
 

ขอบเขตก่อนประสบการณ์ส าหรับผลเฉลยของสมการคล่ืนน ้าท่วมโดยวธีิความหนืดใกลศู้นย ์
 
 
 
 
 
 
 
 
 
 

นางสาวพิรญาณ์  ทิพากร 

 
 
 
 
 
 
 
 
 
 

วทิยานิพนธ์น้ีเป็นส่วนหน่ึงของการศึกษาตามหลกัสูตรปริญญาวทิยาศาสตรมหาบณัฑิต 
สาขาวชิาคณิตศาสตร์   ภาควิชาคณิตศาสตร์และวทิยาการคอมพิวเตอร์  

คณะวทิยาศาสตร์   จุฬาลงกรณ์มหาวทิยาลยั 
ปีการศึกษา  2555 

ลิขสิทธ์ิของจุฬาลงกรณ์มหาวทิยาลยั 

 บทคดัยอ่และแฟ้มข้อมลูฉบบัเตม็ของวิทยานิพนธ์ตัง้แตปี่การศกึษา 2554 ท่ีให้บริการในคลงัปัญญาจฬุาฯ (CUIR)  

เป็นแฟ้มข้อมลูของนิสติเจ้าของวิทยานิพนธ์ท่ีสง่ผา่นทางบณัฑิตวิทยาลยั  

The abstract and full text of theses from the academic year 2011 in Chulalongkorn University Intellectual Repository(CUIR) 

are the thesis authors' files submitted through the Graduate School. 

บทคดัยอ่และแฟ้มข้อมลูฉบบัเตม็ของวิทยานิพนธ์ตัง้แตปี่การศกึษา 2554 ท่ีให้บริการในคลงัปัญญาจฬุาฯ (CUIR)  

เป็นแฟ้มข้อมลูของนิสติเจ้าของวิทยานิพนธ์ท่ีสง่ผา่นทางบณัฑิตวิทยาลยั  

The abstract and full text of theses from the academic year 2011 in Chulalongkorn University Intellectual Repository(CUIR) 

are the thesis authors' files submitted through the Graduate School. 



A PRIORI BOUNDS FOR SOLUTIONS OF FLOOD WAVE EQUATIONS

BY VANISHING VISCOSITY METHOD

Ms. Piraya Thipakorn

A Thesis Submitted in Partial Fulfillment of the Requirements

for the Degree of Master of Science Program in Mathematics

Department of Mathematics and Computer Science

Faculty of Science

Chulalongkorn University

Academic Year 2012

Copyright of Chulalongkorn University



Thesis Title A PRIORI BOUNDS FOR SOLUTIONS OF

FLOOD WAVE EQUATIONS BY VANISHING

VISCOSITY METHOD

By Ms. Piraya Thipakorn

Field of Study Mathematics

Thesis Advisor Sujin Khomrutai, Ph.D.

Accepted by the Faculty of Science, Chulalongkorn University in

Partial Fulfillment of the Requirements for the Master’s Degree

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Dean of the Faculty of Science

(Professor Supot Hannongbua, Dr.rer.nat.)

THESIS COMMITTEE

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Chairman

(Associate Professor Anusorn Chonwerayuth, Ph.D.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Thesis Advisor

(Sujin Khomrutai, Ph.D.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Examiner

(Ratinan Boonklurb, Ph.D.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . External Examiner

(Sawanya Sakuntasathien, Ph.D.)



 

iv 

              พิรญาณ์ ทิพากร : ขอบเขตก่อนประสบการณ์สาํหรับผลเฉลยของสมการคล่ืนนํ้าท่วม 

              โดยวธีิความหนืดใกลศู้นย.์ (A PRIORI BOUNDS FOR SOLUTIONS OF FLOOD    

              WAVE EQUATIONS BY VANISHING VISCOSITY METHOD) อ. ท่ีปรึกษา 

              วทิยานิพนธ์หลกั: ดร.สุจินต ์คมฤทยั, 51 หนา้.  

 

 

 วทิยานิพนธ์ฉบบัน้ีใชว้ธีิความหนืดใกลศู้นยเ์พื่อประมาณค่าผลเฉลยของระบบสมการ

แบบกฎอนุรักษ ์สาํหรับการเคล่ือนท่ีของคล่ืนนํ้าท่วมดงัต่อไปน้ี 

                                                0t xv u− =  

                                                2( ) 't x fu p v g S C u v+ = −  

โดยท่ี v  และ u  เป็นตวัแปรเชิงกายภาพ และ 'g , S  และ fC เป็นค่าคงตวั  พร้อมดว้ยเง่ือนไข

เร่ิมตน้ 0 0( ( ,0), ( ,0)) ( ( ), ( ))v x u x v x u x=  ขั้นตอนในการประยกุตว์ธีิความหนืดใกลศู้นยคื์อ

การได ้ L∞ -bound ของผลเฉลย  ในงานน้ีไดพ้ิสูจน์ค่าประมาณก่อนประสบการณ์ของผลเฉลย

ของระบบสมการน้ีโดยใชว้ธีิการบริเวณแผข่ยายยนืยง 

ภาควชิา   คณิตศาสตร์                           ลายมือช่ือนิสิต........................................................ 

              และวทิยาการคอมพิวเตอร์       ลายมือช่ือ อ.ท่ีปรึกษาวทิยานิพนธ์หลกั.................. 

สาขาวชิา             คณิตศาสตร์                            

ปีการศึกษา               2555                       



 

v                                                                                             

# # 5373853723 : MAJOR   MATHEMATICS 

KEYWORDS :  FLOOD WAVE EQUATIONS / VANISHING VISCOSITY METHOD  

PIRAYA THIPAKORN :  A PRIORI BOUNDS FOR SOLUTIONS OF FLOOD 

WAVE EQUATIONS BY VANISHING VISCOSITY METHOD. ADVISOR : 

SUJIN KHOMRUTAI, Ph.D., 51 pp 

 

 

 In this thesis, we use the vanishing viscosity method to approximate solutions of the 

system of conservation laws for a motion of flood wave  

                                                       0t xv u− =  

                                                       2( ) 't x fu p v g S C u v+ = −  

where v  and u  are physical variables and 'g , S  and fC are constants with initial data 

0 0( ( ,0), ( ,0)) ( ( ), ( ))v x u x v x u x= .  A key step in applying the vanishing viscosity method is 

to obtain L∞ -bounds for solutions. In this work, we prove a priori estimate of solutions to this 

system by using the method of expanding invariant region.  

 

  

Department :      Mathematics and 

                           Computer Science                    

      

Student’s Signature   

Advisor’s Signature   

 Field of Study :              Mathematics           

      

 

 Academic Year :               2012      

      

 

 



vi

ACKNOWLEDGEMENTS

First, I wish to thank my thesis advisor, Dr. Sujin Khomrutai, for many good

advices and insightful comments on my work. His invaluable suggestions are use-

ful for my thesis successfully. I also would like to thank my thesis committees,

Associate Professor Dr. Anusorn Chonwerayuth, Dr. Ratinan Boonklurb, and

Dr. Sawanya Sakuntasathien.

In addition, I wish to give thanks to all of my teachers who have taught me

for my knowledge and my friends for my good times at Chulalongkorn University.

I am very grateful to Development and Promotion of Science and Technol-

ogy Talents (DPST) Scholarship for financial support and good opportunity for

graduate studying.

Finally, I would like to give thanks to my family, for their love and all good

support.



CONTENTS

page

ABSTRACT IN THAI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

ABSTRACT IN ENGLISH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

CHAPTER

I INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

II PRELIMINARIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

III CHARACTERIZATION OF THE SYSTEM OF HYPERBOLIC

CONSERVATION LAWS FOR A MOTION OF FLOOD WAVE . . . . . 13

IV VANISHING VISCOSITY METHOD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

V MAIN RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

VI CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

VITA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51



CHAPTER I

INTRODUCTION

In 2004, Tao Luo and Tong Yang [1] studied some properties of solutions to

the flood wave equation in the space of BV functions. Let u > 0 and h > 0 be

the velocity and depth of the water at a point x ∈ R and time t, respectively,

v = 1
h

and g be the gravitational acceleration. Given that g′ = g cosα and

S = tanα, where 0 < α < π
2

is the angle between the river and the ground, and

p(v) = 1
2
g′v−2. Let ξ be the space variable. Let x =

∫ ξ
ξ(t)

h(y, t)dy, where ξ(t) is

an arbitrary particle path satisfying ξ̇(t) = u(ξ(t), t). The motion of flood wave

can be modelled by the system of conservation laws:
vt − ux = 0

ut + p(v)x =
g′S − Cfu2v

δ

(1.1)

where Cf > 0 is a constant frictional coefficient and δ > 0 is a small relaxation

parameter. Normally, there is no general method for solving system of the form

(1.1) with a given initial data.

In [2], the vanishing viscosity method is explained. This method is an indirect

way to solve for solutions of a hyperbolic system of conservation laws in general.

It approximates the solution of a problem with a parabolic system by adding vis-

cosity terms. An important key step in applying the vanishing viscosity method

is to obtain L∞-bounds for solutions. The obtained L∞-bounds of the parabolic

system then lead to existence of weak solution to system (1.1).

In 1977, K.N. Chueh, C.C. Conley and J.A. Smoller [10] introduced the concept
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of positively invariant regions for the study of reaction-diffusion systems. Exis-

tence of such regions lead to a priori bounds of solution. The obtained a priori

bounds can be used to derive the existence of solutions of the original conservation

laws systems using standard techniques. The method of invariant regions however

cannot be directly applied to the nonhomogeneous system (1.1) due to the source

term. In 1997, Weifu Fang and Kazufumi Ito [11] extended the arguments from

[9] and [10] to the concept of expanding invariant region for general nonhomoge-

neous system. The method of expanding invariant region yields L∞-bound of the

solution to nonhomogeneous system. The method of positively invariant region

and expanding invariant region will be introduced in chapter 2.

In this work, we consider the model of the motion to flood wave (1.1) when

δ = 1. Hence we consider the equations
vt − ux = 0,

ut + p(v)x = g′S − Cfu2v.

(1.2)

The purpose of this thesis is to prove a priori L∞-bound of solution to the problem

consisting of the viscosity approximate parabolic system associating with (1.2)

with initial condition.

The thesis is organized into five chapters as follows.

