
Chapter 2 
Theory of Demand for Labour Hours

Throughout this chapter, labour is considered as a factor of production and, therefore, the 
“theory of labour demand” is treated identically with the demand of factor inputs in 
general.

Section 2.1 considers the basic theory of factor input demand, where labour is considered 
as a variable factor o f production. However, section 2.2 will relax this assumption and 
take the presence of fixed labour costs into account.

Section 2.3, will look more specifically into the estimation of the firm’s demand for factor 
inputs as well as the firm’s responsiveness to changes in prices of factor inputs. The 
procedure is the same as in section 2.1. -Deriving the expressions for the general factor 
input without considering any specific type o f inputs does that.

Section 2.4 will concentrate on properties o f the Cobb-Douglas production function, that 
is adopted to determine the constant output effect of changes in factor input prices.

2 .1  T h e o r y  o f  D e m a n d :  T h e  B a s i c  M o d e l
Isoquants

How an individual ranks consumption (X) and non-labour hour (N ) by expressing the 
individual’ร preferences in a utility function was done in section 1.1. In the production 
theory, a firm’s production possibilities can also be expressed in a mathematical form as 
the firm’s production function. This function, as for the case of the individual’s utility 
function, represent the firm’s preferences and therefore, the shape is determined by the 
firm’s willingness to substitute between the inputs in question.

In theory, the production function is a mapping of the ‘exact’ technical relationship 
between a firm’s factor inputs and its output, called the isoquant map.
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There are two classes of production functions, which are interesting for the firm level, 
that is the fix ed -  and the variable-proportions production  function.

However, the fixed-proportion production function is not treated here in depth but rather 
as a short passing. Meanwhile, the variable-proportion production function is treated 
thoroughly.

The fixed-proportion production function assumes that the production process is 
characterised by fixed factor-input-proportions. That is, the input-output ratio is 
independent of the scale of production. Therefore, ‘output’ requires a unique combination 
of inputs.

In mathematical terms:

q = m m ( x j , X j , - - - , x k ) น./)

q  is output, and Xj........ X/c are factor inputs.

Keeping all other inputs constant except Xj  and Xj  yields:

%  = xk > — , x  ท- min(xy, X j )  = B  min(x,., X j ) (2.2)

The isoquant map (isoquants at different output levels) for the fixed-proportion 
production function is depicted in fig u re  2.1.



17

Figure 2 .1 F ixed proportion  produ ction  function  isoquant m ap

The variable-proportions produ ction  function  is one in which the same level o f output 
may be produced by two or more combinations o f inputs. For ‘convenience’ the function 
is assumed smoothly continuous and at least twice differentiable.

In mathematical terms:

q  = / ■ ( * / , * / , • “ , ** )  (2.3)

Again q  is output, and X j , x k are factor inputs.

As above, taking any variable-proportion production function and keeping all other inputs 
constant except Xj  and Xj  yields:

ชo = xk> — ,x„ ■ f ( x i , X j )  =  B f ( x i , X j )  (2 .4)

The isoquant map for the variable-proportion production function is depicted \n fig u re  2 .2  
(in this case a homothetic function)
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Figure 2.2 Variable proportion  production  function isoquant map
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N ote: It is obvious that illustrating more than two factors of production will need a multi­
dimensional isoquant graphs.

Taking the total derivatives of equation 2.3, where only two inputs change and q  is 
constant, the slope of the isoquant is found:

Moreover: dq /dX i =M P„  where M P, is marginal product of the factor input in question 
The slope of the isoquant shows how one factor input of production can be substituted for 
another input while holding output constant. Examining the slope provides information 
about the technical possibility of substitution. That is the m arginal rate o f  technical 
substitution o f  X , f o r  X j (MRTS).

, dq  dqd q  = dx. + ~ p ~  d x  1. = 0dx ■ dx ; ’ (2 .4)

(2.5)

N ote: The fixed-proportion production function is not differentiable. Since they are 
corners, it makes no sense to work with “the slope” because there is no substitution 
possibilities between the factor inputs.
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For the variable-proportion production function, we can safely assert that the curve must 
be negatively sloped since the opposite will not make any economic sense No firm or 
industry will hire factor inputs with a negative marginal product.

In addition, quasi-concave (convex to origin) is required by both cost-minimisation and 
profit maximisation behaviour. This is because, as will be proved later, the assumed strict 
concave production function implies quasi-concavity.

Moreover, this quasi concavity implies diminishing MRTS. This makes economic sense: 
since, when using a high jr/Xj-ratio, only a small proportion ofXj is required to substitute a 
greater number of Xj  to keep output at a constant level.

N ote: We will never be able to observe an isoquant in the real world. However, there is a 
strong empirical case for the belief that production isoquants are not concave to the 
origin. The reason is that, if they are concave to the origin; we would observe firms 
employing only one factor of production (comer solutions), which is inconsistent and 
discontinuous response to factor price change.

Concavity of the Production Function

For pedagogical reasons, we now consider the two factor-input function and the short run, 
where X,  and x; as the factors of production. With fixed Xj,  if we wish to increase output 
we have to increase the use of Xj. This is illustrated in fig u re  2.3, in which Xj  is the fixed 
factor of production.
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Figure 2.3 Increasing output in the short run
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As the firm moves along the Xj  -line to expand its output each isoquant the firm “passes” 
has a shallower slope. That the slope gets more shallow as the firm passes the isoquants 
means, ceteris paribus, the distance between any two isoquants must be increasing, and 
hence, marginal products (M P,) is positive and decreasing and the production function is 
concave. In mathematical terms: dq /d X j >  0 ,  and บ q /d x f  <  0 .

The picture can be vanished if the production does not show constant returns to scale or if 
the returns to scale is varying with factor proportions or output. Then the distance 
between any two successive isoquants is differing not only due to diminishing MPj.

Hence, the MPj depends on; first the nature of production function; second the size o f the 
other factor input(s), and third the number of previous factor inputs employed.

The Marginal Revenue Product of Factor Inputs

The firm is concerned not only with the output level each factor-input produces but also 
with the price obtained for this output when it is sold in the output market. We define the 
marginal revenue product of Xj  as MRP j—MPj 'MR.

If the firm is a price taker, it will face a perfectly elastic demand curve and the marginal
revenue is equal to the price (M R = P ), hence M P , ■ p  =  M R P  1. For a whole industry of
price taker-firms, the price o f output will change as output changes.
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Pricing in the Factor Input Market

As discussed in section 1.3, if the firm is not a price taker in the factor input market in 
question, the firm will face an upward sloping supply curve (Sx;), as illustrated in fig u re
2.4.

Figure 2 .4  Equilibrium  wage an d  Lh employm ent

Given the price function of a factor input, as derived in section 1.2 (equation 1.10. by.

Vi= Vi+ flxï) (2.6)

Under the assumption that the firm cannot carry out first-degree price discrimination1 or 
any of higher degrees, the marginal cost of employing an additional factor inputs is above 
the price V/, that isy(x,)>0. The total cost of employing the factor input in question (TE) 
is:

TEx, = x y  1 = Xj (Vi + f ( x  1)) = XjVj + x j ( x , ) (2.7)
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The marginal expense of employing an additional worker is:

MEx, =dTExJdxj = V, + dfiXj)/dXj ( 2. 8)

The marginal expense function is depicted m fig u re  2.4.

df(Xj)/dXj-^0,  in equation 2.8, as the factor input market moves toward perfect 
competition. Therefore, df(Xj)/dXi=0 under perfect competition, hence:

MEx, = V/ (2.9)

Hiring in the Factor Input Market

In the long run the firm by definition no longer has to work with a particular level o f Xj, 

thus increasing output only by adding other inputs than Xj.

We will in the following examine the hiring o f factor inputs as if all inputs were variable 
(long run). Then we proceed to the special case of one or more fixed factor inputs (short
run).

The firm’s constrains on activities in the long run are two. First, the technical possibilities 
open to the firm, represented by the production function:

Second, the financial resources of the firm summarised in the budget constraint given the 
output (q 0).

1 F i r s t  d e g re e  p r ic e  d is c r im in a t io n  in v o lv e s  s e l l in g  e a c h  u n i t  o f  th e  p r o d u c t  s e p a r a te ly  a n d  c h a r g in g  
th e  h ig h e s t  p r ic e  p o s s ib le  f o r  e a c h  u n i t  so ld . - O r  th e  f i rm  c a n  b y  i ts  f a c to r  in p u ts  s e p a ra te ly  a n d  p a y  
d if f e r e n t  p r ic e  fo r  e a c h  u n it. - I t  w ill  d e c re a s e  th e  to ta l  c o s ts  o f  e m p lo y in g  th e  in p u t  s h a rp ly .

q = f  ( * 1- , * / ’ • • • > * * ) (2 .3)

B  =  VX' +  v X j  H------ F vxk (2. 10)
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Where X  is the factor input proportion and V is the price of the factor input.

N ote: equation 2.10  is not to be mistaken with the fact that “firms are not considered to 
have a budget constraints as in the case of consumers. Firms produce as much as the 
demand allows”2. However, for a chosen output-level (qo) the firm has a budget 
constraint.

