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CHAPTER I
INTRODUCTION

In this chapter, we will introduce functional equations and provide the overview

of literature reviews.

1.1 Functional Equations

‘What is a functional equation?’; this question may arise when one heard of the
word ‘functional equations’. Unfortunately, there is no formal definition of what
functional equation is, but it is widely accepted that functional equations concern
with equations whose unknown are functions. J. Aczél ([1]) describe functional
equations as follows.

functional equations are equations, both sides of which are terms constructed
from a finite number of unknown functions (of a finite number of variables) and
from a finite number of independent variables. This construction is effected by
a finite number of known functions of one or several variables (including the
four species) and by finitely many substitutions of terms which contain known
and unknown functions into other known and unknown functions. The functional
equations determine the unknown functions. We speak of functional equations
or systems of functional equations, depending on whether we have one or several
equations.

Functional equations grew rapidly in the last century. A number of books have
been written on this subject. For instance, [1], [2] and [5] are notable.

In this thesis, we investigate an interesting property of functional equations,
known as ‘stability’. In chapter II, the basic knowledge and necessary backgrounds
will be given. Afterward, in chapter III and IV, we will prove the stability of

certain functional equations, which is the main result of our work.



1.2 Literature Review

In 1940, S. M. Ulam [9] proposed the following problem.

Let Gy be a group and let Gy be a metric group with a metric d(-,-). Given
any € > 0, does there exist a & > 0 such that for a function h : G; — Gy
satisfying the inequality d(h(xy), h(x)h(y)) < 9, for all x,y € Gy, there ezists a
group homomorphism H : G1 — Go with d(h(x), H(z)) <€, for allx € G1?

If the answer to this question is affirmative, we say that the functional equation
f(zy) = f(z)f(y) is stable. The first answer to this question was given by D. H.
Hyers [6] in 1941 as follows.

Theorem 1.1. (Hyers) Let f : Fy — Es be a mapping between Banach spaces
FEy, Ey such that

[f(z+y)— flz) = fWl <e forallzy, 2y € By,

for some € > 0. Then there exists exactly one additive mapping A : Fy — Es:
Alx +y) = A(z) + A(y)  for allx,y € E4

such that
|A(x) — f(z)|| <e forallx € Fy,

given by the formula

A(x) = lim 27" f(2"x),x € E).

n—o0

Moreover, if f(tx) is continuous in t for each fized x € Ey, then A is linear.

This result marks the starting point of the theory of Hyers-Ulam stability of
functional equations.

Later, T. Aoki [3] and Th. M. Rassias [8] generalized the concept of the
Hyers-Ulam stability which propeled many mathematicians to study this kind of
stability for a number of important functional equations. Rassias’ result is given

in the following theorem.



Theorem 1.2. (Rassias) Let f : By — FEy be a mapping between Banach spaces

E., Ey such that

f (@ +y) = flz) = fWI < QU +[lyll")  for all xy, 25 € En,

for some constants ) > 0 and 0 < p < 1. Then there exists a unique additive
mapping A : E1 — E5: such that

2Q

IA@) - F@)ll < 5=

l|z|[P for all x € Ey,

Moreover, if f(tx) is continuous in t for each fixred x € Ey, then A is linear.

In 2009, S. M. Jung [7] applied this idea of stability to the other functional
equation as follows.

For n € N, let F,, be the n'® Fibonacci number. It is well known that
Fn: n—l"‘Fn—Z)
for all n > 2. Consequently, the functional equation

fl@)=fle=1)+f(z =2)

is called the Fibonacci functional equation. Furthermore, a function f: R — X
will be called a Fibonacci function if it satisfies the Fibonacci functional equation,
for all x € R |, where X is a real vector space. Jung found the general solutions
of the Fibonacci functional equation and proved its Hyer-Ulam stability for the

certain class of functions f: R — X.

Theorem 1.3. (Jung) Let (X, || -||) be a real Banach space. If a function f :
R — X satisfies the inequality,

1f(z) = fle=1) = flz =2)| <

for all x € R and for some € > 0, then there exists a Fibonaaci function G : R — X

such that

1f(x) — G| < (1 + ),

S

for all x € R.



We extend the definition of the Fibonacci functional equation in the following

manner. For aq,as,...,a, € C with a; # 0, we call a functional equation
fle)=aflx—1)+af(z —2)+ - +apf(x — k)

the linear recurrence functional equation of order k. A function f : R — X
is called a recurrence function of order k if it satisfies the recurrence functional

equation of order k, for all x € R, where X is a complex vector space.

1.3 Proposed Work

We first give Jung’s result of a stability of the Fibonacci functional equation in the
sense of Hyers-Ulam-Aoki-Rassias. Then, we will prove the Hyers-Ulam stability

of second order linear recurrence functional equations.



