CHAPTER IV
CLIQUE PARAMETERS OF THE K-POWER OF

LADDERS AND GRIDS

In this chapter, we investigate the values or bounds of the clique covering
numbers and the clique partition numbers of the k-power of ladders and grids. In
the first and the second sections contain results of ladders, and the other sections

contain results of grids.

4.1 Clique Coverings of the k-power of Ladders

First, we recall definitions of a grid and a ladder.

Definition 4.1.1. The cartesian product of G and H, written G x H, is the
graph with vertex set V(G) x V(H) specified by putting (u, v) adjacent to (u’,v")

if and only if u = v’ and vv' € E(H), or v = ¢v' and uu’ € E(G).

Definition 4.1.2. The m-by-n grid is the cartesian product P,, x P,. In case

m = 2, P, X P, is called a ladder.

Next, we find the values of the clique covering numbers of the k-power of

ladders.
Lemma 4.1.3. Forn,k € N where 2<k <n,
cc((Py x P)*) > 2(n— k) + 2.

Proof. Let V(P x B,) = {(¢,j) | #=1,2and j =1,2,...,n} and E(P, x P,) =

{G,)G,5+1) |i=12andj=1,2,...,n—1} U {(1,5)(2,5) | =1,2,...,n}.
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(L1) (1,2) 1,m

2, e . (2,n)

Figure 4.1: P, x P,

Let Iy = {(i, ) (i, j+k) | i = 1,2 and j =1,2,..,n—k} U {(1,1)(2,1), (1,n)(2,n)}.

Then I is a subset of E((P; x P,)¥) and |Ii| = 2(n — k) + 2.

Figure 4.2: I} in Lemma 4.1.3

We will next show that I; is a clique-independent set of (P, x P,)*. Let

ey, ez € I, where e; # es.

Case 1: ej,es € {(2,7)(5,5+k) |i=1,2and j=1,2,...,n — k}.

Then e; = (i1, 71)(21, 71 + k) and ez = (ia, j2) (i2, o + k) for some 1,1, € {1,2}
and j1,Jj2 € {1,2,...,n — k}. WLOG, assume j; < j;. We have that
dp,xp, (11, 71), (12, 72+ k)) > k+1 > k. Thus (41, 71) is not adjacent to (iz, j» + k)

in (Pz X P“)k_
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(il-jl) (ibjl +k)

o >

(fzrji) (iz,jz"'k)

Figure 4.3: Case 1 in Lemma 4.1.3

Case 2 : e1,e; € {(1,1)(2,1),(1,n)(2,n)}.
WLOG, assume that e; = (1,1)(2,1) and e; = (1,n)(2,n). Since k < n,

(1,1) is not adjacent to (2,n) in (P x P,).

a5 (,n)
~ A
e.T &
& °
2.n (2,m)

Figure 4.4: Case 2 in Lemma 4.1.3

Case 3: ¢ € {(3,5)(3,+k) |i=1,2and j =1,2,...,n — k} and

ez € {(1,1)(2,1),(1,n)(2,n)}.

Case 3.1 : e; = (4,7)(¢,j + k) for some z € {1,2} and j € {1,2,...,n — k},
and e; = (1,1)(2,1).

Then for ' € {1,2}\{s}, dp,xp,((i, j+K), (', 1)) = dp,xp, ((1, 5 +K), (i, 1))+

dpxp,((1,1),(2,1)) > k+1 > k. Thus (4,7 + k) is not adjacent to (i,1) in

(P2 X Pﬂ)k.
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Figure 4.5: Case 3.1 in Lemma 4.1.3

Case 3.2 : e; = (1,5)(i,j + k) for some ¢ € {1,2} and j € {1,2,...,n — k},
and e; = (1,n)(2,n).
Similar to case 3.1, for ¢ € {1, 2}\{i}, dp,xp.((3,7), (¢, n)) > k. Thus (¢, j)

is not adjacent to (i',n) in (P x Py,)*.

(ip }.) (i} sj: + k) (1-")

Figure 4.6: Case 3.2 in Lemma 4.1.3

From all cases, for e;, e; € Iy where e; # ey, we have that e; and e, are clique-
independent edges of (P, x P,)*. Thus I, is a clique-independent set of (P, x P,)F.

Hence cc((Py x P,)*) > |Ix| = 2(n — k) + 2. O
Lemma 4.1.4. Forn,k € N where 2<k <n,
ce((Py x P)*) < 2(n—k) +2.

Proof. Let V(Py x P,) = {(3,5) |[i=1,2and j =1,2,...,n} and E(P; x P,) =

{G,7)(6,5+1) |i=1,2and j=1,2,..,n =1} U {(1,5)(2,5) | j=1,2,...,n}.
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Consider subsets of the vertex set of (P, x P,,)k. Fort:=1,2,..,n—k, let
Ui ={(1,9),(1,i+1),(L,i+2),...,(L,i +k—=1),(1,i+ k),
(2,i+1),(2,i4+2),..., (2,8 + k= 1) }.
Note that the distance between two vertices of U; in P, x P, is at most k. Thus
A; = (P, x P,)¥[U;], an induced subgraph of (P, x P,)*, isaclique in (P x P,)".
Fori=1,2,..,n—k, let
Vi={ (1,i+1),(1,i+2),...,(L,i+ k-1),
(2,7),(2,i +1),(2,i +2),..., (2, + k—1),(2,i+ k) }.
Note that the distance between two vertices of V; in P, x P, is at most k. Thus

