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CHAPTER I

INTRODUCTION

There have been many studies of nonlinear heat equations with initial and

boundary conditions of the form

∂tu = △u+ f(▽u, u, x, t) x ∈ Ω, t > 0,

u(x, t) = g(x, t) x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) x ∈ Ω,

(1.1)

where u : Ω× [0,∞) → R,Ω is an open subset of Rn, f and g are given functions

and u0 is the initial condition of u. The heat equations have been employed to

model many phenomena in physic, chemistry, biology, population dynamic etc.

In 1960’s, H. Fujita [5] studied positive solutions of (1.1) in the case that f = up

and Ω = Rn, i.e., 
∂tu = △u+ up x ∈ Rn, t > 0,

u(x, 0) = u0(x) ≥ 0,

(1.2)

where p > 1 is a real constant. He proved that pc = 1 + 2
n
is a critical value for

the exponent p in the sense that if 1 < p < pc, then the solution with nontrivial

initial condition blows up in a finite time, whereas if p > pc, then the solution

can be global provided u0 is sufficiently small and it blows up in a finite time

provided u0 is sufficiently large. We recall that a solution u is said to be blow-up

in a finite time if there is T > 0 such that ∥u(·, t)∥L∞ → ∞ as t → T− and u

is said to be global if it is defined on Rn × [0,∞). In the case that p = pc, the
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nontrivial solution is shown to be blow-up by K. Hayakawa [6], when n = 1, 2 and

by K. Kobayashi et al. [8] (and also F.B. Weissler [16]) for the general n ≥ 1. The

number pc = 1 + 2
n
is called the Fujita critical exponent for the semilinear heat

equation (1.2).

In 2002, G.G. Laptev derived the Fujita type critical exponent for weak so-

lutions to the semilinear heat equation on cone domains using the test function

method developed by Pohozaev and Miditeri ([12], [13]). He studied the following

differential inequality

ut −∆(|u|m−1u) ≥ |x|σ|u|q (x, t) ∈ C× (0,∞), (1.3)

where C is a cone domain, 1 ≤ m < q and σ > −2 and he proved that (1.3) has

no nontrivial global weak solution when q < q∗ := m+ 2+σ
e∗+2

(see in Chapter 2 for

the definition of e∗).

Apart from the heat equations, there is another type of equations which are

widely studied, the so-called, pseudo parabolic equations, which have the following

form 

∂tu− k△∂tu = △u+ a(x)up x ∈ C, t > 0,

u(x, t) = 0 x ∈ ∂C, t > 0,

u(x, 0) = u0(x),

(1.4)

where p ≥ 1, k > 0 is a constant, a(x) ≥ 0 and u0 ≥ 0 are given functions. It

is used to model many physical systems such as lightning [1], seepage of fluids in

fissured rocks [2], radiation with time delay [11], the heat conduction models [15]

etc. Observe that H. Fujita studied (1.4) in the case k = 0, a(x) = 1 and C is

replaced with Rn.

In 2009, Y. Cao, J. Yin and C. P. Wang [3] studied (1.4) when k > 0, a(x) = 1

and C is replaced with Rn and proved that pc = 1 + 2
n
is the Fujita type critical
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exponent for the initial value problem. This is the same as the corresponding

result for the semilinear heat equation.

Moreover, in 2015, S. Khomrutai [7] studied (1.4) in the case k = 1, a(x) is an

unbounded function and C is replaced with Rn. He proved by the test function

method that if a(x) = |x|σ where 0 ≤ σ ≤ 4
n−2

for n ≥ 3 and σ ∈ [0,∞) for

n = 1, 2, then the critical exponent of (1.4) is pc = 1 + σ+2
n
.

There have been many studies on nonlinear pseudo parabolic on Rn or a

bounded domain in Rn such as above. To the author knowledge, there is no

investigation of the problem on cone domains. The aim of this work is to fill this

gap.

In my thesis, motivated by [7], [9], we consider the Cauchy problem (1.4) on

a cone domain and we have the main result that if

1 < p < pc := min

{
1 +

σ + 2

n+ e∗
, 1 +

2

e∗

}
,

where a(x) ≳ |x|σ, then u ≡ 0 is the only solution which is defined for all t ∈

[0,∞).

This thesis is organized into four chapters as follows.

In Chapter II, we introduce some basic analysis, definitions and theories that

are useful to study (1.4) on cone domains. Next, in Chapter III, we prove some

preliminary estimates and we introduce the notion of a weak solution for (1.4).

Finally, we proved our main results in Chapter IV.



CHAPTER II

PRELIMINARIES

In this chapter, we give some basic concepts in PDEs which are omitted the

details of proofs. The proof can be found in common PDEs textbooks.

