aumsFailanFumaalugalialy

o (% = 4
“IJNﬁ"I’JW“])’? TUYNTUITNIA

a a yd 1 8 [ a a Y a
InninusiiudunilwesmsAnmmundngasUiyaninemansuniada
AUNMAAAMAAT  AINANAFNTASLAZINGINIIADUNAADS
AUZINGINENT  PNAINTAINIINGAY

=} =
Umsanyl 2555

a a & Jd a v
ﬁsllﬁﬂ“ﬁﬂ]@\iﬂw']ﬁ\iﬂﬁmilﬁ']']ﬂﬂ'mﬂ

v
& o

o 1 4 b4 o < a a = =2 Ql' v oa o
unAngalazuiNdeyaaiuAN1aIne InusAauATNsAnEN 2554 nliEnnslupaatiny U19W14 (CUIR)
HuiilsdeyaeslidnidnaetneTnuindeinuneiudsanan s
The abstract and full text of theses from the academic year 2011 in Chulalongkorn University Intellectual Repository(CUIR)

are the thesis authors' files submitted through the Graduate School.



GENERAL FRECHET FUNCTIONAL EQUATION

Miss Patcharee Sumritnorrapong

A Thesis Submitted in Partial Fulfillment of the Requirements
for the Degree of Master of Science Program in Mathematics
Department of Mathematics and Computer Science
Faculty of Science
Chulalongkorn University
Academic Year 2012
Copyright of Chulalongkorn University



Thesis Title GENERAL FRECHET FUNCTIONAL EQUATION

By Miss Patcharee Sumritnorrapong
Field of Study Mathematics
Thesis Advisor Associate Professor Patanee Udomkavanich, Ph.D.

Thesis Co-advisor ~ Associate Professor Paisan Nakmahachalasint, Ph.D.

Accepted by the Faculty of Science, Chulalongkorn University in Partial
Fulfillment of the Requirements for the Master Degree

....................................... Dean of the Faculty of Science

(Professor Supot Hannongbua, Dr.rer.nat.)

THESIS COMMITTEE

....................................... Chairman

(Assistant Professor Nataphan Kitisin, Ph.D.)

....................................... Thesis Advisor

( Associate Professor Patanee Udomkavanich, Ph.D.)

....................................... Thesis Co-advisor

(Associate Professor Paisan Nakmahachalasint, Ph.D.)

....................................... Examiner

....................................... External Examiner

(Charinthip Hengkrawit, Ph.D.)



v A o = 4 a o Jo ™ ’
W3 dugniusned - aumaFailandumsiaslugna i), (GENERAL FRECHET

FUNCTIONAL EQUATION) 8. A/Snunaneniwusvan : se. as. warll gaung iy,

D.

0. Mo anentdwusioy : 3¢ 3. Inena wiaumsandus, 25 wih.

I X uaz Y flulSpiFadumileilad QR wie C dmuald a,a,,...,a, 1ilu
[l Y
ana13ase a, =0 i ldguiiwamas f: X — Y Wnuavesaumadilasdumsslugy
1)
n
fO)+> a f(x+ky)=0 dmiunn x,ye X
k=1

WuilasFumuumnadeiald Feansosuundni 1dlugilves a,a,,....a,

'
A A

MAI_adlacaasuazIneImsneyiiawe; aeievesian i
a a 4 [Y]
Sawineninwusvan .

D.

AL ARk A adlaenaas Aelo¥e 0.9

A A == a a g
MeNo¥o 0. NUTAWIIMNUNUTIIN



4 4 5472049423 : MAJOR MATHEMATICS

KEYWORDS : JENSEN’S FUNCTIONAL EQUATION / FRECHET FUNC-

TIONAL EQUATION / GENERALIZED POLYNOMIAL FUNCTION
PATCHAREE SUMRITNORRAPONG : GENERAL FRECHET
FUNCTIONAL EQUATION. ADVISOR : ASSOC. PROF. PATANEE
UDOMKAVANICH, Ph.D., CO-ADVISOR : ASSOC. PROF. PAISAN
NAKMAHACHALASINT, Ph.D., 25 pp.

Let X and Y be linear spaces over field Q, R or C. Given scalars ay,as, ..., a,
such that a, # 0, we prove that all solutions f : X — Y of the general Fréchet

functional equation

f(a:)+2akf(x+ky) =0 forallz,ye X

k=1
are generalized polynomial functions of degrees classifiable in terms of ay, as, . . ., a,.
Department  : vathematics and Computer Science gy qont’s Signature ...............