CHAPTER I1
PRELIMINARIES

In combinatorics, recurrence relation is one of the most important topics. Our
thesis concerns much about recurrence relations, especially linear homogeneous
recurrence relations. In this chapter, we will review some basic knowledge of
linear homogeneous recurrence relations.

One of the well-known sequences, the Fibonacci sequence {F),}, can be con-
structed by the recurrence relation that every term is a sum of two predecessive
terms, i.e.,

Fn:Fn71+an27

for all n > 2, with Fy =0 and F; = 1.

An important concept for solving linear homogeneous recurrence relations in-
volves the characteristic equation. Loosely speaking, the characteristic equation is
a polynomial equation which is used to find a general solution of the given linear
homogeneous recurrence relation. To see this, we first give the following theorem

([4]) without proof:

Theorem 2.1. Let g be a nonzero number. Then the sequence {h, = q"}32, is a

solution of the linear homogeneous recurrence relation

h, = aih,_1 + ash,_o+ -+ arphy,_g, (ak #0,n> k) (2.1)
with constant coefficients ay, as, . .., ax if and only if q is a root of the polynomial
equation

¥ —a" —ap? -~ = 0. (2.2)

If the polynomial equation has k distinct roots q1, qo, . . ., q, then

ho = c1q} + c2q5 + -+ + crqy, (2.3)



is the general solution of (2.1) in the following sense: No matter what initial values
for ho,hy, ..., hi_1 are given, there are constants cy,ca, ..., cx so that (2.3) is the
unique sequence which satisfies both the recurrence relation (2.1) and the initial

values.

The polynomial equation (2.2) is called the characteristic equation of the re-
currence relation (2.1) and its k roots (possibly complex) are the charateristic
roots. If those k roots are pairwise distinct, then (2.3) is the general solution of
(2.1).

In the case where the characteristic roots are repeated, we can handle it with

the more general result as follows.

Theorem 2.2. Let q1,qs, ..., q be the distinct roots of the characteristic equation

of the linear homogeneous recurrence relation with constant coefficients:
hy = arhy—1 + ashy o+ - - + aghy g, (ap # 0,n > k) (2.4)

If q; is a root of (2.4) with multiplicity s;, the part of the general solution of this

recurrence relation corresponding to q; is
HO = (er4can 4+ + ean™ Vgl
The general solution of the recurrence relation (2.4) is

By = HO 4 H? 4 ... 4 HO.



CHAPTER III
HYERS-ULAM-AOKI-RASSIAS STABILITY OF
FIBONACCI FUNCTIONAL EQUATION

In this chapter, we will give a proof of a stability of the Fibonacci functional
equation in the sense of Hyers-Ulam-Aoki-Rassias. Throughout this chapter, we
denote the positive root and the negative root of the characteristic equation x? —

x —1=0 by «a and f, respectively. To be precise, let

1 1-—
+2\/5 and = 2\/5.

Since we consider a function with the domain R, we will use the absolute value as
the norm to investigate the stability. We now prove the stability of the Fibonacci

functional equation.

Theorem 3.1. Let (X, ||-||) be a real Banach space and 0 < p < 1. If a function
f R — X satisfies the inequality,

1f(2) = flz=1) = flz = 2)[| < €],

forallz € R and for some € > 0, then there exists a Fibonaaci function G : R — X

such that

1) = GGl < e 27 (<5+52“3>|x|p+w€—2>> ,
for all z € R.

Proof. Observe that

fl@) = (a+B)fx 1) +abflz-2) = flz) - fla —1) = flz-2). (31

Hence

1f@) = af(e=1) = B(fz = 1) = af(@ = 2)) | < o,



Fix a non-negative integer k. Replacing x by x — k in the above inequality, we get

1=k =aftz—k=1)=B(f@—k=1) = af(e—k=2)) < ez~ kP,

So,

18°(fla—R)—af(e—k=1)) =8 (flz—k=1) af(z—k=2) )| < |8*|(clo—kP).
(3.2)
Note that | — k| < |z| + k < 2max{|z|, k}. Hence |z — k|P < 2P max{|z|’, k?} <

2P(|z|P 4 kP). Then, (3.2) becomes

18+ (f e=k)—af (a—k=1)) =B (fo—k=D)=af (e=k=2) ) | < |8*] (e2"(2"+k"))
(3.3)

By a telescoping sum,

f@)—af@@—1) =" (fe = n) ~afle—n-1)

(ﬁk(f(w— k) —af(e~k—1)) = 8 (fz =k —1) —af(z — k- 2)).

k=0

Using the triangle inequality and (3.3), we have
/(@) = af(e=1) = " (fe =n) = af@=n=1))]|
< ZW( flo—k) —af(e—k=1)) = (fz -k =1) - af(z — k- 2))|

