CHAPTER II

SEMIGROUPS OF NUMBERS

In this chapter, we are concerned with semigroups of numbers.,
The purpose is to determine whether some semigroups of numbers admit

a ring structure.

Throughout this chapter, we adopt the following notation :

N = the set of all positive integers,
Z = the set of all integers,
Z" g the set of all negative integers,
Q = the set of all rational numbers,
Q+ = the set of all positive rational numbers,
Q” = the set of all negative rational numbers,
R = the set of all real numbers,
R* =  the set of all positive real numbers,
R = the set of all negative real numbers ,
[0,1) = {xeR | 0¢x <1},
[0,1) = {x eR ] 0 ¢ x <1},
(0,1] = {xeR | 0<x¢1},
(0,1) = '{xefR|0<x<1},
[1,0) = {xeR | % » 1),
(1,») = {x eR | x> 1},
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Observe that the semigroups Z , Q and R under usual

multiplication admit ring structure.

From the definition of admitting a ring structure of a semigroup ,
it follows that a semigroup S admits a ring structure if and only if the

semigroup s admits a ring structure.

It has been shown by Chu and Shyr in [1] that the semigroup of all
nonnegative integers, N U {0}, with usual multiplication admits a ring
structure. Hence, the semigroup of all positive integers, N,with
usual multiplication admits a ring structure since N° ¢ N U {0} under

usual multiplication.

Let S be an infinite eyclic semigroup. Suppose S admits a ring

structure under an addition +. Let a be a generator of S ; that is ,
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S = .{a,a,a,---]’

and a' #al ifi #3 in N . Then there exists a positive integer k

such that a + ak =0. If k>1, then

a+ ak =0 = ak_i(a + ak) = ak+ a2k-1

and thus a = azk-1 and 2k - 1 > 1 which is a contradiction. Then

k =1 and therefore a + a = 0 which implies a't+a® = 0 for all i eN.

Since a’# 0 for all i e N and x + x =0 for all x ¢ S, it follows
that a + a° = al for some j € N such that § > 2, Then a = a2+ a’l

= a(a + aj_l). But a + aj“1 = a" for some m eN. Thus a = am+1 ’

a contradiction.
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This shows that any infinite cyclic semigroup does not admit

a ring structure.

The semigroup of all positive integers under usual addition and
the semigroup of all negative integers under usual addition are clearly

infinite cyclic semigroups.

Hence, we have

2.1 Theorem. (1) The semigroup of all positive integers under usual
multiplication admits a ring structure.

(2) The semigroup of all positive integers under usual
addition does not admit a ring structure.

(38) The semigroup of all negative integers under usual

addition does not admit a ring structure.

Let S be a semigroup. Define a relation P on S by (a,b) ¢ P
if and only if Sia = Sib. Clearly, P is reflexive and trénsitive. The
relation P is antisymmetric if and only if 31a = Slb implies a = b.
Hence, the relation P on S is a total order on S if and only if

(a) for a, b e S, Sia = Slb implies a = b, and

(b) for all a, b € S, either Siag 51b or Slbc; Sia.

It was shown by L.J.M. Lawson in [3] that if any semigroup containing
more than one element in which the relation P is a total order, then

S does not admit a ring structure.

Let S be an infinite cyclic semigroup. Then there exists an

element a € S such that
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S = {a® |'n=1,2,8,...)
and a* # al if i # j in N . Then S has no identity and the semigroup

81 is not an (infinite) cyclic semigroup. We define a®= 1, Then

1
" = {a" ’ B = 0,1:25050F,

and a* # a’ ifi#3 in NU {0}. we will show that the relation P
1 .
define on the semigroup S is a total order. Let m, n be in Ny {0}.

1
(a) If s°a" = gigP » then there exist r, s in N U{0} such

S_m

m_ _rn n : :
that a'= a'a~ and a da s/ som=r+nandn=3s+m which imply

m = n.