2.1 Bisic analysis

Lemma 2.1. If p, q > 1 and 1
p
+ 1

q
= 1, then, for any u, v ≥ 0,

uv ≤ 1

p
up +

1

q
vq. (2.1)

Lemma 2.2. (Holder’s inequality). Let f, g be measurable functions on a measure

space (X,µ). Let 1 < p, q <∞ be such that 1
p
+ 1

q
= 1. Then,

∫
X

|fg|dµ ≤
(∫

X

|f |pdµ
) 1

p
(∫

X

|g|qdµ
) 1

q

. (2.2)

Theorem 2.3. (Minkowski’s inequalilty). Let 1 ≤ p <∞ and let f, g be measur-

able functions on a measure space (X,µ). Then,(∫
X

|f + g|pdµ
) 1

p

≤
(∫

X

|f |pdµ
) 1

p

+

(∫
X

|g|pdµ
) 1

p

. (2.3)

Theorem 2.4. Let (X,µ) and (Y, ν) be σ-finite measure spaces and

f : X × Y −→ [0,∞) be an integrable function. Then,∫
X×Y

f(x, y) d(µ× ν) =

∫
X

(∫
Y

f(x, y) dν(y)

)
dµ(x)

=

∫
Y

(∫
X

f(x, y) dµ(x)

)
dν(y). (2.4)
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2.2 Integration on cones

Let

Sn−1 = {x ∈ Rn : |x| =
√
x21 + x22 + x23 + ...+ x2n = 1}

be the unit sphere. Any x ∈ Rn (x ̸= 0) can be written in polar coordinations as

x = rω, where

r := |x| ∈ (0,∞) and ω :=
x

|x|
∈ Sn−1.

For a continuous function f : Rn → R which is integrable, it is well-known that∫
Rn

f(x)dx =

∫ ∞

0

∫
Sn−1

f(rω)rn−1dω dr, (2.5)

where dω is the surface measure on the unit sphere.

Definition 2.5. Let Ω ⊆ Sn−1 be an open set and ρ > 0. A set of the form

Cρ,Ω = {x = rω ∈ Rn : r > ρ, ω ∈ Ω} (2.6)

is called a cone in Rn.

Note that the boundary of the cone Cρ,Ω is ∂Cρ,Ω = {rω ∈ Rn
∣∣r = ρ, ω ∈

Ω} ∪ {rω ∈ Rn
∣∣r > ρ, ω ∈ ∂Ω} =: ∂C1 ∪ ∂C2 .

Example 2.6. If Ω = Sn−1 and ρ = 0, then C0,Sn−1 = Rn −{0} and ∂Cρ,Ω = {0}.

Example 2.7. If Ω = {x = (x1, x2, x3, ..., xn) ∈ Sn−1, xn > 0} and ρ = 0, then

C0,Sn−1 is the upperhalf space and ∂Cρ,Ω = {(x1, x2, x3, ..., xn−1, 0)}.

Proposition 2.8. Let f : Cρ,Ω −→ R be an integrable function. Then,∫
Cρ,Ω

f(x) dx =

∫ ∞

ρ

∫
Ω

f(rω)rn−1 dω dr. (2.7)
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Lemma 2.9 (Integrating by parts). Let f : Cρ,Ω −→ R be a differentiable function.

Then, for all g ∈ C∞
c (Cρ,Ω)(= the space of smooth functions with compact support,

defined on Cρ,Ω), ∫
Cρ,Ω

(∂xi
f)g dx = −

∫
Cρ,Ω

(∂xi
g)f dx. (2.8)

Theorem 2.10 (Green’s formula). Let f, g ∈ C2(Cρ,Ω) ∩ C(Cρ,Ω). Then,∫
Cρ,Ω

(f∆g − g∆f) dx =

∫
∂Cρ,Ω

(
f
∂g

∂−→n
− g

∂f

∂−→n

)
dS, (2.9)

where ∂g
∂−→n is the directional derivative of g with respect to the outward unit normal

vector −→n .

2.3 Helmholtz eigenvalue

For simplicity, we denote C = Cρ,Ω. We shall use the first Helmholtz eigenvalue

λω ≡ λ1(Ω) > 0 of the Laplace-Beltrami operator ∆ω on Ω and the corresponding

eigenfunction Ψ > 0, that is, λ1 and Ψ satisfy,


∆ωΨ+ λ1Ψ = 0 in Ω,

Ψ = 0 on ∂Ω.

(2.10)

The following results are true by standard elliptic theory (see for instance [4]):

1. Ψ ∈ C∞(Ω) ∩ C(Ω),

2. Ψ(x) > 0 ∀x ∈ Ω,

3. ∂Ψ(x)
∂−→n ≤ 0 ∀x ∈ ∂Ω by Hopf’s lemma.



CHAPTER III

MAIN RESULT 1

3.1 Weak solution

Let ρ ≥ 0 and Ω ⊂ Sn−1 be an open set. We denote C = Cρ,Ω, ∂C
1 = ∂C1

ρ,Ω

and ∂C2 = ∂C2
ρ,Ω. In this work, we consider non-negative solutions u = u(x, t) for

the semilinear pseudoparabolic equation

∂tu−△∂tu = △u+ a(x)up for x ∈ C, t > 0,

u(x, 0) = u0(x) for x ∈ C,

u(x, t) = 0 for x ∈ ∂C, t > 0,

(3.1)

where p > 1, a(x) and u0 are given non-negative functions.

We have the following relationship between classical and weak solutions for

(3.1).