<Z|ﬁ’“( 2 (|aff 4 k7)) =€ 27 <Ix|pZ|B’“!+kalﬁ’“> (3.4)

k=0

for all 2 € R and for all n € N. Since p < 1 and recall that |3| < 1, .7} k?|5¥| <
Sro k|BR] < 3252 k|BF|. Tt can be verified that S0 ka* =

provided

(1 —x)?

that|x| < 1. Hence Y o=, (k|8|*) = % = /5 — 2. By (3.4) and the above

remarks, we get

1f(@)=af (e=1)=p"(f(z=n)—af (z-n-1))|| < e2? (W S 184 + (V5 - 2))
k=0
(3.5)



Furthermore, for any = € R and for any n,m € N with n < m, (3.3) implies that

18" (f(x—m) = af(w—n—1)) = 5" (f(z = m) = af (& —m—1))|

< 30 18 (e 2l + (b)),

Since |f| < 1, the right hand side tends to zero as m,n — oo. We conclude that
{ﬂ” <f(x —n)—af(r—n— 1))} is a Cauchy sequence. Since X is complete, a
function Gy : R — X given by

G1(z) = lim ﬁ"(f(:z:—n) —af(x—n— 1)),

is well-defined. Moreover, we obtain that
Gi(z — 1)+ Gy(z —2)
=67 lim 8" (fle = (n+ 1)) —af(e - (n+1) — 1))
+ 872 lim B72(f(z = (n+2)) - af( = (n+2) — 1))

= (87" + B7%)G1(2).

Since B is atoot of z>—x—1 = 0, we have B '+572 = 1. So G1(z—1)+G(z—2) =
G1(z) for all x € R. Hence Gy is a Fibonacci function. If we let n — oo, then

(3.5) yields
IGala) — (f(a) (e~ D) < -2 ((@W (V- 2)) 69

for every x € R.

On the other hand, (3.1) can be rearranged to
1f@) = Bf@—=1) = a(fle—1) = Bf(x = 2))| < ela,
By replacing x by x + k in the above inequality, we get
If(@+k)=Bf @+ k=1 —a(fletk—1)=Bf+k—2))| Se- o+l

Note that |z + k| < |z| + k < 2max{|z|, k}. Hence |x + k[P < 2P max{|z|P, kP} <
2°(|z|P + KP).

™" ( fla+k)—a f(:c+k—1))—a—’““ (f (z+k-1)-Bf (w+/~c—2)) | <a™* (e-2p(\:v!”+kp)>-
(3.7)
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By a telescoping sum,

f@)=Bf@=1) =" (f(z+n) = Bf(@+n 1)

= (a‘k(f(a:+k)—,6f(x+k—1)) —ofk“(f(x—irk:—l)—ﬁf(a:+k—2))>.

k=1

Using the triangle inequality and (3.7), we have that
Hﬂ@—ﬁﬂx—w—a”(ﬂx+m—ﬁﬂx+n—DN
< ZH& S(Fat k) =Bfa+k=1)) =™ (flo+k=1)=Bf(z+k-2))|

< Za C2P(JxP + KP)) =€ 2P <|a:[pZOz + ka|a_k|> (3.8)

k=0 k=0

for x € R and n € N. Since p < 1 and recall that o=t < 1, ZZ;; kPa=F <

Z;é ka™F < >0 Jka™F = \/52_ 2. By (3.8) and the above facts, we get
— 5—2
1#@)=BFe-1)—a(fa4m) ~Bfatn—D)I| < 2 (el 3 a™r+ Y222
k=0
(3.9)

Furthermore, for any = € R and for any n,m € N with n < m, (3.7) implies that

lo~(f(@+n) = af@+n—1)) —a " (fo+m) = Bfa+m—1))|

mzn 1 o~ (k) (e S2P(|zfP + (n + k)p)>.
k=0

Since a~! < 1, the right hand side tends to zero as m,n — co. We conclude that

{of” (f(x +n)—pf(x+n— 1))} is a Cauchy sequence. Since X is complete, a

function Gy : R — X given by

Go(z) = lim of”(f(x—l—n) —Bflx+n— 1)),

n—o0

is also well-defined. Moreover, we obtain that
GQ(JI — 1) + GQ(Z‘ — 2)
= o lim a0l + (0= 1) = Bf(a+ (0 1)~ 1)

+a? lim o™ (f(m +(n—2) = Bf(z+(n—2)— 1))

n—oo

= (™' +a?)Gy(x).
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Since a is aroot of z2—z—1 = 0, we have a ' +a ™2 = 1. So Ga(z—1)+Ga(z—2) =
Go(z) for all x € R. Hence Gy is a Fibonacci function. If we let n — oo, then

(3.9) becomes

VE+1, o VE=2
S lal + ).