B, := (P, x P,)*[Vi], an induced subgraph of (P, X P,), is a clique in (P; x P,k

4
N
(Li) (Li+k)

(2.i4D) -~ (2i+k=-1

(Li+1) = (Li+k-1)

(2.0) (2.i+k)

5”7

H

Figure 4.7: A; and B; in Lemma 4.1.4

LetC={A;|i=1,2,...,n—k}U{B;|i=1,2,..,n—k} U {(1,1)(2,1),(1,n)(2,n)}.
Then |C| = 2(n — k) + 2. We claim that C is a clique covering of (P, x Pk
Let ¢ € E((Py x P,)*). Then e = (i1, 1)(i2, j2) for some i1,i, € {1,2} and

j1, 72 € {1,2,..,n}.
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Case 1: e = (1,7)(2,7) where j € {1,2,..,n}.
If j =1 orn, then e € {(1,1)(2,1),(1,n)(2,n)}.
If2<j<n-k, thenee E(A;_,).

Ifn—k+1<j<n-—1,thene€ E(A,-x).

Case 2 : e = (i1, J1)(i2, J2) where j; < ja.
Since e € E((P; x Pn)k), the distance between (i1, j;) and (ig,j2) in Py X P,

is at most k.

Case 2.1: ¢; = 1.
If1 <j <n-k,thene¢e E(4;).
Ifn—k<ji <n-—1andj; #n, thene € E(A,_x).

Ifn—k<j <n-1and j,=n,then e € E(B,_).

Case 2.2 : 1; = 2.
If 1 <j1 £n—k,then e € E(B;,).
Ifn—k<ji <n-1and j, #n, then e € E(B,_x).

Ifn—k<j <n-—1and j,=n, then e € E(A, ).
By all cases, we can conclude that C is a clique covering of (P, x P,)*. Hence
ce((Pr x P)F) <|C|=2(n—k) +2. O

In the next theorem, we conclude the values of the clique covering numbers of

the k-power of ladders.
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Theorem 4.1.5. For n,k € N,

1 if kE=mn;

ce((Pyx Pa)) = 2(n—K)+2  if 2<k<n,

3n—2 if k=1
Proof. Case 1: k> n.
Since diam(P, x P,) = n, we have that (P, x P,)* is a complete graph.

Hence cc((P x P =1

Case 2:2<k<n.

By Lemma 4.1.3 and Lemma 4.1.4, cc((Py x P,)*) = 2(n — k) + 2.

Case 3: k=1.
Since P, x P, is Ks-free; cc(Py X Po) = |E(Py x P,)| =3n — 2. O
4.2 Clique Partitions of the Square of Ladders
We give the number of edges of the square of ladders in the next proposition.
Proposition 4.2.1. Forn € N where n > 2,
|E((P; X P)*)| =Tn — 8.

Proof. Let V(P x P,) = {(i,7) | i=1,2 and j = 1,2,..,n} and E(P; x F;) =

{(Z,])(Z,j + 1) | 1=1,2 and j = 1,2,...,n— 1} U {(1:j)(2’j) | 1=L2 '"1n}'
Note that [V ((P; x P,)%)| = |[V((P: x Pn))| = 2n.



For v € V((P, x P,)?),

4, if ve{(1,1),(2,1),(1,n),(2,n)}

dipxpz(v) =96, if ve{(1,2),(22),1,n-1),(2n-1)}

7, otherwise.

(L1) (1,2) (Ln-1) (1,n)

(2,1) 2.2 @n-) @n

Figure 4.8: Degrees of vertices of (P, x P,)?

Thus
Yo d(v) = 4(4) +6(4)+7(2n — 4 - 4)
veV ((P2x Pp)?)
= 16424+ 14n — 56
= 14n — 16.
Hence

\E((Py x P)?)| = > d(v) _ 14n — 16 — Tn_8.

45

O

In Theorem 4.2.2, we show bounds of the clique partition numbers of the

square of ladders.
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Theorem 4.2.2. Forn € N.
(i) Ifn=1or 2, then cp((P; x P,)?) = 1.
(it) If n = 2r + 1 where r > 1, then

Sn—3

=2 < p((P x Po)’) < =

(1ii) If n = 2r where r > 2, then

on — 4

2n—2 < ep((Pr % Pa)’) < —

Proof. Let V(P; x P,) = {(,7)|i=1,2and j = 1,2,...,n} and E(P, x P,) =

{6, 7)(45+1) |i=12and j=1,2,...;n=1} U {(1,5)(2,7) | j=1,2,...,n}.

(1) Let n =1 or 2.

Then (P, x P,)? is a complete graph. Hence cp((P; x P,)%) = 1.

(17) Let n = 2r + 1 where r > 1.

For i = 1,3,...,2r — I let Ay = (Byx Po)?[{(1,4), (1,i+1), (1,i+2), (2, i+1)}].
Then A; is a copy of K, and |E(4;)| = 6.

Fori=1,3,..,2r —1,let B; = (P> x P,)*[{(2,7), (1,i + 1), (2,1 + 2)}].

3.