In Chapter 2, we introduce basic knowledge. Moreover, the positively invariant

region and the expanding invariant region are explained. In Chapter 3, we briefly

explain some characteristics of the flood wave equations (1.2). For convenient of

the reader, we prove that this system is strictly hyperbolic and give the right and

left eigenvectors of its Jacobian matrix. In addition, we show that the system

(1.2) is genuinely nonlinear. The Riemann invariant and a pair of an entropy-

entropy flux are given. In Chapter 4, we explain the vanishing viscosity method

which considers a viscosity parabolic system having solution (vε(x, t), uε(x, t))
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associating with the system (1.2). Our main results will be presented in the final

chapter, Chapter 5. Here, we prove an a priori L∞-bound for the solution vε and

also prove the positivity of the solution uε to the viscosity parabolic system. We

prove that the trajectory of the solution (vε(x, t), uε(x, t)) is inside an expanding

invariant region. Moreover, a priori bound which is an upper bound of solution

uε(x, t) and a lower bound of solution vε(x, t) are obtained.

Flood Wave Equation

We close the introduction with the physical reasoning behind the flood wave

equation.

Physically, in [12], the author explained a flood as a large body of water

increases and overflows onto a dry land, or generally, according to hydrologists

a flood may be characterized as a discharge rate in a stream or a river which

exceeds an acceptable threshold value and is often an expression of the variability

of rainfall in the river.

In [13], the mathematical reasoning behinds the flood wave equation is given.

For a steady flow model in a river, the frictional force of the river bed and the

gravitational force are balanced. In an unsteady flow, we consider the case of a

broad rectangular channel of constant inclination α. Define x to be the space

variable and t the time variable. Let h be the depth of water and u the velocity

of water where both are functions of (x, t). The conservation of fluid in a unit

breadth is

d

dt

∫ x1

x2

hdx+ [hu]x1
x2

= 0. (1.3)

Since the frictional force and the gravitational force may not balance in this case,

we must add a condition of the conservation of momentum. The appropriate
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equation in hydraulic theory is

d

dt

∫ x1

x2

hudx+ [hu2]x1
x2

+

[
1

2
gh2 cosα

]x1

x2

=

∫ x1

x2

gh sinαdx−
∫ x1

x2

Cfu
2dx (1.4)

where x2 < x < x1 and Cf is a constant frictional coefficient. Assume that h

and u are continuously differentiable. Dividing by x1 − x2 and taking the limit

x1 − x2 → 0 to (1.3) and (1.4), we obtain
ht − (hu)x = 0

(hu)t +
(
hu2 + 1

2
g′h2

)
x

= g′hS − Cfu2

(1.5)

where g′ = g cosα and S = tanα. The system (1.1) is obtained from changing a

form of (1.5) in Lagrangian coordinates.



CHAPTER II

PRELIMINARIES

In this chapter, we give basic knowledge which will be used in this thesis.

The concept of positively invariant region and the expanding invariant region are

explained.

2.1 Basic knowledge and notations

In this section, we give necessary definitions and important theorems for study-

ing this work. Examples of strictly hyperbolic equations and systems will also be

given.

Definition 1. ([2], Systems of Conservation Laws)

Let Ω be an open subset of Rn and f : Ω → Rn a smooth function. A 1-

dimensional system of conservation laws has the following form

ut + f(u)x = 0 (x, t) ∈ R× [0,∞) (2.1)

where u = (u1, u2, ..., un)T is a vector-valued function from R× [0,∞) into Ω and

the flux-functions are f(u) = (f1(u), f2(u), ..., fn(u))T . When the right hand side

of (2.1) is a nonzero function, it is called a nonhomogeneous system. The system

(2.1) can be written in a nonconservative form:

ut + A(u)ux = 0 (2.2)

where

A(u) =

(
∂fi
∂uk

(u)

)
1≤i,k≤n

(2.3)
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is the Jacobian matrix of the map u 7→ f(u).

Definition 2. ([2], Cauchy problem) Let Ω be an open subset of Rn and u :

R × [0,∞) → Ω. The problem, consisting of the system (2.1) with an initial

condition

u(x, 0) = u0(x) x ∈ R (2.4)

where u0 is a given function from R into Ω, is called a Cauchy problem or an

initial value problem (IVP).

Definition 3. ([3], Hyperbolic Systems of Conservation Laws)

The system (2.2) is called hyperbolic if the matrix A(u) has n real eigenvalues

λ1(u) ≤ λ2(u) ≤ ... ≤ λn(u)

and n linearly independent corresponding right eigenvectors rj(u) and left eigen-

vectors lj(u), i.e., for any 1 ≤ j ≤ n,

A(u)rj(u) = λj(u)rj(u) (2.5)

and

lj(u)A(u) = λj(u)lj(u) (2.6)

respectively. It is called strictly hyperbolic if, for any 1 ≤ j ≤ n, the eigenvalues

λj(u) are all distinct. If λi(u) = λj(u) for some 1 ≤ i, j ≤ n, then (2.2) is called

nonstrictly hyperbolic or hyperbolically degenerate.

Example 1. ([2], The p-system)

A model for one-dimentional isentropic gas dynamics in Lagrangian coordi-

nates is given by 
vt − ux = 0

ut + p(v)x = 0

(2.7)
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where v is the specific volume, u is the velocity and the pressure p(v) = Av−γ for

some constants A > 0 and γ ≥ 1. The system (2.7) is a system of conservation

laws because it can be written as

Ut + F (U)x = 0

where U =

v
u

, F (U) =

−u
p(v)

 and Ω = {(v, u) ∈ R2 : v > 0}. The Jacobian

matrix of F (U) is

A(U) =

 0 −1

p′(v) 0

 .

The characteristic equation for the matrix A(U) is

det(A− λI) = det

 −λ −1

p′(v) −λ

 = λ2 + p′(v) = 0.

Thus the two eigenvalues are λ1 = −
√

(−p′(v)) and λ2 =
√

(−p′(v)). If p′(v) < 0,

then λ1 < λ2. Hence (2.7) is strictly hyperbolic when p′(v) < 0.

Definition 4. (Gradients)

Let Ω be an open subset of Rn and let f be a function from Ω into Rn. The

gradient of a function f is defined by

∇f =
∂f

∂u1

e1 + ...+
∂f

∂un
en

where each f = (f1, . . . , fn) is expressed in a row matrix and ej, 1 ≤ j ≤ n,

denotes the column vector with a 1 at the jth coordinate and 0 elsewhere. We

denote Df = ∇fT .

Definition 5. ([4], Genuinely nonlinear systems)

The system (2.2) is called genuinely nonlinear in the λj characteristic field if

∇λTj · rj 6= 0.
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If ∇λTj · rj = 0 for some 1 ≤ j ≤ n, then the system (2.2) is called linearly

degenerate in the λj characteristic field.

Definition 6. ([4], Riemann invariants)

Let Ω be an open subset of Rn and wj be functions from Ω into R for j =

1, 2, . . . , n. Then the function wj = wj(u) is called Riemann invariants of system

(2.2) corresponding to λj, if the following equation holds:

∇wTj · rj = 0.

Definition 7. ([2], Entropy-entropy fluxes)

Suppose Ω is a convex open subset of Rn. Then a convex function η : Ω → R

is called an entropy for the system of conservation laws (2.1) if there exists a

function q : Ω→ R called an entropy flux such that

∇ηT (u)A(u) = ∇qT (u) (2.8)

where A(u) is the Jacobian matrix (2.3). In particular, if (2.8) holds, then all

classical solution of (2.1) satisfies the following equation

∂

∂t
η(u) +

∂

∂x
q(u) = 0. (2.9)

Definition 8. ([6], Lp Spaces)

Let (X,M, µ) be a measure space. Suppose f is a measurable function on X

and 0 < p <∞. Define

||f ||p =

[∫
|f |pdµ

]1/p

.

The Lp space is defined by

Lp(X) = {f : X → C : f is measurable and ||f ||p <∞}.

Define

||f ||∞ = inf{a ≥ 0 : µ({x : |f(x)| > a}) = 0}.
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The L∞ space is defined by

L∞(X) = {f : X → C : f is measurable and ||f ||∞ <∞}.

Proposition 1. ([6]) If f ∈ L1(X), then∣∣∣∣∫ fdµ

∣∣∣∣ ≤ ∫ |f |dµ.
Theorem 1. ([6], Hölder’s inequality)

Let (X,M, µ) be a measure space. Suppose 1 ≤ p, q ≤ ∞ and
1

p
+

1

q
= 1. If f

and g are measurable functions on X, then

||fg||1 ≤ ||f ||p||g||q.

In particular, if f ∈ Lp(X) and g ∈ Lq(X), then fg ∈ L1(X).

Theorem 2. ([7], Fubini’s theorem)

Let (X,M, µ) and (Y,N, ν) be σ−finite measure spaces. Suppose f : X×Y →

C is an M×N−measurable function. If∫
X

∫
Y

|fx|dνdµ <∞ or

∫
Y

∫
X

|f y|dµdν <∞,

then ∫
X×Y

fd(µ× ν) =

∫
X

(∫
Y

fxdν

)
dµ =

∫
Y

(∫
X

f ydµ

)
dν

where fx(y) = f(x, y) and f y(x) = f(x, y).

Definition 9. ([8], Sobolev spaces)

The space W k,p(Ω) consists of all locally summable functions w : Ω→ R such

that Dαw exists in the weak sense and belongs to Lp(Ω) for each multiindex α with

|α| ≤ k. It is called a Sobolev space. If p = 2, we denote

Hk(Ω) = W k,2(Ω) (k = 0, 1, 2, ...)

and it is a standard result that Hk(Ω) are Hilbert space for all integers k. In

particular, if u ∈ H1(R× (0, T ]), then
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∫
R×(0,T ]

|u|2dtdx,

∫
R×(0,T ]

|∂tu|2dtdx and

∫
R×(0,T ]

|∂xu|2dtdx

are finite.

Lemma 1. ([8], Cauchy’s inequality with ε)

Let a, b > 0 and ε > 0. Then

ab ≤ εa2 +
b2

4ε
.

Lemma 2. ([8], Gronwall’s inequality; integral form)

Let ξ be a nonnegative and continuous function on [0, T ]. If

ξ(t) ≤ C

∫ t

0

ξ(s)ds

for some constant C ≥ 0 for all 0 ≤ t ≤ T , then

ξ(t) = 0 for all 0 ≤ t ≤ T .

2.2 Positively invariant regions and expanding invariant

regions

In this section, we give definitions of positively invariant regions and quasi-

convexity. We also explain the concept of an expanding invariant region and state

the main theorem.