Galw) = (F(@) = Bf(x = )]l < e 2°(( (3.10)

for every x € R.

We now set

Gla) = 57— Grla) -

Since both GG; and G5 are Fibonacci functions, it is straight forward to show that

aGQ(l‘)

G is also a Fibonacci function. Furthermore,

@)~ Gl
~ @) - (52561(2) - 7= Gal@))]
= 58 - () ~ (8Gu(o) = aGaf)) |
< 5 (I8f(a) ~ aBf (e = 1) = HG: (@) + |aGala) ~ af(e) + s (e~ 1))
= 2231 IG: ) = () =afl@ =) + & - |Gafo) = (&) = B e = 1)),

Applying the inequalities (3.6) and (3.10), we have

1f(2) = Go)ll < e-22 (<5+5M>\x|p+ (V5 - 2>> ,

for all z € R. This completes the proof. O



CHAPTER IV
SECOND ORDER LINEAR RECURRENCE
FUNCTIONAL EQUATIONS

4.1 General Solution

After we have already presented a linear recurence functional equation, it is natu-
ral to ask for an existence of linear recurrence function (or a solution of the linear
recurrence functional equation).

Assume that « is a root of the characteristic equation 22 — ax — b = 0. We
easily see that a function f, which is defined by

o, if x e
fz) =
0, ifzé¢Z,
satisfies the linear recurrence functional equation f(z) = af(x — 1) + bf(x — 2).
(Note that it is clear that o # 0 since b # 0.) This example gives us a hint how
to find a general solution of the linear recurrence functional equation.

Assume that f is a solution of the linear recurrence functional equation. Note
that for every point =,y € R with |z —y| < 1, there is no correlation between f(x)
and f(y) . We may say informally that the value of f at x and y are independent.

As we can see in the above example, once we carefully assign the value of points
having integral-valued distance, we can leave the other points vanished without
breaking the recurrence condition.

Moreover, note that if we assign the value to only two points having distance
1, e.g. f(—0.5) and f(0.5), then the other values, says f(0.5 + k) for all k € Z,
can be obtained immediately by the condition f(z) =af(z — 1) +bf(z — 2).

From this observation, we can think of the interval [—1,1) as the ‘basis’ for

extending other values outside the interval [—1,1) recursively. By using the no-
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tation [z] for the greatest integer which is not greater than x for any = € R, we

have the following theorem.

Theorem 4.1. Let (X, ||-||) be a complex Banach space, a,b € C and b # 0. Let

a and B be roots of the characteristic equation x> — ax — b = 0.

(i) For o # B: A function f : R — X is a second order linear recurrence
function of the form f(x) = af(x — 1)+ bf(x —2) if and only if there exists
a function g : [—1,1) — X such that

Oé[z}-i-l . 6[$]+1

a—pf

olel _ glal
o= ) = " e~ ] - 1), (41)

fla) = o

for all x € R.

(i) For o = [: A function f : R — X is a second order linear recurrence
function of the form f(x) = af(x—1)+bf(x —2) if and only if there exists
a function g : [—1,1) — X such that

f(z) = ([2] + Dallg(z = [a]) — [z]a T g(x — [2] - 1), (4.2)
for all z € R.
Proof.
(i) For a # 3, observe that
fl@)=(a+B)f(x=1)+abf(z—2) = flz) —af(x—1) = bf(z = 2) = 0.
Thus,
fl@) —af(z—1)=p(f(x —1) +af(z - 2)
By mathematical induction, we get

fl@) —af(z—1)=p"(flz —n) +af(z —n—1)), (4.3)

for all x € R and arbitrary non-negative integer n. Substitue x by = + n in (4.3)

and divide both sides by ", we have that

f(z)—af(z—1) :ﬁ’"(f(x—irn) +af(r+n— 1))
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This implies that (4.3) is true for all x € R and for all n € Z. Similarly,

fl@) = Bf(z—1) = a"(f(z —n) + Bf(x —n—1)), (4.4)

for all x € R and for all n € Z.
We multiply (4.3) by 8 and (4.4) by «, respectively. After that, we subtract

the first resulting equation from the second equation, we obtain

Fo) = 0 e - - 0 e ),
for all x € R and for all n € Z. Taking n = [x] in the above equation, we have
[z]+1 _ Az alrl — gle]
fla) = SO g el et - ) - )

Since 0 <z —[z] <land —1 <z —[z] =1 <0, we define g = f|[_1,1) and the
necessary condition is done.