)
(
Then B; is a copy of K3 and |E(B;)|
Fori=2,4,...,2r — 2, let C; = (P, x P,)*[{(2,1),(2,i+1),(2,i + 2)}].
Then Cj is a copy of K3 and |E(C;)| = 3.
By Proposition 4.2.1, |[E((P; x P,)?)|=Th —8=7(2r +1) — 8 = 14r — 1.
Let H= (P, x P,)> \ [ (A1 + A3+ ...+ Agr-1) + (B1+ B3+ ...+ By_y)
+ (Co+Cy+ ... + Cors) ].

Then |E(H)| = (14r — 1) — [ (6r) + (3r) + 3(r — 1) ] = 2r + 2.
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1) (L,2r+1)
4

Q.1 (2.2r+1)

1.1) (L2r+1)
B,

@0 (2,2r+1)

1) (L,2r+1)
G

(2.1) (2,2r+1)

Figure 4.9: A;, B; and C; in Theorem 4.2.2 (1)

We have that {Al,A3, ceepy Ag,-_l} U {Bl) B3, ot BZr—l} U {Cz, C4, vany Cgr_g} U E(H)

forms a clique partition P of (P; x P,)? such that
Pl=r+r+(r—1)+(2r+2)=5r+1.

Since r = 234, [P| = 5(*31) +1 = 52 Thus ep((P; x Pa)”) < 22572,
By Theorem 4.1.5, ce((Py X P,)?) = 2(n —2) + 2 = 2n — 2. We have

cp((Py x P.)?) > 2n — 2. Therefore, 2n — 2 < cp((P; x Pa)?) < =2,

(#37) Let n = 2r where r > 2.
Fori=1,3,..,2r—3,let A; = (Pyx P)?[{(1,1),Q,i+1), (1,i+2), (2,i+1)}].
Then A; is a copy of K, and |E(A4;)| = 6.

Fori=1,3,..,2r — 3, let B; = (P> x P,)?[{(2,%), (1,1 + 1), (2,i + 2)}].

Then B; is a copy of K3 and |E(B;)| = 3.
For i =2,4,...,2r — 4, let C; = (P, x P,)%[{(2,1), (2,7 + 1), (2,i + 2)}].

Then C; is a copy of K3 and |E(C;)| = 3.
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Let D = (P, x B,)?[{(1,2r — 1),(1,2r),(2,2r — 1),(2,2r)}].
Then D is a copy of Ky and |E(D)| = 6.

Figure 4.10: D in Theorem 4.2.2 (i)

By Proposition 4.2.1, |[E((P, X Py)?*)| = Tn —8 =T(2r) — 8 = 14r — 8.
Let H=(Pyx P,)? \ [ (A1 + A3+ ...+ Ay—3) + (Bi+ B3+ ... + By_3)
+ (Co+Cy+...4Cy4) + D]
Then |E(H)| = (14r = 8) ~6(r =1) - 3(r=1) = 3(r—2) -6 =2r + 1.
We have that {A;, AZ /. Auga}sid By, B3, .., Bar—s} U {C3,Cy, ..., Cap_s}

U {D} U E(H) forms a clique partition P of (P, x P,)? such that
Pl =(r “D)+lr=1)+(r=2)+T+ (2r +1) = 5r - 2.

Since r = §, [P| = 5(3) — 2= 25 Thus ep((P; x P)*) < 4.
By Theorem 4.1.5, cc((Py x P,)?) = 2(n — 2) + 2 = 2n — 2. Hence,

cp((Py x P,)?) > 2n — 2. Therefore, 2n — 2 < cp((P; x P,)*) < 224, O

In the next section, we investigate values and bounds of the clique covering

numbers of the k-power of grids.

4.3 Clique Coverings of the k-power of Grids

In this chapter, we use V(P, x P,) = {(¢,5) | t = 1,2,..,mand j = 1,2, ...,n}
and E(P, x P,) = {(¢,5)(4,7+1) |i=1,2,..,mand j=1,2,...,n—1} U

{(,5)i+1,5) |i=1,2,...,m—1and j =1,2,...,n}.
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wy w2 Lr-1)  (Lr)

@y (2.m)

(m-15 (m-1.n)

(1) (m,2) (mn=1)  (m.7)

Figure 4.11: P, X P,

Remark 4.3.1.
1. f m=1orn=1, then P, X P, is a path. It is done by Theorem 2.1.5.

2. If m=2or n =2, then P, x P, is a ladder. It is done by Theorem 4.1.5.

Remark 4.3.2. For m,n,k € N.

1. If k = 1, then cc(Pp X Py) = |E(Pp %X P,)| = m(n — 1) + n(m — 1) because
P, x P, is K;-free.

2. If k> m+n — 2, then (P, % P,)* is a complete graph because

diam(Ppy x P,) = (m—1)+ (n— 1) =m + n — 2. Hence cc((Py x P,)*) = 1.

In Lemma 4.3.3 and Lemma 4.3.4, we give lower bounds of the clique covering

numbers of the k-power of grids where k < min{m,n}.

Lemma 4.3.3. For m,n,k € N where k < min{m,n} and k is odd,
ce((Pn % Po)F) > 2mn — k(m + n).