In [9], they consider the smooth solution u(x, t) ∈ Rn of the following nonlinear

systems of reaction-diffusion

ut = εD(u, x)uxx +M(u, x)ux +H(u, t) (x, t) ∈ Ω× [0,∞), (2.10)

with the initial data

u(x, 0) = u0(x) x ∈ Ω (2.11)
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where ε > 0, Ω is an open interval in R, D(u, x) and M(u, x) are matrix-valued

functions defined on an open subset U × V ⊂ Rn × Ω, D ≥ 0 and H(u, t) is a

smooth mapping from U × [0,∞) into Rn.

Assume that this problem has a local (in time) solution on some set X of

smooth functions from Ω to Rn. In other words, given a function u0(x) in the set

X, there is a positive number δ and a smooth solution u(x, t) of (2.10) and (2.11)

defined for x ∈ Ω and t ∈ [0, δ) such that u(·, t) ∈ X for all 0 ≤ t < δ.

Definition 10. ([9], Positively invariant regions)

Let Σ be a closed subset of Rn. If a solution u(x, t) of (2.10) and (2.11) having

initial and boundary values in Σ, satisfies u(x, t) ∈ Σ for all x ∈ Ω and t ∈ [0, δ),

then Σ is called a positively invariant region for the local solution defined by (2.10)

and (2.11).

According to [9], the invariant regions Σ of (2.10) and (2.11) has the form

Σ =
m⋂
j=1

{u ∈ U : Gj(u) ≤ 0} (2.12)

where Gj are certain smooth real-valued functions depending on D,M, and H.

Now, we recall the definition of quasi-convexity.

Definition 11. ([9], Quasi-convexity)

The smooth function G : Rn → R is called quasi-convex at v if whenever

dGv(η) = 0, then d2Gv(η, η) ≥ 0.

Theorem 3. ([9]) Let Σ be defined by (2.12). Suppose that for all t ∈ [0,∞) and

for every u0 ∈ ∂Σ (so Gj(u0) = 0 for some j), the following conditions hold:

(1) ∇GT
j is a left eigenvector of D(u0, x) and M(u0, x) for all x ∈ Ω;

(2) If ∇GT
j D(u0, x) = µ∇GT

j with µ 6= 0, then Gj is quasi-convex at u0;

(3) ∇GT
j · (H) ≤ 0 at u0, for all t ∈ R+.

Then Σ is invariant for (2.10), for every t ∈ [0,∞).
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This invariant region enables us to get an L∞-bound which constitutes an

important key step in applying the vanishing viscosity method.

In [11], they study a problem consisting of a system of a form

ut = εuxx +M(u, x)ux +H(u, x, t) (x, t) ∈ R× [0, T ), (2.13)

with the initial data

u(x, 0) = u0(x) x ∈ R (2.14)

where ε > 0, M(u, x) is matrix-valued function defined on Rn × R and H(u, x, t)

is a smooth mapping from Rn×R× [0, T ) into Rn. Since the method of invariant

regions cannot be applied to this nonhomogeneous system, [11] extended the con-

cept of invariant region (2.12) from [9] and [10] to the expanding invariant region

which depending on t of general nonhomogeneous system

Σ(t) =
k⋂
j=1

{u ∈ Rn : Gj(u) ≤ Aeωt} (2.15)

where ω and A are two constants.

The following theorem states under certain circumstances that the solution of

(2.13) with initial data (2.14) stay inside the expanding invariant region (2.15).

This theorem will be used to prove our main theorem.

Theorem 4. ([11]) Let u(x, t) be a smooth solution to (2.13) with initial data

(2.14), and Σ(t) be defined by (2.15) for some constants A and ω. Suppose for

(t0, u0) such that u0 ∈ ∂Σ(t0) (i.e. Gj(u0) = Aeωt0 for some j), the following

conditions hold:

(1) ∇GT
j at u0 is a left eigenvector of M(u0, x) for all x;

(2) Gj is quasi-convex at u0;

(3) ∇GT
j · (H) ≤ ωAeωt0 for all x ∈ R and at (t, u) = (t0, u0).

Then the trajectory u(x, t) is inside Σ(t) for all time t > 0; that is,

Gj(u(x, t)) = Aeωt for all j = 1, 2, .., k.



CHAPTER III

CHARACTERIZATION OF THE SYSTEM OF

HYPERBOLIC CONSERVATION LAWS FOR

A MOTION OF FLOOD WAVE

In this chapter, we characterize the system of conservation laws (1.2) which is

the main system of this work. We prove that the flood wave equations are strictly

hyperbolic and give the right and left eigenvectors of the Jacobian matrix to this

system expressed in nonconservative form. We use the right eigenvectors to prove

genuine nonlinearity and to find the Riemann invariants of the our system. In

addition, a pair of entropy-entropy flux is given. These results are standard and

can be found in the lituratures. However, for completeness and for convenience

of the reader we shall provide the derivations.

3.1 Main system

The system (1.2) can be written in the vector equation form as follow:

Ut + F (U)x = H(U) (x, t) ∈ R× [0,∞) (3.1)

where U =

 v

u

, F (U) =

 −u

p(v)

 and H(U) =

 0

g′S − Cfu2v

.

The nonconservative form of the system (3.1) is

Ut + A(U)Ux = H(U) (x, t) ∈ R× [0,∞) (3.2)
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where

A(U) =

∂F1

∂v
∂F1

∂u

∂F2

∂v
∂F2

∂u

 =

 0 −1

−g′v−3 0

 (3.3)

is the Jacobian matrix of F (U) =

F1(v, u)

F2(v, u)

 =

−u
p(v)

.

3.2 Strict hyperbolicity

We show that the system (3.2) is strictly hyperbolic.

Proposition 2. The system (3.2) is strictly hyperbolic if and only if 0 < v <∞.

Proof. We want to find the eigenvalues of the Jacobian matrix A(U). From (3.3),

we have

A− λI =

 0 −1

−g′v−3 0

−
λ 0

0 λ

 =

 −λ −1

−g′v−3 −λ

 .

Then

det(A− λI) = det

 −λ −1

−g′v−3 −λ

 = λ2 − g′v−3.

Hence the two eigenvalues λj, j = 1, 2, which satisfy det(A− λjI) = 0, are

λ1 = −
√
g′v−3/2 (3.4)

and

λ2 =
√
g′v−3/2 (3.5)

where g′ = g cosα is a positive constant. Since the assumption 0 < v <∞ and a

constant
√
g′ > 0, λ1 and λ2 are two real distinct eigenvalues. Hence the system

(3.2) is strictly hyperbolic. Conversely, if the system (3.2) is strictly hyperbolic,

then λ1 6= λ2. It is clear that 0 < v <∞.
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3.3 Eigenvectors

In this section, we want to find the right and left eigenvectors of the Jacobian

matrix (3.3) corresponding to the eigenvalues λ1 and λ2. The right eigenvectors

will be used to prove genuine nonlinearity and to find Riemann invariants of the

system (3.2) in the next section.

Proposition 3. Let U =

(
v u

)T
. The two right eigenvectors of the Jacobian

matrix (3.3) are

r1(U) =

 1

√
g′v−3/2

 (3.6)

and

r2(U) =

 1

−
√
g′v−3/2

 . (3.7)

Proof. For the eigenvalue λ1 = −
√
g′v−3/2 by (2.5), the right eigenvector r1 satis-

fies  0 −1

−g′v−3 0

 r1(U) = −
√
g′v−3/2r1(U).

That is

1

−
√
g′v−3/2

 0 −1

−g′v−3 0

 r1(U) = I2×2r1(U).

Thus  −1 1/
√
g′v−3/2

g′v−3/
√
g′v−3/2 −1

 r1(U) = 0. (3.8)

Let a, b ∈ R and r1(U) =

a
b

. (3.8) becomes

 −1 1/
√
g′v−3/2

g′v−3/
√
g′v−3/2 −1


a
b

 = 0.
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Then we get b =
√
g′v−3/2a. Hence

r1(U) =

 1

√
g′v−3/2


is a right eigenvector corresponding λ1. For the eigenvalue λ2 =

√
g′v−3/2, we

repeat the same procedure to get a right eigenvector

r2(U) =

 1

−
√
g′v−3/2


corresponding λ2.

Proposition 4. Let U =

(
v u

)T
. The two left eigenvector of the Jacobian

matrix (3.3) are

l1(U) =

(
1 1/

√
g′v−3/2

)
and

l2(U) =

(
1 −1/

√
g′v−3/2

)
.

Proof. For the eigenvalue λ1 = −
√
g′v−3/2 by (2.6), the right eigenvector l1 satis-

fies

l1(U)

 0 −1

−g′v−3 0

 = −
√
g′v−3/2l1(U).

That is

l1(U)

 0 1/
√
g′v−3/2

g′v−3/
√
g′v−3/2 0

 = l1(U)I2×2.

Thus

l1(U)

 −1 1/
√
g′v−3/2

g′v−3/
√
g′v−3/2 −1

 = 0 (3.9)
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Let a, b ∈ R and l1(U) =

(
a b

)
. (3.9) becomes

(
a b

) −1 1/
√
g′v−3/2

g′v−3/
√
g′v−3/2 −1

 = 0.

Hence we get b =
a√

g′v−3/2
. Therefore,

l1(U) =

(
1 1/

√
g′v−3/2

)
.

For the eigenvalue λ2 =
√
g′v−3/2, we repeat the same procedure to get a left

eigenvector

l2(U) =

(
1 −1/

√
g′v−3/2

)
corresponding λ2.

3.4 Genuine nonlinearity

In this section, we prove that the system (3.2) is genuinely nonlinear in the λ1

and λ2 characteristic field where λ1 and λ2 satisfy (3.4) and (3.5), respectively.

Proposition 5. The strictly hyperbolic system (3.2) is genuinely nonlinear in the

λ1 and λ2 characteristic field where λ1 and λ2 satisfy (3.4) and (3.5), respectively.

Proof. If λ1 = −
√
g′v−3/2, consider

∇λ1 =
∂λ1

∂v
e1 +

∂λ1

∂u
e2 =

3
2

√
g′v−5/2

0

+

0

0

 =

3
2

√
g′v−5/2

0

 .

Then

∇λT1 · r1 =

(
3
2

√
g′v−5/2 0

) 1

√
g′v−3/2

 =
3

2

√
g′v−5/2.