Field of Study : Mathematics . Advisor’s Signature ...............

Academic Year : 2012, Co-advisor’s Signature ...........



vi

ACKNOWLEDGEMENTS

First, I would like to express my deep gratitude to my thesis advisor, Associate
Professor Dr. Patanee Udomkavanich, and my thesis co-advisor, Associate Pro-
fessor Dr. Paisan Nakmahachalasint, for insightful suggestions on my work. They
encouraged and advised me thorough the thesis process. I also would like to thank
to my thesis committees, Assistant Professor Dr. Nataphan Kitisin, Dr. Keng
Wiboonton and Dr. Charinthip Hengkrawit, for their comments and suggestions.
Moreover, I would like to thank all teachers who have instructed and taught me
for valuable knowledge.

Finally, I would like to thank the Development and Promotion of Science and
Technology Talents Project (DPST) for financial support throughout my under-
graduate and graduate study.



CONTENTS

page
ABSTRACT IN THAT ..o iv
ABSTRACT IN ENGLISH ... .o v
ACKNOWLEDGEMENTS ... vi
CON T EN TS e vii
CHAPTER
I INTRODUCTION 1
1.1 Functional Equations ........... ... o 1
1.2 Proposed Problem ..... ... .. . 6
II  PRELIMINARIES ... e 8
III GENERAL JENSEN TYPE FUNCTIONAL EQUATION .............. 13
IV GENERAL FRECHET FUNCTIONAL EQUATION ................... 17
4.1  General Solution ... 17
4.2 Classification of the Degree of the General Solution ................ 19
REFERENCES ... .0 bbi B O M ER A o i T e et 24



CHAPTER 1
INTRODUCTION

In this chapter, we will give some general background of functional equation

and the motivation of our proposed problem.

1.1 Functional Equations

P.K. Sahoo and Pl. Kannappan [13] simply described that “Functional equa-
tions are equations in which the unknowns are functions.” One purpose of studying
a functional equation is to determine all functions satisfying the given equation.
The following examples illustrate how one may determine the general solution of

a given functional equation.

Example 1.1. Determine all functions f : R — R satisfying

fle+y)+2f(y)=fBy) +x forall z,y € R. (1.1)

Solution. Assume that there exists a function f: R — R satisfying (1.1).
Setting = 0 and y = 0 in (1.1), we have f(0) = 0.
Replacing y = 0 in (1.1), we obtain
f(z)+2f(0)= f(0)+a forallzeR.
Since f(0) =0, we get
f(z) =z forall z € R.

On the other hand, if a function f is defined by f(z) = x for all z € R, then

fla+y)+2f(y)=(r+y)+2y=3y+z=f3y) +z

That is, f(x) = x indeed satisfies the functional equation (1.1). Therefore, the
solution of (1.1) is the function f given by f(z) =« for all x € R. O



Some functional equations may not have any solutions.

Example 1.2. Find all functions f : R — R satisfying
flr+y)=fy)+z+1 foralzyeR (1.2)

Solution. Assume that there exists a function f : R — R satisfying (1.2).
Substituting y = 0 in (1.2), we have

flz)=f0)+2+1 forallzeR.

Setting ¢ = f(0) + 1, we obtain f(x) = x + ¢ for all z € R.
Conversely, if a function f is given by f(z) = z + ¢ for all z € R, then we see that
the left-hand side of (1.2) becomes

flety)=r+y+c
while the right-hand side of (1.2) is
fly)+z+1=y+c+rx+l=x+y+c+1.

Since ¢ # ¢+1, the function f does not satisfy (1.2). Therefore, there is no function

f: R — R satisfying (1.2). O

A famous problem in functional equations is the additive functional equation

fle+y)=f(x)+ fly) forallz,yeR. (1.3)

This additive functional equation was studied by many researchers but an impor-
tant result regarding its solution was proved by A.L. Cauchy [3] in 1821. Cauchy
proved that all continuous solutions f : R — R are of the form f(z) = cx for
all x € R, where ¢ is a real constant. The additive functional equation is later
recognized as the Cauchy functional equation. In general, every solution of the
Cauchy functional equation is said to be an additive function. In 1905, G. Hamel

[9] employed Hamel bases over Q to construct the discontinuous solution of the



Cauchy functional equation. A remarkable property of a discontinuous additive
function is that the graph G(f) = {(x, f(z)) : € R} is dense in the plane R?
that is, for all € > 0 and for all (a,b) € R? there exists a point (z, f(x)) € G(f)
such that (z —a)? + (f(z) — b)? < €%, which indicates that the graph of f contain
points scattered all the plane R2. This result was also proved by E. Hewitt and
H.S. Zuckerman [10] without using Hamel basis in 1969.