Conversely, to prove the sufficient condition, assume that f is a function of
the form (4.1), where g : [-1,1) — X is an arbitrary function. We will show that
f satisfies f(x) =af(x — 1) 4+ bf(x — 2) by a direct computation. Recall that
alFl T gl aldl — glel
 a-f -

We substitute z by = — 1 and = — 2 in (4.5), respectively. Using the fact that

flz) = gz —[) - af——"—glz— 2] 1)  (45)

[+ k] = [z] + k for all x € R and for all k € Z, we have

ol _ gle) NG ]
flo=1)= == g~ ) - af =T e - 1), (9
and
A B el — g B
fla-2) = Sy ) - 0= g - ] - 1), (@)
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Recall that a = a + 8 and b = —af. So,

af(z—1) +bf(x —2)

ol _ gl Q-1 _ glel-1
— (a4 ) (=gt = fa) - B = gto — o] - 1)
Qlel-1 _ glal-1 Qlel-2 _ gll-2
~ (a8 (S gt~ al) - a8 =gl — el - 1)

[z] _ glaly _ [2]-1 _ glz]-1
[z]-1 _ glzl-1y _ [z]-2 _ glz]-2
—aﬂ((a+ﬁ)(a ’ a)_ﬂ(ozﬁ)(oz ) >)9(a:—[:c]—1)
[zl+1 _ glzl+1 [z] _ Bl
— (o lel) - B gle — e - 1)
= f().
This completes the sufficient condition of the first case.
(ii) For a = B, we claim that
fx)=m+Da"f(x —n)—na" fz —n—1), (4.8)

for all z € R and for all n € Z. We use mathematical induction as follows. Since

a = 3, by the relation between roots and coefficients, we have
f(z) =2af(x —1)—a’f(x —2). (4.9)
Assume f(z) =na"'f(x —n+1)— (n—1)a"f(z —n) for n > 0. Then

f(x)=na"'flx —n+1)— (n—1a"f(x —n)
=na" ' (2af(z —n)+ P f(x —n—1)) — (n—1)a" f(z —n)
=(n+1)a"flx —n) —na" " f(x —n—1).

On the other hand, substitute z =  + 2 in (4.9) and dividing both sides by a?,

we derive an equation

f(z)=2a" f(x+1) —a 2f(z +2). (4.10)
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Assume f(z) = (n—1)a "2 f(z+n—2)+ (n —2)a"" " f(x +n —1) for n > 0.
Then

F#) = (n— Da™f(z +n—2) + (n— 2o~ f(z +n 1)
=(n—Da "2 flr+n—1)—a 2f(x+n))+(n—2)a " flx+n—1)

=na " fxz+n—1)—(n—1Da "f(x+n).

That is,
f(x)=(—n+Da " f(x+n) +na " flz+n—1).

This implies that (4.8) is true for all 2 € R and for all n € Z as desired. Taking

n = [z] in the above equation, we have

f(2) = (la] + D) f(2 = [2]) = [2]al f(z — 2] - 1).

Since 0 <z —[z] <land —1 <z — [z] — 1 < 0, we define g = f|[_1,1) and the
necessary condition is done.

Conversely, to prove the sufficient condition, assume that f is a function of
the form (4.2), where g : [-1,1) — X is an arbitrary function. We again show

that f satisfies f(x) = af(x—1)+bf(x —2) by a direct computation. Recall that
f(z) = (2] + 1)alg(z ~ [a]) = 2]l g(z — [2] - 1). (4.11)
Substitute x by x — 1 and = — 2 in 4.11, respectively, we get
flz = 1) = [2]al " g(z — [a]) — (2] = Dalg(x —[a] — 1) (4.12)
and

fla=2) = ([2] = Dol gz — [2]) = ([2] = 2)a"g(w — [2] = 1).  (4.13)
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Therefore,

af(z—1) +bf(z —2)
= 2a([a)aYg(w ~ [a]) = (2] - Da¥lg(z — [2] - 1))
— a*(([e] = Dat"2g(z — [2]) - (o] - 2)a¥ g (z — [z] - 1))
= (2lala® — (] — 1)al)g(z — [2])
~ (2((a] = Dt = (] - 2T g — [a] - 1)
— (2] + Datlg(e — [a]) — [l g(a — [o] - 1)
= /().

This final assertion completes the entire proof. O

In short, we can assign a value to all point in the interval [—1, 1) independently.
After that, we extend the domain [—1,1) to the entire real line by the recurrence

condition relying on the roots of the characteristic equation.

4.2 Stability

In this section, we will prove the Hyers-Ulam stability of second order linear

recurrence functional equations. We give an overview of the entire section here.

(i) If the characteristic equation has no root which lies on the unit circle {z €
C | |z| = 1}, then the second order linear recurrence functional equation is

stable.

(ii) Otherwise, the second order linear recurrence functional equation has no

stability.
We begin with the following two lemmas.