Since g′ = g cosα where 0 < α < π
2
,

0 < g′ < g. (3.10)
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We have √
g′ 6= 0. (3.11)

Since the system (3.2) is strictly hyperbolic, by Proposition 2, 0 < v <∞. Hence

∇λT1 · r1 =
3

2

√
g′v−5/2 6= 0. Therefore, the system (3.2) is genuinely nonlinear in

the λ1 characteristic field.

If λ2 =
√
g′v−3/2, consider

∇λ2 =
∂λ2

∂v
e1 +

∂λ2

∂u
e2 =

−3
2

√
g′v−5/2

0

+

0

0

 =

−3
2

√
g′v−5/2

0

 .

Then

∇λT2 · r2 =

(
−3
2

√
g′v−5/2 0

) 1

√
−g′v−3/2

 =
−3

2

√
g′v−5/2.

From (3.11) and 0 < v < ∞, ∇λT2 · r2 =
−3

2

√
g′v−5/2 6= 0. Hence (3.2) is also

genuinely nonlinear in the λ2 characteristic field.

3.5 Riemann invariants

The Riemann invariants are useful for obtaining the expanding invariant re-

gion which leads to obtaining the L∞−bound. In this section, we will find the two

Riemann invariants of the system (3.2) corresponding to the eigenvalues λ1 and λ2.

Proposition 6. The two Riemann invariants of the system (3.2) corresponding

to λ1 and λ2 are

r(U) = u+ 2
√
g′v−1/2

and

s(U) = u− 2
√
g′v−1/2,

respectively.
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Proof. Since the Jacobian matrix (3.3) have two eigenvalues, we will consider two

cases.

If λ1 = −
√
g′v−3/2, we have r1(U) =

 1

√
g′v−3/2

 . By Definition 6, the Rie-

mann invariant r which corresponds to λ1 satisfying

∇rT · r1 =

(
∂r

∂v

∂r

∂u

)
·

 1

√
g′v−3/2

 = 0.

That is

∂r

∂v
+
√
g′v−3/2 ∂r

∂u
= 0.

From [2], we have

r(U) = u−
∫ v√

g′m−3/2dm = u+ 2
√
g′v−1/2. (3.12)

If λ2 =
√
g′v−3/2, we have r2(U) =

 1

−
√
g′v−3/2

 . By Definition 6, the Rie-

mann invariant s which corresponds to λ2 satisfying

∇sT · r2 =

(
∂s

∂v

∂s

∂u

)
·

 1

−
√
g′v−3/2

 = 0.

That is

∂s

∂v
−
√
g′v−3/2 ∂s

∂u
= 0.

From [2], we have

s(U) = u+

∫ v√
g′m−3/2dm = u− 2

√
g′v−1/2. (3.13)

3.6 Entropy-entropy fluxes

In [2], having a pair of an entropy-entropy flux for the system of conservation

laws (2.1) is a required condition of the vanishing viscosity theorem. It is a main
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theorem used to prove existence of weak solution to the system of conservation

laws (2.1). In this section, we give a pair of an entropy-entropy flux for our system

(3.2).

Proposition 7. A pair of an entropy-entropy flux of the system (3.2) is

η(U) =
u2

2
+
g′

2v
and q(U) =

g′u

2v2
. (3.14)

Proof. We want to find (η(U), q(U)) such that ∇ηT (U)A(U) = ∇qT (U) where

A(U) is the Jacobian matrix (3.3). We multiply the first equation of (1.2) by

−p(v) and the second equation of (1.2) by u. Then we have
−p(v)vt + p(v)ux = 0

uut + up(v)x = u
(
g′S − Cfu2v

)
.

Adding these two equations together, we obtain

−p(v)vt + p(v)ux + uut + up(v)x = u
(
g′S − Cfu2v

)
.

That is

∂

∂t

(
u2

2
− P (v)

)
+

∂

∂x
(p(v)u) = u

(
g′S − Cfu2v

)
(3.15)

where P (v) is a primitive of p(v). We see that (3.15) is nonhomogeneous form of

(2.9). Since p(v) =
1

2
g′v−2,

P (v) =

∫
p(v) =

∫
1

2
g′v−2dv =

−g′

2v
.

Let η(U) =
u2

2
− P (v) =

u2

2
+
g′

2v
and q(U) = p(v)u. We have

∇ηT (U) =

(
g′

2
v−2 u

)
(3.16)

and

∇qT (U) =

(
−g′uv−3 g′

2
v−2

)
. (3.17)
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By (3.16) and (3.17), we have

∇ηT (U)A(U) =

(
g′

2
v−2 u

) 0 −1

−g′v−3 0


=

(
−g′uv−3 g′

2
v−2

)
= ∇qT (U).

Hence a pair of an entropy-entropy flux of (3.2) is

η(U) =
u2

2
+
g′

2v
and q(U) =

g′u

2v2
.



CHAPTER IV

VANISHING VISCOSITY METHOD

In this chapter, the vanishing viscosity method is introduced. In addition, we

give the viscosity parabolic system of flood wave equations.

4.1 Introduction

The vanishing viscosity method is explained in [2]. This method is useful for

studying weak solutions of hyperbolic systems. For this method we shall consider

a parabolic system which is obtained from the hyperbolic system by adding an

additional viscosity term with a small parameter ε > 0. Explicitly, given a small

parameter ε > 0, a parabolic system associating with (2.1), (2.4) is

uεt + f(uε)x = εuεxx, (4.1)

uε(x, 0) = uε0(x) (4.2)

where εuεxx is called a viscosity term and uε0(x)→ u0(x) as ε→ 0.

The following theorem is taken from [2].

Theorem 5. [2] Assume that (2.1) admits an entropy V with entropy fluxes F .

Let (uε)ε be a sequence of sufficiently smooth solutions of (4.1) with

||uε||L∞(R×R+) ≤ C, (4.3)

uε → u as ε→ 0 a.e. in R× R+,
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where C > 0 is a constant independent of ε. Then u is a weak solution of (2.1)

and it satisfies the entropy condition

∂

∂t
V (u) +

∂

∂x
F (u) ≤ 0

in the sense of distributions on R× R+.

According to the theorem, there are three basic ingredients for the vanishing

viscosity method

(1) Establishing a priori bound for viscosity system (4.1), (4.2),

(2) Proving existence of smooth solutions for (4.1), (4.2) and

(3) Studying structure properties of entropy pairs for the hyperbolic system (2.1).

4.2 The Viscosity Parabolic System of Flood Wave

Equations

The viscosity parabolic system associating with the flood wave equations (1.2)

is 
vεt − uεx = εvεxx

uεt + p(vε)x = εuεxx + g′S − Cf (uε)2vε
(4.4)

where ε > 0 and (x, t) ∈ R× [0,∞). In a vector equation form it is

U ε
t + F (U ε)x = εU ε

xx +H(U ε) (4.5)

where U ε =

vε
uε

, F (U ε) =

−uε
p(vε)

 and H(U ε) =

 0

g′S − Cf (uε)2vε

.

Since we will apply the expanding invariant region method, we write the system

(4.5) in the form (2.13) of Theorem 4 as

U ε
t = εU ε

xx +M(U ε)(U ε)x +H(U ε) (4.6)
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where

M(U ε) =

 0 1

g′(vε)−3 0

 . (4.7)

In the next chapter we shall prove an a priori bound for the solution U ε

independent of ε.



CHAPTER V

MAIN RESULTS

This chapter contain our main results. Let (v, u) be solution of (4.6). We will

consider the parabolic system (4.6) with initial data

(v, u)(x, 0) = (v0(x), u0(x)) x ∈ R (5.1)

where v0 and u0 ∈ L∞(R). We prove an L∞-bound of solutions v(x, t) and prove

that u(x, t) is a nonnegative solution. Then we show that a trajectory of the

solution (v(x, t), u(x, t)) is inside the expanding invariant region. In addition, we

give a priori bound of solution (v(x, t), u(x, t)).

5.1 L∞-bound of the solution v(x, t)

In this section, we prove an L∞-bound of the solution v(x, t) to the viscosity

system (4.6) with initial condition. The obtaining L∞-bound of the solution v(x, t)

will be used in the next section.

Theorem 6. Suppose v, u ∈ H1(R× (0, T ]) and the solution (v, u) satisfies

vt − ux = εvxx (5.2)

for all (x, t) ∈ R× (0, T ] and ε > 0 with initial condition (5.1). Then v(x, t) has

the following L∞-bound:

|v(x, t)| ≤ ||v0||∞ +
4

√
T

2πε
||ux||L2

y,s
. (5.3)
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Proof. Let ε > 0 and (x, t) ∈ R× (0, T ]. Define

f1(x, t) = ux(x, t). (5.4)

From (5.2) and (5.1), we have the heat problem

vt = εvxx + f1(x, t)

with the initial condition

v(x, 0) = v0(x)

where v0 ∈ L∞(R). By the Green’s function, we obtain the solution v(x, t) of this

heat problem to be

v(x, t) =
1√

4πεt

∫ ∞
−∞

e
−(x−y)2

4εt v0(y)dy +

∫ t

0

∫ ∞
−∞

1√
4πε(t− s)

e
−(x−y)2

4ε(t−s) ux(y, s)dyds.

By the triangle inequality, we have

|v(x, t)| ≤
∣∣∣∣ 1√

4πεt

∫ ∞
−∞

e
−(x−y)2

4εt v0(y)dy

∣∣∣∣+
∣∣∣∣∣
∫ t

0

∫ ∞
−∞

1√
4πε(t− s)

e
−(x−y)2

4ε(t−s) ux(y, s)dyds

∣∣∣∣∣ .
(5.5)

Now, we consider
1√

4πεt

∫ ∞
−∞

e
−(x−y)2

4εt v0(y)dy. Since v0 ∈ L∞(R),

|v0(y)| ≤ ||v0||∞ (y ∈ R). (5.6)

Let w1 =
x− y√

4εt
. Then we have −w2

1 =
−(x− y)2

4εt
and dw1 =

−1√
4εt

dy. Thus

∫ ∞
−∞

e
−(x−y)2

4εt dy = −
√

4εt

∫ −∞
∞

e−w
2
1dw1.