Another functional equation that is closely related to the Cauchy functional

equation is the Jensen’s functional equation (for more information, please refer to

[1])

f (x ;_ y) = f(@) _2|_ 1) for all z,y € R. (1.4)

It can be seen that (1.4), under a suitable constant of translation, is equivalent
to the Cauchy functional equation; that is, if we set g(x) = f(z) — f(0), then
we can show that g(0) = 0,¢(%) = 1g(z) and g(=¥) = I (g(z) + g(y)) which
indicate that ¢ is an additive function. The continuous solution of the Jensen’s
functional equation is of the form f(z) = ¢ + ax for all z € R, where a and ¢ are
real constants. The general solution of the Jensen’s functional equation is of the
form f(x) = ¢+ A(x) where ¢ is a real constants and A is an additive function.

If we replace y by = + 2y in the Jensen’s functional equation (1.4), then it
becomes

flx)=2f(x+y)+ fx+2y)=0 forall z,y € R. (1.5)

On the other hand, if we replace y by ¥5* in (1.5), then the functional equation
(1.5) becomes the Jensen’s functional equation. Hence, we can take (1.5) as an
equivalent form of (1.4).

In 1909, M. Fréchet [8] initiated a generalization of the Cauchy functional

equation. This functional equation can be written in an explicit form as

D (=pymrk (mz 1>f(x+kh) =0 (1.6)

k=0

where m is a nonnegative integer. The functional equation (1.6) can be written in



terms of a difference operator with a span h as
AP (@) =0 (.7)

More precisely, Fréchet proved that the continuous solution of (1.6) is an ordinary
of polynomial degree at most m. The functional equation (1.7) will be referred to
as the Fréchet functional equation. In 1967, M.A. McKiernan [11] gave the general

solution of the Fréchet functional equation (1.7) is of the form
flo) = AP+ Alw) + AP 4o A (@)

where A is a constant and A*(z) is the diagonalization of a k-additive symmetric
function Ay : RF - R for k=1,2,...,m.
In 2003, J.K. Chung and P.K. Sahoo [4] determined the general solution of the

functional equation

flx+2y)+ f(x —2y) +6f(x) =4(f(z +y) + flz —y) +6f(v)) (1.8)

for all x,y € R. The next theorem gives a general solution of the functional equation

(1.8).

Theorem 1.3. The function f : R — R satisfies the functional equation (1.8) if
and only if f is of the form
fla) = A'(x),

where A*(z) is the diagonalization of a 4-additive symmetric function Ay : R* — R.
In 2004, P.K. Sahoo [12] solved the functional equation
f(@+2y) + flz —2y) +6f(2) = 4f(x +y) +4f(x —y) (1.9)
for all x,y € R. The general solution of (1.9) is shown in the following theorem.

Theorem 1.4. The function f : R — R satisfies the functional equation (1.9) if
and only if f is of the form

fla) =A%+ Al(z) + A%(2) + A%(2)



where A° is an arbitrary constant and A™(x) is the diagonalization of an n-additive

symmetric function A, : R* - R forn =1,2,3.

In 2009, M. Eshaghi Gordji and H. Khodaei [7] found the general solution of

the following functional equation.
flo+ky)+ o —ky) = B f(x +y) + K flz —y) +2(1 = k) f(z)  (L1.10)

for fixed integers k with k # 0, £1. The general solution of (1.10) is shown in the

next theorem.

