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METI/IODS OF ESTIMATING ADDITIVE UTILITIES*

( : PETER C. FISHBURN
Research Anqlysis Corporation

Additive utility formulations for risky and nonrisky multiple-factor decision
situntions are reviewed. Twenty-four methods of estimating additive utilities
are listed and classified. References to the theory and technique of each method
are given along with a short discussion of each. A number of examples are used
to illustrate the methods.

1. Introduction

Many decisions are based on a number of factors that affect the situation at
hand. A major concern in such multiple-faetor situations is the evaluation
problem: how to obtain comparisons of the utilities of decision alternatives when
cach utility must take into account the contributions of many relevant factors.
Additive utility theories offer one possible approach to this problem through the
assumption that, roughly speaking, the utility of a whole cquals the sum of
utilities assigned to its parts. IPor example, in the simplest cost-effectiveness
setting, the additive utility model is: total utility (cost ¢, cffectiveness e) =
utility;(cost ¢) + utilitys(elfectiveness e), for all ¢ and e. In the additive context
we may first estimate the utility funetions for the several factors (utility; and
utilitys in the example) and then compute total utilities using the additive model.

The main purpose of this paper is to review a number of methods of estimating
additive utilities for an individual evaluator. A scheme for classifying the methods
is presented. The methods and their elassification are listed in Table 1. Section
3 explains the classification and other features of the table, and Section 4 reviews
the estimation methods. The next Seetion reviews the additive utility model.

2. Factors and Additive Utilities

The simplest cost-cffectiveness setting has {wo factors, cost and effectiveness,
Poise, bathing-suit presence, and talent could be three factors in a beauty-
contest evaluation. Eighteen tank performance factors were used in evaluating
proposed tank designs [21, 22]. Without trying to be too precise, we define a
factor as a sct of at least two elements cxpressing different levels of some under-
lying dimension. Other terms used to denote factors are variables, attributes,
objectives, performance characteristics, parameters, and criteria.

I'actors differ from one another in several ways. The levels of some are ex-
pressed numerically (dollars, miles per hour, percent increase), whereas others
need not be, such as the two-level factor {win, lose} and the four-level location
factor {Florida, Texas, Alaska, Maine}. These two factors are examples of
discrete factors, the term used here for factors with a finite (often small) number

of levels. A factor whose levels are thought of as comprising a continuum is .-

called a continuous factor. These designations, though not exhaustive, will suffice

* Received July 1965 and revised November 1966.
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~ for our purposes. Depending on the point of view taken, some factors may be
treated cither as discrete or continuous.

The general situation has n factors of interest, n = 2. The Cartesian product
of the n factors will be denoted by X. Thus, X is the set of all vectors (zy, 22,
-+, zs) where z; is a level of the ** factor, 7 = 1, 2, - -+ , n. Illements in X are
variously called alternatives, allocations, systems, consequences, commodity
bundles, multidimensional outcomes, and so forth.

Additive Utilities

Letting < (“is not preferred to’’) denote the individual’s prefercnce-indif- .

ference relation on X, the additive utility model for X is:if x = (21,22, *+* , Za)
and y are any two elements in X, then

(1) z <y ifandonlyif u(z) s u(y),
(2) u(zy, 22, *++, 2n) = w(d) + uwa(22) + -+ + ua(zs) forall zin X

where % is a numerical utility function on X and u; is a numerical utility function
for the 7* factor, 7 = 1, 2,-++ , n. Assumptions about < and X that imply (1)
and (2) are given by Debreu [18], Luce and Tukey [40], Luce [37], Krantz [36],
Scott [49], and Tversky [62] and [63]. A summary of these theories is given in
[28].

When additive utilitics are of interest in the context of von Neumann-Morgen-
stern expected-utility theory [64], < is applied to the set @ of simple probability
distributions on X. With P and @ any two distributions in @, the expected-
utility theory implies that there is a numerical utility function on @ such that

£2) P < Q ifandoenlyif u(P) = u(Q),

and if P(z) + P(y) + -+~ 4+ P(z) = 1, wherez, y, - -- , z are clements in X,
then

(4) u(P) = P(z)u(z) + P(y)u(y) + -+ + P(z)u(z),

where u(z) = u(Q) when Q(z) = 1. I'ishburn [24] presents an assumption that
yields (2) in the context of (3) and (4); this is also summarized in [28].

The additive equation (2) expresses the notion that the factors are valuewise
independent or that the utility of the whole equals the sum of utilities of its parts.
This is not to be taken lightly, for it is easy to compose examples where it is
clearly fallacious. One requirement for (2) to be valid is that the evaluator be
able to make consistent value judgments about the levels of any one factor when
the levels of all other factors are Licld fixed, and his judgments must not depend on
the particular fixed levels of the other factors. Thus, with n = 2, if he prefers
(21, 2a) to (11, x2), (2) requires that he prefer (2, ¥2) to (41, %2) for any y» .
Other tests for additivity may be constructed. Several of these are presented in

" [3], 40, Fig. 1], [24], [25], and [27].

Permissible Transformations for Additive Utilities
Consider additivity (2) in the probabilistic context of (3) and (4). If u and the

" Oty e e . s s e s
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u; satisfy (2), (3), and (4) and if @, by, bz, - - - , ba are any numbers with a > 0,
then the utility functions may undergo the following linear transformations

(5) u(P) = au(P) + (by + b2+ -+ + ba) foral P in @

: ui(z;) — aui(z:) + by for all z; in the s {actor,

(6) : ;
g ), 2 5000

and (2), (3), and (4) will remain valid when the right-hand expressions in (5)
and (6) are substituted into (2), (3), and (4) in place of the left-hand expressions
in (5) and (6). No other transformations will preserve the validity of (2), (3),
and (4).