Proof. Let Ay = {(3,7)(4,7 + k) |i=1,2,....,mand j =1,2,....,n— k} and B, =
{G,7)e+k,j) |i=1,2,..,m—kand j =1,2,..,n}. Let I = Ay U By. Then I
is a subset of E((P,, x P,)¥) and |I;| = m(n — k) + n(m — k) = 2mn — k(m +n).
Next, we show that I is a clique-independent set of (P,, x P,)*. Let e;,e; € I

where e; # es.
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k
(LD (Ln)

(m,1) (o, m)

Figure 4.12: I; in Lemma 4.3.3

Case 1: e1,e5 € Ay,
Then €i = (’il,jl)(il,jl + k) and €y = (T:z,jg)(iz,jg + k) for some

ir,ip € {1,2,...,m} and j,J2 € {1,2,...,n — k}. WLOG, assume #; < is.

Case 1.1 : j; < 75.
We have dp, «p,((i1,71), (32,72 + k)) > k+1 > k. Thus (¢, j1) is not
adjacent to (ig,jo + k) in (P, x P,)*. Hence €; and e, are clique-independent

edges of (P, x P,)F.

Case 1.2 : j; > Jo.
We have dexP,,((ilgjl i k), (’ig,jg)) > k+1>k. Thus ('i],jl + k) is
not adjacent to (ig,j2) in (Pn X P,)*. Hence e; and e, are clique-independent

edges of (P, x P,)*.

Case 2 : e,e; € By.
Then e, = (i1, j1) (i1 + k, /1) and ez = (i2, j2)(i2 + k, j2) for some

i1,72 € {1,2, ..., m—k} and j,, j» € {1,2,...,n}. WLOG, assume 7; < i,. We have
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d!’men((ihjl), (12+k:.72)) > k+1> k. Thus (ilajl) is not adja'cent to (7'2+k3.72)

in (P x P,)*. Hence e, and e, are clique-independent edges of (P x Pk,

Case 3 : e, € Ay and e; € By.
Then e; = (i1, j1) (i1, j1 + k) for some 4y € {1,2,...,m} and j; € {1,2, wyn—k}

and e, = (iz, j2)(i2 + k, j2) for some iy € {1,2,...,m — k} and j; € {1, 2,9}

Case 3.1: i, < i+ (52).
If j1 < j> — (452), then dp,«p, (i1, 11), (i2 + &, j2))
= dp,xp, (i1, 1), (i1, 2)) +dpyxp. (31, 32), (22 + K, 72))
= (j2 — j1) + (ia + k —41) > (LE—I)+(k—(kg;l)) =k.
Thus (i, j1) is not adjacent to (iz + k, j2) in (P x Ppn)*.
If ji > jo — (52), then dp,xp, (11, 51 + k), (i2 + &, j2))
= dp,xp, (i1, 51 + k), (i1, J2)) F dpaxcpa (01, 52), (i2 + K, J2))
= (i + k= jo) + (i +k=i) 2 (=55 )+ (k- (]F)) =k +1> k.
Thus (é1,71 + k) is not adjacent to (i + k, j2) in (P X Py).

Hence e, and e, are clique-independent edges of (P, x Pp)*.

Case 3.2 : i; > iz + (531).

Similar to case 3.1, e; and e, are clique-independent edges of (P, x P,)*.

From all cases, we can conclude that Iy is a clique-independent set of

(P, x P,)*. Hence, cc((Pm x Po)¥) > |Ik| = 2mn — k(m + n). O

Next, we show lower bounds of the clique covering numbers of the k-power of

grids where k < min{m,n} and k is even.
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Lemma 4.3.4. For m,n,k € N where k < min{m,n} and k is even,

cc((Pn x P,)*) > mn — k%
Proof. Let Ay = {(3,7)(i,j +k) | i=1,2,..,mand j =1,2,..,n—k} and B =
{(4,7)(i+k,7) |i=1,2,...,m—kand j = 1,2,...,%,1@— g +1,n— % +2,...,n}.
Let Iy = Ax U Bg. Then Iy is a subset of E((P,, x P,)*) and |It| = m(n — k) +
k(m — k) = mn — k?. We claim that I is a clique-independent set of (P x P)¥.
Let e;, e; € I where e; # es.

(L1} (Ln)

(m.1) (m.n)
Figure 4.13: I in Lemma 4.3.4

Case 1: e),e; € Ag.

Similar to proof of case 1 in Lemma 4.3.3.

Case 2 : e;,e € By.

Similar to proof of case 2 in Lemma 4.3.3.

Case 3 : e; € A and ey € By.
Then e; = (i1, j1)(i1, 71 + k) for some i; € {1,2,...,m} and j; € {1,2,...,n—k}
and ey = (i, j2)(i2 + k, j2) for some i, € {1,2,...,m — k} and j; € {1,2,..,, !;—,

n— ’§‘+1,n—§+2,...,n}.
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Case 3.1: 1, <ip+ %
If jo € {1,2,..., X}, then dp, «p, ((i1, 1 + k), (i2 + &, j2))
= dp,xpa((11, 51 + k), (i1, 2)) + dpxp. (81, 52), (12 + &, j2))
=(Gi+k—ja)+(Ga+k—i)>(1+k-5)+(k-5)=k+1>k
Thus (i, j; + k) is not adjacent to (iz + k, j2) in (P, x Py)*.
Ifjoe{n—5+1,n-%+2..,n}, then dp, up,((i1,51), (52 + ¥, J2))
= dp,xp,((i1,11), (i1, J2)) + dpxp.((i1, J2), (i2 + K, J2))
=(2—i)+(+k-i)2(n-5+1) - (n-k)+(k-5)=k+1>k
Thus (4;, 1) is not adjacent to (iz + k,j3) in (P, x P,)*.