Theorem 1.5. Let X and Y be real linear spaces. A function f : X — Y with
f(0) = 0 satisfies (1.10) for all x,y € X if and only if for each k = 1,2,3, there

exists a k-additive symmetric function A, : X* =Y such that
fla)=Al(x) + A%(2) + A(2)
where A* is the diagonalization of Ay

In 2012, A. Thanyacharoen [14] solved the general solution of the functional
equation
f@+3y) + fla = 3y) + [z +2y) + f(2 = 2y) + 22f(x)
= B(f(z+y) + f(z = y)) + 168f(y)

for all z,y € R. Before he established the general solution of the functional equation

(1.11)

(1.11), he proved an auxiliary lemma.
Lemma 1.6. If a function f: R — R satisfies the functional equation
fle+4y)—14f(x+2y)+35f (x+y) —35f(z)+14f(x—y)— f(x—3y) =0 (1.12)
for all x,y € R, then f is of the form
f(z) = A° + Al(z) + A%(z) + A% (z) + A*(2)

where A° is an arbitrary constant and A™(x) is the diagonalization of an n-additive

symmetric function A, : R" - R forn =1,2,3,4.



The general solution of (1.11) is shown in the following theorem.

Theorem 1.7. A function f : R — R satisfies the functional equation (1.11) if

and only if it is of the form
flz) = A¥()
where A*(z) is the diagonalization of a 4-additive symmetric function Ay : R* — R.

In 2005, J.A. Baker [2] found the general solution of a general functional equa-
tion
Z filarz + Bry) =0
k=0

as shown in the following theorem.

Theorem 1.8. Suppose that V' and B are linear spaces over Q, R or C and

ag, Bos - - - s Cm, B, are scalar such that o By, — oy B # 0 whenever 0 < j < k < m.
If f, : V= B for0 <k <m and
ka(akx + Bry) =0 forallz,y €V, (1.13)
k=0

then each fi is a generalized polynomial function of degree at most m — 1.

1.2 Proposed Problem

Throughout this thesis, we let X and Y be linear spaces over Q,R or C and
f X — Y be an arbitrary function and n be a positive integer. We will extend

the Fréchet functional equation to a more general form
Zakf(x—l—ky) =0 (1.14)
k=0

where ag, ai,as, ...,a, are scalars with a,, # 0.
We may assume that ag # 0. For suppose not, let m be the least positive integer

m such that a,, # 0 and replace x by x — my in (1.14), we obtain

3

—m

Z Aperm f (2 + ky) = 0.

k=0



Thus (1.14) can be written as a sum involving n — m, instead of n, terms.
Since ag # 0, we divide (1.14) by ag. Then the coefficient of term f(z) is 1. Hence,
it can be assume that ag = 1.

In this thesis, we will determine the general solution of

n

Zakf(x—f—ky):() for all x,y € X

k=0
where ag = 1 and ay, as, ..., a, are scalars with a, # 0. This functional equation
will be referred to as the general Fréchet functional equation of order n.

It follows from Theorem 1.8 that the general solution of the general Fréchet
functional equation of order n is a generalized polynomial function of degree at
most n — 1. There are some cases that the degree of the solution does not reach
n — 1. One of these examples was shown in Lemma 1.6 which stated that the
general solution of the general Fréchet functional equation of order 7 is a generalized
polynomial of degree at most 4. For this reason, it is interesting to explore much
deeper on the degree of the solution.

In this thesis, we classify the degree of the general solution of the general

Fréchet functional equation of order n in term of ay, as, ..., a,.



CHAPTER 11
PRELIMINARIES

In this chapter, we will introduce definitions and theorems related to additive
functions, multi-additive functions and the difference operators which will be used
for this thesis.

First, we give the definition of an n-additive function, symmetric function and

its diagonalization.

Definition 2.1. A function A,, : X" — Y is called an n-additive function if for

each 1 <i<mn,

An(Tr, i+ iy oo )

= An(l’l, e ,ZEi_l,ZL‘i,JZZ‘+1 s ,ZL‘n) —+ An(l’l, e ,Ii_l,yi,l’i+1 Ce ,ZEn),
for all zq,...,z,,y; € X.

A 1-additve function is said to be an additive function and a 2-additive function

will be called a bi-additive function.

Example 2.2. A function A; : R* — R defined by As(z,y) = zA(y), for all
xz,y € R, where A is an additive function, is a bi-additive function.

]

Example 2.3. A function Az : R® — R defined by As(z,vy, z) = f(z)g(y)h(z), for
all x,y,2z € R, where f, g and h are additive functions, is a 3-additive function.

]

Definition 2.4. Let A, : X" — Y be a function. A, is said to be symmetric

if A, (x1,x9,...,x,) is invariant under any permutation of xy,...,x,, that is, for



each z1,29,...,2, € X
An(xly Xy ... 7xn> = An(xﬂ(l)v Tr(2)y--- 7x7r(n))
where 7 is any permutation of (1,2,...,n).