In the nonprobabilistic context of (1) and (2), the u; may be transformed
according to (6) with » on X transformed as

(7) . u(z) v au(z) + (i +bs+ --- +ba) forall z in X

and (1) and (2) will remain valid after the transformations. Loosely speaking, if
all factors are continuous, then no other transformations will preserve the validity
of (1) and (2). However, if some factors are discrete, there may be transforma-
tions other than (6) and (7) that preserve (1) and (2). The references listed in
connection with (1) and (2) are more precise about permissible transformations.

Because of (6), we can specify an origin for each factor utility function u; in
any way we please when estimating these functions. It is often convenient to set
u; (least preferred level of factor 7) = 0. Regardless of how origins are set, we
must be careful to align the scales of the u;so0 that they are consistent with (2).
The methods discussed below that involve two or more factors at a time (Methods
9 through 24) provide automatic alignment of scales for the u; involved.

An Alternate Additivity Equation
In some situations it is convenient to work with the following variant of (2)

2% ULy, Ty, 0, ZTa) = BWi(21) + vewe(zy) + <+ vawa(za)

where v; is a positive constant for each iand w; is a numerical function on the itb
factor. This is the same as (2) with

) ui(z:) = vawi(z:) forall z; inthe * factor,

$m bk il

In (2%), w; may be viewed as a faithful representative of w: except for its
scale unit.. Because of this we can set the origin and the scale unit of each w; in
any way we please. For example, each w; may be estimated by one of the methods
in Group I of Table 1 on the basis of a scale range from 0 to 10, with
0 = wi(z:) < 10inevery case. The v;in (2*) are scale-transformation parameters
that compress or stretch the scales of the w; as in (8) so that the resultant scales
are consistent with (2). If the w; all have the same scale range, the scale-trans-
formation parameters may be estimated by one of the methods in Group II of
Table 1. Various names for the v; include factor weights, relative weights,
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TABLE 1
Some Methods of Istimating Additive Utilities
Group Methogd Clussification a/b/c/d Theary Measuremment
1| 1. Raunking N/<(<)/1/D 7, pp 31-32; 14; 16; | 2, pp 184-189; 12;
39; 43, p 27; 56 23, Sec 4.2; 61
9. Direct Rating | N/=/1/E 7, pp 31-32; 16; 39, | 12; 61, Ch 4
p 105; 43, p 27;
) 44; 55
3. Standard P/~/1/E 14; 29; 33; 38; 39; | 2, pp 83-85; 23, pp
Gamble 1 42; 406; 47; 64 124-125; 38, p 30;
3 41; 46; 48, pp 39-
40
4. Standard P/~/1/C 29; 33; 39; 46; 47; i
Gamble 2 64
5. Direct Mid- N/=/1/C 7, pp 31-32; 39, 12, p 26; 61, Chs 5,6
point(Bisec- > p 105; 43, p 27;
tion) 44; 55; 50
6. Probabilistic P}/~/1]C 15; 17; 18; 44; 55 15
Midpoint '
7. Direet Ordered | N/</1/D 39; 49; 62 4; 5; 6; 10; 11; 12;
Metrie (1) 13; 20; 23, pp 115~
116; 34; 39; 57;
61, Ch 6
8. Prob. Ordered | P}/ </1/D 15; 49; 62 15; 23, pp 116-120;
Metric (1) 50
II | 9. Ranking N/<(<L)/2tB 35; 49; 62 8; 19; 23, Sec 10.7
10. Direct Rating. | N/=/2,1/8 35; 49; 62 8; 9, Ch 6; 19
11. Probabilistic P/~{2/B 24 2, pp 91-93
Rating
12. Successive N/<(<)/2:--n/B | 35;49;62 1; 2, pp 87-91; 8; 9,
Comparison Ch 6; 19; 23, Sec
) 11.8, pp 355-362;
; 32; 45; 54; 60
13, IMulf-Value N/~(=)/3/B 35; 49; 062 31; 51
Sum (9) |
14. Dircet Ordered | N/</3, 4/8 35; 49; 62 23, Sec 10.10
Metrie (9)
15. Ordered Metrie | N/<, </3, 4/B 35; 49; 062 23, Sec 10.10
)
16. Prob. Ordered | Pi/</3,4/B 24; 35; 49; 62 23, Sec 10.10
Metrie (9)
11T | 17. Single N/~(=)/2/C 17; 18; 24; 25; 36; 21;22;25; 26; 58
Trade-Off 37; 40; 63
18. Double N/~(=)/2/C 17; 18; 24; 25; 36; | 25; 26; 40
Trade-Off 37; 40; 63
19. Single Trans- N/~(=)/2/C 17; 18; 24; 25; 36; | 25; 26
formation 37; 40; 63
20. Double Trans- | N/~(=)/2/C 17; 18; 24; 25; 86; | 25; 26
formation 37; 40; 63

e, S e g D o
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TABLE 1 (continued)

Group Method Classification a/b/c/d Theory Measurement
1V | 21. Discrete N/~(=)/2/DC 24; 63 26
Trade-Off .
92. Discrete Trans-| N/~(=)/2/DC 24; 63 26
formation .
23. Discrete Ad- N/~(=)/2/DC 24; 63 26
jacencey (1) g
v | 24. Saw-Tooth N/~(=)/2/CE | 17; 28; 24; 25; 30; | 26
! / 37; 40; 63

degrees of importance, relative utility ranges, degrees of difficulty (diving com-
petition), and so forth. :

The Special Case of Binary Faclors '

A special form of (2) or (2*) results when each factor is a binary factor (with
two levels). Let z; = 0 denote the less desirable level and z; = 1 denote the more
desirable level of factor 4. Then, on setting u«(0) = 0 and ui(1) = v;for each i in
(2), or on setting wi(0) = 0 and wi1) = 1 for each 7 in (2*), we obtain

% o4 W@y, T3, *+ ) ZTa) = Ty + Tz 4 0+ Tala.