Hence, e; and e, are clique-independent edges of (P, x P,)*.

Case 3.2: 1, > is + g
Similar to case 3.1, we have that e; and e; are clique-independent edges of

(B 3 Pal)®.

By all cases, we can conclude that I is a clique-independent set of (P, x P,)*.

Hence cc((Pn X Po)¥) > |Ik] = mn — k2. O

In the next theorem, we give the values of the clique covering numbers of the

square of grids.
Theorem 4.3.5. For m,n € N where m,n > 2,
cc((Pm x Pp)?) = mn — 4.

Proof. Recall that V(P,, x P,) = {(i,7) |t =1,2,..,mand j = 1,2,...,n}
and E(Pn x FB,) = {(3,7)(4,5+1) |i=1,2,..,mand j =1,2,..,n—1} U

{GHE+1,75)|i=1,2,...,m—1and j=1,2,...,n}.
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For 1=1,2,..,n—2, let

Aj = (Pn x P)*[{(1,5), (1,5 +1),(1,5 +2),(2,j + 1)}] and

Bj = (P x Pa)’[{(m, 5), (m,j +1), (m,j +2),(m — 1,5 +1)}]
Fori=1,2,...m—2, let

Ci = (Pn % Pa)*[{(m, 5), (m,j +1),(m,j +2),(m — 1,j + 1)}] and

D; = (P x P)*[{(m, ), (m,j +1), (m,j+2), (m — 1,5 + 1)}]
Fori:=2,3,..,m—1and 7=1,2,..,n— 2, let

Fij = (Pn % P)’[{(i,5), (5, 4+ 1), (1,5 +2), (i — 1,5 + 1), (i + 1,5 + 1)}].
Note that A;, B;, Cj, D; and F; ; defined above are cliques in (P, x Pn)z.

Let C = {A;,B; | j=1,2,...,n=2} U{C,D;|i=1,2,..,m—-2} U

{Fij1i=2,3,..,m—1and j=1,2,.,n—2}. Then

ICl= 2(n—2)+2(m —2)+ (m —2)(n - 2)

2n-442m—-4+mn—2m—-2n+4

= mn — 4.
A,
J
\
(L1) L) (Ln)
E,
RV &) (i.n)
Cl ~a /DI'
(m.1) om ) : 7 (m.n)
B

Figure 4.14: C in Theorem 4.3.5
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We claim that C is a clique covering of (P, x P,)’. If e € E(P,, x P,).
It is easy to see that e is covered by a clique in C. We consider only edges in
(P X Py)2\(Pm % P,). Let e € E((Pn X Po)*\(Pn x P,)). Then e = (i1, j1)(i2, j2)
for some 1,17, € {1,2,...,m} and j;,j2 € {1,2,..,n}. WLOG, assume i; < is.

Hence the distance between (i, ;) and (i3, jo) in Py X P, is 2.

Case 1: ?:1 = 'l':z.
If iy =1, then e € E(4;,).
If 2 <i <m—1, then e € E(F;, ;)

If ¢, = m, then e € E(B,,).

Case 2 : i; < i».
Case 2.1 : j; = jo.
If j; =1, then e € E(C},)-
If2 < j; < n—%ahenecEFry—r)

If jy =n, thene € E(DJI)

Case 2.2: j; > jo.
If1<i<m-2and2<j <n-1,thenec E(F,},).
If 1 <4 <m-—2and j; =n, then e € E(D;)).
Ifi;,=m—1and 2 <j <n-1,thenec E(B,,).

Ifiy =m —1and j; =n, then e € E(Fj,_1,_2).
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Case 2.3 : j; < Ja2.
If1<i <m-—2and j =1, then e € E(C})).
Ifl1<i, <m-—2and2<j <n-—1,thenee€ E(F 1;-1)
Ifiy=m—1and j, =1, then e € E(Fn_1,).

Ifi;=m—1and 2<j <n-1,then e € E(Bj,_;).

From all cases, we can conclude that C is a clique covering of (P, x P,)%. Hence
cc((Pn x P,)?) < |C| = mn — 4. By Lemma 4.3.4, cc((Pn X Py)?) > mn — 4.

Therefore, cc((P,, X P,)?) = mn — 4. O

4.4 Clique Partitions of the Square of Grids

Remark 4.4.1.
1. fm=1orn=1, then P, x P, is a path. It is done by Theorem 2.1.6.

2. If m =2orn =2, then P, X P, is a ladder. Bounds of clique partition

numbers of (P, x P,)? follow from Theorem 4.2.2.
The number of edges of the square of grids is shown in the next proposition.
Proposition 4.4.2. For m,n € N where m,n > 2,
|E((Pn x P,)?)| = 6mn — 5m — 5n + 2.

Proof. Recall that V((Pm X Pp)?) = V(P x P,) ={(i,j) | i = 1,2,...,m and

§=1,2, «;n}. For ve V((Psx P)?),



5, if ve{(1,1),(1,n),(m,1),(m,n)},

7, if ve{(1,2),(1,n-1),(21),(2,n),
(m-1,1),(m —1,n),(m,2), (m,n - 1)},

8, if ve{(1),(n)|i=34..,m—2} U

d(pxpa)2 (V) = {(1,7),(m,5) | j =3,4,...,n—2},

10, if ve{(2,2),2n-1),(m-12),(m-1n-1)},

11, if ve{(#2),Gn=1)|i=3,4,..,m-2} U
{2,5),(m—=1,5) | j =3,4,..,n -2},

12, = otherwise.