Example 2.5. A function A,, : R" — R defined by A, (z1,22...,2,) = cxi29 - - - T
for all zq,...,x, € R, where c is a constant, is n-additive symmetric function.

O

Example 2.6. A function A, : R* — R defined by As(x,y) = zA(y) — yA(z), for
all z,y € R, where A is an additive function, is a bi-additive function but it is not

symmetric.

]

Definition 2.7. Let A, : X" — Y be a function. The function A" : X — Y
defined by
At(z) = Az, x, ..., T),

for all x € X is called the diagonalization of A,.

Example 2.8. Define a function A, : R® — R by A, (z1,22...,2,) = x129 -+ T,

for all zq,...,x, € R. The diagonalization of A, is given by
A(x) =2" for all z € R.
O

The following lemmas give properties of an n-additive function and its diago-

nalization (for details, please refer to [5]).

Lemma 2.9. Let A, : X" — Y be an n-additive function and let r be a rational

number. Then for each 1 < i <mn,
Ap(xy, o1y oo ) = TA (X1, o Ty ),

for all x1,...,z, € X.
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Lemma 2.10. Let A" : X — Y be a diagonalization of an n-additive function A,,.

Then

(1) For allx € X and for all r € Q,
A"(rz) =" A" (z).
(ii) For all x,y € X,

" n
An(gc—i—y): (i)An(x,...,x,y,...,y).

Next, we give the definition of the difference operators and their properties.

Definition 2.11. The difference operator A; with the span h € X is defined by

Anflx) = fl@+h) = f(z),

for all z € X.
For each m = 0,1,2,..., we define the iterates A}* with the same span h € X by

the recurrence relation

AV f(x) = f(z) and AP f(z) = A (A7 f(2)).

The composition of the difference operator with difference spans hq, ho, ..., h, € X

is denoted by Ay, h,....n, f(x), that is,

Ahl,h2 ~~~~~ hnf('r) = AhlAhQ T Ahnf(x)

Example 2.12. For all z,h € X,

A f(x) = Ap(Anf(z))
= Ap(f(z+h) = f(z))
= f(x +2h) = 2f(x+ h) + f(x).
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The following lemma and theorems are properties of the difference operator

(for details, please refer to [5]).

Lemma 2.13. For any hy,hy € X the difference operators Ap,, Ap, commute,
that s,
Ap Apy f = Apy A, f

Theorem 2.14. For all x,hy, hy, ..., h, € X,
Dnppomn f@) = S0 (C1 ) fo g ey 4 2ah).

Theorem 2.15. For all x,h € X,

n

ML) = o1 () flo + k).

k=0
Next theorem gives the relationship between the difference operator with the
same span and the difference operator with the difference spans proved by D.Z.

Djokovié [6].

Theorem 2.16. Let f: X — Y be a function and let hy, ..., h, € X be arbitrary.
Forey,...,e, € {0,1} define

777777

Next, we give the definition of a generalized polynomial function.

Definition 2.17. [2] Let m be a nonnegative integer. A function f : X — Y
is called a generalized polynomial function of degree at most m if for each k =

0,1,...,m, there exists a k-additive symmetric function A; : X¥ — Y such that
flx)=A"+AY(x)+ -+ A™(zx) forallze X,

where A* is the diagonalization of Ay.
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Theorem 2.18. [6] Let m be a nonnegative integer. A function f : X — Y is
a generalized polynomial function of degree at most m if and only if [ satisfies

Ay f(@) =0 for all x,hy, ha, ..o By € X

The following theorem states the general solution of Fréchet functional equa-

tion.

Theorem 2.19. [5] Let m be a nonnegative integer. A function f : X — Y

satisfies
A f(2) =0 forallz,h € X

if and only if f is a generalized polynomial function of degree at most m.



CHAPTER I11
GENERAL JENSEN TYPE FUNCTIONAL EQUATIONS

In this chapter, we will extend the Jensen’s functional equation to a more

general form
fl@)+af(x+y)+bf(x+2y)=0 foral z,ye€ X, (3.1)

where a and b are scalars with b # 0, and will determine its general solution. The
functional equation (3.1) will be called a general Jensen type functional equation.
In order to determine the general solution of the general Jensen type functional
equation. We first consider the general solution of the functional equation of the
form

fz)+af(x+y)=0 forall z,y € X, (3.2)

where a is a nonzero scalar.