Each (2,23, -+ , Za) In (2*7) is a vector of 0’s and 1’s.

Equation (2**) is often used in evaluating subsets of a set of n things. v; may
be called the value of the 7 thing. Each n-component, vector of 0’s and 1’s repre-
sents a subset of things identified by the 1’s in the vector. The things may be
objectives [8] and [9], criteria [19], research proposals [31] and [51], potential tools
for a kit, and so forth. With four ebjectives, (21, 2z, 23, 2) = (1,0, 1, 0) is the
case where the first and third are achieved and the second and fourth are not, with
v(1,0,1,0) = vy + v3 when (2**) holds. With five research proposals (0, 1,1, 1,0)
represents the case where three are given support and the first and fifth are

- shelved.

3. Classification of Estimation Methods

In this section we discuss the structure of Table 1. The final Section considers
the methods in more detail. '
The 24 methods in Table 1 are classified by four aspects, a/b/c/d, defined as
follows.
Aspect a. N: the method does not use probabilities
; P: the method uses probabilities in scaling utilities
P1: the method uses only the probability } in scaling utilities.
Aspect b. < : the method is based on preference judgments
<: the method is based on “direct” inequality judgments on
utilities
~: the method is based on indifference judgments
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= the method is based on “direct” equality judgments on utilities
z(y): the method is based on z judgments, but ¥ judgments may be
used an an alternate.
- Aspeet ¢ The number(s) denotes the number of factors involved in any one
judgment.

Aspect d. B: the method is most .).pphcmblc with binary (two-level) factors
for estimating the v; in (2**) or is apphcable for estimating the
scale-transformation parameters in (2%

C': the method is best used with continuous factors

D: the method is best used with discrete factors

I2: the method is usable with either discrete or continuous factors

DC or CE: the method is applicable using one discrete and one con-
tinuous factor (DC) or one continuous and another factor. The
first letter tells which factor is receiving “new” utility informa-
tion from the judgment.

Two examples illustrate the classification scheme. Method 6 has the classifica-
tion P4/~/1/C which says that it is a probabilistic (}), indifference-judgment
method for one continuous factor, Method 15, with classification N/ < ,</3,4/B,
is a nonprobabilistic method based on preference and inequality judgments in-
volving 3 or 4 binary factors for cach judgment.

The 24 methods in the table are divided into five groups. Group I methods are
those that involve only one factor ab a time. In applying a Group I method to a
siven factor it may be understood that the levels of the other factors are held
fixed :* if desired, specific levels may be stated for the other faclors.

Groups 1T through V all involve different levels of more than one factor in
each judgment. These groups are formed according to the types of factors to
which they apply (Aspeet d) since this grouping gives a fair amount of homo-
geneity among methods within each group.

A number in parentheses following the name of a method identifies another
method that is a prerequisite of the named method. Method 9 is a prerequisite
for Mcthods 12 through 16.

The theory column of Table 1 identifies some references that contain theory
relevant to the method and its use. The final eight methods contain a reference
[24] to additive utilities in the expected-utility context since these nonprob-
abilistic methods are applicable in the expected-utility context as well as in the
nonrisk context.

The measurement column of the table lists references that discuss the use of
the method and/or closely-related methods. These refcrences constitute only a
small fraction of the total literature on some of the methods.

Several methods are not listed in the table due to their similarity to listed
methods, or to my judgment that they are of secondary interest, or because I
am not aware of them. Several of the omitted methods are mentioned in the
next Section,

t Fixed levels of other factors also applies when two or more factors are du'ectly involved
in a value judgment.




METHODS OF ESTIMATING ADDITIVE UTILITIES 441

4. Estimation Methods

The methods listed in Table 1 will be discussed according to the five groups.
For convenience, the classification of each method is repeated here. The examples
and figures used are for purely illustrative purposes..

Group I

1. Ranking. N/<(<)/1/D. AR .
The levels of the factor are ranked from the least preferred to the most pre-

ferred or vice versa. A variety of ways, most reducible to pairwise comparisons, -

may be used to generate the ranking [19], [23, p. 82]. Indifference (~) as well as
strict preference ( < ) judgments may be allowed.? The information on numerical
utilities for the levels is that obtained from ranking, such as ui(z:) < ui(y:)
< +++ < uyz;). Additional information may be desired before assigning specific
numerical values to the utilities. The levels of many continuous (and some
discrete) factors are ranked naturally in order of preference: a lower cost is
always preferred to a higher cost, for example.

2. Direct Rating. N/ =/1/E.

An expert beer taster is given samples of four brews, and asked to rate them on
a scale from —3 to 43, with 0 representing his conception of the average taste
quality of his firm’s product. His direct numerical taste-quality rating of the four
brews is shown in Figure 1a. Torgerson [61, Ch. 4] discusses variations of this
method and provides additional references.