Mathematically, the firm tries to minimise total cost, given the production possibilities 
q =  f { x j , X j , - - - , x k )  = q 0 . Setting up the Lagrangian expression for the ^-factor input
case: I

L* =  V'Xj +  Vj Xj  + • • • + v k x k +  À [q 0 -  f  (*7. X j - - - X k ] (2 .11)

As we saw above in (equation 2.6) the price of a factor-input is given by:

V; =  V,- + f(X j)  {2.6)

The first order conditions, for a minimum:

d^_ = v  1 #(*.■ ) 1 •*k ) = 0
dXj ' dX' ô x i

, for all /, ...,k {2. 12)

=  %  - f ( X i , X j ,  —  , x k )  =  0 {2 .13)

We saw from equation 2 .8  that:

MEjd= V j+ d f(X j) /  dxj { 2. 8)

2 พ ฟ te r  N ic h o ls o n ,  M ic r o e c o n o m ic  T h e o ry , (T h e  D ry d e n  P re s s ,  H a rc o u r t  B ra c e  C o l le g e  
P u b l is h e rs .  1 9 9 8 )  p . 6 4 1 .
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H e n c e ,  e q u a tio n  2 .1 2  c a n  b e  r e w r it t e n  as:

- a | U o =>ÔX1

A ^ L  =  A M P , -  M E  x ( 2 .1 4 )

T h e  L a g r a n g ia n  m u lt ip l ie r  (X )  c a n  b e  in te r p r e t e d  a s  m a r g in a l  c o s t  (M C ),  b e c a u s e  it 

r e f l e c t s  t h e  c h a n g e  in  t h e  o b j e c t iv e  ( TC)  f o r  o n e  u n it  c h a n g e  in  th e  c o n s tr a in t  (q-qà). W e  5 

a ls o  k n o w  fo r  a  p r o f it  m a x im is in g  f ir m  th a t  M R = M C  h e n c e :

T h e  o b ta in e d  r e s u lt  m a k e s  it c le a r  th a t  t h e  f ir m  h ir e s  f a c t o r  in p u ts  t o  m in im is e  c o s t  a n d  to  

m a x im is e  p r o f it s .  E x a m in in g  h o w  f ir m s  r e a c t  t o  in p u t  p r ic e  c h a n g e s  r e q u ir e  th a t  w e  ta k e  

a c c o u n t  o f  b o th  o f  t h e s e  m o t iv a t io n s .

N o te :  S in c e ,  in  t h e  s h o r t  ru n , t h e  o n ly  c o n s t r a in t  i s  a t le a s t  o n e  f ix e d  f a c t o r  in p u t ,  t h e  sh o r t  

ru n  c o n d i t io n s  fo r  h ir in g  o f  f a c t o r  in p u ts  a r e  t h e  s a m e  a s  in  t h e  lo n g  run.

Cost Minimisation
H a v in g  d e v e lo p e d  t h e  c o n c e p t  o f  t h e  p r o d u c t io n  p o s s i b i l i t i e s  a n d  t h e  b u d g e t  c o n s tr a in t ,  
w e  n o w  p r o c e e d  t o  l o o k  a t h o w  t h e  f ir m  m i n i m is e s  i t s  c o s t s .  F o r  p e d a g o g ic a l  r e a s o n s  w e  

s t ic k  t o  th e  t w o  f a c t o r  in p u t  c a s e  q = /  (Xj , X j ).

M E Xi =  M R P , (.2 .1 5 .๖ )

F o r  p e r fe c t  c o m p e t it io n :

Vf =  M R P , (2 .1 6 .๖ )

T h e  f ir m ’ ร b u d g e t  c o n s tr a in t  (e q u a t io n  2 .1 0 )  c a n  b e  i l lu s tr a t e d  in  t h e  is o q u a n t  d ia g r a m  

( f ig u re  2 .5 )  a s  t h e  i s o c o s t  l in e  0  =  V j Xj  +  Vj X j  -  B  . T h e  s lo p e  o f  t h e  b u d g e t  c o n s tr a in t

l in e  is  g iv e n  a s  Vj/Vj.



25

Figure 2 .5  The firm  ’ร cost m inim isation o f  production

C m

S t il l  u n d e r  t h e  a s s u m p t io n  o f  p r o f i t  m a x im i s in g  a n d  c o s t  m in i m is i n g  b e h a v io u r ,  t h e  f ir m  

w i l l  t r y  t o  r e a c h  t h e  l o w e s t  p o s s i b l e  c o s t  w i t h  g i v e n  o u t p u t  ( q 0). T h e  p o in t  o f  t a n g e n c y  o f  

t h e  i s o q u a n t s  a n d  i s o c o s t  l in e s  i s  t h e  m in im u m  c o s t  t h e  f ir m  c a n  r e a c h .
M a t h e m a t ic a l ly  t h e  c o n d i t io n s  fo r  c o s t  m in im is a t io n :

d q / d X j  dXj  Vjw tf- itf-  i  (2J7>
M o r e o v e r ,  a s  a lr e a d y  s h o w e d  in  e q u a t io n  2 . 5 :

MPjM R P , V j 1 ' '

T h e r e f o r e ,  in  e q u i l ib r iu m , e a c h  f a c t o r  o f  p r o d u c t io n  is  e m p lo y e d  u p  t o  t h e  p o in t  o f  

e q u a l i t y  b e t w e e n  t h e  r a t io  o f  i t s  m a r g in a l  p r o d u c t  t o  t h e  p r ic e  o f  th a t  in p u t. “ T h a t  i s  i f  

M P  1=M P j  b u t  Vj<Vj, t h e  f ir m  w i l l  n o t  m a x im is in g  p r o f it  s in c e  it  is  g e t t in g  m o r e  e x tr a  

o u tp u t  fo r  t h e  d o l la r  s p e n t  o n  Xj  th a n  o n  x f 3. H e n c e :

3 Dominick Salvatore, Managerial Economics. (McGraw-Hill International Edition, 1996), p. 244.
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M R I) _  M R P j  _  _ M R P k
v i  VJ = v k

(2 .1 9 )

Homogeneous vs. Nonhomogeneous Production Function
T h e  n e o - c la s s i c a l  t h e o r y  a s s u m e s  t h e  p r o d u c t io n  f u n c t io n  t o  b e  h o m o g e n e o u s 4 . F o r  

h o m o g e n e o u s  p r o d u c t io n  f u n c t io n s  a n  e q u ip r o p o r t io n a l  c h a n g e  in  t h e  f a c t o r  in p u ts  ((]/) 
in c r e a s e s  o u t p u t  ( A q = q i- q 0)  w i t h  t h e  p r o p o r t io n  1]]‘.

H e n c e ,  u i s  t h e  f u n c t io n  c o e f f i c i e n t  a n d  i s  d e f in e d  a s  t h e  e l a s t ic i t y  o f  o u tp u t  w i t h  r e s p e c t  

t o  a n  e q u ip r o p o r t io n a l  v a r ia t io n  in  a ll in p u ts .  “ T h u s  t h e  f u n c t io n  c o e f f i c i e n t  (น )  i s  t h e  

p r o p o r t io n a l  c h a n g e  in  o u tp u t  r e la t iv e  t o  t h e  p r o p o r t io n a l  c h a n g e  in  t h e  in p u ts  fo r  

m o v e m e n t  a lo n g  a n y  r a y  fr o m  t h e  o r ig in  in  in p u t  s p a c e ” 5.

Returns to Scale
A s  it  w a s  a p p a r e n t  f r o m  e q u a tio n  2 .2 0 ,  e la s t ic i t y  o f  s c a le  ( ร )  is  e q u iv a le n t  t o  t h e  d e g r e e  o f  

h o m o g e n e i t y  (บ ) . H e n c e  บ is  e q u iv a le n t  t o  t h e  e l a s t ic i t y  o f  s c a l e  c o e f f i c i e n t  ร  a n d  is  

c o n s t a n t  fo r  a n y  h o m o g e n e o u s  f u n c t io n 6 .

I m a t h e m a t ic a l ly  t e r m s  8  is  t h e  s u m  o f  a ll  f a c t o r - in p u t ’ s  o u tp u t  e la s t ic i t i e s :

H e n c e  i f  ร-= 1  th e r e  i s  c o n s t a n t  r e tu r n s  t o  s c a le ,  i f  ร <1 th e r e  is  d e c r e a s in g  r e tu r n s  t o  s c a le ,  

a n d  ธ> \  th e r e  i s  in c r e a s in g  r e tu r n s  t o  s c a le .

4 Erkin I. Bairam, Homogeneous and Nonhomogeneous Production Functions: Theory and 
Applications. (England: Avebury Ashgate Publishing Ltd., 1994) p. 8.

5 Ferguson, c. E., The Neo-classical Theory o f Production and Distribution. (Cambridge: the 
University Press , 1969) p. 79.

6 Ibid. p. 81.

<h = /  o  (*1- ), พ(Xj ),■ ■ ■  v(xk )) = IRV q0 (2.20)

(2.21)
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F ig u r e  2 .6  C o s t  c u r v e s  f o r  h o m o g e n e o u s  a n d  n o n -h o m o g e n e o u s fu n c t io n s

That the elasticity o f scale is constant for homogeneous production functions restricts the
possibility o f obtaining the ‘บ ’-รhaped cost curve as so often assumed, unless factor
prices change as factor demand grows (that is imperfect input market).

I t  m u s t  h o w e v e r ,  b e  r e m e m b e r e d  th a t  t h e  p o in t  w h e r e  a v e r a g e  c o s t  s ta r ts  t o  in c r e a s e  m a y  

b e  la r g e r  th a n  t h e  la r g e s t  e x i s t in g  c o m p a n y  in  t h e  in d u s tr y . H e n c e ,  t h e  a s s u m p t io n  o f  

h o m o g e n o u s  p r o d u c t io n  f u n c t io n  d o e s  n o t  n e c e s s a r i ly  s p o i l  th e  p ic tu r e  o f  th e  r e a l  w o r ld  

b e h a v io u r .

The Elasticity of Substitution
A n o t h e r  im p o r ta n t  c h a r a c t e r is t ic  o f  t h e  p r o d u c t io n  p r o c e s s  is  h o w  e a s y  it  i s  t o  s u b s t i tu te  

o n e  fa c to r - in p u t  fo r  a n o th e r , h o ld in g  o u tp u t  c o n s ta n t .  T h is  i s  th e  e la s t ic i t y  o f  s u b s t i t u t io n

(0).