Proposition 3.1. If u is a classical solution of (3.1), then for any φ ∈ C∞
c (C× [0,∞)),

we have∫ ∞

0

∫
C

uAφ dxdt+

∫ ∞

0

∫
C

φa(x)up dxdt =

∫
C

u0(x)

(
△φ(x, 0)− φ(x, 0)

)
dx,

(3.2)

where the operator A is defined by

Aφ = ∂tφ−△∂tφ+△φ. (3.3)



8

Proof. Multiplying (3.1) with φ and integrating over C× [0,∞), we have∫ ∞

0

∫
C

φ∂tu dxdt−
∫ ∞

0

∫
C

φ△∂tu dxdt

=

∫ ∞

0

∫
C

φ△u dxdt+
∫ ∞

0

∫
C

φa(x)up dxdt. (3.4)

Consider the first term on the left hand side of (3.4). Applying the Fubini’s

theorem (Theorem 2.4) and then integrating by parts with respect to t, we get∫ ∞

0

∫
C

φ∂tu dxdt =

∫
C

∫ ∞

0

φ∂tu dtdx

=

∫
C

(
φu
∣∣∣∞
0
−
∫ ∞

0

u∂tφ dt

)
dx

= −
∫
C

φ(x, 0)u(x, 0) dx−
∫
C

∫ ∞

0

u∂tφ dtdx

= −
∫
C

φ(x, 0)u0(x) dx−
∫ ∞

0

∫
C

u∂tφ dxdt, (3.5)

where we have used that φ has compact support in the third equality.

Next, we consider the second term on the left hand side of (3.4). We get by

the Green’s identity (Theorem 2.10) that∫ ∞

0

∫
C

φ△∂tu dxdt =
(∫ ∞

0

∫
C

φ△∂tu dxdt−
∫ ∞

0

∫
C

∂tu△φ dxdt

)
+

∫ ∞

0

∫
C

∂tu△φ dxdt

=

∫ ∞

0

∫
∂C

(
φ
∂(∂tu)

∂−→n
− ∂tu

∂φ

∂−→n

)
dSdt+

∫ ∞

0

∫
C

∂tu△φ dxdt

=

∫ ∞

0

∫
∂C

φ
∂(∂tu)

∂−→n
dSdt−

∫ ∞

0

∫
∂C

∂tu
∂φ

∂−→n
dSdt

+

∫ ∞

0

∫
C

∂tu△φ dxdt.

Since ∂tu = 0 and φ = 0 on ∂C, we get∫ ∞

0

∫
C

φ△∂tu dxdt =
∫ ∞

0

∫
C

(△φ)∂tu dxdt.
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Applying the integrating by parts with respect to t, we get∫ ∞

0

∫
C

φ△∂tu dxdt =
∫ ∞

0

∫
C

(△φ)∂tu dxdt

=

∫
C

u△φ
∣∣∣∞
0
dx−

∫
C

∫ ∞

0

u
∂△φ
∂t

dtdx

= −
∫
C

u0(x)△φ(x, 0) dx−
∫ ∞

0

∫
C

u
∂△φ
∂t

dxdt. (3.6)

Now, we consider the first term on the right hand side of (3.4), we get∫ ∞

0

∫
C

φ△u dxdt =
(∫ ∞

0

∫
C

φ△u dxdt−
∫ ∞

0

∫
C

u△φ dxdt

)
+

∫ ∞

0

∫
C

u△φ dxdt

=

∫ ∞

0

∫
∂C

[
φ
∂u

∂−→n
− u

∂φ

∂−→n

]
dSdt+

∫ ∞

0

∫
C

u△φ dxdt.

Since u = 0 and φ = 0 on ∂C, we get

∫ ∞

0

∫
∂C

φ
∂(∂tu)

∂−→n
dSdt = 0 and∫ ∞

0

∫
∂C

u
∂φ

∂−→n
dSdt = 0. Then,

∫ ∞

0

∫
C

φ△u dxdt =
∫ ∞

0

∫
C

u△φ dxdt. (3.7)

Substituting (3.5), (3.6) and (3.7) in (3.4) and using the operator A, we have∫ ∞

0

∫
C

uAφ dxdt+

∫ ∞

0

∫
C

φa(x)up dxdt =

∫
C

u0(x)

(
△φ(x, 0)− φ(x, 0)

)
dx.

So, we have the proposition.

In this work we are interested in weak solutions of (3.1).

Definition 3.2. (Weak solution) A function u ∈ L1
loc(C× [0,∞)) is called a weak

solution to (3.1) provided it satisfies (3.2) for all φ ∈ C∞
c (C× [0,∞)).



CHAPTER IV

MAIN RESULT 2

4.1 Test function

Notation: For two functions f and g, we write f ≲ g if there is a constant C,

called a constant multiple, such that f ≤ Cg at every point in the domain.

Lemma 4.1 ([9],[14]). Let q ∈ (1,∞). There is ϕ ∈ C3(R), 0 ≤ ϕ ≤ 1 such that

ϕ(s) = 1 if s ≤ 1, ϕ(s) = 0 if s ≥ 2,

ϕ′(s) ≤ 0 for all s ∈ Rand

| ϕ(j)(s)| ≲ ϕ(s)
q−1
q for all 1 ≤ s ≤ 2, j ∈ {1, 2, 3}.