3. Standard Gamble 1. P/~ /1/1.

If the factor has a least and a most desirable level, say z; and y; respectively,
estimate, for each level in a set of other levels {zi; =}, the probability p(z;) for
which z; is indifferent to the distribution that has probability p(z:) for y; and
probability 1 — p(z;) for z; : then ui(ze) = plz)ui(ys) + [1 — p(z:)|ui( ;). If
the factor is discrete, this might be done for cach level; if continuous, a sample of
P(2:) estimates may be used to sketch a curve for u; . If the factor has no least
(most) desirable element, one may use z; < y;as reference points as before. Then,
for example, if z; < 2; and z; is indifferent to the distribution with probability
P(z:) for y; and 1 — p(z;) for 2i, ui(zs) is computed from u,(z;) = p(2:)ui(ys)
+ [1 = p(2:)|uz). ‘

4. Standard Gamble 2. P/~/1/C.

This is like Method 3, but instead of es timating probabilities for indifference,
probabilities are specified and levels are estimated for indifference.

An aircraft under development will be able to travel m miles under normal
conditions before it needs refueling, 10,000 < m < 20,000. A person, familiar
with the kinds of missions envisioned for the craft, is asked for his personal evalu-
ation of various values of m. For each probability p in the set {.1, .25, A, J09)
he is asked to estimate the value of m, say m(p), for which he would be indifferent
between the following two options:

a. usc a chance device to determine whether to set m = 20,000 or m = 10,000,

* This holds in general for all < o1 < methods.
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3 - utility of m
+ . 1.0 |-
brew ¢ (“quite good”) ' gl
3 brew b (“above average”) k.
: brew d (“not up to snuff®) P 4
— '2 -
Lrew a (“reclly rotten”)
-3 o 15 0 1 1 1 1 1 L 1 1 1 Renin
10 12 14 16 18 20
o. Method 2 m (Thousands Miles)
b. Method 4
0 y\- LI AS
{V N
- 50 A\s
-100 | \
utility
of t
- 2 4t 8 AL Lol
o d 0 5 10
1
-200 |
=250 |-
L Ao o 1 i 1 | .

i L 1
0 10 20 30 40 50 60 70 80 90
t (Minutes Deluy Time)
¢c. hethod 5, Yeriant

F1a. 1. Nlustrations of group I methods

The chance device assigns probability p to m = 20,000 and probability 1 — p to
m = 10,000.

b. set m = m(p).
His estimates of m(p) are shown in the following table.

5 l 0 1 25 5 s 9 1.0

m(p) '10,000 11,000 14,000 18,000 19,000 19,400 20,000

A curve for his utility of m is sketched from these responses in Figure 1b, where

we have set utility of m(p) = p.
5. Direct Midpoint. N/=/1/C.

eSS ——
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Let z; be the least preferred level and y; the most preferred level of factor i.
The evaluator makes a direct judgment as to what level, say z;, is midway in
utility between z; and y; . Then ui(2:) = 3udz:) + wi(y:)) or uiys) — ui(2:) =
wi(zi) — ui(z:). Utility midpoints between z; and z; and between z; and . are
estima ted, and so forth, until enough points to sketch a curve are obtained. In
Torgerson’s terms [61, Ch. 6], this is an equisection method, or, more specifically,
a bisection method.

A related method is suggested by the work of Galanter [30], also discussed by
Stevens [52] and [53]. A motorist is asked for his reaction to delays at toll booths.
Letting ¢ be the number of minutes delay, he is asked: “If you have to wait time
{ to get through a toll booth, you will experience some irritation in waiting. What
waiting time r > ¢ would make you twice as mad as you would be if you had to
wait for time £.”” Beginning with ¢ = 1 minute, his first # = 5 minutes. This re-
sponse time now becomes the new ¢ in the question, whose successive iteration
gives the following data. Interpreting this to mean

question number 1 2 3 . s 6 1 8
t in question 1 5 10 18 30 45 60 75
r in response 5 10 18 30 45 60 75 90

that [utility (#) — utility (0)] = 2[utility (¢) — utility (0)] for each question and
assigning utility (0) = 0 and utility (1) = —1, we get utility (5) = —2, utility
(10) = —4, utility (18) = —8, --- , utility (90) = —256. These points and a
curve through them are shown in Figure le.

In the question of the example one could replace “twice as mad” with “halfas
mad.” Other fractions or multiples could be used, but § or 2 seems adequate for
many cases. Fractionation methods arc covered in more detail in Torgerson
|61, Ch. 5].

G. Probabilistic Midpoint. P}/~/1/C.

Estimate z; such that it is indifferent to a 50-50 gamble resulting in either
zior y;. Then ui(2;) = $[ui(z:) + uiy:)]. Continue by finding levels of factor 7
indifferent to 50-50 gambles between z; and z; and between z, and y; , and so forth
until a satisfactory number of points has been obtained.

A related method reported in Davidson, Suppes, and Siegel [15) that involves
four different levels of the factor in two 50-50 gambles may be used to estimate
equal-utility intervals. For example, estimate s such that a 50-50 gamble between
$0 and s is indifferent to a 50-50 gamble between $10 and $25. If s is = $45, then
uy($45) — ui($25) = ui($10) — uy($0). Similar pairs of 50-50 gambles are used

“in Method 8.

7. Direct Ordered Metric (1)) N/ </1/D.

With the levels of the factor ordered as in Method 1, rank in ascending (or
descending) order the differences in utility between adjacent utilities in the first
ranking. With four levels and u:(a) < ui(b) < ui(c) < ui(d), one ordered metric
ranking is 0 < [ui(d) — uic)] < [ui(c) — ui(b)] < [uidd) — uia)]. A higher

! The name “ordered metric’’ is due to Professor Coombs [10].