By the gaussian integral, we have

∫ −∞
∞

e−w
2
1dw1 = −

√
π. So, we obtain that

∫ ∞
−∞

e
−(x−y)2

4εt dy =
√

4πεt. (5.7)

By (5.6) and (5.7), we have∣∣∣∣ 1√
4πεt

∫ ∞
−∞

e
−(x−y)2

4εt v0(y)dy

∣∣∣∣ ≤ ||v0||∞√
4πεt

√
4πεt = ||v0||∞. (5.8)
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Next, we consider

∫ t

0

∫ ∞
−∞

1√
4πε(t− s)

e
−(x−y)2

4ε(t−s) ux(y, s)dyds. Let

f2(x, y, t, s) =
1√

4πε(t− s)
e
−(x−y)2

4ε(t−s) (x, y ∈ R, 0 < t, s ≤ T ). (5.9)

By (5.4) and (5.9), we can write∫ t

0

∫ ∞
−∞

1√
4πε(t− s)

e
−(x−y)2

4ε(t−s) ux(y, s)dyds =

∫ t

0

∫ ∞
−∞

f2(x, y, t, s)f1(y, s)dyds.

(5.10)

We show that f1(y, s) and f2(x, y, t, s) ∈ L2(R× [0, t)). Since u ∈ H1(R× (0, T ]),∫ ∞
−∞

∫ t

0

|ux(y, s)|2dsdy <∞.

By Theorem 2,∫ t

0

∫ ∞
−∞
|f1(y, s)|2dyds =

∫ t

0

∫ ∞
−∞
|ux(y, s)|2dyds <∞.

Then [∫ t

0

∫ ∞
−∞
|f1(y, s)|2dyds

]1/2

= ||ux||L2(R×[0,t)) <∞. (5.11)

Thus

f1 ∈ L2(R× [0, t)).

Consider ∫ t

0

∫ ∞
−∞
|f2(x, y, t, s)|2dyds =

∫ t

0

∫ ∞
−∞

f 2
2 (x, y, t, s)dyds

=

∫ t

0

∫ ∞
−∞

1

4πε(t− s)
e
−(x−y)2

2ε(t−s) dyds.

Let w2 =
x− y√
2ε(t− s)

. Then −w2
2 =
−(x− y)2

2ε(t− s)
and dw2 =

−1√
2ε(t− s)

dy. Hence

∫ t

0

∫ ∞
−∞

1

4πε(t− s)
e
−(x−y)2

2ε(t−s) dyds =

∫ t

0

√
2ε(t− s)

4πε(t− s)

(∫ ∞
−∞

e−w
2
2dw2

)
ds.
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Since

∫ ∞
−∞

e−w
2
2dw2 =

√
π, we get that

∫ t

0

√
2ε(t− s)

4πε(t− s)

(∫ ∞
−∞

e−w
2
2dw2

)
ds =

∫ t

0

√
2πε(t− s)

4πε(t− s)
ds

=
1√
8πε

∫ t

0

1√
t− s

ds

=

√
t

2πε
.

Thus ∫ t

0

∫ ∞
−∞
|f2(x, y, t, s)|2dyds =

√
t

2πε
.

Since 0 < t ≤ T ,

√
t

2πε
≤
√

T

2πε
. Hence[∫ t

0

∫ ∞
−∞
|f2(x, y, t, s)|2dyds

]1/2

=
4

√
T

2πε
<∞. (5.12)

Thus

f2 ∈ L2(R× [0, t)).

Since f1 and f2 ∈ L2(R× [0, t)), by Theorem 1, f2f1 ∈ L1(R× [0, t)) and∫ t

0

∫ ∞
−∞
|f2f1|dyds ≤

[∫ t

0

∫ ∞
−∞
|f2|2dyds

]1/2 [∫ t

0

∫ ∞
−∞
|f1|2dyds

]1/2

. (5.13)

Since f2f1 ∈ L1(R× [0, t)), by Proposition 1,∣∣∣∣∫ t

0

∫ ∞
−∞

f2f1dyds

∣∣∣∣ ≤ ∫ t

0

∫ ∞
−∞
|f2f1| dyds. (5.14)

By (5.14) and (5.13), hence∣∣∣∣∫ t

0

∫ ∞
−∞

f2f1dyds

∣∣∣∣ ≤ [∫ t

0

∫ ∞
−∞
|f2|2dyds

]1/2 [∫ t

0

∫ ∞
−∞
|f1|2dyds

]1/2

. (5.15)

By (5.15), (5.12) and (5.11), we obtain that∣∣∣∣∫ t

0

∫ ∞
−∞

f2(x, y, t, s)f1(y, s)dyds

∣∣∣∣ ≤ 4

√
T

2πε
||ux||L2

y,s
.

From (5.10), that is∣∣∣∣∣
∫ t

0

∫ ∞
−∞

1√
4πε(t− s)

e
−(x−y)2

4ε(t−s) ux(y, s)dyds

∣∣∣∣∣ ≤ 4

√
T

2πε
||ux||L2

y,s
. (5.16)

By (5.5), (5.8) and (5.16), hence
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|v(x, t)| ≤ ||v0||∞ +
4

√
T

2πε
||ux||L2

y,s
.

5.2 The non-negativity of the solution u(x, t)

In this section, we prove that the solution u(x, t) of the viscosity system (4.6)

is nonnegative.

Theorem 7. Suppose the solution v, u ∈ C2([0, T ];H1(R)) satisfy

ut + p(v)x = εuxx + f(v, u) (x, t) ∈ R× (0, T ] (5.17)

where ε > 0, p(v) =
1

2
g′v−2 and f(v, u) = g′S−Cfu2v with initial condition (5.1).

Suppose that u(x, t) = 0 at x = ±∞, u(x, 0) ≥ 0, u(x, 0) has compact support and

K = max
t∈[0,T ]

∫ ∞
−∞

p(v(x, t))2dx is finite. There is T0 > 0 such that u(x, t) ≥ 0 for all

(x, t) ∈ R× (0, T0].

Proof. Let

φ(x, s) = min{0, u(x, s)}

for all (x, s) ∈ R× (0, T ]. Since u(x, 0) ≥ 0,

φ(x, 0) = 0 for all x ∈ R. (5.18)

Suppose for any T0 > 0, there is (x, s) ∈ R× (0, T0] such that u(x, s) < 0. We will

consider as two cases.

Case1 : u(x0, 0) = 0 and us(x0, 0) < 0 for some x0 ∈ R.

Since u(x0, 0) = 0,

φ(x0, 0) = 0 (5.19)

and there is 0 < T1 ≤ T such that

φ(x0, s) = u(x0, s) (s ∈ (0, T1]). (5.20)
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From (5.19) and (5.20), we have

φ(x0, s) = u(x0, s) (s ∈ [0, T1]).

Thus

φs(x0, s) = us(x0, s) (s ∈ [0, T1]). (5.21)

Hence φs(x0, 0) = us(x0, 0). Since us(x0, 0) < 0, φs(x0, 0) < 0. That is

φs(x0, 0) 6= 0. (5.22)

Let (x, s) ∈ R× [0, T1] where 0 < T1 ≤ T and

Φ(s) =

∫ ∞
−∞

φ2(x, s)dx.

By (5.18), for each x ∈ R, we have

Φ(0) =

∫ ∞
−∞

φ2(x, 0)dx = 0

and

Φ′(0) =

[∫ ∞
−∞

2φ(x, s)φs(x, s)dx

]
s=0

=

∫ ∞
−∞

2φ(x, 0)φs(x, 0)dx = 0.

In addition, we have

Φ′′(0) =

[∫ ∞
−∞

2φ(x, s)φss(x, s) + 2φ2
s(x, s)dx

]
s=0

=

∫ ∞
−∞

2φ(x, 0)φss(x, 0) + 2φ2
s(x, 0)dx

=

∫ ∞
−∞

2φ(x, 0)φss(x, 0)dx+

∫ ∞
−∞

2φ2
s(x, 0)dx.

From (5.18), we obtain

∫ ∞
−∞

2φ(x, 0)φss(x, 0)dx = 0. By (5.22), we get

Φ′′(0) =

∫ ∞
−∞

2φ2
s(x, 0)dx 6= 0.

By the Taylor’s theorem, then there exists a function h2 : R→ R such that

Φ(s) = Φ(0) + Φ′(0)s+
Φ′′(0)s2

2!
+ h2(s)s2
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and lim
s→0

h2(s) = 0. Since Φ(0) = 0 and Φ′(0) = 0, it follows that

Φ(s) =
Φ′′(0)s2

2!
+R2(s). (5.23)

where Φ′′(0) =

∫ ∞
−∞

2φ2
s(x, 0)dx 6= 0 and R2(s) = h2(s)s2 is the remainder term.

Let ε > 0. Choose λ to be a finite negative number satisfying λ <
−2K

εΦ′′(0)
.

Let ε̄ > 0 and t ∈ (0, T1]. Multiplying the equation (5.17) with φ(x, s) ·e
−λ
s+ε̄ where

0 < s ≤ T1 ≤ T and then integrating over R× (0, t) yields

∫ t

0

∫ ∞
−∞

us(x, s)φ(x, s)e
−λ
s+ε̄dxds+

∫ t

0

∫ ∞
−∞

p(v(x, s))xφ(x, s)e
−λ
s+ε̄dxds

= ε

∫ t

0

∫ ∞
−∞

uxx(x, s)φ(x, s)e
−λ
s+ε̄dxds+

∫ t

0

∫ ∞
−∞

f(v(x, s), u(x, s))φ(x, s)e
−λ
s+ε̄dxds.

(5.24)

Step 1 : Consider

∫ t

0

∫ ∞
−∞

us(x, s)φ(x, s)e
−λ
s+ε̄dxds.

We have∫ t

0

∫ ∞
−∞

us(x, s)φ(x, s)e
−λ
s+ε̄dxds =

∫ t

0

∫ ∞
−∞

φs(x, s)φ(x, s)e
−λ
s+ε̄dxds (5.25)

Consider

∫ t

0

∫ ∞
−∞

φs(x, s)φ(x, s)e
−λ
s+ε̄dxds. We will show that φs(x, s), φ(x, s) ∈

L2(R× [0, t)) and e
−λ
s+ε̄ ∈ L∞(R× [0, t)).

(i) To show that φs(x, s) ∈ L2(R× [0, t)), since u(x, s) ∈ H1(R× (0, T1]),∫ ∞
−∞

∫ t

0

|us(x, s)|2dsdy <∞.

By Theorem 2, we have ∫ t

0

∫ ∞
−∞
|us(x, s)|2dxds <∞.

Since φ(x, s) = min{0, u(x, s)},∫ t

0

∫ ∞
−∞
|φs(x, s)|2dxds <∞
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and hence

||φs||2 =

[∫ t

0

∫ ∞
−∞
|φs(x, s)|2dxds

]1/2

<∞.