(L1) L2) {Ln-1) (Ln)

(m,1) (m2) e (mn-1)  (m.n)

Figure 4.15: Degrees of vertices of (P,, x P,)?

a7



Thus

Y d(v) = 5(4) +7(8) +8[2(m — 4) +2(n — 4)] + 10(4)
vEV((Pm xPn)?)

+11[2(m — 4) + 2(n — 4)] + 12(m — 4)(n — 4)

= 20+ 56+ 40 4 19[2(m — 4) + 2(n — 4)] + 12(mn — 4m — 4m + 16)

= 12mn — 10m — 10n + 4.
Hence

|E((Pm % Pa)?)|

S.d(w)  12mn—10m —10n +4
= 2
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= 6mn—5m —5n+ 2.

O

Next, we give bounds of the clique partition numbers of the square of grids.

Theorem 4.4.3. For m,n € N where m,n > 2.

(i) Ifm=2r;1+1 and n=2r,+ 1 wherer;, 12 > 1, then

, )
mn — 4L cp((Pm % Py)?) < 2mn — Tm —2n+ g

(ii) If m = 2r; + 1 and n = 2ry wherer; > 1 and 1o > 2, then

3 5
mn—4§cp((mePn)2) S2mn——2@—2n+§.

(i1i) If m = 2r; and n =2ry+ 1 wherery > 2 and r; > 1, then

mn—4§cp((PmxP,,)%S?mn—%—?m—k-Z—.
(iv) If m = 2r, and n = 2ry where ri,ro > 2, then
9 3Jm n
mn—4 < ep((Pa x Pa)’) £ 2mn— — — ——3
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Proof. Recall that V (P, x P,) = {(i,7) | i = 1,2,...,m and j = 1,2,...,n} and
E(P,xP)={(:,7)ji+1)|i=1,2,..,mand j=1,2,..,n—1} U

(,))G+1,j) |i=1,2,..,m—1and j =1,2,..,n}.

(z) Let m =2r; + 1 and n = 2r, + 1 where 7,75 > 1.
Fori=1.3,...2ri =1 and 3§ =2,4,...;2rs5, let
Ay = (P x PG ), (1,5 = 1), G+ 1,9), i+ 1,5 + 1), i+ 2, 1)} )
We have that A; ; is a copy of K5 and |E(A; ;)| = 10.
Fori=1,3,...,2r;—1and §=3,5,..,2r, — 1, let
Bij=(Pnx P {1+ 1,5 =1),(i+1,7+1),(i+2,5)})
We have that B;;is a copy of K, and |E(B, ;)| = 6.
Fori=1,3,..,2r, ¥+1and j=1,3;...,2r; — 1, let
Cij = (Pm x Ba)’[{(0,7), (4,5 +1), (5,5 + 2)}].
We have that C;; is a copy of K3 and |E(C, ;)| = 3.
Fori=1,3,...,2r, —1, let
D1; = (P x PY2{(i,1), (i +1,2), (i +2,1)}] and
D2; = (P X P)?[{(2,2r2 4+ 1), (i +1,2r2), (i + 2,2r, + 1)}].
We have that D1; and D2; are copies of K3 and |E(D1;)| = |E(D2;)| = 3.
Fori=2,4,...,2r; — 2, let
El; = (Pm x Po)?*[{(3,1), (1 + 1,1),(:+2,1)}] and
E2; = (Pn x B)*[{(3,2r2 4+ 1), (6 + 1,2r, + 1), (i + 2, 2r + 1) }).

We have that E1; and E2; are copies of K3 and |E(E1;)| = |E(E2;)| = 3.
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(L1) (L2r+1) (L) ‘ L2n+1)
p
ATJ { 'BI J
(25 +1,0) (27+1,2r,+1) (2r+LD) (Zr+L2r +1)
(L) L2 +1) 1) (L2r+1)

X AN
& DI D2,

N Y,

27 +11) @r+L2r+1) @r+11) (2r+L2n+1)
wy (L2r+1)
Bl i -5 2
(27+11) (25, +1,25; +1)

Figure 4.16: Cliques of (P,, X P,)? in Theorem 4.4.3 (%)
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By Proposition 4.4.2,

|E((Pm % P,)?)| = 6mn —5m — 5n + 2
(sincem=2r;+1, n=2r,+1) = 6(2r; +1)(2ra+1) = 5(2r; +1) — 5(2r2 + 1)+2

= 24riro + 2r; + 2ry — 2.

Let

H=F.xB\l U 45+ U Bs+ U Gy

1i=1,3,...,2r1—-1 i=1,3,...,2r; -1 i=1,3,...,2r1+1

J=2,4,..52%2 §=3.,5,...,2ra—1 j=1,3,...,.2rz—1
+ U pu+ |y b2+ U EL+ U B2
i=1,3,...2r1—1 i=1,3,..,.2r1—1 i=24,...,.2r1—2 i=2,4,...,.2r1—2

Then

|E(H)| = (24riro + 2r1 + 2rp = 2) — [ (10ry72) + 6(r1)(r2 — 1) + 3(r1 + 1)(r2)
+ 2(31‘1) + 2(3(1‘1 — 1)) ]
= (24ryry + 271 + 2ry = 2) — (1974734 671 + 372 — 6)

= 57‘17”2—47'1 -—7‘2+4.