F o r  t h e  t w o  f a c t o r  in p u t  c a s e ,  qo=f(Xj, Xj), t h e  s h a p e  o f  t h e  i s o q u a n t  d e t e r m in e s  t h e  

s u b s t i tu t io n  e f f e c t .  A  s h a r p  c u r v e  w i l l  h a v e  v e r y  l i t t l e  s u b s t i tu t io n  e f f e c t  w h e r e a s  a  

s h a l lo w  c u r v e  w i l l  h a v e  la r g e  s u b s t i t u t io n  e f f e c t .

The elasticity o f  substitution is defined as: “the proportionate change in factor-inputs ratio
as a result o f proportionate change in the marginal rate o f technical substitution” .
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d (* j/*,•)/(*//*,-)
o id X j/c o c  1) / ( à C j / d x  1) {2 -2 I )

D u e  t o  th e  c o s t  m in im is a t io n  c o n d i t io n  ( e q u a t io n  2 .1 7 ) ,  t h e  s lo p e  o f  t h e  i s o q u a n t  ( d x / d x j )
i s  e q u a l  t o  t h e  r e la t iv e  f a c t o r  p r ic e s  ( - v / v , ) 7 8 h e n c e  e q u a t io n  2 .2 2  c a n  b e  r e w r it t e n  as:

ร ั( ท / v ’ ) / ( v , / v ; )   ̂ ( 2 -2 J )

T h e  r e la t io n s h ip  b e t w e e n  <7a n d  t h e  s h a p e  o f  t h e  i s o q u a n t  i s  a s  f o l lo w s :

( 1 )  I f  th e  i s o q u a n t s  a re  l in e a r , w h i c h  i s  t h e  t w o  f a c t o r  in p u ts  in  q u e s t io n  a r e  p e r f e c t  

s u b s t i tu te s ,  th e n  <J=00. T h a t  is ,  t h e  f ir m  w i l l  e m p lo y  o n l y  o n e  f a c t o r  o f  p r o d u c t io n  

( c o m e r  s o lu t io n s ) ,  w h ic h  i s  in c o n s i s t e n t  a n d  d i s c o n t in u o u s  r e s p o n s e  t o  f a c t o r  p r ic e
c h a n g e .

(2) I f  th e  i s o q u a n t  a re  Z90° ( f ix e d - p r o p o r t io n  p r o d u c t io n  f u n c t io n ) ,  th e r e  is  n o  

s u b s t i tu t io n  p o s s i b i l i t y  b e t w e e n  t h e  t w o  p r o d u c t s  a n d  G= 0. T h e r e f o r e ,  fa c to r  

p r o p o r t io n s  a re  in d e p e n d e n t  o f  r e la t iv e  p r ic e s  (a n d  o u tp u t  fo r  h o m o g e n e o u s  

p r o d u c t io n  fu n c t io n s ) .
( 3 )  F o r  0<O >co, it c a n  b e  s a id  th a t  a s  t h e  is o q u a n t  g e t  m o r e  c u r v e d  th e  f a c t o r  in p u t  

p r o p o r t io n  a r e  b e c o m in g  l e s s  s e n s i t i v e  t o  r e la t iv e  p r ic e  c h a n g e s  a n d  l e s s  s u b s t itu ta b le .

In  a d d it io n  t o  t h e  a b o v e  d i s c u s s io n ,  th e  e la s t ic i t y  o f  s u b s t i t u t io n  is  a  u s e f u l  t o l l  in
a n a ly s in g  t h e  b e h a v io u r  o f  f a c t o r  s h a r e s . T h is  i s  b e c a u s e  fr o m  e q u a t io n  2 .2 2 % w e  h a v e :

p e r c e n t  c h a n g e  in  ( x j /  X  j  )  
p e r c e n t  c h a n g e  in  ( V j  /  Vy )

7 David F. Heathfield and Soeren Wibe, An Introduction to Cost and Production Functions. 
(Houndmills, Basingstoke. Hampshire RG21 2XS and London: Macmillan Education Ltd., 1 9 8 7 )  p. 59.

8 Nicholson, Microeconomic Theory p. 652.
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I f  (7=1 : v /V j  w i l l  c h a n g e  in  e x a c t l y  t h e  s a m e  p r o p o r t io n  a s  x/Xj d o e s .  T h e r e f o r e ,  f a c t o r  

s h a r e  i n c o m e  w i l l  s t a y  c o n s t a n t ,  r e g a r d le s s  o f  o u tp u t  le v e l .

I s  0 > 1 . v /V j  w il l  c h a n g e  l e s s  th a n  x /X j  d o e s .  T h e r e f o r e ,  f a c t o r  i n c o m e  o f  Xj w i l l  r i s e  a s  th e  

x /X j  in c r e a s e .

I s  a <1  : v /V j  w i l l  c h a n g e  m o r e  th a n  x / x ,  d o e s .  T h e r e f o r e ,  f a c t o r  i n c o m e  o f  Xj w i l l  fa l l  a s  

t h e  x / x i  in c r e a s e .

T h e  a b o v e  f a c t o r  i n c o m e  s h a r e s  i s  c o n s id e r e d  a n  im p o r ta n t  i s s u e  in  la b o u r  e c o n o m i c s ,  
e s p e c ia l l y  f o r  la b o u r  m a r k e ts  a s s o c i a t e s  ( t r a d e  u n io n s ,  e m p lo y e r s  f e d e r a t io n ,  a n d  t h e  

g o v e r n m e n t ) .  I

E x t e n d in g  t h e  e l a s t ic i t y  o f  s u b s t i t u t io n  t o  t h e  g e n e r a l  ^ - f a c t o r  o f  p r o d u c t io n  r a i s e s  

d i f f e r e n t  p r o b le m s .  T h a t  is  b e c a u s e  w e  c a n n o t  s p e a k  o f  f a c t o r  p r o p o r t io n s  a n d  s lo p e  o f  

i s o q u a n t  c u r v e s .  I f  w e  u s e  t h e  s a m e  d e f in i t io n  a s  f o r  t h e  t w o  f a c to r  in p u t  c a s e ,  it  w i l l  b e  

n e c e s s a r y  t o  r e q u ir e  th a t  o th e r  in p u ts  a r e  h e ld  c o n s ta n t .  T h is  i s  a  ra th e r  a r t i f ic ia l  

r e s tr ic t io n :  “ in  t h e  “ r e a l  w o r ld  p r o d u c t io n  p r o c e s s e s ” , it  i s  l ik e l y  th a t  a n y  c h a n g e  in  t h e  

r a t io  o f  t w o  in p u ts  w i l l  b e  a c c o m p a n ie d  b y  c h a n g e s  in  t h e  l e v e l  o f  o th e r  in p u ts .  S o m e  o f  

t h e s e  m a y  b e  c o m p le m e n t a r y  w i t h  t h e  o n e s  c h a n g e d ,  w h e r e a s  o th e r s  m a y  b e  s u b s t i t u t e s ” 9 .

R .G .D .  A l le n  ( 1 9 3 2 )  d e v e lo p e d  t h e  c o n c e p t  o f  A lle n  p a r t i a l  e la s t i c i t i e s  o f  s u b s t i tu t io n  
(A E S ).  H a v in g  t h e  u n c o n s t r a in e d  p r o d u c t io n  fu n c t io n :

<7 =  f  (X j , x  1. ,  —  , x k ) (2.3)

T h  G A E S  i s  d e f in e d  as:

(2 .2 5 )

N o te :  th a t  (7,J =  (Tji f o r  a ll  i , j .

Nicholson, Microeconomic Theory p. 304.
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\F\ i s  th e  d e te r m in a n t  o f  t h e  b o r d e r e d  H e s s ia n  t o  q  -  f  ( x j , X  Xj _ )  .

0 f i f  1 -• f k
f i f i i f ij f i k

* ฯ  = f j f j i f ii f j k

f k f k i f k j f k k

W h e r e  \F,j\ i s : d e f in e d  a s  t h e  c o f a c t o r  o f / y i n  \F\.

“ T h e  c o n c e p t  c o f a c t o r  i s  c l o s e l y  r e la te d  t o  t h e  m in o r  d e n o t e d  b y  M jj. - T h e  c o f a c t o r  i s  a  

m in o r  w i t h  a  p r e s c r ib e d  a lg e b r a ic  s ig n  a t ta c h e d  t o  it . T h e  r u le  o f  s ig n  i s  a s  f o l l o w s .  I f  t h e  

s u m  o f  t h e  t w o  s u b s c r ip t s  ( in  t h is  c a s e  i=l a n d  ÿ = 2 , 7 + 7 = 3 )  in  t h e  m in o r  i s  o d d ,  t h e n  th e  

c o f a c t o r  t a k e s  t h e  o p p o s i t e  s ig n  o f  t h e  m in o r . I f  t h e  s u m  i s  e v e n ,  t h e  c o f a c t o r  t a k e s  t h e  

s a m e  s ig n  a s  t h e  m in o r ” .

T h e  m in o r  |A/ÿ| i s  t a k in g  t h e  H e s s ia n  m a tr ix  a n d  d e le t in g  t h e  7,th r o w  a n d  t h e y ,th c o lu m n :

0 f i - f k
f i f i i - f i k

f k f k i  • fk k

H e n c e  t h e  c o f a c t o r  \F jj\= -\M jj\.