(4.1)

Proof. Choose ξ ∈ C2(R) satisfying 0 ≤ ξ ≤ 1, ξ′ ≤ 0 and
ξ(s) = 1 for s ≤ 1,

ξ(s) = 0 for s ≥ 2.

Then, it is directly to verify that

ϕ(s) = ξ(s)2q (s ∈ R)

has the desired properties.

Let R, ρ > 0 (the latter is given by (3.1)) and T > 0 are constants with R > ρ.

In polar coordinates x = rω, we define

φ(x, t) =

[(
|x|
ρ

)e∗

−
(
|x|
ρ

)−e∗
]
ϕ

(
|x|
R

)
Ψs(ω)ϕ

(
t

T

)
, (4.2)
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where ϕ : R → R is given in Lemma 4.1, Ψs(ω) ≥ 0 is the Helmholtz eigenfunction

of ∆ω on Ω ⊂ Sn−1 corresponding to the first eigenvalue λ1(Ω) (see Chapter

3), e∗ = −n−2
2

+
√
(n−2

2
)2 + λ1(Ω) and e∗ = n−2

2
+
√

(n−2
2
)2 + λ1(Ω). For

convenience, we will use the following functions

ξρ(|x|) =
(
|x|
ρ

)e∗

−
(
|x|
ρ

)−e∗

,

Φ(|x|) = ϕ

(
|x|
R

)
,

Φ̃(t) = ϕ

(
t

T

)
,

ψ = ψρ,R = ξρ(|x|)Φ(|x|)Ψs(ω).

Thus,

φ(x, t) = ψ(x, t)Φ̃(t)

= ξρ(|x|)Φ(|x|)Ψs(ω)Φ̃(t)

= ξρ(r)Φ(r)Ψs(ω)Φ̃(t). (4.3)

We will need the following lemma.

Lemma 4.2. ∆(ξρΨs) = 0 in C.

Proof. Note that Ψs is an eigenfunction for the Dirichlet problem of ∆ω in Ω;
∆ωΨs + λ1Ψs = 0 in Ω,

Ψs = 0 on ∂Ω.

(4.4)

By expressing of the Laplace-Beltrami operator in polar coordinates (r, ω), i.e.,
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∆ = ∂2

∂r2
+ n−1

r
∂
∂r

+ 1
r2
∆ω, we have

∆(ξρΨs) =
∂2(ξρΨs)

∂r2
+
n− 1

r

∂(ξρΨs)

∂r
+

1

r2
∆ωξρΨs

= Ψs
∂2ξρ
∂r2

+
n− 1

r
Ψs
∂ξρ
∂r

+
ξρ
r2
∆ωΨs

= Ψs
∂2ξρ
∂r2

+
n− 1

r
Ψs
∂ξρ
∂r

+
ξρ
r2
(−λ1Ψs)

= Ψs

[
∂2ξρ
∂r2

+
n− 1

r

∂ξρ
∂r

− ξρλ1
r2

]
= Ψs

[
e∗(e∗ − 1)

ρe∗
re∗−2 + e∗(−e∗ − 1)ρe

∗
r−e∗−2 +

n− 1

r

e∗
ρe∗

re∗−1

+
n− 1

r
e∗ρe

∗
r−e∗−1 − λ1

r2

[(
r

ρ

)e∗

−
(
r

ρ

)−e∗
] ]

= Ψs

[
1

r2

(
r

ρ

)e∗

[e∗(e∗ − 1) + (n− 1)e∗ − λ1] +
1

r2

(
r

ρ

)e∗

[e∗(−e∗ − 1)

+ (n− 1)e∗ + λ1]

]
. (4.5)

Since e∗ and −e∗ are roots of the quadratic equation r(r− 1)+ (n− 1)r−λ1 = 0,

we have the lemma.

4.2 Pointwise estimates of the test functions

Since

φ(x, t) = ξρ(r)Φ(r)Ψs(ω)Φ̃(t)

= ξρ(r)ϕ
( r
R

)
Ψs(ω)ϕ

(
t

T

)
,

we have,

∂tφ(x, t) =
1

T
ξρ(r)ϕ

( r
R

)
Ψs(ω)ϕ

′
(
t

T

)
.

Thus, by Lemma 4.1,

|∂tφ(x, t)| =
1

T
ξρ(r)ϕ

( r
R

)
Ψs(ω)

∣∣∣∣ϕ′
(
t

T

)∣∣∣∣
≲ 1

T
ξρ(r)ϕ

( r
R

)
Ψs(ω)ϕ

(
t

T

) q−1
q

χ{t:T≤t≤2T}.
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Hence,

|∂tφ|q ≲
[
1

T
ξρ(r)ϕ

( r
R

)
Ψs(ω)ϕ

(
t

T

) q−1
q

]q
χ{t:T≤t≤2T}

= T−q (ξρ(r))
q
(
ϕ
( r
R

))q
(Ψs(ω))

q

(
ϕ

(
t

T

))q−1

χ{t:T≤t≤2T}

= T−q

(
ξρ(r)ϕ

( r
R

)
Ψs(ω)ϕ

(
t

T

))q−1

ξρ(r)ϕ
( r
R

)
Ψs(ω)χ{t:T≤t≤2T}.