10
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ordered melric ranking [50] ranks all differences, such as 0 < fui(d) — ui(c)]
< [uie) — ui(b)] < [ud) — wi(d)] < [wi(b) — uia)] < [uc) — uia)]
< [u((d) — uia)], illustrated in the following diagram.

» utility

¢

a b

8. Probabilistic Ordered Metric (1). P¥/</1/D.

With uia) < uib) < uie) < uid), to compare ui(b) — uia) with
ui(d) — ui(c) compare the 50-50 gamble between a and d with the 50-50 gamble
between b and c¢. If the latter is preferred, then }uga) + uid)] < Fud(b)
+ ui(e)] or [ui(d) — ui(e)] < [wib) — uia)]. To compare ui(b) — uia) with
ug(e) — ui(b), compare b with the 50-50 gamble between a and ¢. If b is preferred,
then 3[u«(e) + ui(c)] < ui(b).orfui(e) —uid)] < [ui(d) — u;(a)]. Obtain an
ordered metric ranking from such comparisons.

Numerieal assignments consistent with a metric ranking may be made, subject
to the usual eautions concerning exactness. One possible way of assigning numbers
with an ordered metric is to set u; (least desirable level) = 0 and to sct
wi(ys) — ui(x:) = k when this difference is the k™ one in the metric ranking. For
the ordered metric in Method 7 this gives ui(a) = 0, u«(b) = 3, ui(c) = 5, and
ui(d) = 6.

Group IT

There are n factors, each with two levels. Non-binary factors fromwhich two
explicit levels have been selected for use in a Group IT method may be included.

With equation (2**) applying let

v; = u; (more desirable level of factor 7) — u: (less desirable level of factor 7)

o
= e

which amounts to the same thing as setting u; (less desirable level) = 0 and de-
fining v; = w; (more desirable level).

9. Ranking. N/ <(<)/2/B.

The v:( >0) are ranked from smallest tolargest, such as 0 <oy <vp < -+ - < Vs,
the numbering of the factors corresponding to the rank positions for convenicence.
v; and v; may be compared direetly ( <) or by preferences thus: if (less desirable
less of factor ¢, more desirable level factor j) < (more desirable level of factor 7,
less desirable level of factor j), theu v; < v;.

10. Direcl Rating. N/=/2,1/B.

In the 2 case, let v, be the largest v; and assign it a specific numerical value, say
va = 10. Then, for each v;, 1 < n, ussign v; a numerical value between 0 and 10
as an estimate of the “weight” of factor 1 compared to factor n. In the 1 case,
factors are rated one-by-one on a preselected scale without first positioning any
v; on the scale. Eckenrode’s Figure 1 [19] illustrates this case. The rating scale
may consist of & continuum or a finite number of distingt values, such as
618,10

11. Probabilistic Rating. P/~ /2/B.

With v, the largest vy, estimate p; such that the following options areindifferent:

a. get (better level of ¢, poorer level of n)
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b. get (poorer level of 4, better level of n) with probability p; or (poorer level
of 7, poorer level of n) thh probubxhty 1—9:.

If @ ~ b, then when (2**), (3), and (4) hold, Vi = DPia .

An item can have any combination of defects 1 and 2, the latter being more
serious. Letting v; = u; (item doesn’t have defect 7) — u. (item has defect 1),
a~bwithi = 1,n = 2 when p; = .0, so that v; = .60, . Thus, using ' o ) and
sctting »2 = 10, an item with both defects has a 0 utility; with only defect 2 its
utility is 6; with only defect 1 its utility is 10, and with no defects its utility is 16.
Here v; is the utility of not having defect ¢ or the “relative seriousness’” of de-
fect .

Ackoff [2, pp. 91-93] discusses a slight variant of this method.

12. Successive Comparison (9).' N/ < (<)/2+ --n/B.

The method of successive comparison is one of a number of possible methods
that use inequalities between sums of v;. Given 0 < v, < v2 < vy < 24, compare v
with 2 + vs : if ¢ < v2 + 25, go on and compare v; with vy + v ;if v2 4 v3 < vy,
then compare v, with vy + v2 + v; and finally compare vs with vy + v, . This may
yield v2 4+ v3 < v4 < 91 + 02+ v and vy 4 v < v3. Numerical values may now be
assigned consistent with these inequalities, or one may first assign numerical
values by direct rating ( Method 10) and adjust the v; (if necessary) so that they
are consistent with the inequalities. Many variants of the method are possible.
A comparison of v, + v, versus v; may be done directly or by preferential com-
parison between (better level of 1, better level of 2, poorer level of 3) and (poorer
level of 1, poorer level of 2, better level of 3). The references in the last column of
Table 1 provide additional detail

18. Half-Value Sum (9).* N/~(=)/3/B.

This method is applicable when = is large and the v/s are well spxeud out with
v, much smaller than v, when 0 < v, < 13 < - -+ < v, . The basic approach is to
form half-value chains as follows. Begin with Ic near n and estimate an 7 such that
v: + viy2 = v . This may be done using the type of comparibon for v, 4+ v, versus
v discussed in Method 12. With v; + vipa = vg, set viy = 3 . Then repeat the
process with v;yy replacing v, and continue to get half-value v’s as long as pos-
sible. Several half-value chains may be estimated by starting with different v’s.
Adjustment and interpolation provide estimates of the »’s on the basis of the
approximate half-value chains. For further details see [31] and [51].