2 . 2  R e s p o n s e  in  I n p u t  D e m a n d  to  C h a n g e s  in  I n p u t  P r i c e s
In  o r d e r  t o  e x a m in e  h o w  t h e  f ir m  r e a c t s  t o  c h a n g e s  in  t h e  w a g e  a n d  h o w  w e  o b t a in  t h e  

f u n c t io n  f o r  t h e  f i r m ’s  lo n g  ru n  r e s p o n s iv e n e s s ,  w e  w i l l  p r o c e e d  in  t h e  s a m e  f a s h io n  a s  

a b o v e .  D e r iv in g  t h e  e x p r e s s io n s  f o r  t h e  g e n e r a l  ^ - f a c t o r  in p u t s  w i t h o u t  c o n s id e r in g  t h e  

t y p e  o f  in p u ts  d o e s  th a t .
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T o  a n s w e r  t h e  q u e s t io n  o f: h o w  t h e  f ir m  r e a c t s  t o  c h a n g e s  in  t h e  w a g e  ( i f  la b o u r  i s  in  

q u e s t io n )  a n d  h o w  w e  o b ta in  t h e  f i r m ’ s  lo n g  ru n  r e s p o n s iv e n e s s ,  w e  m u s t  r e c o g n i s e  th a t  a  

c h a n g e  in  p r ic e  d o e s  t w o  t h in g s .
F ir s t  it  c h a n g e s  t h e  r e la t iv e  p r ic e  a n d  r o t a t e s  t h e  i s o c o s t  l in e ,  c a u s in g  t h e  p o in t  o f  

m in im u m  c o s t  t o  c h a n g e .  S e c o n d  it  c h a n g e s  t h e  to ta l  c o s t  o f  p r o d u c in g  t h e  o u t p u t  a n d  

t h e r e f o r e  p r o v id e s  t h e  f ir m  w i t h  a n  in c e n t i v e  t o  a lte r  i t s  o u t p u t  l e v e l .  T h e  f ir s t  i s  

s u b s t i tu t io n  e f fe c t  a n d  t h e  s e c o n d  i s  s c a le  e ffe c t.

F o r  a b o v e  r e a s o n s ,  i n v e s t ig a t in g  t h e  r e s p o n s iv e n e s s ,  b o t h  t h e  s u b s t i t u t io n s  e f f e c t  ( “ o w n -  

p r ic e  e l a s t ic i t y  f o r  c o n s t a n t  o u t p u t ” ) ,  a n d  t h e  s c a le  e f f e c t  ( “ o w n - p r ic e  e l a s t ic i t y  f o r  

v a r ia b le  o u tp u t” )  m u s t  b e  t a k in g  in t o  c o n s id e r a t io n .

T h e  “ o w n - p r ic e  e l a s t ic i t y  f o r  c o n s t a n t  o u t p u t ” ( r )  i s  d e r iv e d  f r o m  t h e  p r o d u c t io n  f u n c t io n  

a n d  t h e  “ o w n - p r ic e  e l a s t i c i t y  f o r  v a r ia b le  o u t p u t ”  { ๆ )  i s  d e r iv e d  b y  e x a m in e  h o w  

in c r e a s e d  la b o u r - h o u r s  c o s t  in f l u e n c e  t h e  p r ic e  o f  t h e  o u tp u t  a n d  h o w  t h e  p r ic e  i n c r e a s e  

a f f e c t  t h e  o u tp u t  d e m a n d . H e n c e ,  t h e  to ta l  e f f e c t  f r o m  r  a n d  ๆ  i s  a d d e d  t o  e x p r e s s  t h e  

“ o w n  p r ic e  e l a s t ic i t y  o f  f a c t o r  in p u t  d e m a n d ” ( y )  - i n  t h e  f o l l o w i n g  c a l le d  t h e  p r i c e  
e la s t i c i t y  p r o d u c t io n  fu n c tio n  f a c t o r  in p u t  d e m a n d .

y  = T + ฦ (2.26)

2.2.1 Own-Price E lastic ity fo r Constant O utput
T h e  s u b s t i t u t io n  a w a y  f r o m  la b o u r - h o u r s ,  d u e  t o  t h e  in c r e a s e s  in  p r ic e  o f  la b o u r - h o u r s  

w i l l  d e p e n d  in  t h e  th e o r y  o n  t h e  in d iv id u a l  f i r m ’s  t e c h n ic a l  p r o p e r t ie s  o f  t h e  p r o d u c t io n  

f u n c t io n .
S o m e  f ir m s  m a y  f in d  it  e a s y  t o  s u b s t i t u t e  m a c h in e s  f o r  w o r k e r s  a n d  f o r  t h o s e  f ir m s  t h e  

q u a n t i ty  o f  la b o u r  d e m a n d e d  w i l l  d e c r e a s e  s u b s t a n t ia l ly .  O th e r  f ir m s  m a y  p r o d u c e  w i t h  a  

‘q u a s i - f i x e d  p r o p o r t io n  t e c h n o l o g y ’, a n d  f o r  t h e m  s u b s t i t u t io n  w i l l  b e  l e s s  s u b s t a n t ia l ly .

T h e  f ir m ’ s  o w n - p r ic e  e l a s t ic i t y  f o r  c o n s t a n t  o u tp u t  c a n  b e  d e t e r m in e d  u s in g  t h e  n e o ­
c la s s i c a l  p r o d u c t io n  t h e o r y . F ir s t ,  t h e  n e o - c la s s i c a l  p r o d u c t io n  t h e o r y  r e p r e s e n t s  w a y s  in  

w h i c h  la b o u r , c a p ita l ,  a n d  la n d  c a n  b e  c o m b in e d  t o  p r o d u c e  g o o d s .  S e c o n d ,  it a s s u m e s
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th a t  c a p ita l  i s  a  s e p a r a te ,  in d e p e n d e n t  in p u t  d ir e c t ly  c o m p a r a b le  w i t h  la b o u r  a n d  la n d s ,  
w h i c h  i s  c o n tr a r y  t o  t h e  c l a s s i c a l  th e o r y .  T h ir d , it  f o c u s  a t t e n t io n  o n  t h e  p r o d u c t io n  

p o s s i b i l i t i e s  a n d  d e c i s i o n s  w i t h in  t h e  f ir m

H o w e v e r ,  t h e  e x i s t e n c e  o f  a  p r o d u c t io n  f u n c t io n  i s  p r e d ic a t e d  o n  a s s e r t io n s  c o n c e r n in g  

t h e  f i r m ’ s  b e h a v io u r .  B e c a u s e ,  e v e n  w i t h o u t  r a n d o m  b e h a v io u r  th e r e  a r e  m u l t ip le  w a y s  a  

c o m p a n y  c o u ld  c o m b i n e  i t s  f a c t o r  in p u ts .  E a c h  o f  t h e s e  d i f f e r e n t  in p u t  c o m b in a t io n s  w i l l  

p r o d u c e  a t d i f f e r e n t  l e v e l  o f  c o s t s ,  e v e n  a t s a m e  o u tp u t  l e v e l .  H e n c e ,  t h e  p r o d u c t io n  

f u n c t io n  a lw a y s  d e p e n d s  o n  t h e  o b j e c t iv e  o f  t h e  f ir m , w h i c h  t h e  n e o - c la s s i c a l  p r o d u c t io n  

t h e o r y  a s s u m e s  i s  p r o f i t  m a x im is in g .

T h e  p r o d u c t io n  th e o r y  f o r  v a r ia b le - p r o p o r t io n - p r o d u c t io n  f u n c t io n s  s ta r t w i t h  d e f in i n g  a  

m a th e m a t ic a l  m o d e l ,  a s  a lr e a d y  s p e c i f i e d  in  e q u a t io n  2 . 3 ,  w h ic h  i s  a s s u m e d  t o  e x i s t  fo r ,  
a n y  g o o d  o r  s e r v i c e 10.

q  =  f  (X ;  , x  1. ,  x k )  ( 2 .3 )

A s  le a r n e d  f r o m  e q u a t io n  2 .1 1  t h e  f ir m  w i l l  m i n i m is e  c o s t  o f  p r o d u c t io n  g i v e n  t h e  o u tp u t

( ฬ :

L* =  V 'X t +  V j X j  +  • • • +  v k x k  +  X [ q 0 - / ( * 1. X j - - - X k ] ( 2 .1 1 )

F r o m  t h is  t h e  f a c t o r  in p u t  d e m a n d  f u n c t io n  (Xj) c a n  b e  d e te r m in e d .  T h is  i s  d o n e  f o r  t h e  

C o b b - D o u g la s  k - f a c t o r  in p u t  p r o d u c t io n  f u n c t io n ,  in  s e c t i o n  2 .4 .

T h e  f ir m ’ s o w n - p r ic e  e l a s t i c i t y  f o r  c o n s t a n t  o u t p u t  i s  d e f in e d  as:

dXj  V อ ln ( x .  )
Tx‘ =  ล ิ^ * / " =  d l n ( v , )  ( 2 ’2 7 )

10 Bairara, Homogeneous and Nonhomogeneous Production Functions. Theory and Applications.
p. 7.



2.2.2 Own-Price E lasticity fo r Variable Output
A n  in c r e a s e  in  la b o u r  c o s t s  w i l l  a l s o  r i s e  t h e  f i r m ’ s  c o s t s  a n d  n o r m a l ly  c a u s e  t h e  p r ic e  o f  

t h e  o u tp u t  t o  r is e  a n d  h e n c e  r e d u c e  d e m a n d . - T h e  s c a le  e f f e c t  w i l l  in  t h is  c a s e  r e in f o r c e s  

t h e  s u b s t itu t io n  e f f e c t .  T h e  s i z e  d e p e n d s  o n  t h e  f ir m ’ s  e l a s t ic i t y  o f  c o s t s  a n d  t h e  p r ic e  

e la s t ic i t y  o f  t h e  p r o d u c t .