Lemma 3.1. The general solution of the functional equation (3.2) is as follows.
1. If a # —1, then f(z) = 0.
2. If a = —1, then f is a constant function.

Proof. 1. Assume that a # —1. Setting y = 0 in (3.2), we get (1 +a)f(z) =0
for all x € X. Since a # —1, we get f(x) = 0 for all z € X. On the other
hand, it can be verified that f(z) = 0 indeed satisfies (3.2).

2. Assume that a = —1. Then (3.2) becomes
flz)— fle+y)=0 forall z,y € X. (3.3)

Replacing z = 0 in (3.3), we get f(y) = f(0) for all y € X. Therefore, f is a

constant function.
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On the other hand, it can be verified that f(z) = ¢ where ¢ is a constant

satisfies (3.2).
[l

In the next theorem gives the general solution of the general Jensen type func-

tional equation.

Theorem 3.2. The general solutions of the general Jensen type functional equation

(8.1) are the followings:
1. Ifa+b# —1, then f(z) =0.
2. Assume that a + b= —1.

(i) If a # =2, then f is a constant function.

(ii) If a = —2, then f(x) = c+ A(zx) where ¢ is a constant and A : X —Y

18 an additive function.
Proof. 1. Assume that a + b # —1. Setting y = 0 in (3.1), we have
(14+a+b)f(zx)=0 forall ze X.

Since a + b # —1, we get f(x) = 0 for all x € X. The function f(z) =0
obviously satisfies (3.1).

2. Assume that a4+ b = —1. First, consider in the case a = 0. Then b = —1 and
(3.1) becomes

flx) = flx+2y)=0 forall z,y € X. (3.4)

Replacing y by ¥ in (3.4), we get f(z) — f(z +y) = 0. By Lemma 3.1, f is a
constant function.

Assume that a # 0. Substituting b = —1 — a in (3.1), we get

fx)+af(x+y)+(—1—a)f(x+2y)=0 (3.5)
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Replacing x by x + y in (3.5) and multiplying by —a, we have
—af(x+y) —a*f(x+2y) —a(—1—a)f(z+3y) =0 (3.6)
Combining (3.5) and (3.6), we obtain
f@)+ (-1 —a—a®)f(x+2y) —a(—1—a)f(z+3y) =0 (3.7)
Replacing x by x + 2y in (3.5) and multiplying by a? + a + 1, we have

(@®+a+1)f(z+2y)+a(a’+a+1)f(z+3y)+(—1—a)(a®+a+1) f(z+4y) = 0
(3.8)
Combining (3.7) and (3.8), we obtain

f(z)+a(a®+2a+2)f(x+3y) +(—1 —a)(a®+a+1)f(z+4y) =0 (3.9
Replacing y by 2y in (3.5), we have
fl@)+af(z+2y)+(-1—a)f(z+4y) =0 (3.10)
Subtracting (3.10) from (3.9), then dividing the result by a, we get
—f(x+2y) + (a®*+2a+2)f(z+3y) + (=1 =a)(a+ 1) f(x +4y) =0 (3.11)
Replacing z by  — 2y in (3.11) and combining (3.5), we obtain
(a+1D(a+2)f(x+y)—(a+1)(a+2)f(z+2y) =0 (3.12)

(i) Assume that a # —2.
Since it is presumed that b # 0 and a + b = —1, we have a # —1.
Therefore, (a+1)(a+2) # 0. Setting « by  — y in (3.12) and dividing
by (a + 1)(a+2), we have f(z) — f(x +y) = 0. By Lemma 3.1, f is a
constant function.

Substituting f(z) = ¢ in (3.1) where ¢ is a constant, we have
f@)+af(z+y)+bf(x+2y)=c+ac+bc=c(l+a+b) =0

because a + b = —1. Hence, f(z) = c satisfies (3.1).
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(ii) Assume that a = —2. Then b= —1 —a =1 and (3.1) becomes

flx)=2f(x+y)+ flz+2y) =0

which is an equivalent form of the Jensen’s functional equation.
Therefore, f(x) = ¢ + A(x) where ¢ is a constant and A : X — Y is an

additive function.

]

Remark 3.3. The general Jensen type functional equation (3.1) where a = —2
and b = 1 reproduces the Jensen’s functional equation and the general solution is
of the form f(x) = ¢+ A(x). While for all other values of a and b in (3.1), the

general solution is just a constant (may be zero in certain cases) function.