That is

φs(x, s) ∈ L2(R× [0, t)).

(ii) To show that φ(x, s) ∈ L2(R× [0, t)), since u ∈ H1(R× (0, T1]),∫ ∞
−∞

∫ t

0

|u(x, s)|2dsdx <∞.

By Theorem 2, ∫ t

0

∫ ∞
−∞
|u(x, s)|2dxds <∞.

Since φ(x, s) = min{0, u(x, s)},∫ t

0

∫ ∞
−∞
|φ(x, s)|2dyds <∞

and hence

||φ||2 =

[∫ t

0

∫ ∞
−∞
|φ(x, s)|2dxds

]1/2

<∞.

That is

φ(x, s) ∈ L2(R× [0, t)).

From (i) and (ii), φs(x, s), φ(x, s) ∈ L2. By Theorem 1, we obtain

φs(x, s)φ(x, s) ∈ L1(R× [0, t)).

Then ∫ t

0

∫ ∞
−∞
|φs(x, s)φ(x, s)|dxds <∞. (5.26)

(iii) To show that e
−λ
s+ε̄ ∈ L∞, since ε̄ is fixed and 0 < s ≤ T1,

ε̄ < s+ ε̄ ≤ T1 + ε̄.

Then

1

ε̄
>

1

s+ ε̄
≥ 1

T1 + ε̄
.
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Since −λ is positive,

−λ
ε̄

>
−λ
s+ ε̄

≥ −λ
T1 + ε̄

.

Hence

e
−λ
T1+ε̄ ≤ e

−λ
s+ε̄ < e

−λ
ε̄ . (5.27)

Since −λ > 0 is finite and ε̄ is fixed, e
−λ
ε̄ is a constant. Thus

e
−λ
s+ε̄ ∈ L∞.

By (5.27) and (5.26), we have∫ t

0

∫ ∞
−∞
|φx(x, s)φ(x, s)e

−λ
s+ε̄ |dxds < e

−λ
ε̄

∫ t

0

∫ ∞
−∞
|φx(x, s)φ(x, s)|dxds

<∞.

By Theorem 2, we get that∫ t

0

∫ ∞
−∞

φx(x, s)φ(x, s)e
−λ
s+ε̄dxds =

∫ ∞
−∞

∫ t

0

φx(x, s)φ(x, s)e
−λ
s+ε̄dsdx (5.28)

We have∫ ∞
−∞

∫ t

0

φx(x, s)φ(x, s)e
−λ
s+ε̄dsdx =

∫ ∞
−∞

∫ t

0

(
1

2
φ2(x, s))se

−λ
s+ε̄dsdx. (5.29)

Integrating by parts, we have∫ ∞
−∞

∫ t

0

(
1

2
φ2(x, s))se

−λ
s+ε̄dsdx

=

∫ ∞
−∞

[
1

2
e
−λ
s+ε̄φ2(x, s)|s=ts=0 −

∫ t

0

1

2
φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄ds

]
dx

=

∫ ∞
−∞

[
1

2
e
−λ
t+ε̄φ2(x, t)− 1

2
e
−λ
ε̄ φ2(x, 0)−

∫ t

0

1

2
φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄ds

]
dx.

(5.30)

By (5.18) and (5.30), we have∫ ∞
−∞

∫ t

0

(
1

2
φ2(x, s))se

−λ
s+ε̄dsdx

=
1

2

∫ ∞
−∞

e
−λ
t+ε̄φ2(x, t)dx− 1

2

∫ ∞
−∞

∫ t

0

φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄dsdx. (5.31)
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Now, consider

∫ ∞
−∞

∫ t

0

φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄dsdx.

(iv) To show that λ
(s+ε̄)2 ∈ L∞, since ε̄ > 0 is fixed and 0 < s ≤ T1,

ε̄2 < (s+ ε̄)2 ≤ (T1 + ε̄)2.

Then

1

ε̄2
>

1

(s+ ε̄)2
≥ 1

(T1 + ε̄)2
.

Since λ is negative,

λ

ε̄2
<

λ

(s+ ε̄)2
≤ λ

(T1 + ε̄)2
. (5.32)

Therefore,

λ

(s+ ε̄)2
∈ L∞(R× [0, t)).

From (i), we have φ(x, s) ∈ L2. By Theorem 1, φ2(x, s) ∈ L1(R× [0, t)). That is∫ ∞
−∞

∫ t

0

|φ2(x, s)|dsdx <∞. (5.33)

By (5.27), (5.32) and (5.33), we obtain∫ ∞
−∞

∫ t

0

∣∣∣∣φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄

∣∣∣∣ dsdx ≤ λ

(T1 + ε̄)2
e
−λ
ε̄

∫ ∞
−∞

∫ t

0

|φ2(x, s)|dsdx

<∞.

By Theorem 2, we have∫ ∞
−∞

∫ t

0

φ2(x, s)· λ

(s+ ε̄)2
·e
−λ
s+ε̄dsdx =

∫ t

0

∫ ∞
−∞

φ2(x, s)· λ

(s+ ε̄)2
·e
−λ
s+ε̄dxds (5.34)

From (5.34) and (5.31), we have∫ ∞
−∞

∫ t

0

(
1

2
φ2(x, s))se

−λ
s+ε̄dsdx

=
1

2

∫ ∞
−∞

e
−λ
t+ε̄φ2(x, t)dx− 1

2

∫ t

0

∫ ∞
−∞

φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄dxds (5.35)
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By (5.25), (5.28), (5.29) and (5.35), then we obtain∫ t

0

∫ ∞
−∞

us(x, s)φ(x, s)e
−λ
s+ε̄dxds

=
1

2

∫ ∞
−∞

e
−λ
t+ε̄φ2(x, t)dx− 1

2

∫ t

0

∫ ∞
−∞

φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄dxds (5.36)

Step 2 Consider

∫ t

0

∫ ∞
−∞

p(v(x, s))xφ(x, s)e
−λ
s+ε̄dxds.

We have∫ t

0

∫ ∞
−∞

p(v(x, s))xφ(x, s)e
−λ
s+ε̄dxds =

∫ t

0

e
−λ
s+ε̄

[∫ ∞
−∞

p(v(x, s))xφ(x, s)dx

]
ds.

(5.37)

Now, we consider

∫ ∞
−∞

p(v(x, s))xφ(x, s)dx. Integrating by parts, we get that

∫ ∞
−∞

p(v(x, s))xφ(x, s)dx = p(v(x, s))xφ(x, s)|x=∞
x=−∞ −

∫ ∞
−∞

p(v(x, s))φx(x, s)dx.

Since u(x, s) = 0 at x = ±∞,

φ(x, s) = 0 at x = ±∞.

Thus p(v(x, s))xφ(x, s)|x=∞
x=−∞ = 0. Hence∫ ∞

−∞
p(v(x, s))xφ(x, s)dx = −

∫ ∞
−∞

p(v(x, s))φx(x, s)dx. (5.38)

From (5.37) and (5.38), we have∫ t

0

∫ ∞
−∞

p(v(x, s))xφ(x, s)e
−λ
s+ε̄dxds =

∫ t

0

e
−λ
s+ε̄

[
−
∫ ∞
−∞

p(v(x, s))φx(x, s)dx

]
ds

= −
∫ t

0

e
−λ
s+ε̄

[∫ ∞
−∞

p(v(x, s))φx(x, s)dx

]
ds.

(5.39)

Consider

∫ ∞
−∞

p(v(x, s))φx(x, s)dx. By Theorem 1, we have

∫ ∞
−∞

p(v(x, s))φx(x, s)dx ≤
1

4ε

∫ ∞
−∞

p(v(x, s))2dx+ ε

∫ ∞
−∞

φ2
x(x, s)dx. (5.40)
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By (5.39) and (5.40), we obtain

−
∫ t

0

∫ ∞
−∞

p(v(x, s))xφ(x, s)e
−λ
s+ε̄dxds

≤ 1

4ε

∫ t

0

∫ ∞
−∞

p(v(x, s))2e
−λ
s+ε̄dxds+ ε

∫ t

0

∫ ∞
−∞

φ2
x(x, s)e

−λ
s+ε̄dxds. (5.41)

Step 3 Consider ε

∫ t

0

∫ ∞
−∞

uxx(x, s)φ(x, s)e
−λ
s+ε̄dxds. Then

ε

∫ t

0

∫ ∞
−∞

uxx(x, s)φ(x, s)e
−λ
s+ε̄dxds = ε

∫ t

0

∫ ∞
−∞

φxx(x, s)φ(x, s)e
−λ
s+ε̄dxds

= ε

∫ t

0

∫ ∞
−∞

(φx)x(x, s)φ(x, s)e
−λ
s+ε̄dxds

= ε

∫ t

0

e
−λ
s+ε̄

∫ ∞
−∞

(φx)x(x, s)φ(x, s)dxds. (5.42)

Now, we consider

∫ ∞
−∞

(φx)x(x, s)φ(x, s)dx. Integrating by parts, we obtain

∫ ∞
−∞

(φx)x(x, s)φ(x, s)dx = φx(x, s)φ(x, s)|x=∞
x=−∞ −

∫ ∞
−∞

φx(x, s)φx(x, s)dx

= φx(x, s)φ(x, s)|x=∞
x=−∞ −

∫ ∞
−∞

φ2
x(x, s)dx.

Since u(x, s) = 0 at x = ±∞ and φ(x, s) = min{0, u(x, s)}, φ(x, s) = 0 at

x = ±∞. Hence φx(x, s)φ(x, s)|x=∞
x=−∞ = 0. Therefore,∫ ∞

−∞
(φx)x(x, s)φ(x, s)dx = −

∫ ∞
−∞

φ2
x(x, s)dx. (5.43)

From (5.42) and (5.43), we have

ε

∫ t

0

∫ ∞
−∞

uxx(x, s)φ(x, s)e
−λ
s+ε̄dxds = −ε

∫ t

0

∫ ∞
−∞

e
−λ
s+ε̄φ2

x(x, s)dxds. (5.44)

Step 4 Consider

∫ t

0

∫ ∞
−∞

f(v, u)φ(x, s)e
−λ
s+ε̄dxds. We have∫ t

0

∫ ∞
−∞

f(v, u)φ(x, s)e
−λ
s+ε̄dxds

=

∫ t

0

∫ ∞
−∞

(g′S − Cfu2(x, s)v(x, s))φ(x, s)e
−λ
s+ε̄dxds



37

=

∫ t

0

∫ ∞
−∞

[
g′Sφ(x, s)e

−λ
s+ε̄ − Cfu2(x, s)v(x, s)φ(x, s)e

−λ
s+ε̄

]
dxds

=

∫ t

0

∫ ∞
−∞

[
g′Sφ(x, s)e

−λ
s+ε̄ − Cfφ2(x, s)v(x, s)φ(x, s)e

−λ
s+ε̄

]
dxds

=

∫ t

0

∫ ∞
−∞

[
g′Sφ(x, s)e

−λ
s+ε̄ − Cfv(x, s)φ3(x, s)e

−λ
s+ε̄

]
dxds

=

∫ t

0

∫ ∞
−∞

g′Sφ(x, s)e
−λ
s+ε̄dxds−

∫ t

0

∫ ∞
−∞

Cfv(x, s)φ3(x, s)e
−λ
s+ε̄dxds. (5.45)

Consider

∫ t

0

∫ ∞
−∞

g′Sφ(x, s)e
−λ
s+ε̄dxds. Since φ(x, s) = min{0, u(x, s)} for all (x, s) ∈

R× (0, T ],

φ(x, s) ≤ 0.