H o w e v e r ,  a s s u m in g  t h e  f ir m  h a s  t h e  U - s h a p e d  ( d e p ic t e d  in  f i g u r e  2 .6 )  a v e r a g e  c o s t  c u r v e  

a s  s o  o f t e n  a s s u m e d  f o r  in  t h e  th e o r y  o f  t h e  f ir m , t h e  s ig n  o f  th e  s c a le  e f f e c t  i s  a m b ig u o u s .  
H ig h e r  la b o u r  c o s t s  m a y  m o v e  t h e  m in im u m  a v e r a g e  c o s t s  t o  a  h ig h e r  o u tp u t  a n d  t h e  f ir m  

m a y  e x p a n d  in  r e s p o n s e  t o  th is .  I f  t h e  f ir m  b e c o m e s  s u f f i c i e n t ly  la r g e r  a f t e r  t h e  f a c t o r  

p r ic e  in c r e a s e  t h e  s c a le  e f f e c t  m ig h t  o u t w e i g h  t h e  s u b s t i t u t io n  e f f e c t .  T h u s , f o r  t h e  

in d iv id u a l  f ir m  t h e  n e g a t i v e l y  s lo p in g  d e m a n d  c u r v e  is  t h e o r e t i c a l ly  s p e a k in g  n o t  

n e c e s s a r i ly  im p l ie d  in  t h e  l o n g  ru n . T h e r e f o r e ,  q u a n t i f y in g  t h e  s c a le  e f f e c t  r e q u ir e s  

e x a m in in g  t h e  c h a in  o f  e v e n t s  th a t  c a u s e  t h e  o u t p u t  t o  c h a n g e  w h e n  la b o u r  c o s t  c h a n g e s .

T h e  f ir m ’ s  s e n s i t i v i t y  o f  f a c t o r  in p u t  d e m a n d  t o  c h a n g e s  in  o u tp u t  is  e x p r e s s e d  a s 11:

ÔL _ d L  d q  ÔP S M C
~dv~L ~  ~dq o P  Ô M C  d v L (Z 2 8 )

In  te r m s  o f  e la s t ic i t i e s :

e x1,q '• T h e  o u tp u t  e l a s t ic i t y  o f  f a c t o r  in p u t  d e m a n d . A n d  i s  t h e  i n v e r s e  o f  t h e  o u tp u t

p  -  e x1,q • eq,p • e P M C  ■ e A /C,v, ( 2 .2 9 )

e l a s t ic i t y  o f  t h e  f a c t o r - in p u t  in  q u e s t io n .

T h e  p r ic e  e l a s t ic i t y  o f  d e m a n d  f o r  t h e  g o o d s  p r o d u c e d .

e p ,M C  '■ E la s t i c i t y  o f  p r o d u c t  p r ic e  w i t h  r e s p e c t  t o  M C .

Nicholson, Microeconomic Theory, p. 644.



34

T h e  e l a s t ic i t y  o f  to ta l  c o s t s  o n  la b o u r  c o s t s :  i s  t h e  s h a r e  o f  t h e  f a c t o r  in p u t  ineMC,v, 1,
to ta l  c o s t  .

H e n c e  t h e  f in a l  m o d e l  e x p r e s s i n g  t h e  f i r m ’ r e s p o n s e  t o  f a c t o r  p r ic e  c h a n g e s  is :

r = T + ex1,q -  eqj> - CPMC - eMC,vt (2.26.0)
Ï

2 . 3  L a b o u r a s  Q u a s i - F i x e d  F a c t o r  o f  P r o d u c t i o n
A  F ir m  c h a n g e s  i t s  d e m a n d  f o r  in p u ts  m o r e  s l o w l y  th a n  t h e  s h o c k s  t o  in p u t  d e m a n d  

w a r r a n t. T h e  e x p la n a t io n  f o r  th is  s l o w  a d ju s tm e n t  is  th a t , b e c a u s e  t h e  f ir m  m u s t  in c u r  

a d ju s tm e n t  c o s t s  th a t  a r e  in h e r e n t  in  t h e  a c t  o f  c h a n g in g  t h e  a m o u n t  o f  t h e  in p u t  u s e d ,  t h e  

r e s p o n s e  t o  s h o c k s  w i l l  n o t  b e  in s ta n ta n e o u s .

“ B e s i d e s  d ir e c t  r e m u n e r a t io n  t h e  f ir m  f a c e  w h a t  i s  c a l le d  “ n o n - w a g e  la b o u r  c o s t s ”  

( N W L C ) ,  w h i c h  in c lu d e  f r in g e  b e n e f i t  p a y m e n t ,  o b l ig a t o r y  s o c ia l  w e l f a r e  c o n t r ib u t io n s ,  
s e v e r a n c e  p a y s ,  r e c r u itm e n t  a n d  t r a in in g  e x p e n d it u r e s  a s  w e l l  a s  o th e r  s p e c ia l  c o s t  i t e m s .  
N o t  o n ly  a r e  s u c h  c o s t s  q u a n t i ta t iv e ly  im p o r ta n t ,  b u t  t h e y  a l s o  i n f l u e n c e  t h e  f ir m s  la b o u r  

m a r k e t  b e h a v io u r  in  w a y s  th a t  a r e  n o t  c a p t u r e d  b y  s t u d ie s  th a t  c o n c e n t r a t e  p r im a r i ly  o n  

t h e  r o le  o f  d ir e c t  w a g e s ” * 13.

T h e  f i x e d  c o s t s  o f  e m p lo y m e n t  a n d  la b o u r  h o u r  a d ju s tm e n t ,  r e la te d  t o  a n d  a s  a  

c o n s e q u e n c e  o f  N W L C , th e n  in c lu d e :
( i )  T r a in in g  e x p e n d it u r e s
( i i )  R e c r u i t m e n t  e x p e n d it u r e s
( i i i )  S e v e r a n c e  p a y s  (m a n d a t e d  a n d  o t h e r w is e ) .
( i v )  O v e r h e a d  c o s t  o f  m a in t a in in g  t h e  p e r s o n n e l  f u n c t io n  d e a l in g  w i t h  r e c r u itm e n t  a n d  

w o r k e r  o u t f lo w s .

Nicholson, Microeconomic Theory, p. 649.
13 Robert A. Hart, The Economics o f Non-W age Labour Costs. (London: Goerge Allen & Urwin

Ltd., 1984), preface.
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( v )  S o c ia l  w e l f a r e  c o n t r ib u t io n s

T h e  f ix e d  c o s t s  o f  e m p lo y m e n t  a n d  la b o u r  h o u r  a d ju s tm e n t ,  n o t  r e la te d  t o  N W L C ,  
in c lu d e :

( v i )  D is r u p t io n s  t o  p r o d u c t io n  o c c u r r in g  w h e n  c h a n g in g  e m p lo y m e n t  c a u s e s  w o r k e r s '  

a s s ig n m e n t s  t o  b e  r e a r r a n g e d .

T h e  a b o v e  c o s t  i t e m s  a r e  s u b s t a n t ia l ,  a s  w o r k e r s  m u s t  b e  h ir e d  a n d  tr a in e d  t o  r e p la c e  

t h o s e  w h o  d e p a r t. M o r e o v e r ,  p a y m e n t s  f o r  d a y s  n o t  w o r k e d  a n d  s o c ia l  w e l f a r e  c o s t s  

a c c o u n t  f o r  8 5  p e r c e n t  o f  to ta l  N W L C  ( in  t h e  c a s e  o f  U S A ,  U K , a n d  G e r m a n y ) .  N W L C  

a c c o u n t e d  f o r  3 8  p e r c e n t  o f  to ta l  la b o u r  c o s t  in  F r a n c e  in  1 9 8 1  a n d  f o r  3 4  p e r c e n t  in  

G e r m a n y 14.

H ir in g  la b o u r - h o u r s  u n t i l  M E x i  =  M K P i  i s  a p p r o p r ia te  f o r  la b o u r  c o s t s  a s  v a r ia b le  c o s t s .  

B u t  w i t h  s u b s t a n t ia l  c o m p o n e n t  o f  f i x e d  to ta l  la b o u r  c o s t  w e  m u s t  l o o k  a t h ir in g  la b o u r  a s  

a  in v e s t m e n t  w i t h  m o s t  o f  t h e  c o s t  e n c o u n t e r in g  in  t h e  in i t ia l  p e r io d  o f  e m p lo y m e n t  a n d  

t h e  g r e a t e s t  r e tu r n s  a t  t h e  la te r  p e r io d 15.

“N o w  t h e  d e c i s i o n  r u le  i s  t o  t a k e  e m p lo y m e n t  u p  t o  t h e  p o in t  a t w h i c h  t h e  N P V  (n e t  

p r e s e n t  v a lu e )  o f  t h e  M R P l  i s  e q u a l  t o  t h e  N P V  o f  t h e  in v e s t m e n t  a n d  w a g e  c o s t s  o f  t h e  

m a r g in a l  e m p l o y e e ” . H e n c e ,  e q u a t io n  2 .1 5  i s  r e w r it t e n  t o  c o n s id e r  N W L C .

N P V M L C  =  N P V M R P j (2 .1 5 . b )

N P V M L C  i s  t h e  N P  V  o f  la b o u r  c o s t s  ( in v e s t m e n t  a n d  w a g e  c o s t s )  f o r  t h e  p e r io d .  
N P V M R P l i s  t h e  N P V  o f  t h e  r e v e n u e  o f  t h e  la s t  e m p lo y e e  f o r  t h e  p e r io d .