Suppose 30 research proposals have been ranked as 0 < v < vp < -+ < vy .
Beginning at the top, suppose va + vay = v, V17 + V9 = Vo3, V9 + v = Vg,
v2 + v4 = vy . On the basis of this one half-value chain (v , v2s , v1s , 210, 3), the
v; have been estimated as shown in Figure 2, where we have set vs = 1.

14, 15, 16. Ordered Melrics (9). —/<,</3,4/B.

Given 0 < v, < 12 < -+ < v, the ordered metric ranking in the binary case
is a ranking of the adjacent differencesvy — 0,02 — vy, - -+ ,va — vu—y . In Method
14 (direct), the v; differences are judged directly. In Method 15, a comparison

¢ am indcbted to Professor Ackoff for introduction to this method, which first appeared

in Ackoff [1].
~ *Tam indebted to Ben Sobin, who was primary in developing this method, for bringing
it to my attention. See [51].
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Fic. 2. A half-value chain, methed 13

between v2 — v and #, — vg, for example, is made by comparing v, + v, with
vs + vy : in terms of preference, this means comparing (better level of 1, poorer
level of 2, poorer level of 3, better level of 4) with (poorer level of 1, better level
of 2, better level of 3, poorer level of 4). In Mcthod 15, comparison of v3 — v
with #a — », (when the same v; is in both differences) is done directly. In Method
16 the comparison between v3 — vz and v — 2y is made by comparing (poorer
level of 1, better level of 2, poorer level of 3) and the 50-50 gamble between
(better level of 1, poorer levels of 2 and 3) and (poorer levels of 1 and 2, better
level of 3). If the gamble is preferred to the sure thing, then 0 + v + 0

<i[vl+o+0]+§[0+0+v;],whichisvz—vx<va—vz.

Group 111

The four methods in Group III arc discussed in [25]. The double trade-off
method is suggested in the Luce-Tukey paper [40] published prior to [25].

17. Single Trade Of.' N/~(=)/2/C.

¢ I am indebted to Peter Fatianow for introduction to the single trade-off method. See
[21, 22].
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Trode-off

curve

30

L] T
(% 20 Tronsformation
travel) N\ curve (Method 19)
% \
. -
N
10 \ ‘ )
&
3 7
7
-
0 i i L 1
10 n 12 13 14 15 0 10 20 30 40
s (Thousands §) 1 (% Travel)

Fia. 3. Single trade-off, Methad 17

A single trade-off or indifference curve is estimated for the two factors. If the
utility curve for one factor is known, then part or all of the utility curve for the
other factor can he estimated from this and the indifference curve. -

A man whose work involves travel is planning to change companies. Among

other things, he is interested in pereent travel Lime ¢ and salury s of future offers. -

o figures that, in any event, 0% S 1 S 409 and $10000 = 5 = $15000. e
enjoys some travel and estimates his optimal £ at 10 %. To construct a trade-off
eurve he estimates points (¢, 8) ~ (10 %, $10000). The values of s that sulisly
this for sclected values of ¢ are shown in the second row of the accompanying table.

The third row of the table shows the valucs of the utilities of the salary levels

Al % % 10% 20% 30% 40%
s $11000 $10300  $10000 $10600 $12000  $14000
ua(s) 2.0 8 0o 1.2 3.3 4.7
w () 2.7 3.9 4.7 T 0

obtained from an estimate of the utility salary curve. Setting the utility of 40 %
cqual to 0, the u(t) values in the last row of the table are computed from the
additive equation for the trade-off curve: mi(f) + uas(s) = 0 + uy( $14000) or
w(t) = 4.7 — wua(s). The man’s indifference curve is sketched as the solid curve
in the left part of Figure 3: his us() curve is sketched in the right part of the
figure.

18. Double Trade-Off. N/~(=)/2/C.

Two trade-off curves, relatively near to each other, are sketched. A “flight of
stairs” is then drawn between the two curves by a connected series of horizontal
and vertical line segments, a 90° turn being made wherever a segment touches a
curve. The suceessive points on the curves touched by the stairs define equal

intervals of utility for each factor and part of each utility function may be esti-

mated from these points. The method gets a bit sticky when one or both of the
utility curves has a hump as in Figure 3. Figure 3 in [25] illustrates this method
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TFia. 4. Double transformation, method 20

and Figure 1 in [40) suggests a way of ¢hecking on the assignment of utilities to
points that fall between the cqually-spaced-in-utility peints obtained from the
stairs. Figure 4, for the double transformation curve method, illustrates the

stairs procedure.

19. Single Transformation. N/~ =)/2/C.

The single trade-off curve in-the example for Method 17 was constructed from
points (t, §) for which (¢, s) ~ (10 %, $10000). A transformation curve for the
same example could be constructed from points (¢, s) for which (¢, $14000)
~ (10%, s). For the transformation case, s and ¢ arc on opposite sides of ~. The
dashed curve on the left of Figure 3 illustrates a transformation curve determined
from (Z, $14000) ~ (10%, s). If u. has been estimated, points for constructing
uy are obtained using wi(t) = w(10%) + us(s) — ua($14000) with the points
(t, s) on the transformation curve.

20. Double Transformation. N/~(=)/2/C.
Two factors considered in the design of a new automatic rifle are its gross

weight in pounds (w) and its firing capacity in rounds per minute (r), taken as an
average over five minutes of sustained firing. Ranges under consideration are
6 <w< 16and 20 £ r £ 100. An evaluator is asked to provide indifference
judgments for constructing two transformation curves. The first curve is con-
structed from (w, r) points for which (w, 60) ~ (12, r) and the sccond from
(w, r) points for which (w, 60) ~ (10, r). The two curves are shown in the lower
left part of Figure 4. A “flight of stairs” is then placed between the two curves
and the resultant equally-spaced-in-utility points positioned for sketching w(w)

and (7).
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Group IV

The methods in Group IV gre suggested primarily for estimating the utility
function of a discrete factor, given the utility function of a continuous factor.