CHAPTER IV
GENERAL FRECHET FUNCTIONAL EQUATION

In this chapter, we will give the general solution and classify degree of the

general solution of the general Fréchet functional equation of order n,

Zakf(:v—l—ky):() for all z,y € X (4.1)
k=0
where ag = 1 and ay, as, ..., a, are scalars with a, # 0.

4.1 General Solution

In this section, we give the general solution of the general Fréchet functional equa-
tion of order n.
We note that our work is a special case of Baker’s result [2]. But our outstand-

ing point is that we use an elementary approach.

Theorem 4.1. If f : X — Y satisfies the general Fréchet functional equation of

order n, then f is a generalized polynomaial function of degree at most n — 1.

Proof. Assume that f satisfies the general Fréchet functional equation of order n.
For each ey,¢e9,...,&, € {0,1}, we replace x with X, . =z +ey1 + -+ €n¥n

and y with Y., . = —e1y1 — %@yz — = %anyn in (4.1). We obtain
Z akf(Xsl,,,sn + k}/\ilan> = O (42)
k=0

Multiplying (4.2) by (—1)"~(1++en) and taking sum over all €y, ..., ¢&,, to get

Z (_l)n—(al+...+en) Z anf(Xey ey + kY. ) =0. (4.3)

€1,...,en€{0,1} k=0
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Swapping the order of the summations in (4.3), we get

n

Z a Z (=1t f(X 4+ kYL, ) =0. (4.4)

k=0 €1,...,en€{0,1}

On the other hand, observe that

k k
f(XEI...Sn + k}/;lan) = f<$ + 81(1 - k)yl + 52(1 - §)y2 + -+ 571(1 - ﬁ)yn>

By Theorem 2.14, we have

Z (_1>n7(€1+..'+€n)f<X€1...€n + kYElEn) = A(l—k)yl,(l—g)yg (1_E)ynf(x)

€1,..,en€{0,1}

From (4.4) and (4.5), we obtain

n

k=0

Foreach k =1,2,...,n, let by = A £y (1-Eyy, / (2). We can see that

?Jl:(lfg)yQ n

b1 = Ao -1y, 11y, f (@),

77777

br = AQ—n)yr,(1=2 Yz, (1= 2y 1,0f (T)

and for each k =2,3,... ,n—1,

Since the difference operators commute and Agf(z) = 0, we get b, = 0 for all

k=1,2,...,n. Hence, for each k =1,2,... n,

77777

Therefore, the only term that survives in (4.6) is the term with £ = 0, it follows

that (4.6) becomes

A?JLQQ ,,,,, ynf(l') =0.

Hence, f is a generalized polynomial function of degree at most n — 1. n
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4.2 Classification of the Degree of the General Solution

In this section, we will classify degree of a generalized polynomial function which

is the general solution of the general Fréchet functional equation of order n.

Theorem 4.2. The general solution f : X — Y satisfying the general Fréchet

functional equation of order n are the followings.

1. ]fZak # 0, then f(x) = 0.
k=0

2. ]fZak =0 and m = min{i e {1,2,...,n}: Zkiak -+ O}, then f is a
k=0 k=1
generalized polynomial function of degree at most m — 1.

Proof. Define sy = Z ag.
k=0

1. Assume that so # 0. Setting y = 0 in (4.1), we get sof(x) = 0. Since sy # 0,
it follows that f(z) =0 for all x € X.
On the other hand, it can be verified that f(z) = 0 indeed satisfies (4.1).

2. Assume that so = 0. Since f satisfies the general Fréchet functional equation

of order n, by Theorem 4.1, we have
flx)=A"+ Al(z) +---+ A" (a) (4.7)

For each i € {1,2,...,n}, define s; = Zkiak.
k=1
If s;=0forallt=1,2,...,n, then a1, ao,...,a, satisfy the system of linear

equations

a1+2a2+---+nan:0

a; + 2%ay + -+ +n’a, =0

a1—|—2”a2+-~+n"an:0.
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Therefore, a; = a; = --- = a,, = 0 which is a contradiction. So, there exists

i€ {1,2,...,n} such that s; # 0. Thus, we let
m=min{i € {1,2,...,n}:s; #0}. (4.8)
For every 1 = 0,1,2,...,n— 1 and for all x,y € X, let

Si(x,y) =Y apA(x + ky). (4.9)

k=0

Substituting f from (4.7) into (4.1), we obtain

—_

n—

Si(z,y) = 0. (4.10)