D u e  t o  N W L C ’s  q u a n t i t a t iv e ly  im p o r t a n c e  N W L C  is  c o n s id e r e d  a  q u a s i - f i x e d  c o s t  a n d  

t h e r e f o r e ,  la b o u r - h o u r s  c o s t s  a r e  a ls o  c o n s id e r e d  q u a s i  f i x e d .  In  o t h e r  w o r d s ,  s t u d ie s  o f

14 Hart, The Economics o f Non-W age Labour Costs, table 1.2.

1 1  % ฯ- 0 4 จ} ฯ 6
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t h e  f i r m ’ s a d ju s tm e n t  o f  la b o u r  h o u r s  in  t h e  short to medium run m u s t  d i f f e r e n t ia t e  

b e t w e e n  n u m b e r  o f  e m p l o y e e s  a n d  h o u r s  p e r  la b o u r . T h e r e f o r e  w e  c a n n o t  s p e a k  a b o u t  

w a g e  o n ly  b u t  a b o u t  c o s t  o f  la b o u r - h o u r s .  H e n c e ,  w h e n  tu r n in g  a t t e n t io n  in t o  la b o u r -  

h o u r s  in  c h a p te r  7 , พ ู c h a n g e s  t o  c o s t  o f  la b o u r - h o u r s  (C lh)  t o  r e f le c t  t h e  a d d it io n a l  c o s t .

2 . 4  T h e  C o b b - D o u g l a s  P r o d u c t i o n  F u n c t io n  P r o p e r t i e s
Homogeneous Function
G iv e n  th e  C o b b - D o u g la s  p r o d u c t io n  fu n c t io n :

t

q  =  A ( t ) x ?  x f - x ?  ( 2 .3 0 )

C h a n g in g  t h e  f a c t o r  in p u ts  p r o p o r t io n a l  b y  (ip) g i v e s  t h e  d e g r e e  o f  h o m o g e n e i t y :

ÎI = m  (GO, ((พ ?). - - - ((พ ? )) = y « ,+^ +- +Q) = q „  ( 2 . 3 1 )

A s  w e  i m m e d ia t e ly  s e e  th e  p r o d u c t io n  f u n c t io n  i s  h o m o g e n e o u s  o f  d e g r e e ,  บ , b e c a u s e  

น = a + f k  ... +r?* 16, w h i c h  i s  in  c o n f o r m it y  w i t h  t h e  n e o - c la s s i c a l  t h e o r y .

Homothetic Function
A l l  i s o q u a n t s  o f  t h e  C o b b - D o u g la s  o r  a n y  v a r ia b le  h o m o g e n e o u s  p r o d u c t io n  f u n c t io n  a r e  

a s y m p t o t ic  t o  t h e  a x e s  n o  m a tte r  w h a t  l e v e l  o f  o u tp u t  is  c h o s e n  ( t h e  i s o q u a n t s  n e v e r  t o u c h  

t h e  a x e s ) .  S in c e  n e ith e r  in p u ts  c a n  g o  t o  z e r o , it i s  n e c e s s a r y  in  a  C o b b - D o u g la s  w o r ld  t o  

h a v e  s o m e  o f  b o t h  in p u ts  ( พ ู่> 0 ,  f o r  7 =  1,2,

T h e  s lo p e  o f  a n  i s o q u a n t  (M R  7’ร )  is ,  a s  p r o v e n  in  e q u a tio n  2 .3 2 , p r o p o r t io n a l  t o  f a c to r  

p r o p o r t io n s  ( พ ู่/พ ู่)  a n d  i s  i r r e s p e c t iv e  o f  t h e  l e v e l  o f  o u tp u t . T h u s , t h e  s l o p e  i s  t h e  s a m e  

a lo n g  a n y  fa c to r -r a y  th r o u g h  th e  o r ig in .

1 s This is because there is a great incentive for the firm to share the return to specific investment 
(special skills) with the worker in the form o f work premium. The wage paid increases but so do the tenure 
and the total investments in selection and initial training will fall.

16 Bairam, Homogeneous and Nonhomogeneous Production Functions. Theory and Applications.
p. 8.
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For that reason, all isoquants are radial expansions (“blow ups”) and the Cobb-Douglas
fonction or any homogeneous function is therefore homothetic. Determining M RTS  using
equation 2.5  yields:

MRTS - d q /d x ;
d q /d x j

p  m  4  * r
a  A (t) x “ ~l x f

= 1L1l
a  XI (2 .32)

Returns to Scale
The Cobb-Douglas production function can exhibit any degree o f scale As already given 
in equation 2.21  the elasticity o f scale is defined as:

The output elasticity for factor-input Xj\

(dq  /  dx{ ) ( x 1 /  q )  =  ^ -  A (t) X ?  X ?  - - X k  ^ - = a  ( 2 . 3 3 )

Hence, output elasticity for any factor-input is equal to its own exponents. Therefore, the 
re turns to scale o f the Cobb-Douglas production function is the sum o f the factor input 
exponents.

ร — (X + p  + — + 0  (2 .34)

Nowhere does the returns to scale mention anything about output or factor proportions, 
hence the returns to scale in the Cobb-Douglas function is independent o f output and 
factor proportions.

Perfect Competition in all Markets
The neo-classical production function assumes perfect competition in all markets. That is,
prices o f  output, capital, and labour are predetermined -  the firm is a price taker.
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In a competitive output market, all firms will produce at minimum cost o f operation. If 
the firms have the so often assumed ‘บ ,-shaped cost curve, the minimum cost o f  
operation is at constant returns to scale. If the company wish to expand its production it 
will multiply all its factors o f production and then still operate on constant returns to 
scale.
Hence, the competitive behaviour sets constant returns to scale as the norm. However, as 
mentioned above, the Cobb-Douglas production function does allow the elasticity o f  scale 
to take other values than unity (ร* 1). *

Homogeneous Factor Inputs
“In the neo-classical production theory the facto inputs remain unchanged in character 
and is assumed homogeneous within them selves”17
All factor inputs are homogeneous: adding more o f any factor input simply means more 
o f the same. It makes use o f existing factor inputs to produce more o f the same output and 
there is only one type o f  each factor input.

In mathematically terms (taking the two factor input case): the production function is 
given as: q=J{Xj, X j), where x ’ and Xj is the aggregate o f the different X, and Xj 
respectively.
Hence, x*=ftxu, x i2, . . . . ,  xin) andXj=J{Xj 1, Xj2, . . . . ,  xJr1). I fxu = x i2=  .... =xm => x*=Xi 
and if  Xj 1=Xj2=  .... =Xj„ => Xj=Xj.

“It should be noted that Xj and Xj is are separable in the sense that the ratio o f marginal 
physical products o f e.g. Xj independent o f the quantity o f Xj. If not, a rise in Xj may 
change the marginal products o f one or more types o f x /s  and thus change the aggregate 
Xj measure (x*), even though the number o f Xj has not changed”18.

17 Ferguson, The Neo-classical Theory o f Production and Distribution, p. 60.
l8Peter Fallon and Donald Verry, The Economics o f Labour Markets. (Oxford: Phillip Allan 

Publishers Limited, 1998), section 3.4.
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A s  j u s t  p r o v e d ,  d i f f e r e n t  ( in h o m o g e n e o u s )  la b o u r  h o u r s  c a n  b e  c o m b in e d  in t o ,  t h e  C o b b -  

D o u g l a s  f u n c t io n s  i f  t h e  to ta l  la b o u r  h o u r s  c a n  b e  a g g r e g a t e d .  T h e  a g g r e g a t io n  c a n  b e  

d o n e  in  t h e  f o l l o w i n g  w a y s  ( a m o n g  o t h e r s ) 19:

( 1 )  W e ig h t  t h e Xi ร b y  s o m e  in d e x ,  * 1*=  ( j t /y /m i)  +  {xi2lm 2) + . . . .  +  (X j„ /m n) ,  th e r e  a re  

p e r f e c t  s u b s t i t u t io n  b e t w e e n  a ll  JCj’ s.

(2) R e l a x i n g  t h e  p e r f e c t  s u b s t itu t io n  a n d  in t r o d u c e  c o n s t a n t  e la s t ic i t y  o f  s u b s t i t u t io n

( C E S - f u n c t i o n ) ,* /* = [ aiXj]  + a :Ixi2 + . . . . +  a3*j„] a i +  a 2 + ............ + a n = l .

Homogeneous Output
V i e w i n g  t h e  f ir m  a s  a  m u lt i - p r o d u c t  f ir m  t a k e s  US d u e  t o  c. E . F e r g u s o n 20 in to  t h e  c o n c e p t  

o f  “ p r ic in g  p r o c e s s e s  in  a  m u lt i  p r o d u c t  f ir m ” .
E it h e r  w i t h  ( 1 )  P i g o u ’s  a p p r o a c h  o f  p r ic e  d i s c r im in a t io n  o f  t h e  th ir d  d e g r e e ” . ( 2 )  H i c k ’ s  

a p p r o a c h  o f  c o n v e n t io n a l  m a r g in a l  a n a ly s i s  o f  p r o f it  m a x im i s in g  o f  a  f ir m  th a t  p r o d u c e s  a  

v a r ie t y  o f  p r o d u c t s  b y  m e a n s  o f  a  v a r ie ty  o f  v a r ia b le  p r o d u c t s .  ( 3 )  P f o u t ’s  a p p r o a c h  o f  

m u lt i - p r o d u c t s  f ir m , p e r m it t in g  s w i t c h i n g  o f  f i x e d  in p u t s  a m o n g  v a r io u s  o u tp u ts .

T h e  C o b b - D o u g la s  w o r ld  c o n c e n t r a t e s  o n  a  s in g le  p r o d u c t  f ir m  a n d  p r o d u c t io n  o f  a  s in g le  

c o m m o d it y .