Since g′ > 0, S > 0 and e
−λ
s+ε̄ is nonnegative function for all 0 < s < T1,

g′Sφ(x, s)e
−λ
s+ε̄ ≤ 0.

Hence ∫ t

0

∫ ∞
−∞

g′Sφ(x, s)e
−λ
s+ε̄dxds ≤ 0. (5.46)

We consider −
∫ t

0

∫ ∞
−∞

Cfv(x, s)φ3(x, s)e
−λ
s+ε̄dxds. By Theorem 6, we have

|v| ≤ ||v0||∞ +
4

√
T

2πε
||ux||L2

x,s
.

Since φ(x, s) ≤ 0 for all (x, s) ∈ R× (0, T1], φ3(x, s) ≤ 0. Thus

vφ3 ≥

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ3.

Since e
−λ
s+ε̄ is nonnegative for all 0 < s ≤ T1,

vφ3e
−λ
s+ε̄ ≥

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ3e

−λ
s+ε̄ .
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Since Cf > 0,

Cfvφ
3e
−λ
s+ε̄ ≥ Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ3e

−λ
s+ε̄ .

That is

−Cfvφ3e
−λ
s+ε̄ ≤ −Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ3e

−λ
s+ε̄

= Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2(−φ)e

−λ
s+ε̄ .

Since φ(x, s) = min{0, u(x, s)},

0 ≤ −φ ≤ ||u||∞.

Hence

−Cfvφ3e
−λ
s+ε̄ ≤ Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2||u||∞e

−λ
s+ε̄ .

Thus

−
∫ t

0

∫∞
−∞Cfvφ

3e
−λ
s+ε̄dxds

≤
∫ t

0

∫ ∞
−∞

Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2||u||∞e

−λ
s+ε̄dxds. (5.47)

By (5.46) and (5.47), we obtain∫ t

0

∫ ∞
−∞

g′Sφ(x, s)e
−λ
s+ε̄dxds−

∫ t

0

∫ ∞
−∞

Cfv(x, s)φ3(x, s)e
−λ
s+ε̄dxds

≤
∫ t

0

∫ ∞
−∞

Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2||u||∞e

−λ
s+ε̄dxds. (5.48)

By (5.45) and (5.48), we have∫ t

0

∫ ∞
−∞

f(v, u)φ(x, s)e
−λ
s+ε̄dxds

≤
∫ t

0

∫ ∞
−∞

Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2||u||∞e

−λ
s+ε̄dxds. (5.49)

Step 5 From (5.24), we have
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∫ t

0

∫ ∞
−∞

us(x, s)φ(x, s)e
−λ
s+ε̄dxds = −

∫ t

0

∫ ∞
−∞

p(v(x, s))xφ(x, s)e
−λ
s+ε̄dxds

ε

∫ t

0

∫ ∞
−∞

uxx(x, s)φ(x, s)e
−λ
s+ε̄dxds+

∫ t

0

∫ ∞
−∞

f(v(x, s), u(x, s))φ(x, s)e
−λ
s+ε̄dxds.

By (5.36), (5.41), (5.44) and (5.49), we have

[
1

2

∫ ∞
−∞

e
−λ
t+ε̄φ2(x, t)dx− 1

2

∫ t

0

∫ ∞
−∞

φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄dxds

]

≤
[

1

4ε

∫ t

0

∫ ∞
−∞

p(v(x, s))2e
−λ
s+ε̄dxds+ ε

∫ t

0

∫ ∞
−∞

φ2
x(x, s)e

−λ
s+ε̄dxds

]

−
[
ε

∫ t

0

∫ ∞
−∞

e
−λ
s+ε̄φ2

x(x, s)dxds

]

+

[∫ t

0

∫ ∞
−∞

Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2||u||∞e

−λ
s+ε̄dxds

]
.

That is

1

2

∫ ∞
−∞

e
−λ
t+ε̄φ2(x, t)dx ≤ 1

2

∫ t

0

∫ ∞
−∞

φ2(x, s) · λ

(s+ ε̄)2
· e
−λ
s+ε̄dxds

+
1

4ε

∫ t

0

∫ ∞
−∞

p(v(x, s))2e
−λ
s+ε̄dxds

+

∫ t

0

∫ ∞
−∞

Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2||u||∞e

−λ
s+ε̄dxds. (5.50)

Taking limit ε̄→ 0 in (5.50), we have

1

2

∫ ∞
−∞

e
−λ
t φ2(x, t)dx

≤ λ

2

∫ t

0

∫ ∞
−∞

φ2(x, s) · e
−λ
s

s2
dxds+

1

4ε

∫ t

0

∫ ∞
−∞

p(v(x, s))2e
−λ
s dxds

+

∫ t

0

∫ ∞
−∞

Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2||u||∞e

−λ
s dxds. (5.51)
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Recall that λ <
−2K

εΦ′′(0)
. Then

−2λε
Φ′′(0)

4
= −1

2
λεΦ′′(0) > K.

Since s > 0 and e
−λ
s > 0,

− 2s2e
−λ
s λε

Φ′′(0)

4
> s2e

−λ
s K. (5.52)

If T1 > 0 is sufficiently small, then 0 < s < T1 is also small. Since lim
s→0

h2(s) = 0

and 0 < s < T1; by definition of limit,

|h2(s)| < Φ′′(0)

4
.

That is

− Φ′′(0)

4
< h2(s) <

Φ′′(0)

4
. (5.53)

Adding
Φ′′(0)

2
to the equation (5.53), then

Φ′′(0)

2
− Φ′′(0)

4
<

Φ′′(0)

2
+ h2(s) <

Φ′′(0)

2
+

Φ′′(0)

4
.

That is

Φ′′(0)

4
<

Φ′′(0)

2
+ h2(s) <

3Φ′′(0)

4
.

Since s > 0, e
−λ
s , −λ > 0 and ε > 0, we have

− 2s2e
−λ
s λε

[
Φ′′(0)

2
+ h2(s)

]
> −2s2e

−λ
s λε

Φ′′(0)

4
. (5.54)

By (5.52) and (5.54), we have

− 2s2e
−λ
s λε

[
Φ′′(0)

2
+ h2(s)

]
> s2e

−λ
s K. (5.55)

Since K = max
s∈[0,T ]

∫ ∞
−∞

p(v)2dx <∞,

s2e
−λ
s K ≥ s2e

−λ
s

∫ ∞
−∞

p(v)2dx (5.56)
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for all 0 < s ≤ T1. From (5.55) and (5.56), we have

−2s2e
−λ
s λε

[
Φ′′(0)

2
+ h2(s)

]
> s2e

−λ
s

∫ ∞
−∞

p(v)2dx.

That is

− 2ελe
−λ
s

[
Φ′′(0)s2

2!
+R2(s)

]
≥ s2e

−λ
s

∫ ∞
−∞

p(v)2dx. (5.57)

By (5.58) and (5.23), we obtain

−4ελ

2
e
−λ
s Φ(s) = −2ελe

−λ
s Φ(s) ≥ s2e

−λ
s

∫ ∞
−∞

p(v)2dx.

That is

−4ελe
−λ
s

2
Φ(s)− s2e

−λ
s

∫ ∞
−∞

p(v)2dx ≥ 0.

Then

4ελe
−λ
s

2
Φ(s) + s2e

−λ
s

∫ ∞
−∞

p(v)2dx ≤ 0.

Since 4ε > 0 and s2 > 0,

λe
−λ
s Φ(s)

2s2
+
e
−λ
s

4ε

∫ ∞
−∞

p(v)2dx ≤ 0.

Since Φ(s) =

∫ ∞
−∞

φ2(x, s)dx,

λ

2

∫ ∞
−∞

φ2(x, s)e
−λ
s

s2
dx+

1

4ε

∫ ∞
−∞

p(v)2e
−λ
s dx ≤ 0. (5.58)

From (5.58), (5.51) becomes

1

2

∫ ∞
−∞

e
−λ
t φ2(x, t)dx ≤

∫ t

0

∫ ∞
−∞

Cf

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)
φ2||u||∞e

−λ
s dxds.

That is∫ ∞
−∞

e
−λ
t φ2(x, t)dx ≤ 2Cf ||u||∞

(
||v0||∞ +

4

√
T

2πε
||ux||L2

x,s

)∫ t

0

∫ ∞
−∞

φ2e
−λ
s dxds.

(5.59)

Define

ξ(s) =

∫ ∞
−∞

e
−λ
s φ2(x, s)dxds. (5.60)
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By (5.59) and (5.60), we have

ξ(t) ≤ C

∫ t

0

ξ(s)ds.

where C = 2Cf ||u||∞
(
||v0||∞ + 4

√
T

2πε
||ux||L2

x,s

)
. By Theorem 2,

ξ(t) = 0. (5.61)

By (5.60) and (5.61), we obtain∫ ∞
−∞

e
−λ
t φ2(x, t)dx = 0

which implies that

φ(x, t) = 0

for all 0 < t < T . This is a contradiction. Therefore, we conclude that φ(x, t) ≡ 0

for all (x, t) ∈ R × (0, T ]. Hence u(x, t) ≥ 0 for all (x, t) ∈ R × (0, T0] for some

T0 > 0.

Case 2 : Either u(x0, 0) > 0 or us(x0, 0) ≥ 0 for all x0 ∈ R.

In this case, for all x0 ∈ R, either u(x0, 0) > 0 or u(x0, 0) = 0 and us(x0, 0) ≥ 0.