Since ξρ(r) ≤
(
r

ρ

)e∗

, ϕ
( r
R

)
≤ 1 and Ψs(ω) ≲ 1, we get that

|∂tφ|q ≲
(
r

ρ

)e∗

T−qφq−1χ{t:T≤t≤2T}

≲ re∗T−qφq−1χ{t:T≤t≤2T}.

Since r ≤ 2R on supp φ, we obtain that

|∂tφ|q ≲ (2R)e∗T−qφq−1χ{t:T≤t≤2T}

≲ Re∗T−qφq−1χ{t:T≤t≤2T}.

∆φ(x, t) =
∂2φ

∂r2
+
n− 1

r

∂φ

∂r
+

1

r2
△ωφ

= ΨsΦ̃
∂2 (ξρΦ)

∂r2
+
n− 1

r
ΨsΦ̃

∂ (ξρΦ)

∂r
+

1

r2
ξρΦΦ̃ (∆ωΨs)

= ΨsΦ̃

[
Φ
∂2ξρ
∂r2

+ 2
∂ξρ
∂r

∂Φ

∂r
+ ξρ

∂2Φ

∂r2

]
+
n− 1

r
ΨsΦ̃

[
ξρ
∂Φ

∂r
+ Φ

∂ξρ
∂r

]
+

1

r2
ξρΦΦ̃ (∆ωΨs)

= ΨsΦ̃Φξ
′′
ρ +

2

R
ξ′ρϕ

′
( r
R

)
ΨsΦ̃ +

1

R2
ΨsΦ̃ξρϕ

′′
( r
R

)
+
n− 1

rR
ΨsΦ̃ξρϕ

′
( r
R

)
+
n− 1

r
ΨsΦ̃Φξ

′
ρ +

1

r2
ξρΦΦ̃ (∆ωΨs)

= Φ̃Φ

[
Ψsξ

′′
ρ +

n− 1

r
Ψsξ

′
ρ +

1

r2
ξρ (∆wΨs)

]
+

2

R
ξ′ρϕ

′
( r
R

)
ΨsΦ̃

+
1

R2
ΨsΦ̃ξρϕ

′′
( r
R

)
+
n− 1

rR
ΨsΦ̃ξρϕ

′
( r
R

)
.

By ∆(ξρΨs) = 0, we have

∆φ(x, t) =
2

R
ξ′ρϕ

′
( r
R

)
ΨsΦ̃ +

1

R2
ΨsΦ̃ξρϕ

′′
( r
R

)
+
n− 1

rR
ΨsΦ̃ξρϕ

′
( r
R

)
.
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Thus, by Lemma 4.1,

|∆φ(x, t)|q

=

∣∣∣∣ 2Rξ′ρϕ′
( r
R

)
ΨsΦ̃ +

1

R2
ΨsΦ̃ξρϕ

′′
( r
R

)
+
n− 1

rR
ΨsΦ̃ξρϕ

′
( r
R

)∣∣∣∣q χ{r:R<r<2R}

≲ {
(
2

R
ξ′ρΨsΦ̃

)q ∣∣∣ϕ′
( r
R

)∣∣∣q + ( 1

R2
ΨsΦ̃ξρ

)q ∣∣∣ϕ′′
( r
R

)∣∣∣q
+

(
n− 1

rR
ΨsΦ̃ξρ

)q ∣∣∣ϕ′
( r
R

)∣∣∣q}χ{r:R<r<2R}

≲ {
(
2

R
ξ′ρΨsΦ̃

)q

ϕ
( r
R

)q−1

+

(
1

R2
ΨsΦ̃ξρ

)q

ϕ
( r
R

)q−1

+

(
n− 1

rR
ΨsΦ̃ξρ

)q

ϕ
( r
R

)q−1

}χ{r:R<r<2R}

≲ Φ̃qϕ
( r
R

)q−1
[(

1

R2
ξρΨs

)q

+

(
1

R2
Ψsξρ

)q

+

(
1

rR
Ψsξρ

)q]
χ{r:R<r<2R}

≲ 1

R2q
Φ̃ξρΨsφ

q−1 +
1

R2q
Φ̃ξρΨsφ

q−1 +
1

rqRq
Φ̃ξρΨsφ

q−1χ{r:R<r<2R}

≲ R−2qΦ̃ξρΨsφ
q−1χ{r:R<r<2R}

≲ R−2q+e∗φq−1χ{r:R<r<2R}.