We have that

U {A,-,j} U- U {B,‘,J‘} U- U {Ci‘j} U‘ U {Dl;,D?g} U

1=1,3,...,2r1 -1 i=1,3,...,.2r;1—1 i=1,3,....2r1+1 i=1,3,....2r; -1
1=24,...,2r2 7=3,5,...,2rz~1 j=13,....2rz—1

U {E1,E2} u E(H)
1=24,...,2r1 -2

forms a clique partition P of (P, x P,)? such that

IP| = (rir2) + (r1)(r2 — 1) + (r1 + 1)(r2) + (2r1) +2(r1 = 1) + (5rim2 — 411 — 12+ 4)
= (3ryrg+3ry + 12 — 2) + (5ryrg — 41y — 12+ 4)

= 8ryrg — 1+ 2.
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Since ry = 21 and r; = 231,

m—1..n—1 m—1 om 9
Pl =8(" =) ("=) - (Bg—) +2=2mn - = —2n+ .

Thus cp((Pn % P,)?) < 2mn — %ﬂ —2n+3.
By Theorem 4.3.5, cc((Ppn x P,)?) = mn—4. Hence cp((Pp X P,)?) > mn—4.

Therefore, mn — 4 < ep((Pn % Pn)?) < 2mn — 2 — 2n+ 3.

(12) Let m = 2r; + 1 and n = 2r, where r; > 1 and rp > 2.

Fori=1,3,...,2r; — 1 and j = 2,4,...,2r, — 2, let

Aij = (Pm x P {57 (6 # H3=15( + 1,5), (6 + 1,5 + 1), (i + 2, ) }].

We have that A, ; is a copy of K5 and |E(A;;)| = 10.
Fori=1,3,...,2r; < land 3)/=38,9, ..., 2ro = 1, let

Bij = (Pm x Pa)?[{(i,5), i+ 1,5 = 1), (i + 1,5 + 1), (i + 2, ) }].

We have that B;; is a copy of K, and |E(B; ;)| = 6.
Fori=1,3,...,2rp+1and j=1,3,...,2r, — 3, let

Cij = (P x PA?[{(i:5), (63 +1), (6, 5+ 2)}).

We have that C; ; is a copy of K3 and |E(C; ;)| = 3.
Fori1=1,3,...,2r; — 1, let

D1; = (P, x P)?%[{(3,1),(:+ 1,2),(: + 2,1)}] and

D2; = (P, x P)?[{(3,2r2), 1 + 1,2r; — 1), (i + 1,275), (i + 2, 2r5) }].

We have that D1; and D2; are copies of K3 and K}, respectively.

Thus |E(D1;)| = 3 and |E(D2;)| = 6.
Fori=2,4,...,2r; — 2, let

E; = (P x P)?[{(3,1), (i +1,1),(:+2,1)}] and

We have that E; is a copy of K3 and |E(E;)| = 3.
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(L1} L.27)

E~ D2,

' /

(2r+11) (27, +1,1n)

Figure 4.17: E; and D2; in Theorem 4.4.3 (i7)
By Proposition 4.4.2,

|E((Pp % B,)%)| = 6mn~5m — 5n+ 2
(sincem=2r+1, n=2r,) = 6(2r; +1)(2r2) — 5(2r; + 1) — 5(2r2) + 2

= 24r;r, — 10r; + 2ry — 3.

i=1,3,...,2r;—1 i=1,3,...,2r1 -1 i=1,3,...,2r1+1
j=24,...,2r2—2 7=3,5,...,2r;—1 j=1,3,...,.2r;—3
+  (yuLapmmexorl Unpzsky |  E )
i=1,3,...,2r1—1 i=1,3,...,2r1—1 1=24,...,2r -2

|[E(H)| = (24rira — 1071 + 2rp — 3) — [ 10(ry)(rz — 1) + 6(r1)(r2 — 1)
+3(ry + 1)(rg — 1) + (3ry) + (671) + 3(ry — 1) ]
= (241‘17‘2 — 107’1 + 27‘2 = 3) - (19’!‘11"2 — 71"1 + 37"2 — 6)

= Orirg — 37‘1 — T2+ 3.
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We have that

U {4} v U {B.-,,-}u_ U {©s3uv U {pu,D2}u

i=1,3,...,2r1—1 i=1,3,...,2r; -1 1=1,3,...,2r1+1 i=1,3,...,2r; -1
j=24,...,2r2—2 7=3,5,...,2rp~1 7=1,3,...,2rz -3

U {B} v E®#H)
1=2,4,...,2r1-2

forms a clique partition P of (P, x P,)? such that
P| = (ri)(r2 = 1)+ (r)(r2 — 1) + (r1 + 1)(rz — 1) + 2(r1)
+(ry — 1)+ (57172 — 3r; — 2+ 3)
= (3ryry + 19 —2) + (br1r2 — 3ry — 12 + 3)
= 8riro — 3r1 + 1.

Since r; = 251 and rpy =%,

m—1..n m—1 3m 5]
=8(—A) (=) = 3(—)+1=2mn— — —2n+ —.
|P] = 8( 5 )(2) 3( 2 )+ mn 5 n+2

Thus cp((Pn % Pa)?) <2mn— 22 —2n + 3.
By Theorem 4.3.5, cc((P, x P,)%) = mn— 4. Hence cp((Py, x P,)?) > mn —4.