21. Discrete Trade-Off. N/~(=)/2/DC.

Two factors in the construction and location of a new government facility are
its location and cost. Of the four proposed locations {Maine, Alaska, Texas,
Iorida}, an evaluator considers Maine the least desirable. Wherever it is built,
the facility will cost between 20 and 50 million dollars. Using (Maine, $20
million) as the reference point, the evaluator is to estimate the blanks in (Alaska,
—million), (Texas, —million), and (Florida, —million) so that each pair is in-
different to (Maine, $20 million). With the results shown in the accompanying
diagram we get, on setting u;( Maine) = 0, us(Alaska) = us($20M ) — u($24M),

Maine Alagka Texas Florida :
(&L ( 1 ( 1 ( ]
5 il ¥ 1 1
$20 $24

$32 $41 $50
Cost (millions)

© wy(Texas) = us($20M ) — u,($32M ), and wi( Florida) = u2($20M ) — ua($41M)

22. Discrele Transformalion. N/~(=)/2/DC.

For the previous oxample, estimate each blank so that (Maine, —million)
~ (Alaska, $50 million), (Maine, —million) ~ (Texas, §50 million), (Maine,
—million) ~ (Florida, $50 million). If the three blanks are respectively $48, $42,
and $35 million and we set uy(Maine) = 0, then u;(Alaska) = wu,($483)
— us($50M ), wi(Texas) = us($42M) — us($50M ), ws(Florida) = u,($35M)
— up($5011).

23. Discrele Adjacency (1). N/~(=)/2/DC.

With the discrete-factorlevels ranked aslevel 1 < level 2 < --- < level m, this
method can be used when %y (level 7 + 1) — u (level j) = u, (best level of C
factor) — us (worst level of C factor). For each 7 from 1 to m — 1 the evaluator
estimates ¢; such that (level j + 1, worst level of C factor) ~ (level 7, level ¢; of C
factor), which gives w (level 7 + 1) = w (level j) + us (level ¢; of C [actor)
— uy (worst level of C factor) forj = 1,2, .-+ ,m — 1,

Each method in Group IV is essentially the same when the discrete factor is
binary, and can be used to estimate v; for each of a set of binary factors. A com-
pany’s president is thinking of making changes in policy that can affect net profit
aswell as the attainment of the following objectives during the first year after the
changes:

a. increase market share by at least 3 per cent,

b. maintain or improve present product image among consumers,

¢. retain certain key personnel,

d. maintain or improve his (president’s) position of respect.

Each objective may be viewed as the more desirable level of a two-level factor,
the less desirable level being the contradictory of the objective (a* = don’t in-
crease market share by at least 3 per cent, and so forth). Using $25 million profit
as a fixed point, the president estimates that ($25M, a*) ~ ($22M, a),
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F1a. 5. Saw-tooth, method 24

($25M, b*) ~ ($21M, b), ($25M, ¢*) ~ ($19M, ¢), and ($25M, d*) ~
($18M, d). Hence v, = Au(826M) = w(§22M), -+, va = w($25M) —
w($18M).

Group V 4

24. Saw-Tooth. N/~(=)/2/CE.

This method may be used to estimate the utility funetion of a continuous factor
from cqually-spaced-in-utility points estimated with the aid of two levels of
another factor. A succession of judgments, cach dependent on the former, is used
to obtain the points as explained in our concluding example.

An executive, about to change jobs, prefers city a to city b. Ie believes that his
salary offers will fall in the range $30000 < s = $50000. He considers a salary of
$33000 at city b indifferent to a salary of $30000 at city a, or ($33000, b) ~
($30000, a). He then estimates the blank in (—, b) ~ ($33000, a). Supposing this
to be $3%000, he then estimates the blank in (—, b) ~ ($38000, a). With
($47000, b) ~ ($38000, a) we have plotted his three successive indifference pairs
in the lower part of Tigure 5. Since the salaries $30000, $33000, $38000, and

110

$47000 are equally spaced in utility, the utility difference between each two

adjacent salaries equalling utility(city a) — utility(city d) = d, we can readily
estimate his utility curve for prospective salaries as in the upper part of I'igure 5.
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NNALUIN A

e : +
Proposed Project Screening Procedure

Ae. Benefit Pactors WEIGHTS
l. Agricultural Production
a. Present lMarketed Production

( tons/year/km)

over 3,000 5
1,200 - 3,000 4
600 - 1,200 3
300 - 600 2
under 300 1

b. Potential Cultivable Area

( xm2/km )

over 6 . 2
2 - 6 1
under 2 0

+ The World Bank ; THAILAND : Review of Rural Road

Programming ; Jan. 1979.
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Water Availability

Year—-round reservoir 3
Water avail. during part of dry season 1.5
Water avail. during wet season 1
No water available 0

Population Density

( persons/km )

over 400 3
200 - 400 2
under 200 1

Existing Transport Facilities

Cart trackionly 5
Dry season[iroad 4
( but,if waterway available,

subtract 1 )

Socio-Economic
a. Cooperation of Peonle ( max.3 )
Agricultural Coop. 3

Farmer ( or other ) Association 1.5
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b. Improved Access to Public Services
( school,health unit,police station )
More than two service 2

Two services or less 1

ce. Factories and Business Establishments

Major factory of commercial area 2
Small shops or rice mills 1
No marketing facilities 0