I
o

For an arbitrary r € Q, observe that S;(rz, ry) = r'S;(z,y). Replacing (z,y)
with (rz,ry) in (4.10), we obtain

=

n—

S’i(ma y>rl =0
i=0
for all rational numbers r. Thus, for each : =0,1,2,...,n—1
Sz, y)=0. (4.11)

By Lemma 2.10, we know that

i—] J i—j J
At k) =S (?)mi(:ﬁ,...,x,y,...,y). (4.12)
From (4.9) and (4.11), we have
i arA'(z + ky) = 0. (4.13)

k=0
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Replacing A'(z + ky) from (4.12) in (4.13), we get

Z <Z,)sin(x,...,x,y,...,y):O. (4.14)
—— ——

— \J
J=0 i—j j

From the definition of m in (4.8) and sy = 0, we know that

So=8, =83 =--+= 83,1 = 0.
Therefore, for each i =m,m+1,...,n—1,
Z (Z)SJA (x,...,z,y,...,y) =0. (4.15)
= 7 \_\,_/hv—/

Let r be a rational number. Replacing y by ry in (4.15), we obtain

Z <(J)SA <u u))w‘ ~0.

J=m,

for all rational numbers 7. Hence, for each j =m,m+1,...,1
<Z)3]A (x,...,2,y,...,y) =0. (4.16)
7 h\,_/ \,_/

Setting y = x in (4.16) and dividing by (;), we get s;A'(x) = 0.

Taking j = m, we have s, A" (z) = 0.

Since s,, # 0, we conclude that A’(z) =0 for each i =m,m+1,...,n — 1.
Therefore, f(z) = A°+ A'(x) + A%(z) + + Am_l( ).

On the other hand, replacing f(z) = A° + Z Al , we obtain

n

Zakf(m+k:y):ZakAo+Z Z (x+ ky). (4.17)
k=0 k=0 =1

k=0

We know that

Az + ky) = +Zkﬂ() ,x,y,....,y). (4.18)
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Substituting A’(x + ky) from (4.18) in (4.17), we have

n m—1 m—1 1 .
- i
E arf(z + ky) = s0A° + s¢ g A'(z) + E s~<,)Ai(x,...,:p,y,...,y).
k=0 i=1 =1 j=1 "\ e )

Since sg = 1 = 89 = -+ = §,_1 = 0, we obtain
> anf (@ + ky) = 0.
k=0

Hence, f(x) = A° + Al(z) + A%(z) + - - + A™ 1(x) indeed satisfies (4.1).
[l

We apply Theorem 4.2 to find a general solution of functional equations that

illustrate in the following examples.

Example 4.3. We will prove Lemma 1.6 by using Theorem 4.2.
Replacing = by = + 3y in (1.12), we obtain

flx)—14f(x+2y)+35f(x+3y) =35 f (z+4y)+14f(x+5y) — f(x+Ty) = 0. (4.19)

The functional equation (4.19) is a general Fréchet functional equation of order 7

where a1 = 0,ay = —14,a3 = 35,a4 = —35,a5 = 14, a5 = 0 and a; = —1.
7

We can see that Zak =0 and for each 2 = 1,2, 3,4
k=0

kiak =0

ES
I =~
—

7
and Z k’aj;, = —840 # 0. Therefore, by Theorem 4.2, we get
k=1

f(z) = A" + Al(z) + A%(z) + A%(2) + A*(2).
]

Example 4.4. Find the general solution of the functional equation (1.10) in The-
orem 1.5 by using Theorem 4.2.
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We can assume that k is a positive integer with k # 1.

Replacing = by = + ky in (1.10), we have

fl@) =k f(o 4+ (k—1)y) =21 —k*) f(z +ky) — K2 f(x+ (k+ 1Dy) + f(z + 2ky) = 0.

(4.20)
This functional equation is a general Fréchet functional equation of order 2k where
ap=1,ap_1 = —k* ar = —2(1 — k?), ap 1 = —k? agr, = 1 and a; = 0 in otherwise.
2%
We can compute that Z a; = 0 and for each j =1,2,3
i=0
2k

Zijai =0

i=1

2%
and Zz"lai = —2k* + 2k*. Since k # 1, we get —2k? + 2k* # 0. Therefore, by
-1

Theorem 4.2, we have

f(x) = A" + Al(2) + A%(z) + A%(2).
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