Therefore, mn — 4 < ep((Pn % Py)?) < 2mn — 3’5@ -2n+ %

(vi1) Let m = 2ry and n = 2r; + 1 where r; > 2 and ry > 1.

Similar to case (i7).

(1v) Let m = 2r; and n = 2r, where ry,ry > 2.
Fori=1,3,..,2r—3 and j = 2,4, ...,2r; — 2, let
Aij = (Pm x Ba)?[{(3,4), (i + 1,7 = 1), (i + 1,5), (i + 1,5 + 1), (i + 2, 5)}).
We have that A, ; is a copy of K5 and |E(A;;)| = 10.
Fori=1,3,...,2ry —3and j =3,5,...,2r; — 1, let
Biy = (P % PaVl{(i,3), (i+ 1,5 — 1), G+ 1,5 +1), (i +2,7)}].
We have that B, ; is a copy of K4 and |E(B, ;)| = 6.
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Fori=1,3,..,2r; —1and j=1,3,...,2ry — 3, let
Cij = (P x P)?[{(1,), (4,5 + 1), (4,5 + 2)}].
We have that C;; is a copy of K3 and |E(C;;)| = 3.
Fori=1,3,...,2r; — 3, let
D1; = (P x P)%[{(3,1),(: + 1,2),(:+2,1)}] and
D2; = (P x Pp)?[{(3,2r2), (1 +1,2r, — 1), (i + 1,273), (i + 2, 2r3) }].
We have that D1; and D2; are copies of K3 and K, respectively.
Thus |E(D1;)| = 3 and |E(D2;)| =6
Fori=2,4,...,2r, — 2, let
E; = (P x P)[{(3, 1), (i + 1,1),(i+ 2,1)}] and
We have that E; is a copy of K; and |E(E;)| = 3.
For j =1,3,...,2ry — 3, let
Fy = (P % P20, (@~ 1,54 1), (201,74 1), (21,5 + 2)}]
We have that F} is a copy of K4 and |E(F;)| = 6.
Let Z = (P, x Pp)?[{(2r1—1,2ry—1);(2r; —1,2r3), (2ry, 2r5 — 1), (211, 279) }].

We have that Z'is a copy of K4 and |E(Z)| = 6.

(L (L2n)
A
(25,0 B (2.2)
F

Figure 4.18: Fj and Z in Theorem 4.4.3 (iv)
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By Proposition 4.4.2,

|E((P x Po)?)| = 6mn—5m — 5n + 2
(since m =2r;, n=2ry ) = 6(2r)(2rz) — 5(2r1) — 5(2r3) + 2

= 24ryrg — 10r; — 1079 + 2.

1=13,....2r; =<3 i=1,3,...,2r1 -3 i=1,3,...,2r; —1
3j=24,...,2ry3—2 3=3,5,...,2ra3—1 7=13,...,2rp-3
+ U bpu+ Y D+ Y E+ U FE+21
i=1,3,...,2r; -3 i=1,3,...,2r1 -3 i=24,...,2r1 -2 j=1,3,...,2r2—3

|E(H)’ = (247’17‘2 = 107‘1 -+ 107‘2 4 2) B\ [ 10(7'1 — 1)(7‘2 - 1) + 6(7‘1 - 1)(1"2 C 1)
+ 3(T1)(T2 - 1) + 3('-"'1 sl 1) +6('f’1 - 1) + 3(7‘1 - 1) + 6(7‘2 = 1) +6 ]
= (247‘11'2 —10r; = 10r; + 2) = (191"17‘2 — Try — 107y + 4)

= 57‘17‘2 — 37’1 - 2.

We have that

U {Ai,j}u_ U ®Bigv U {©i3uv U {puD2}u

1=1,3,...,2r1 -3 i=1,3,...,.2r; -3 i=1,3,...,,2r;—1 i=1,3,...,2r; -3
j=2,4,...,2ra—2 7=3,5;...,2rz—1 j=13,...,2re-3

U {Ev U {#Eu {2} v E®H)
i=24,....2r1—2 j=13,....2r,-3

forms a clique partition P of (P, x P,)? such that

lpl == (Tl = 1)(7‘2 = 1) = o (T1 = 1)(’."2 = 1) + (7’1)('."2 — ].) + 2(?’1 = 1)
+(r1—1)+(rs— 1)+ 14 (5ry73 — 3r; — 2)
= (3?"17‘2 == Pgr— 1) + (5T1T2 - 3’-"1 — 2)

= 87"17’2 = 37‘1 — g — 3.



67

Since ry = 7 and r; = 7,

Therefore, mn — 4 < c¢p((Ppn x P,)?) <2mn— 2 -2 -3, O

In conclusion, we get the complete results of the values of the clique covering
numbers of the k-power of ladders for all k € N. For grids, we obtain the values
of the clique covering numbers of the square of grids and lower bounds of the
clique covering numbers of the k-power of grids where k < min{m,n}. Finding
the values of the clique covering numbers of the k-power of grids where k£ > 3 is
still an open problem. In the section 4.2 and the section 4.4, we obtain bounds of

the clique partition numbers of the square of ladders and grids, respectively.
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