Since

∆φ(x, t) =
2

R
ξ′ρϕ

′
( r
R

)
ΨsΦ̃ +

1

R2
ΨsΦ̃ξρϕ

′′
( r
R

)
+
n− 1

rR
ΨsΦ̃ξρϕ

′
( r
R

)
= Φ̃

[
2

R
ξ′ρϕ

′
( r
R

)
Ψs +

1

R2
Ψsξρϕ

′′
( r
R

)
+
n− 1

rR
Ψsξρϕ

′
( r
R

)]
,

we obtain that

∂t∆φ(x, t) =
1

T
ϕ′
(
t

T

)[
2

R
ξ′ρϕ

′
( r
R

)
Ψs +

1

R2
Ψsξρϕ

′′
( r
R

)
+
n− 1

rR
Ψsξρϕ

′
( r
R

)]
.
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Thus, by Lemma 4.1,

|∂t∆φ(x, t)|q

=

∣∣∣∣ 1T ϕ′
(
t

T

)[
2

R
ξ′ρϕ

′
( r
R

)
Ψs +

1

R2
Ψsξρϕ

′′
( r
R

)
+
n− 1

rR
Ψsξρϕ

′
( r
R

)]∣∣∣∣q
≲ 1

T q

[
ϕ′
(
t

T

)]q [(
1

R
ξ′ρΨs

)q ∣∣∣ϕ′
( r
R

)∣∣∣q + ( 1

R2
Ψsξρ

)q ∣∣∣ϕ′′
( r
R

)∣∣∣q]
+

1

T q

[
ϕ′
(
t

T

)]q [(
n− 1

rR
Ψsξρ

)q ∣∣∣ϕ′
( r
R

)∣∣∣q]
≲ { 1

T q

(
ϕ

(
t

T

))q−1 [(
1

R
ξ′ρΨs

)q

ϕq−1
( r
R

)
+

(
1

R2
Ψsξρ

)q

ϕq−1
( r
R

)]
+

1

T q

(
ϕ

(
t

T

))q−1 [(
n− 1

rR
Ψsξρ

)q

ϕq−1
( r
R

)]
}χ{r:R<r<2R}χ{t:T≤t≤2T}

≲ { 1

T q

(
ϕ

(
t

T

))q−1 [(
1

R2
ξρΨs

)q

ϕq−1
( r
R

)
+

(
1

R2
Ψsξρ

)q

ϕq−1
( r
R

)]
+

1

T q

(
ϕ

(
t

T

))q−1 [(
1

rR
Ψsξρ

)q

ϕq−1
( r
R

)]
}χ{r:R<r<2R}χ{t:T≤t≤2T}

≲ 1

T q

[
1

R2q
ξρΨsφ

q−1 +
1

R2q
ξρΨsφ

q−1 +
1

rqRq
ξρΨsφ

q−1

]
χ{r:R<r<2R}χ{t:T≤t≤2T}

≲ T−qR−2qξρΨsφ
q−1χ{r:R<r<2R}χ{t:T≤t≤2T}

≲ T−qR−2q+e∗ρ−e∗φq−1χ{r:R<r<2R}χ{t:T≤t≤2T}.

Now, we have

|Aφ|q = |∂tφ−△∂tφ+△φ|q

≤ |∂tφ|q + |△∂tφ|q + |△φ|q

≲
(
Re∗T−qχK1 + T−qR−2q+e∗χK3 +R−2q+e∗χK2

)
φq−1,

where

K1 = {(x, t) : ρ ≤ |x| ≤ 2R, T ≤ t ≤ 2T},

K2 = {(x, t) : R ≤ |x| ≤ 2R, 0 ≤ t ≤ 2T},

K3 = {(x, t) : R ≤ |x| ≤ 2R, T ≤ t ≤ 2T}.
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Hence, we obtain the following pointwise estimate for Aφ:

|Aφ|q

φq−1
≲ Re∗T−qχK1 +R−2q+e∗χK2 + T−qR−2q+e∗χK3 . (4.6)

4.3 Proof of the Main Result

For this section, we study blow-up of solutions to the semilinear pseudoparabolic

equation (3.1). Assume that there exist σ > −2 such that

a(x) ≳ |x|σ for all x ∈ C. (4.7)

Thus, a can be singular if σ < 0. We prove that if

1 < p < pc := min{pc1 , pc2},

where pc1 := 1 + σ+2
n+e∗

and pc2 := 1 + 2
e∗
, then u ≡ 0 is the only solution which is

defined for all t ∈ [0,∞).

Theorem 4.3. Let a and u0 be non-negative continuous functions, a satisfies

(4.7) with σ > −2. If 1 < p < pc and u is a global solution of (3.1), then u ≡ 0.

Proof. First, we carry out some integral estimates. Assume that u ≥ 0 is a weak

solution of (3.1). Then, by (3.2) and φ(x, 0) ≥ 0, we get∫ ∞

0

∫
C

uAφ dxdt+

∫ ∞

0

∫
C

φa(x)up dxdt ≤
∫
C

u0(x)△φ(x, 0) dx. (4.8)

Observe that supp Aφ ⊂ supp φ. Let C′ = C ∩ supp Aφ and q = p
p−1

. By Hölder

and Young inequalities,∫ ∞

0

∫
C

|uAφ|dxdt =
∫ ∞

0

∫
C′
|a

1
puφ

1
p |

∣∣∣∣∣ Aφ
(aφ)

1
p

∣∣∣∣∣ dxdt
≤

(∫ ∞

0

∫
C′
|a

1
puφ

1
p |pdxdt

) 1
p
(∫ ∞

0

∫
C′

∣∣∣∣∣ Aφ
(aφ)

1
p

∣∣∣∣∣
q

dxdt

) 1
q

≤ 1

p

∫ ∞

0

∫
C′
aupφdxdt+

1

q

∫ ∞

0

∫
C′

|Aφ|q

(aφ)q−1
dxdt.
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Hence, (4.8) becomes∫ ∞

0

∫
C

φa(x)up dxdt ≤
∫ ∞

0

∫
C′
|uAφ| dxdt+

∫
C

u0(x)△φ(x, 0) dx

≤ 1

p

∫ ∞

0

∫
C

aupφdxdt+
1

q

∫ ∞

0

∫
C′

|Aφ|q

(aφ)q−1
dxdt

+

∫
C

u0(x)△φ(x, 0) dx.