Profit Maximisation Behaviour
T h e  n e o - c la s s i c a l  p r o d u c t io n  th e o r y  a s s u m e s  th a t  p r o f it  i s  t h e  f i r m ’ s o n ly  r e le v a n t  g o a l  

T h is  i m p l i e s  th a t  t h e  f ir m  h a s  s u f f ic i e n t  in f o r m a t io n  a b o u t  i t s  c o s t  s tr u c tu r e  a n d  t h e  o u tp u t  

m a r k e t  in  o r d e r  t o  m a k e  p r o f it  m a x im is in g  d e c i s io n s .
T h is  i s  o b v i o u s l y  a  s im p l i f i c a t io n  o f  r e a l i t y  b e c a u s e  it  i g n o r e s  o t h e r  p o s s i b l e  g o a l s  s u c h  

a s , o b t a in in g  m a r k e t  p o w e r  o r  p r e s t ig e ,  e tc .

G i v e n  t h e  g o a l  o f  p r o f it  m a x im is a t io n :  t h e  p r o b le m  f o r  t h e  f ir m  i s  t o  c h o o s e  ( i )  a n  o u tp u t  

l e v e l  ( i s o q u a n t )  a n d  ( i i )  a  p a r t ic u la r  t e c h n o l o g y  ( a  p o in t  o n  a n  i s o q u a n t ) ,  s u c h  a s  t o  

m a x im i s e  p r o f it s .

19 Fallon and Verry, The Economics o f Labour Markets, section 3.4.
20 Ferguson, The Neo-classical Theory o f Production and Distribution, p. 201.
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( i )  S in c e  w e  a r e  in t e r e s t e d  in  c h o o s i n g  a  o u tp u t  l e v e l  ( q o ) th e n  T R = q 0 ' M R  i s  a ls o  

f i x e d ,  a n d  a ll m a x im is in g  o f  p r o f it s  i s  e q u iv a le n t  t o  m i n im is in g  c o s t s .
A s  s ta te d  b e f o r e  t h e  s lo p e  o f  t h e  i s o c o s t  l in e  m u s t  e q u a l  t h e  s lo p e  o f  t h e  is o q u a n t .  
H e n c e ,  r e la t iv e  p r ic e s  d e t e r m in e  th e  in p u t  c o m b in a t io n  o f  f a c t o r  in p u ts  d u e  t o  t h e  

c o s t  m in im is a t io n  b e h a v io u r .
( i i )  T h e  o u t p u t  l e v e l  i s  d e t e r m in e d  b y  ( o r  a c c o r d in g ly  d e p e n d  o n )  t h e  f i r m ’ s m a r k e t  

f o r  f a c t o r s  a n d  o n  t h e  o u tp u t  m a r k e t .

N o te :  A s  w e  s h a l l  s e e  b e lo w ,  t h e  C o b b - D o u g la s  f u n c t io n  d o e s  n o t  a l l o w  f o r  v a r ia b le  

f a c t o r - in c o m e - s h a r e s ,  t h is  i s  b e c a u s e ,  a s  w i l l  b e  p r o v e d  in  e q u a t io n  2 .4 1 ,  <7= ไ.

A s  e x p la in e d  in  m o s t  p r o d u c t io n  l it e r a tu r e  a n d  a s  w e  w i l l  s e e  in  t h e  f o l lo w i n g :  t h e  p r o f it  

m a x im i s in g  b e h a v io u r  in  p e r f e c t  c o m p e t i t iv e  m a r k e ts  im p l ie s  a  d e c r e a s in g  o r  c o n s ta n t  

r e tu r n s  t o  s c a le  f o r  h o m o g e n e o u s  p r o d u c t io n  f u n c t io n s .

T h e  p r o f i t  f u n c t io n  i s  e x p r e s s e d  as:

n = T R - T C = R - q - C - q ( 2 .3 5 )

p  i s  t h e  a v e r a g e  p r ic e ,  a n d  c  i s  a v e r a g e  c o s t  o f  o p e r a t io n .

T h e  f ir s t  o r d e r  c o n d i t io n s  fo r  a  m a x im u m :

( 2 .3 6 m )

T h e  s e c o n d  o r d e r  c o n d i t io n s  f o r  a  m a x im u m :

d 2n  d 2 P
d q 2 d q 2

(2 .3 6 .๖ )
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T h e  C o b b - D o u g la s  f u n c t io n  i s  h o m o g e n e o u s  ( e l a s t ic i t y  o f  s c a l e  d o e s  n o t  v a r y  w i t h  o u tp u t  

o r  f a c t o r  p r o p o r t io n s ) ,  h e n c e  (dLC/dq2)=0 .

T h e  te r m  (cfp/dq2 )  i s  th e  c u r v a tu r e  o f  t h e  o u tp u t  d e m a n d  c u r v e ,  w h i c h  w e  c a n  s a y  

n o t h in g  a b o u t  e x c e p t  th a t: ( d2 p/dq2)>0 f o r  c o n v e x  t o  o r ig in ;  {c?p/dq2)<0  f o r  c o n c a v e  t o  

o r ig in ;  (เfp/dq2)=0 f o r  l in e a r  c u r v e .

( 1 )  F o r  in c r e a s in g  r e tu r n s  t o  s c a le :  ( dc/dq)<0, a n d  f o r  p e r f e c t  c o m p e t i t io n  in  t h e  o u tp u t  

m a r k e t:  (dp/dq)=0 a n d  p=c. H e n c e  (dndq)>0 a n d  th e r e  is  n o  p r o f it  m a x im i s in g  

p o in t  o f  p r o d u c t io n .

I n s te a d  in c r e a s in g  r e tu r n s  t o  s c a le  r e q u ir e s  im p e r f e c t  f a c t o r  in p u t  m a r k e t , (d\)/dxi)>0 
a n d /o r  im p e r f e c t  o u tp u t  m a r k e t  (  dP/dq)<0 a n d  p>c. H o w e v e r ,  t h e  s lo p e  o f  t h e  

d e m a n d  c u r v e  m u s t  b e  s t e e p e r  th a n  t h e  s lo p e  o f  t h e  a v e r a g e  c o s t  c u r v e .

( 2 )  F o r  c o n s ta n t  r e tu r n s  t o  s c a le :  ( dc/dq)=0, a n d  p e r f e c t  c o m p e t i t io n  in  t h e  o u tp u t  

m a r k e t:  ( dP/dq)=0', a n d  p=c ( n o  p r o f it ) .  H e n c e  (dn/dq)=0, b u t  (d2 TT/d(f )= ()  a n d  

th e r e  i s  n o  p r o f it  m a x im i s in g  p o in t  o f  p r o d u c t io n .

( 3 )  F o r  d e c r e a s in g  r e tu r n s  t o  s c a le :  ( dc/dq)>0, a n d  p e r f e c t  c o m p e t i t io n  in  t h e  o u tp u t  

m a r k e t:  ( dP/dq)=0, a n d  p < c  ( s i n c e  b y  a s s u m p t io n  a l l  o t h e r  f ir m s  in  t h e  in d u s tr y  i s  

o p e r a t in g  o n  th e  l o w e s t  p o s s i b l e  c o s t  o f  p r o d u c t io n ) .

H e n c e  (dn/dq) c a n  o n ly  b e  z e r o  if p < c  o u t b a la n c e  ( dc/dq)>0. H e n c e ,  th e r e  is  a  

p o in t  o f  p r o f i t  m a x im is a t io n .

( 4 )  F o r  c o n s t a n t  r e tu r n s  t o  s c a le ,  ( dc/dq)=0 a n d  im p e r f e c t  c o m p e t i t io n  in  t h e  o u t p u t  

m a r k e t , (dP/dq)<0 a n d  P > C :  ( dn'dq) i s  z e r o  i f  ( dP/dq)<0 o u t b a la n c e  p>c. H e n c e ,  

th e r e  i s  a  p r o f i t  m a x im is in g  p o in t  o f  o p e r a t io n .

( 5 )  F o r  d e c r e a s in g  r e tu r n s  t o  s c a le ,  ( dc/dq)<0, a n d  f o r  im p e r f e c t  c o m p e t i t io n  in  th e  

o u tp u t  m a r k e t , ( dP/dq)<0 a n d  P>C: (dn/dq) i s  z e r o  o n l y  i f  ( dP/dq)<0 o u t b a la n c e  (d 
c/dq)>0. H e n c e ,  t h e r e  i s  a  p r o f i t  m a x im i s in g  p o in t  o f  p r o d u c t io n .

Strict Concave Production Function
“ T h e  p r o d u c t io n  f u n c t io n  i s  a s s u m e d  t o  b e  c o n t in u o s  a n d  a t  l e a s t  t w i c e  d i f f e r e n t ia b le .  T h e  

n e o - c la s s i c a l  p r o d u c t io n  f u n c t io n  r e q u ir e s  th a t  m a r g in a l  p r o d u c t s  o f  f a c t o r  in p u ts  a re  

p o s i t i v e  a n d  d e c r e a s in g  ( s t r ic t  c o n c a v e ) .  T h a t  is:
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d q  â c j> 0 , a n d  d q /â x j>  0  

d 2q / â f ,2< 0 ,  a n d  d 2q / â x 2< 0

I f  t fa n d  P  > 0 ,  a n d  </, Xj, Xy > 0  T h e  m a r g in a l  p r o d u c t s  a re  p o s i t iv e .  A n d  i f  (Xa n d  <1  
m a r g in a l  p r o d u c t s  o f  fa c t o r  in p u ts  d im in is h ” 21.