Lemma 4.2. Let (X, ||-||) be a complex Banach space, a,b € C and b # 0. Let
a and B be roots of the characteristic equation x*> —ax — b = 0 and assume that

8] < 1. Given € >0, if a function f:R — X satisfies the inequality,

1f(x) —af(z—1) = bf(z = 2)[[ <
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for all x € R, then there exists a recurrence function of order two G; : R — X

such that
18]
1 -8

Proof. Let a, 8 be characteristic roots of 22 —ax —b = 0 and assume that || < 1.

Recall that

|G (2) = (f(z) —af (x = 1) < (

)e

f@)=(a+B)f(x 1)+ abf(z—2) = f(z) —af(z—1) = bf(z = 2). (4.14)
Hence
1£(@) = afe = 1) = B(flz = 1) - af(z - 2))] <e
Fix a non-negative integer k. Replacing z by z — k in the above inequality, we get
If@—k) —afle—k=1)=B(fe—k=1)—afz—k-2))| <e

So,

185 (fl@—k)—af(z—k=1)) =B (f(a—k—1)—af(@—k-2))|| < |8"]e (4.15)

By a telescoping sum,

f@)-af@@—1) =" (f@=n) - af @ —n-1))

=S (B (fla—k) —afle—k— 1)) = B (fla— k- 1) - af(z — k- 2))).

k=0

Using the triangle inequality and (4.15), we have

If() = af(e=1) = B"(f(z = n) - af(w—n—1))]

—_

(]

18°(f(z = k) = af(e = k= 1)) = B4 (fla—k— 1) —af(z —k—2))]|

T
= o

IA

|8%e, (4.16)
0

i

for € R and n € N. Furthermore, for any x € R and for any n,m € N with
n < m, (4.15) implies that

Hﬁ(ﬂx—m—aﬂx—n—w)—m{ﬂx—mwwﬁ@—wwﬂmus%fw%z
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Since || < 1, the right hand side tends to zero as m,n — oo. We conclude that
{5” (f(x —n)—af(xr—n— 1))} is a Cauchy sequence. Since X is complete, a
function G; : R — X given by

G1(z) = lim B”(f(:c—n) —af(x—n— 1)),

n—oo

is well-defined. Moreover, we obtain that

=aB ! lim " f(x — (n+1)) —af(z — (n+1) —1)]

n—o0

+ 5372 lim B"2[f(x — (n+2)) —af(zr — (n+2) —1)]

n—oo

= (e + b8 2)G1(x).

Since B is aroot of 2 —ar—b =0, af~'+b572 = 1. So aGi(z —1)+bGy(x—2) =
Gi(x) for all z € R. Hence G is a recurrence function of order two. If we let

n — 0o, then (4.16) yields

18]
15|

for every = € R. O

1G1(z) = (f(2) = ef(z = D) < ( )€,

Lemma 4.3. Let (X,||-||) be a complex Banach space, a,b € C and b # 0. Let

2

a and B be roots of the characteristic equation x* — ax — b = 0 and assume that

la] > 1. Given € > 0, if a function f: R — X satisfies the inequality,

1f(z) —af(z = 1) = bf(x = 2)[| <e,

for all x € R and for some € > 0, then there exists a recurrence function of order
two G : R — X such that

o~
1—laf~!

[Ga(z) = (f(z) = Bf(x = 1) < ( Je

Proof. Let a, 8 be characteristic roots of 2 —ax —b = 0 and assume that |a| > 1.

The equation (4.14) in the previous lemma can be rearranged to

1f(z) = Bf (e =1) —a(f(x = 1) = Bf(x = 2))[| < e



20

By replacing x by x + k in the above inequality, we get

||f(x+k:)—5f(a:+l<:—1)—a(f(:r+k—1)—6f(x+k—2)>||Se.

So,

lo™* (f(e+k) = af(erk=1) —a ™ (fe+k—1)=Bf(z+k=2))] <]a e
(4.17)

By a telescoping sum,

f@)=Bf@=1) =™ (f(z+n) = Bf@+n 1)

n

= (a""’(f(x+k)—,6’f(x~l—k:—1)) —a‘k+1(f(x+l{:—1)—5f(x+k—2))>.

k=1

Using the triangle inequality and (4.17), we have that
£ (@) =B = 1) —a™(flz4n) = Bf (@ +n—1))]
<Yl (fla k) = Bfe+ k= 1) —a ™ (flo+k—1) = Bf(e+k—2))|
k=1

<> la e, (4.18)
k=1

for z € R and n € N. Furthermore, for any x € R and for any n,m € N with
n < m, (4.17) implies that

lo™"(fla+m) —af@+n=1)) —a~"(f(e+m)=Bf(z+m=1))| < ot

Since |a~!| < 1, the right hand side tends to zero as m,n — oo. We conclude
that {a " (f(z+n)—Bf(z+n—1))} is a Cauchy sequence. Since X is complete,
a function G5 : R — X given by