Then,(
1− 1

p

)∫ ∞

0

∫
C

φa(x)up dxdt ≤ 1

q

∫ ∞

0

∫
C′

|Aφ|q

(aφ)q−1
dxdt+

∫
C

u0(x)△φ(x, 0) dx.

Thus, we have∫ ∞

0

∫
C

φa(x)up dxdt ≤
∫ ∞

0

∫
C

|Aφ|q

(aφ)q−1
dxdt+ q

∫
C

u0(x)△φ(x, 0) dx. (4.9)

Next, we estimate an upper bound for the first term on the right hand side of

(4.9). Since a(x) ≳ |x|σ(σ > −2) and supp Aφ, supp φ ⊂ {(x, t) : ρ ≤ |x| ≤

2R, 0 ≤ t ≤ 2T}, it follows that∫ ∞

0

∫
C′

|Aφ|q

(aφ)q−1
dxdt ≲

∫ ∞

0

∫
C′

1

|x|σ(q−1)

|Aφ|q

φq−1
dxdt

≲
∫ 2T

0

∫
ρ≤|x|≤2R

1

|x|σ(q−1)

|Aφ|q

φq−1
dxdt.

By (4.6), we obtain that∫ ∞

0

∫
C′

|Aφ|q

(aφ)q−1
dxdt

≲
∫ 2T

0

∫
ρ≤|x|≤2R

1

|x|σ(q−1)

[
Re∗T−qχK1 +R−2q+e∗χK2 + T−qR−2q+e∗χK3

]
dxdt

=

[∫ 2T

0

∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗T−qχK1dxdt+

∫ 2T

0

∫
ρ≤|x|≤2R

1

|x|σ(q−1)
R−2q+e∗χK2dxdt

]
+

∫ 2T

0

∫
ρ≤|x|≤2R

1

|x|σ(q−1)
T−qR−2q+e∗χK3dxdt

=: I + II + III.
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No, we choose T = R2. The integral I is estimated by

I =

∫ 2R2

0

∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗R−2qdxdt

≲
∫ 2R2

0

∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−2qdxdt

≲
∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−2q+2dx.

By integration using spherical coordinates, we get

I =

∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−2q+2dx

=

∫
Sn−1

∫ 2R

ρ

1

rσ(q−1)
Re∗−2q+2rn−1drdω.

If p = 1 + σ
n
, then n− 1− σ(q − 1) = −1 and hence, the last integral becomes

I =

∫
Sn−1

∫ 2R

ρ

1

r
Re∗−2q+2drdω

= ωn(lnr)
∣∣∣2R
ρ
Re∗−2q+2

≲ ln

(
2R

ρ

)
Re∗−2q+2

≲ ln

(
R

ρ

)
Re∗− 2

p−1 .

If p ̸= 1 + σ
n
, then n− σ(q − 1) ̸= 0 and hence, it becomes

I =

∫
Sn−1

∫ 2R

ρ

1

rσ(q−1)
Re∗−2q+2rn−1drdω

= ωn

(
rn−σq+σ

n− σq + σ

) ∣∣∣∣∣
2R

ρ

Re∗−2q+2

≲ 1

n− σq + σ

(
(2R)n−σq+σ − ρn−σq+σ

)
Re∗−2q+2

≲ 1

n− σq + σ

[
(R)n−σq+σ+e∗−2q+2 − ρn−σq+σRe∗−2q+2

]
.

If p > 1 + σ
n
, then n− σq + σ > 0 and we obtain that

I ≲ 1

n− σq + σ
Rn−σq+σ+e∗−2q+2

= R
n

p−1

(
p−1−σ+2

n

)
+e∗ .
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If p < 1 + σ
n
, then n− σq + σ < 0 and we obtain that

I ≲ 1

n− σq + σ
ρn−σq+σRe∗−2q+2

≲ Re∗− 2
p−1 .

The integral II is estimated by

II ≲
∫ 2R2

0

∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−2qdxdt

≲
∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−2q+2dx.

By integration using spherical coordinates, we get

II ≲
∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−2q+2dx

≲
∫ 2R

ρ

1

rσ(q−1)
Re∗−2q+2rn−1dr.

If p = 1 + σ
n
, then it becomes

II =

∫ 2R

ρ

1

rσ(q−1)
Re∗−2q+2rn−1dr

= (lnr)
∣∣∣2R
ρ
Re∗−2q+2

≲ ln

(
2R

ρ

)
Re∗−2q+2

≲ ln

(
R

ρ

)
Re∗− 2

p−1 .