(b) Sincem, n e NU {0}, m>nornsm. Ifm > n, then

11'1'] kl

1
Sa = {a X

k=m, m+ 1,..,} g:{ak | X =n, n + 1y00s} 2 Sa". If

n 2 m, then Sianc_: Slam.

Under usual addition, N and 7 are infinite cyclic semigroups.
Clearly , wunder usual addition Nigf\\‘lu {0} and (Z-)i ¢ ZU {o}.

Hence, we have

2.2 Theorem. (a) The semigroup of all nonnegative integers under

usual addition does not admit a ring structure.
(b) The semigroup of all nonpositive integers under usual

addition does not admit a ring structure.

The next theorem shows that each of the semigroups (2+ F

Q'u (0}, @ » Q v}, RY, R* v {0},R™ , R™ U {0} under usual

addition does not admit a ring structure.
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2.3 Theorem. Let S be the semigroup Q+, Qv {0}, Q@ , @ v {0},
ﬁ?k - ﬂ}+ U {0}, R or R U {0} under usual addition +. Then S does

not admit a ring structure.

Proof : Recall that for any semigroup T, for a e T,

Ta = Ta U{a}. Tc prove the theorem, let x,y be elements of S.

(a) Assume (S + x) U{x} = (S+y)U{y}. Thenxe (S+y)U {y}
and y € (S +x) U{x}. Thus (x =yorx=s+y for some s ¢ S) and

(y=xory=1t+x for some tes). IfSisqfs G+U{O}, RY or

ﬁ+ U {0}, then (x

yorx=s+y) impliesx 2y, and (x =y or
y=t+x) impliesy >=x. If S is@ , @ u {0}, R™ orR U {0} ,
then (x =yorx=s+y) implies x <y, and (X =yory =t + x)

implies y € x. Hence x = y.

(b) If x =y, then (S +x)U{ix}= (S+y)U{y}.

Case x < y. IfSis@.+, Qv tor, RT 'or ﬁ+U{0}, theny = r + x
s is @,

Q v{0},RT or R U {0}, then x = s+ y for some s ¢ S, and thus

for some r € S, and hence (S + y) U {y} ¢ (S + x) U {x}. If

(S +x)U{x}C (S+y)U {y}.

case y <x. If s is @Y, @' v {0},R" op R*u {0}, then
(S+x)U{x}c(S+y)U{y}. IfsisQ, @Q U {0},R™ orR” U {0},
then (S + y) U {y} C (S + x) U {x}.

This shows that the relation P defined as before is a total order
on S. Thus S does not admit a ring structure. a

Next, we study the semigroups (0,1), (0,11, (1,») and [1,2)

under usual multiplication ,
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2.4 Theorem If S is the semigroup (0,1), (0,11, (1,®) or [1,») under

>
usual multiplication, then S does not admit a ring structure.
1 1
Proof : (a) Let x, y be elements of S such that S'x = S'y.
Then x = sy and y = tx for some s,t € sl, Then x = stx , so st = 1
which implies s =t =1. Thus x =y .
(b) Let x, y be elements of S. Then x =y, X >y or
1 1
e x<y. If x=y, then Sx =S y.

Case S = (0, 1) or (0, 1]. If x >y, then E € S and so

1 8o
Sly = (Sli)x(; S x . Similarly, X <y implies Sj'xc_: Sly.

Case S = (1,») or [1,»). If x >y , then 3 € S, and thus

1 1 1
Sx = (8 g)y C S y. Similarly, x < y implies Siy ;_Six.

Hence the semigroup S does not admit a ring structure. o

Under usual multiplication, (0,1)o g [0,1), (0,1]o # (0,11,
(1,2)° = (1,») U {0} and [1,2)° = [1,9) U {0} . Hence we have the

following corollary :

2.5 Corollary. If S is the semigroup [0,1), [0,1], (1,»)U {0} or

[1,) U {0} under usual multiplication, S does not admit a ring structure.
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