Go(z) = lim of"(f(:c—i—n) —Bflx+n— 1)),

n—o0

is also well-defined. Moreover, we obtain that
aGo(z — 1) + bGa(z — 2)

= aa ' lim a’(”’l)[f(a: +(n—1)=pfle+(n—-1)-1)))

n—oo

+ ba~%(lim a_(”_Q)[f(x +(n—2))=pf(x+(n—-2)—1)))

n—0o0

= (aa™! 4+ ba"?)Gy(x).
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Since v is a root of 2> —ar—b =0, aa~'+ba"? = 1. So aGa(z—1)+bGa(x—2) =
Go(z) for all x € R. Hence Gy is a recurrence function of order two. If we let
n — 0o, then (4.18) becomes

o~
e

|G2(2) = (f(z) = Bf (= D) < ( )€,

for every x € R. m

For a convenient reason, we construct a real-valued function A\ : C\{z €

C |zl #1} - R by

(1'_7', Jer ithil<t
Ay, €) = )

™ ) .
—— e, if |y > 1
<1 RN

It is valuable to note that for any fixed v with |y| # 1, A(7, €) is arbitrarily small
depending on ¢, i.e., A(7y,€) — 0 as € — 0. Taking this function into account, we

merge Lemma 4.2 and Lemma 4.3 into a single lemma.

Lemma 4.4. Let (X,||-||) be a complex Banach space, a,b € C and b # 0. Let

2

a and 8 be roots of the characteristic equation x= — ax — b = 0 and assume that

1Bl # 1. Given € > 0, if a function [ :R — X satisfies the inequality,

1f(2) —af(z—1) = bf(x = 2)[[ <

for all x € R, then there exists a recurrence function of order two G' : R — X

such that
|G () — (f(x) — af(z— 1)) < A(B;e).

Next, we introduce the Kronecker delta symbol d,,, which is defined by

Ty

1, ifz=y;

0, ifz#uy.

Say =

For the rest of the thesis, we use the function A and the Kronecker delta symbol
to represent our theorems elegantly and generalizable. Now, Lemma 4.4 will be

applied to prove our main theorem as follows.
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Theorem 4.5. [Stability of the second order linear recurrence functional equa-
tions|

Let (X,]|| -||) be a complex Banach space, a,b € C and b # 0. Let o and (3 be
distinct roots of the characteristic equation x* — ax —b = 0. Assume that |a| # 1

and |B| # 1. Given € > 0, if a function f: R — X satisfies the inequality,

1f(x) —af(z—1) = bf(z = 2)[ <

for all x € R, then there exists a recurrence function of order two G : R — X

such that

BIACS, €) + IQIA(Oé,G))

@) - Gl < (==

for all x € R.

Proof. Let a, 8 be distinct characteristic roots of z2 —az —b = 0 such that |a| # 1
and |5] # 1. Since || # 1, by using Lemma 4.4, there exist a recurrence function

of order two G; : R — X such that

|G (2) — (F(z) — af(z = 1) < A(B€). (4.19)

Since |a| # 1, by a similar argument, there exist a recurrence function of order

two G5 : R — X and 2 > 0 such that

1Ga(z) = (f(x) = Bf(z = 1)]| < Mev, ). (4.20)
The assumption a # [ allows us to define

__F @
_ﬂ—aGl(x)_ﬁ—a

Since G1(z) = aGy(z — 1) + bG1(x — 2) and Go(z) = aGa(x — 1) + bGy(z — 2),

G(x)

Gg(l’)

it is straight forward to show that G is a recurrence function of order two, more

explicitly, G(z) = aG(z — 1) + bG(x — 2). By (4.19), (4.20) and the triangle
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inequality, we have

If(@) = G@)|
15} Q@
= 1) = (G5 Crle) = 55 G|
= 18 = @) (@) = [5G (2) = Gl
< T (187(@) = aBf e 1) = BGA(@)]| + l]aGale) — af (w) + = 1))
_ 18M8.9) + lalA(a, )
= Bal
This completes the proof. n

The stability the recurrence functional equation f(z) = af(x — 1) +bf(z —2)
fails in the case that (at least) one of its characteristic roots lies on the unit circle
{z € C | |z| = 1} as we will show later.

To show that the stability fails, we need a counter-example. Let € > 0, a,b € C
and b # 0. Let a and w be roots of the characteristic equation 22 — ax — b = 0
and assume that |w| = 1. We define a function f : R — C by

Yt if g € Z:

fla) = (421)
0, if x ¢ 7.

where v = min{55;, 55} = min{§, 55}. We call it a pseudo second order
linear recurrence function. We will use this notation for the rest of our work, and
we will show later that this function is a counter-example we desire. Moreover,

the following remark is very useful. For any z € 7Z,

[f(x) —af(z—1) = bf(z —2)]
_ ,)/‘wxw5aw+l o awxfl(a: . 1)5aw+1 . wafQ(x . 2)5aw+1’

1 z—2) Sawt1_

=|(W* —aw® " — bw" %)z

(awz_l((x — 1)0awtl _ glawtly 4 py=2((g — 2)ewtl _ xéawﬂ)) |.

