,> +5E :namm_;;m:;;.;zzzz;m.—_—_" =0, (4.32)
Yo A J
where ay, ..., as aros 'nc 18 and (3 is a bi-

| ] |

additive function. Re lacmg y by ry in (4 39) where r denotes any rational num-

ber, we get

AUl nynineans

+ 6cr6(y): qmzﬂ y+6agvy )+ ( ,y + Bagzy?)r? + (2a7y° + 6agry®) r =0.

ARAINIUANI NN
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vanishes for any rational number 7, then we obtain

( 2a1 + 2a5 + 6azx + 20n(z) + 2a57° + 2062 = 0,
6asy + 2a4(y) + 6as(z)y + 601(,( )T + 6azz’y + 6agzy® = 0,

(4.34)
2a5y° + bagry® = 0,
\ 2a79° + 6agzy® = 0.
Next, setting y = 1 in the third equati fhe: equation in (4.34), and

replacing = by 7 in (44 unber, we have

( 2a) + 2ay + (6azx 442

6asy + 204 (Y e £ ’ \ Garzyr - .‘-,_ B33 = 0,
y + 2aa () | y )il 4 . (4.35)
2as + Bagxr —= v /7B AN "l

2a7 + Gagrr = 0,

If each equation il (4.38 igfre ‘.7;. as) Yornial o 7, and noting that the

polynomial vanishes £

(4.36)

where i = 5,6, 7 7 ‘i (4.36) to obtain

i ) ‘ >I'i'
) — w9 0
where ag = ag(1) is Al omstant. Substituting {487) in the third equation in (4.36)
W‘””FWEJ’J NENINEINT
s, }y + agzy = 0. 4 38)

’QW’] RIAFUNNIANYIAY

as(z) = —agy. (4.39)



Combining results from equations (4.36), (4.37) and (4.39), we obtain equation
(4.31) becomes

Flz,y) = ap + on(z) + aa(y) + Bz, y) + ar(z® — y°) + az(z® — 3zy?)

3

+as(y’ — 32y) + ae('y
Conversely, suppose a A.A,,- ,' Catitfios equation (4.30). It is not

i (4.29). O

hard to verify that functions f indeed satisfie .-- b

We can use The lace equation as the

next chapter.

AUEAINENTNEINS
RININIUNRINYIAE



CHAPTER V
THE 3-DIMENSIONAL LAPLACE FUNCTIONAL

(5.1)

Theorem 5.1. The ganeral on of thi nal equation. (5.1) for allx,y, z €

[z, 2) = a+ ag(T) , A X : (2, 2) + Bz (Y, 2)
Dez T O’Iz(y))(wzz - 22)
ey (7)) (27 — 3ay®)

) +

z*y)

i

= ATy

Proof. Suppose f: R* — R s‘a‘tit;ﬁes‘quation (5.1). K we can write ( ’.wn the

TRIQIAN AU AW LINENRE,
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For fixed 2,y € R in (5.3), by Lemma 3.1, we have
oy, 2) = Az, y) + Al(z,y, 2) + B(z,y)2° + Cla,y)2%, (5.4)

where A°, B, C : R? — R are unknown tions and A' : R* — R is additive in

the third variable. Substituting 4) i 3) and simplifying, we get,
(hQA?hl n ﬁ ,,. -.-'-,_. . - "-' | o 1 —‘ )22 + C’(m,y)z'j)
+2B(z,y) + 64 = | e (5.5)

Let r be an arbitr v " replace z by Zin ( .5) and note that
be jar ed as a polynomial

of . Thus, all coefticien

(5.6)
Firstly, we turn to the fir write it in the form
(5.7)
By Theorem 4.
A ((L U) = ap + 'i 1( (Yo | 8 agy' + (CL;;IIIB + a4y3
.I

) +a4(y -+ (a(,( 1/ +k1$ v: + ag(y)z 3)

ﬂumwwﬁwmm
VNN (AR

+O/3

and

QWT@S{I’I @H

— 3ka(2Py + 1y°)
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where ay,...,aq4, k1, ..., ks are constants, «, ..., ag are additive functions and g,
is a bi-additive function. Next, substituting (5.9) in the third equation in (5.6)

and setting z = 1 will give

o — 12koz e 12k4y & 36kszy = 0. (5.10)
Since (5.10) holds for all z ¥ = 1 of] : Wistovanish; that is, k) = ko =
ks = kg = 0. Thus, equatie - a S &
AO(L,Z/) = ag + ( ) + (a3£3 + a4y“
+a ' (5.11)
and
B,y (1))
(5.12)
Next, we turn to the se rite it in the form
(5.13)
For each fixed z € R in (5. 13 j—-sﬁ;
AI(Ivy) ) ] +<2(Z): )