F o r  p r o f it  m a x im is a t io n ,  t h e  p r o d u c t io n  f u n c t io n  m u s t  b e  s t r ic t ly  c o n c a v e .  S tr ic t  

c o n c a v i t y ,  w h i l e  s u f f i c i e n t  fo r  c o s t  m in im is a t io n ,  is  n o t  n e c e s s a r y .  T h e  s e c o n d  o r d e r  

c o n d i t io n s  fo r  c o s t  m in im is a t io n  r e q u ir e s  o n ly  q u a s i  c o n c a v i t y .
T h e  C o b b - D o u g la s  p r o d u c t io n  f u n c t io n  i s  s tr ic t  c o n c a v e ,  w h ic h  a l s o  im p ly  q u a s i ­
c o n c a v i t y .

Q u a s i  c o n c a v i t y  i m p l i e s  d im in i s h in g  M K Z S'. T h is  m a k e s  e c o n o m i c  s e n s e  s in c e  w h e n  

u s i n g  a  h ig h  x / x , - r a t i o  o n ly  a  s m a ll  p r o p o r t io n  o f  X, i s  n e c e s s a r y  t o  s u b s t i t u t e  a  g r e a te r  

n u m b e r  o f  Xj t o  k e e p  o u tp u t  a t a  c o n s ta n t  le v e l .

Technical Progress
I n tr o d u c in g  t e c h n ic a l  p r o g r e s s  in to  th e  C o b b - D o u g la s  p r o d u c t io n  f u n c t io n ,  a s  i s  d i s c u s s e d  

in  s e c t i o n  5 .4 ,  c a n  b e  d o n e  in  m a n y  s o u n d  w a y s ,  t a k in g  in t o  c o n s id e r a t io n  th a t  t e c h n ic a l  

p r o g r e s s  is  c o n s id e r e d  a  f u n c t io n  o f  t im e .  T w o  in te r e s t in g  in t r o d u c t io n s  a r e  h e r e  

m e n t io n e d :

q  =  B e m‘ X X X jmt v a  B ( 2 .3 7 )

( 2 .3 8 )

D i f f e r e n t ia t in g  e q u a t io n  2 .3 7  w i t h  r e s p e c t  t o  t im e  y ie ld s :

p. 7.
Bairam, Homogeneous and Nonhomogeneous Production Functions. Theory and Applications.
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d q  /  ô t =  ni B t r"~] x f  XP  =  OLJL ( 2 .3 9 )

D i f f e r e n t ia t in g  e q u a tio n  2 .3 8  w ith  r e s p e c t  t o  t im e  y ie ld s :

d q  /  5 t  =  m  B e  mt X ?  X j =  m  q  ( 2 .4 0 )

H o l d i n g  f a c t o r  in p u ts  c o n s ta n t ,  th e  in tr o d u c t io n  o f  A ( t)  = B e mt, a s  in  e q u a t io n  2 .3 7  o u tp u t  

i s  g r o w in g  w i t h  c o n s t a n t  p r o p o r t io n  r a te  o f  m  p e r c e n t  a  y e a r ,  r e g a r d le s s  o f  fa c t o r  

p r o p o r t io n s .  T h e  in tr o d u c t io n  o f  A ( t )  =  B f ' ,  a s  in  (e q u a t io n  2 .3 8 ) ,  o u tp u t  is  g r o w in g  w i t h  

m /t  p e r c e n t  a  y e a r , r e g a r d le s s  o f  f a c t o r  p r o p o r t io n s .

A s  w e  s a w  in  e q u a tio n  2 .1 7 ,  c o s t  m in im is a t io n :

dq/ dXj dx 1 vj

dq/dXj dXj Vj (2 -1 7 )

E q u a t io n  2 .3 2  s h o w e d  th a t M R T S  fo r  t h e  C o b b - D o u g la s  p r o d u c t io n  fu n c t io n :

M R T S d q /d X j
d q / d X j

p  A ( 0  * โ  x p ~x __ p  X1 
a  A ( t)  x f ~ l x f  =  a  X ,

( 2 .3 2 )

A s  d i s c u s s e d  a b o v e ,  s in c e  <rand R  a re  c o n s ta n t s ,  a n y  m o v e m e n t  o f  t h e  i s o q u a n t  t o w a r d  

t h e  o r ig in  p r e s e r v e s :  d X j / d x ,  =  H f 1 (x /X j) .  T h e r e f o r e ,  t e c h n ic a l  p r o g r e s s  i s  “ o u tp u t  

a u g m e n t in g ”

x /X j  i s  c o n s t a n t  i f  v /V j  i s  c o n s ta n t .  H e n c e ,  t h e  in t r o d u c t io n  o f  t e c h n ic a l  p r o g r e s s  in t o  t h e  

C o b b - D o u g la s - f u n c t io n  l e a v e s  f a c t o r  r a t io s  u n c h a n g e d  i f  r e la t iv e  f a c t o r  p r ic e s  r e m a in  

c o n s t a n t .  T h a t  is  it  i s  H ic k s  n e u tr a l22.

22 Heathfield and Wibe. An Introduction to Cost and Production Functions, p. 122.
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T a k in g  th e  c a s e  o f  c a p ita l  a n d  la b o u r - h o u r s  a s  th e  p r im a r y  in p u ts ,  q o = f ( L h , K ) ,  t e c h n ic a l  

p r o g r e s s  w i l l  n e ith e r  c a u s e  a  c h a n g e  in  q / K  i f  th e  p r ic e  o f  c a p ita l  (vK) i s  c o n s t a n t  ( h e n c e ,  

it i s  H a r r o d  n e u tr a l) ,  n o r  w i l l  q lL h  c h a n g e  i f  vLh i s  c o n s t a n t  ( h e n c e ,  it  is  S o l o w  n e u tr a l) .

Elasticity of Substitution
T h e  e x p r e s s io n  f o r  e la s t ic i t y  o f  s u b s t i t u t io n  w a s  d e f in e d  in  e q u a t io n  2 .2 2 :

(2.22) fd j X j / x ^ / i X j / x , )  
d (d X j  /  dXj ) / ( d X j  /  dXj )

W h e r e ,

(d X j ! d x  1) =

a n d  h e n c e :

d q  /  d X j  
d q  /  dXj

=  P _ X j_  
a  X j

d (0 X j  /  dXj )  =
d 2 q / d X j 2 _  p
d 2 q / d x 2 «

d ( X j  / X , ) / ( Xj  l x  1) =  1 !{ X j  / X,-)

H e n c e  t h e  e l a s t ic i t y  o f  s u b s t i t u t io n  e q u a l  u n ity :

๐- =  1 ( 2 .4 1 )

Own-Price Elasticity for Constant Output
M a t h e m a t ic a l ly ,  t h e  f ir m  tr ie s  t o  m i n i m is e  to ta l  c o s t ,  g iv e n  t h e  p r o d u c t io n  p o s s ib i l i t i e s :  

q  = A ( t ) x f  x f  ■ ■ - x f = q 0 ( 2 .3 0 )

S e t t in g  u p  th e  L a g r a n g ia n  e x p r e s s io n  fo r  th e  k - f a c to r  in p u t  c a s e  a s  d o n e  in  e q u a t io n  2.11'.
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L  =  VjXj +  V j X j  +  - - - +  v k x k +  A [q Q -  A ( t )  X?  x f  ••- x jp  ] ( 2 . 11)

T h e  c o n d i t io n s  f o r  m in im u m  are:

~ ~  =  Vj  -  A a  X j 1 A (t)  X f  x ^  ■ ■ ■  =  Vj -  q  A  —  =  0
*»■

v i x i 
A a

ÔL
dXj V j ' -  q  A  —  =  0  

x j
,w h i c h  i s A p

ÔL _  
dxk =

.  ท  nv k -  q  A  —  =  0  
x k

, w h ic h  is Vk x k
A n

ÔL
% ~ x ?  x f  - X ?

T a k in g  th e  (  d L * /d X j)  t o  ( d l * / d x k)  y ie ld s :

v i Xj _  V j x j  _  =  v k x k
a  p  n

Hence:

X J =
v , Xj p  

v - a 1 r  = vi * i ^1 a n d  x k  ---------—v k a

S u b s t i t u t in g  in t o  t h e  p r o d u c t io n  f u n c t io n  y ie ld s :

q  =  A i t )  X ? Vj  Xj  p
V - (XK j J

Vj Xj  ท

V v k a  J

\ ท
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q =  A (1)  x °  (v f  . .  - V ? )  ( a - - - ๙ - ° )  U P  /  V ,  f  . . .  ( ท  / V , ) f i ]

( x f

Multiplying with ๙" and Vj^on both sides yields:

?  = ^ (0
xf vf f  \  a a f  ^ p " o 'U J < v i  y l vk J , s = a + / £ f  . . . .  + 4 2

Deriving the factor input demand function:

'  g p ’ c t M al’ ( vA l"‘
KA{t)) V,. [ a , \  r  J

Q/j
(2 .42)

V

The constant price elasticity o f factor input demand (r) is already defined in equation
2.27-,

dx 1- Vj <31n(x;)
x‘ dv 1 X j  d ln (V j)

(2 .27)

Transforming equation 2.42  into log-linear form:

ln(xy) = l l m U ]  + ln(a) -  ln(vy) + ^ ๒ (v,.) -
ร  k a ( O J  ร

- I n ( a )  + —ln(vy- ) -  -£๒ (J3) - .. — ๒(v k ) -  — ln(Q)
(2 .43)

Deriving the price elasticity:

a - s p - s Q - sT —--------  T —--------  • • • r  =X  _ 5 X  ■ ? * JC. (2 .44)



If  the production function exhibit constant returns to scale:

e X A  =  a  - 1 , f o r  5 ^ 1

H e n c e ,  in  a  C o b b - D o u g la s  w o r ld  t h e  c o n s t a n t  o w n - p r ic e  e l a s t ic i t y  i s  in d e p e n d e n t  o f  

o u tp u t  a n d  a lw a y s  d e f in e d  b y  e q u a t io n  2 .4 4 .
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