1

Using the fact that w? —aw —b =0, i.e., w® — aw® ! — bw* 2 = 0, we get

@)= (2=1)=b (5=2)] = Alaw (= 1)t ph=2 (2o gt )|
(4.22)
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The last two results of our work can be described in this way. The pseudo
second order linear recurrence function f satisfies |f(x)—af(z—1)—bf(z—2)| < e
for all x € R. Suppose that there is a recurrence function G which approximates
f, i.e., the quantity |f(z) — G(x)| is bounded. Our technique is to show that
for sufficient large natural number k, | f(k) — G(k) | is always greater than the
absolute value of a non-constant polynomial p(k), i.e., it is unbounded. Hence, a

contradiction.

Lemma 4.6. Let a,b € C and b # 0. Let o and w be roots of the characteristic
equation > —ax —b = 0 and assume that |w| = 1. The pseudo second order linear

recurrence function defined by (4.21) salisfies the inequality

[f(z) —af(z =1) = bf(x = 2)| <¢ (4.23)
for all z € R.

Proof. Note that the pseudo recurrence function is not vanished only at integers.
Thus, (4.23) is true for all real number = ¢ Z. In this proof, the variable z will
be taken as an integer.

We consider two cases as follows.
Case 1: a = w.
In this case, it is straightforward that (4.22) becomes |f(z)—af(x—1)—bf(xz—2)| =
ylaw™ + 2bw™2|. Since |w| = 1, ylaw™ ! + 20w | = Ylaw + 2b| - |w"?| =
v|aw + 2b|. The relation between the roots and coefficients, says ¢ = a + w
and b = —aw, implies that |f(x) — af(z — 1) — bf(x — 2)] = 7]aw + 2b] =
(e + ww — 2aw| = v|w? — aw| = Y|w — a|. Since v = min{%,ﬁ}, by the
triangle inequality, y|w — af < y|w| +7|a| < § 4 § = €. This asserts (4.23).
Case 2: a = w.
Since w is a root of the characteristic polynomial, w? = aw + b. Thus, aw + 2b =

w? + b. Replacing n = 2 into (4.22) yields
[f(x) —af(x = 1) = bf(x = 2)| = ylaw(—2x + 1) + b(—da + 4)| - |w"|
= 7| — 2(aw + 2b)z + ((aw + 2b) + 2b)|

<y(2(w® + b)x| + [(w* +b) +20]).  (4.24)
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Since w has a multiplicity 2 , 2w = a and w? = —b. So, aw + 2b = (aw + b) + b =
w? + b = 0. Taking this fact into (4.24). We have

|f(z) —af(x —1) = bf(x — 2)| < 7|20] = 2y|w?| = 2y <,
as desired. O

Theorem 4.7. Let a,b € C and b # 0. Let a and w be roots of the characteristic
equation x? —ax —b = 0 and assume that |w| = 1. Then, the pseudo second order

linear recurrence function f defined by (4.21) satisfies the inequality

|f(z) —af(x—1) =bf(z —2)| < (4.25)

for all x € R. But for any real number n, there is no recurrence function G : R —

C such that G(z) = aG(z — 1) + bG(x — 2) with

|f(z) = G(z)| <, (4.26)
for all z € R.

Proof. Lemma 4.6 confirms that (4.25) holds for every = € R, i.e.,

[f(z) —af(z —1) =bf(x —2)| <

for all x € R. Suppose on the contrary that such G exists. Let £ € N be

2

arbitrary. Since o and w are roots of the characteristic equation 2 — ax — b = 0,

by solving the linear homogeneous recurrence relation, there exist ¢q,co € C such

that G(k) = c1k%=a® + cow”. So,
| £) = G(R) |=| bk — (cyhmeak + cput) | (4.27)
If @ # w, then (4.27) gives

| f(k) — G(k) | =] 7"k — (c10” + cow®) |
=| WF(vk — c3) — c1a” |
>| [w*(vk — c2)| — |10 |

=| vk — ca| — |era®| | .
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Whether |a] = 1 or |a] # 1, the last term tends to infinity as & — oo. This
contradicts (4.26).
If o = w, then (4.27) gives

| f(k) = G(k) | =] 1"k* = (crho + cw®) |

=] vk? — (c1k+co) | .

The last term tends to infinity as k& — oo. This contradicts (4.26). O
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