If p ̸= 1 + σ
n
, then it becomes

II ≲
∫ 2R

ρ

1

rσ(q−1)
Re∗−2q+2rn−1dr

=

(
rn−σq+σ

n− σq + σ

) ∣∣∣∣∣
2R

ρ

Re∗−2q+2

≲ 1

n− σq + σ

(
(2R)n−σq+σ − ρn−σq+σ

)
Re∗−2q+2

≲ 1

n− σq + σ

[
(R)n−σq+σ+e∗−2q+2 − ρn−σq+σRe∗−2q+2

]
.
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If p > 1 + σ
n
, then n− σq + σ > 0 and we obtain that

II ≲ 1

n− σq + σ
Rn−σq+σ+e∗−2q+2

≲ R
n

p−1

(
p−1−σ+2

n

)
+e∗ .

If p < 1 + σ
n
, then n− σq + σ < 0 and we obtain that

II ≲ Re∗−2q+2

≲ Re∗− 2
p−1 .

The integral III is estimated by

III ≲
∫ 2R2

R2

∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−4qdxdt

≲
∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−4q+2dx.

Yet again, we get

III ≲
∫
ρ≤|x|≤2R

1

|x|σ(q−1)
Re∗−4q+2dx

=

∫
Sn−1

∫ 2R

ρ

1

rσ(q−1)
Re∗−4q+2rn−1drdω.

If p = 1 + σ
n
, then it becomes

III =

∫
Sn−1

∫ 2R

ρ

1

rσ(q−1)
Re∗−4q+2rn−1drdω

= ωn(lnr)
∣∣∣2R
ρ
Re∗−4q+2

≲ ln

(
2R

ρ

)
Re∗−4q+2

≲ ln

(
R

ρ

)
Re∗−2− 4

p−1 .
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If p ̸= 1 + σ
n
, then it becomes

III ≲
∫
Sn−1

∫ 2R

ρ

1

rσ(q−1)
Re∗−4q+2rn−1drdω

= ωn

(
rn−σq+σ

n− σq + σ

) ∣∣∣∣∣
2R

ρ

Re∗−4q+2

≲ 1

n− σq + σ

(
(2R)n−σq+σ − ρn−σq+σ

)
Re∗−4q+2

≲ 1

n− σq + σ

[
(2R)n−σq+σ+e∗−4q+2 − ρn−σq+σRe∗−4q+2

]
.

If p > 1 + σ
n
, then n− σq + σ > 0 and we obtain that

III ≲ 1

n− σq + σ
Rn−σq+σ+e∗−4q+2

≲ R
n

p−1

(
p−1−σ+2

n

)
+e∗−2q.

If p < 1 + σ
n
, then n− σq + σ < 0 and we obtain that

III ≲ Re∗−4q+2

≲ Re∗−2− 2
p−1 .

Combining these estimates with (4.6), we have

∫ ∞

0

∫
C

|Aφ|q

(aφ)q−1
dxdt ≲



R
n

p−1

(
p−1−σ+2

n

)
+e∗ if p > 1 + σ

n
,

Re∗− 2
p−1 if 1 < p < 1 + σ

n
,

(lnR)Re∗− 2
p−1 if p = 1 + σ

n
.

(4.10)

If 1 < p < pc1 := 1 + σ+2
n+e∗

, then n
p−1

(
p− 1− σ+2

n

)
+ e∗ < 0.

If 1 < p < pc2 := 1 + 2
e∗
, then e∗ − 2

p−1
< 0.

Now, we assume that 1 < p < min{pc1 , pc2} and R −→ ∞, we obtain

lim
R→∞

∫ ∞

0

∫
C′

|Aφ|q

(aφ)q−1
dxdt = 0.
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Observe that ∆φ(x, 0) ≲ R−2. Then, (4.9) becomes∫ ∞

0

∫
C

φa(x)up dxdt ≤
∫ ∞

0

∫
C

|Aφ|q

(aφ)q−1
dxdt+ q

∫
C

u0(x)△φ(x, 0) dx

≤
∫ ∞

0

∫
C

|Aφ|q

(aφ)q−1
dxdt+R−2∥u0∥L1 .

Hence, if 1 < p < min{pc1 , pc2}, then passing R → ∞ in the last estimate we get∫ ∞

0

∫
C

φa(x)up dxdt ≤ 0,

it follows that ∫ ∞

0

∫
C

a(x)up dxdt = 0.

This means u ≡ 0, we have the theorem.

4.4 Conclusions

Now, we have the relationship between classical and weak solutions of (1.4)

which was shown in Proposition 3.1. We have shown that (1.4) has no nontrivial

global weak solution which is defined for all t ∈ [0,∞). For future works, it is

interesting to investigate the local existence problems, that is to show that given

any initial condition on the cone domain, the pseudoparabolic equation admits

a solution defined on some time interval [0,T]. Another direction would be the

investigation of blowing-up phenomena when the exponent p lies outside (1, pc).

More importantly, we haven’t explored whether pc is a critical exponent of Fujita

type for the system or not, i.e. we didn’t study the case p > pc.
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