+ u;ii (z, z)y3+ 5(2)L7Y O (Y, z)md

Co&m + (22 + Cil2) (5.14)

ﬂUEJ’J‘VIEWIﬁWEJ’]ﬂ‘S
Clay)r = — (60 + )~ + Gl Justn Bs(z, 2) + 3 Bu(035 é,]

ChAN M(ﬂ‘if LAINE

9 +C,(Z)( Y+ 2%y) + G(z)(# y+wy‘)>, (5.15)

| 2
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where a3,(,....(g : R — R arc unknown functions, ®;,. .. &; : R? — R is

additive in the first variable and x : R? — R is additive in the first variable and

the second variable. Setting © =y = 0 in (5.14), we have

: and y by sy in
y.z) foralli =1,3,5
- equation can be be

st vanish; that is

(5.17)
Didcn
Ec;rl(;l)l EO:O:;;,H. ‘. 8 and j ‘T" N 3 il cing z by z + hy In equation
e (5.18)
So, (1, .- Cg, by, .., ( K are polynoml unctions of order 1. By Theorem

e

2.3, ther

additive 1

mmmﬂ T
ﬁmwmwmaa

.L'l/,g—:t),g(l'y+’}’l'g, 3

such that

qum
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where ry...,rg are constants, ¢;,...,¢s : R — R and 35 : R? — R are unknown

functions. Setting z = 0 in the second equation and the third equation in (5.19
g q q

will give

(5.20)
and

(5.21)
In equation (5.20), sjce ad ‘ P > infer that ¢y, ..., ¢
are an additive fu NS f onfeg nent 3 R Irom ¢ second equation in

equation (5.21), K
is additive in the first ahriable and fhesseeont variable, we conclude that gy is a

ion in (5.19) that

AN, 2) = aufz) + (g a0 \ D+ (Bs(v)
5l D)+ ((rs + &(2)"
+ (ra + &(2))y “' v+ (aly) + Bs(y, 2) rQ)
+ ( (45 ()etate ‘." Ry’ + (gs(y) + By, 2 )I)

» ,:.—;..———__T_—.-i—_.—_--= S2)) Y ) (5.22)

J

and equation (5.15) beco

| ’ ”g
o
Clz,y)z = — = r-Jr 1(7 + 7o+ &z >J(”+& z+ (rs + &a(z ))

ﬂﬁ% NENINEINT

- r5+§ :L+1/ x) + fs(z, 2))

MR TIng) &Y
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Next, substituting (5.23) in the fourth equation in (5.6) and simplifying, we have

(s + E6(20) 2 + 8(rs + 66(2))27 + 3(rr + &(2))uz" +9(rs + (=) 2y = 0.
(5.24)

If we replace z by rz in (5.24), and note that € (rz) = =r&(z) foralli =5,6,7,8, the

ial of 7. Thus, all coeflicients

(5.25)

(5.26)

nts must vanish;

=0 for all z ¢ R.

Since each equatic

that is, 15 =14 = 17 =

by (1) + sy, ))*)
R O e B L e i 1 €7D 4 4 P e (5.27)

A J
and equation (5 eredu
1
[¢

H »+u+& m+@ U
ﬂﬂﬂ’iﬂﬂﬁ*ﬁ%’iﬁ*ﬁ%
ol ASASANINEa Y

+ da ()Y + ba(y)2” + ds(0)y° + ds(y)z® = 0. (5.29)

.T

— + Z
'3 4 4
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If we replace = by rx and y by sy in (5.29), and note that ¢,(rz) = r¢;(z), ¢;(sy) =
spi(y) for all i = 1,3,5 and 7 = 2,4,6 and Js(rz, sy) = rsk(z,y), the resulting
equation can be be regarded as a polynomial of 7 and s. Thus, all coefficients must
) = ¢a(y) = bs(x) = ¢aly) = ¢s(z) =
¢6 = 0 and fg(z,y) = 0. So, equation (5.27) re ices Lo

vanish; that is ry = rp =71y = ry = 0,

(5.30)

and equation (5
Cl,y)z = — 3 g %,2) + 3Bs(y,2))
- ( - (5.31)
where a5 = &), o =3 and o “Ne: LA 1 (5.31) will give
13(y)x (5-32)
where a5 = —%(or,(l) , (Do —38(x,1), ag(y) =
—an(1)y— %ﬁ,(u, 1), () = s - and-e = B:(y, 1) are additive functions
for all «,y € R. NexL, ,,,,_,q G ,},\, ar Yein 5.13) to obtain
2a5(2) + 2854 a,__,._.mml...._.!.':,-.;,:=.;;.;i——.i_::::;.::..-:, Jy+ 63 (y, 2)x
————————————————— \ ‘
+ Basz + 6ol (5.33)
.,I
Setting z = y = 0 n'(5.33) will give ' ”J,
(5.34)