5. Total Benefits Score ( 25 max. )

B. Cost Factors Cost, baht
1. Road Construction and lMaintenance
a. Road eonstruction cost/km B
b. Bridge construction cost/km B
c. Maintenance cqst/km,present value
high - standard road ( a+b ) x 0.40
medium-standard road ( a+b ) x 1.00

low-standard road ( a+b ) x 1.60

Total road cost

2. Complementary Investment Costs

Ttemize/km E Lot



I

3. Total Cost ( 1+2 )

C. Ranking Criterion

Ratio of Benefits score ( A5 )
Cost ( B3 )
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Total 100 100
/
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AMANUIN U

-~ k ] 4 5 lv - -~ ° @ y o, . « N /A
fU24N1T ATUAULIHONATATIFEAUNT LTANL YNNI INATAUIININTWAT EWINNGY

UizlimaN ( sample ef o leculatien fer determining the censistency

of criteria ranking ameng pepulatien subgreups)

32
o

s '
gniilannn Ceeffiocient ef Rank Cerrelatien (r)

. s 1-{6(5 &)/ [n(uz-x)J}

LuD r = ceefficient ef Rank Cerrelatien
‘1 = difference between the ranks ef a criteria by
twe subgreups

n = number of all criteria ranked

araenTAaL LlTEnt s zwaaeeny 20 - 30 I ey 30 - 40 1

i
29KINTUN Hean Xanks dg a
20 — 30 1] |30— 40 1

Ry 4.15 3.89 0.26 0.0676
R, 4.7 4.32 0.39 0.1521
RS 5.39 4.72 0.67 0.4489
R, 4.52 4.73 0.21 0.0441
Re 5.62 5.84 0.22 0.0484
R7 5.69 6.45 0.76 0.5776
Ry 5.03 5. 40 0.37 0.1369
Rg 6.03 6.63 0.80 0.6400
Ry 8.39 8.42 0.03 0.0009
R, 5.54 5.68 0.14 0.0196
n=10 £ 2.1361

R I {6(2.1361)/ [10(102-1)]}
- 0.99
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INALUIN D

s ]

gk . 4 a
AU INNITANUIULWAILATITHUIAY Cempesite Rank (l

5

«

AlyyanwuAIUI
m
'J Ld §=1 Rij tH J = 1,2,3,00.00.10
i = 1'2'3’000000934
4 LN
llJ'(J l - c.mp..ite rank ‘ﬂi]\]ll?lﬂ:'ﬂﬂ‘fd?qjluq J

3 v .

R . = Cenverted rask . = IB3UAGz¥ERINIWN § TAIUULEBUNINUAAZ N

ij
AT INNNT AU

1
LL’dﬂ\]ﬂ’)ﬁﬂﬁ\ﬂﬂﬂﬂﬂllﬂhﬁﬂﬂﬂﬁl}I.‘::EN 5 %h

an Raw Rangking Converted Rangking ((:gm;):osite ranl]
-~ ¥ - ) M T - T T

Ay | 29NINTUA " " n 7 7 " :

f b 11IYWI h i Tj.ﬂVI 2 ‘Qﬂ’ﬂ o’ ‘I'ilﬂVI 1 ?"M 2 ‘Ij‘ﬂ'ﬂ 3 (1,1,2,3)
|

Ml Rl 3 ;3 2 ) 9 8 26

M2 R2 b 5 ) T 5 7 19

M3 R3 4 3 4 6 2 6 19

M4 R4 2 2 ) & 8 8 9 25

I"I5 R5 5 4 5 5 6 B 16

Mg Rg 7 3 6 3 2 4 9

M7 R7 6 6 7 4 4 3 13

M8 RB 8 9 10 2 % 0 3

M9 R9 10 10 9 0 6] 1 g =

Mo Ry 9 7 6 1 3 2 6

(j=1s2,3y-o-10> £= 155
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AALNUIN A

1 v
- €

€ s ;
faH1NNAT AU LUNITUARN Compesite Rank ( M) U1 Nermalize 'V
J

4 | P 1
LU Cempesite weight m"amvf

¢

AYYANBUAIUIL

o

v - J H = 1’2'3’ooooooo,10
J B
B
i . A L w(
Lue Vy = Cempesite Weight er Relative weight pagunaz 1813w (3)
M; = Cempesite rank goaunazganitiun (3)

ANTINNITAIUIU

¢ v

1
- - - °
HﬂﬂQﬂQQUqQTﬂﬂﬂﬂﬂUUﬂﬂUﬂquWUQ 34N uﬁ5u7Uﬁ?lﬂ7q:“WUWNNq?qﬂ

MEUAINIT UM LUNNALUIN ¥

a'ﬁme‘«{ !‘;ﬂﬁ’?’]ﬁ‘n Composite | Calculation | Composite Weight, (Vi)
Rank, (M) (%) J
v, R, : 26 | T%g x 100 19.3
v, | R, 19 I%% x 100 | 14.1
v ? Ry 19 i%g~x 100 ¥l
v, i R, 25 i%% x 100 18.5
v Ry e 3 32 x 100 11.9
vg % Ry 9 f%ﬁ x 100 6.7
| |




141

' v
afﬁﬁljﬁ 29W31701 | Composite Calculation | Composite Weight, (V:j)
Rank, (M'j) (%)
41
v7 R7 11 135 x 100 8.1
o
Vg Rg 3 T35 * 100 2,2
1
1 (72, 10 0.
Vg R9 V3%’ 0 7
6=
Y10 RlO 6 135 x 100 4.4
€ 135 £ 100.0 %
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