Fix x0 ∈ R. First, we suppose that u(x0, 0) = 0 and us(x0, 0) ≥ 0. Note that

x0 /∈ suppu(x, 0). Consider

us(x0, 0) + p(v(x0, 0))x = εuxx(x0, 0) + f(v(x0, 0), u(x0, 0)).

Since f(v, u) = g′S − Cfu2v,

us(x0, 0) = −p(v(x0, 0))x + εuxx(x0, 0) + g′S − Cfu2(x0, 0)v(x0, 0).

Since u(x0, 0) = 0, uxx(x0, 0) = 0. Hence

us(x0, 0) = −p(v(x0, 0))x + g′S.

By assumption us(x0, 0) ≥ 0, we obtain

p(v(x0, 0))x ≤ g′S.
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Integrating over (a, x) for (a, x) ∈ Rr suppu(x, 0) yields

p(v(x0, 0))|xa ≤
∫ x

a

g′Sdx.

Then

p(v(x, 0))− p(v(a, 0)) ≤ g′Sx. (5.62)

Since p(v) =
1

2
g′v−2, (5.62) becomes

1

2
g′v−2(x, 0)− 1

2
g′v−2(a, 0) ≤ g′Sx.

Then

1

v2(x, 0)
≤ 2Sx+ C1. (5.63)

where C1 =
1

v2(a, 0)
. If x ≤ −C1

2S
, we have 2Sx+ C1 ≤ 0. By (5.63), v2(x, 0) ≤ 0

which is undefined. This is a contradiction. Hence u(x0, 0) > 0 for all x0 ∈ R

which is contradiction.

5.3 Expanding invariant region

The expanding invariant region is introduced in Chapter 2. In this section,

we establish an expanding invariant region and prove that the trajectory of the

solution to the system (4.6) is inside this expanding invariant region.

Theorem 8. Let U(x, t) be the smooth solution to (4.6), K = max
t∈[0,T ]

∫ ∞
−∞

p(v)2dx

is finite and S < 4Cf . Suppose u(x, 0) ≥ 0, u(x, t) = 0 at x = ±∞ and u(x, 0)

has compact support. Define the expanding invariant region

Σ(t) =
2⋂
j=1

{U ∈ R2 : Gj(U) ≤ Aeωt} (5.64)

where ω = 4Cfg
′, A = e, G1(U) = u + 2

√
g′v−1/2 and G2(U) = −u + 2

√
g′v−1/2

are Riemann invariants. Then the trajectory U(x, t) is inside Σ(t) for all time

t > 0; that is, Gj(U(x, t)) ≤ Aeωt for all j = 1, 2.
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Proof. We will apply Theorem 4 to prove this theorem. Suppose that U(x, t0) ∈

∂Σ(t0). That is Gj(U(x, t0)) = Aeωt0 for some j = 1, 2. From Proposition 6, we

have two Riemann invariantsG1(U) = u+2
√
g′v−1/2 andG2(U) = −u+2

√
g′v−1/2.

Then

∇GT
1 =

(
−
√
g′v−3/2 1

)
(5.65)

and

∇GT
2 =

(
−
√
g′v−3/2 −1

)
. (5.66)

Step 1 We will show that∇Gj at U(x, t0) is a left eigenvector of M for all j = 1, 2.

By (5.65) and (4.7), we have

∇GT
1 ·M =

(
−
√
g′v
−3/2
0 1

) 0 1

g′v−3
0 0


=

(
g′v−3 −

√
g′v−3/2

)
= −

√
g′v−3/2

(
−
√
g′v−3/2 1

)
= −

√
g′v−3/2∇GT

1

= λ1∇GT
1 .

Hence ∇GT
1 at U(x, t0) is a left eigenvector of M .

By (5.66) and (4.7), we have

∇GT
2 ·M =

(
−
√
g′
−3/2 −1

) 0 1

g′v−3 0


=

(
−g′v−3 −

√
g′v−3/2

)
=
√
g′v−3/2

(
−
√
g′v−3/2 −1

)
=
√
g′
−3/2
∇GT

2

= λ2∇GT
2 .
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Hence ∇GT
2 at U(x, t0) is a left eigenvector of M .

Step 2 We will show that Gj is quasi-convex at U(x, t0) i.e. at U(x, t0) whenever

∇GT
j · r = 0, ∇2Gj(r, r) ≥ 0 for all j = 1, 2.

By (5.65) and (3.6), we have

∇GT
1 · r1 =

(
−
√
g′v−3/2 1

) 1

√
g′v−3/2

 = 0.

Consider

∇2G1(r1, r1) = rT1

∂2G1

∂v2
∂2G1

∂v∂u

∂2G1

∂u∂v
∂2G1

∂u2

 r1

=

(
1
√
g′v−3/2

)3

2

√
g′v−5/2 0

0 0


 1

√
g′v−3/2


=

(
3

2

√
g′v−5/2 0

) 1

√
g′v−3/2


=

3

2

√
g′v−5/2.

By Proposition 2, we have 0 < v <∞ for all (x, t) ∈ R× [0,∞). Since g′ > 0 and

v > 0, ∇2G1(r1, r1)(v, u) = 3
2

√
g′v−5/2 > 0. So G1 is quasi-convex at U(x, t0).

By (5.66) and (3.7), we have

∇G2 · r2 =

(
−
√
g′v−3/2 −1

) 1

−
√
g′v−3/2

 = 0.
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Consider

∇2G2(r2, r2) = rT2

∂2G2

∂v2
∂2G2

∂v∂u

∂2G2

∂u∂v
∂2G2

∂u2

 r2.

=

(
1 −

√
g′v−3/2

)3
2

√
g′v−5/2 0

0 0


 1

−
√
g′v−3/2


=

(
3
2

√
g′v−5/2 0

) 1

−
√
g′v−3/2


=

3

2

√
g′v−5/2

Since g′ > 0 and v > 0, ∇2G2(r2, r2)(v, u) = 3
2

√
g′v−5/2 > 0. So G2 is quasi-convex

at U(x, t0).

Step 3 We will show that ∇Gj · H < ωAeωt0 for all x ∈ R and at (t, U) =

(t0, U(x, t0)).

Step 3.1: G1 = u + 2
√
g′v−1/2 = Aewt0 ≡ Ã. We want to show that ∇G1 ·H <

ωAeωt0 . Consider

∇G1 ·H =

(
−
√
g′v−3/2 1

) 0

g′S − Cfu2v


= g′S − Cfu2v.

Since Cf > 0, v > 0 and u2 ≥ 0, Cfu
2v ≥ 0. Thus −Cfu2v ≤ 0 and hence

∇G1 ·H ≤ g′S.

Since S < 4Cf and 1 < e ≤ ee4Cfg
′t0 ,

∇G1 ·H < 4Cfg
′ < (4Cfg

′)ee(4Cfg
′)t0 = ωAeωt0 ≡ ωÃ.

Step 3.2: G2 = −u+ 2
√
g′v−1/2 = Aewt0 ≡ Ã. We want to show that ∇G2 ·H <
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ωAeωt0 . Consider

∇G2 ·H =

(
−
√
g′v−3/2 −1

) 0

g′S − Cfu2v


= −g′S + Cfu

2v.

Since g′ > 0 and S > 0, −g′S < 0. Hence

∇G2 ·H < Cfu
2v.

Since −u+ 2
√
g′v−1/2 = Ã,

v =
4g′

(Ã+ u)2
.

Thus

∇G2 ·H < Cfu
2 4g′

(Ã+ u)2
(5.67)

Since Ã > 0, Ã + u > u. By Theorem 7, we have u ≥ 0. So (Ã + u)2 > u2 and

hence

1

(Ã+ u)2
<

1

u2
. (5.68)

By (5.67) and (5.68), we have

∇G2 ·H < Cfu
2 4g′

u2
= 4Cfg

′ (5.69)

From (5.69) and 1 < e ≤ ee4Cfg
′t0 , we have

∇G2 ·H < (4Cfg
′)ee(4Cfg

′)t0 = ωAeωt0 ≡ ωÃ.

Hence ∇Gj ·H < ωAeωt0 for all x ∈ R and at (t, U) = (t0, U(x, t0)). From Step 1,

Step 2 and Step 3, by Theorem 4, the trajectory U(x, t) is inside Σ(t) for all time

t > 0; that is, Gj(U(x, t)) ≤ Aeωt for all j = 1, 2.
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5.4 A priori bound of solution (v, u)

In this section, we give the upper bound of the solution u and the lower bound

of the solution v of the system (4.6).

Theorem 9. Let (v, u) be a solution to the system (4.6) that satisfies all of con-

dition to the Theorem 8. Then

0 ≤ u(x, t) ≤ Aeωt − 2

√
g′

v
and v(x, t) ≥ 4g′

(Aeωt)2

for all (x, t) ∈ R× (0, T ] where ω = 4Cfg
′ and A = e.

Proof. By Theorem 8, we have

G1(v, u) = u+ 2

√
g′

v
≤ Aeωt (5.70)

and

G2(v, u) = −u+ 2

√
g′

v
≤ Aeωt. (5.71)

From (5.70) and (5.71), we obtain

u ≤ Aeωt − 2

√
g′

v
.

By Theorem 7, we have

0 ≤ u(x, t) ≤ Aeωt − 2

√
g′

v
.

Adding (5.70) and (5.71), we have

4

√
g′

v
≤ 2Aeωt.

Then √
g′

v
≤ Aeωt

2

and hence

v ≥ 4g′

(Aeωt)2
.



CHAPTER VI

CONCLUSION

The initial aim of this thesis is to prove existence and uniqueness of weak

solutions to the system of hyperbolic conservation laws (3.1) for a motion of flood

wave with initial condition (5.1) by the vanishing viscosity method. The idea of

the vanishing viscosity method is to establish solutions for the viscosity parabolic

system (4.6) and then apply Theorem 5. In this work, we can prove a priori

bounds for solutions of (4.6) given in Theorem 9, that is

0 ≤ u(x, t) ≤ Aeωt − 2

√
g′

v
and v(x, t) ≥ 4g′

(Aeωt)2

for all (x, t) ∈ R × (0, T ] where ω = 4Cfg
′ and A = e. Using these estimates,

the author believes that we can prove an a priori bound of the form (4.3) for the

solution vε as well. Combining the obtained estimates with a standard (local)

existence of smooth solutions for parabolic systems, we obtain by Theorem 5 the

existence and uniqueness of weak solution to the flood wave equations (3.1).
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