MwﬂuﬂgﬁﬂﬁWBﬂﬂi

‘3017 - 30110 M

ammﬂmumamna

1}5(7;, ) —3(19 y)z - 3a11(z)y 5 36)
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S0, by (5.33), (5.34), (5.35) and (5.36), we obtain

Bs(x, 2)y + B7(y, 2)x = cna(2)yz + as(y)zz. (5.37)

Sctting y = 1 in (5.37) will give

(5.38)
where aa(z) = 57(1,2) s . “addi : on for all z € R. By (5.37)
and (5.38), we have :

(5.39)
Setting 2 = 1 in (5

(5.40)
Thus, by (5.35), (5 36 30) becomes

Al(z, )7—}— s (2)a?
y)z’. (5.41)
Combining resHfisOm: CGUALIONS (540 (511} (5120 (5325 anad(5.41), and writ-
ing it in the forme =
.,I |
f(z,y,2) = ag¥en(z) + ao(y) + az(2) + B, y) + Fo(252) + B3(y, 2)

‘!ﬂ+ (lb—3a92+fw (r? — %) (a1 — ag

ﬂUEJfJ H"MWW}F}‘EI N

+ (a7 + ooz ))(1‘3*3”511 (ay — a7 + ag(y (L - 31:7

A mmfﬁmmm i

3
+ap(@)(yz — y2?) + as(y) (232 — 22*) + a(2)(2Py — zy?),



34

where ag, ..., a9 are arbitrary constants. Next, let a = ag, by = ag, b, = 01 —

ag, by, = ay + Gg,Cpy = Q7,Cp, = A3 — A7,Cyz = Ay, Cyp = Ag — Ay, Cry = Qg and
C.y = G5 — ag be constants, let oy, o, 0. © R — R be functions defined by
Gy(2) = —3agz + o5(2), au.(y) = -3agy + aq(y) and o () = —3a7z + ay(x)

for all z,y,2z € R, and we define

a9377zy = a?;mey = (N4, Pz :

Therefore, we conclude the

Conversely, suppose a {nctio au r. satisfies equation (5.2). It is not

hard to verify that functions ﬁf::c’r : 0

AULINENTNEINS
AR TUAMINYAE



REFERENCES

(1] J. Aczél, H. Haruki, M.A. McKiernan, G. N. Sakovi¢. General and regular
solutions of funclional equations characterizing harmonic polynomaials, Ae-
quationes Math. 1 (1968), 37-53.

3] S.Czerwik. Functiona,
Scientific, 2001.

[4] D.P. Flemming. Gence ¢ wave equai hich allow weak and
strong discontinyuii€s, SEANCIS Appl Math. 23 (1972), 221-224.

[5] D. Girod. On thegfur vy ol Aj =_:l » ‘ quat,iones Math. 9
(1973), 157-16 N W 4 -

[6] H. Haruki. On

y) +f(z y) = flz,y+1t)+
f(lyy_t)y -y ' P 5 ". o . . \‘ \ /) /( y )
[7] H. Haruki. On ik ‘ "_ ONSY! \ ic partial difference func-

\ \ iones Math. 36 (1988),

20-31. ! Aai -7 &

|
[8] Kucharzewski. Some ks oma differ unctional equation, Aequationes

Math. 4 (1970), 399

[9] M. A. McKiernan.
analogous tolhe

finite difference equations
1972 )5263-266.

AULININTNEINS
ARIANTUNIINAE



Name Acting S¢

Date of Birth 3 August-

Place of Birth Khon Kaguy Thailar

Education

y_,'

e
11

i’

AULINENTNEINS
AR TUNNINGA Y



	Cover (Thai)
	Cover (English)
	Accepted
	Abstract (Thai)
	Abstract (English)
	Acknowledgements
	Contents
	Chapter I  INTRODUCTION
	Chapter II  PRELIMINARIES
	Chapter III  HARUKI'S LEMMA AND SOME EXTENSIONS
	Chapter IV  THE 2-DIMENSIONAL POISSON FUNCTIONAL EQUATION
	Chapter V  THE 3-DIMENSIONAL LAPLACE FUNCTIONAL EQUATION
	References
	Vita

