
CHAPTER I I

IN V E R T IBL E  MATRICES OVER A BOOLEAN SEM IRING

C h a r a c t e r i z a t i o n s  o f  i n v e r t i b l e  m a t r i c e s  o v e r  t h e  B o o l e a n  

a l g e b r a  o f  2 e l e m e n t s  5 o v e r  a n y  B o o l e a n  a l g e b r a  o f  s e t s  a n d  o v e r  a n y  

i d e m p o t e n t  s e m i r i n g  w e r e  g i v e n  i n  [2 ] ,  [ 3 ] a n d  [ 4]  3 r e s p e c t i v e l y .  

B o o l e a n  a l g e b r a s  o f  s e t s  a r e  a  g e n e r a l i z a t i o n  o f  t h e  B o o l e a n  a l g e b r a  

o f  2 e l e m e n t s  a n d  i d e m p o t e n t  s e m i r i n g s  a r e  a  g e n e r a l i z a t i o n  o f  B o o l e a n  

a l g e b r a s  o f  s e t s .  I n  t h i s  c h a p t e r ,  i n v e r t i b l e  m a t r i c e s  a r e  s t u d i e d  

e x t e n s i v e l y  i n  t h i s  l i n e .  We c h a r a c t e r i z e  i n v e r t i b l e  m a t r i c e s  o v e r  

a n y  B o o l e a n  s e m i r i n g .

S o m e e x a m p l e s  o f  B o o l e a n  s e m i r i n g s  a r e  a s  f o l l o w s  ะ B o o l e a n  

a l g e b r a s ,  B o o l e a n  r i n g s  a n d  ( [ 0 , 1 ] 3m a x ,m i n )  ( w h i c h  i s  t h e  s e m i r i n g  

( [ 0 , 1 ] , ® , 8 )  w h e r e  x f y  = m a x { x , y }  a n d  X 0 y  = m i n { x , y }  f o r  a l l  x , y  i n

[0 , 1 ] ) .
B o o l e a n  r i n g s  c o n t a i n i n g  m o r e  t h a n  o n e  e l e m e n t  a r e  n o t

A
i d e m p o t e n t  s e m i r i n g s .  A l s o ,  t h e  s e m i r i n g  ( { o } y [ - 2- , l ]  , ๏ , m iท )  w h e r e  

x f y  = 2" f o r  a l l  x , y  £  [ j , l ]  a n d  0 © x  = x® 0 = X f o r  a l l  X £ { o } u [i,l]  
i s  a  B o o l e a n  s e m i r i n g  w h i c h  i s  n o t  a n  i d e m p o t e n t  s e m i r i n g .  M ore  

g e n e r a l l y ,  i f  ร i s  a  s e t  o f  p o s i t i v e  r e a l  n u m b e r s  w i t h  m axim u m  

e l e m e n t  M , m in im u m  e l e m e n t  m a n d  M t  m , t h e n  ( ร บ {o},๏ 3m in )  w h e r e  

x ® y  = m f c r  a l l  x , y  £  s a n d  0® x  = x ® 0 = X f o r  a l l  X £ ร บ {อ} i s  a  

B o o l e a n  s e m i r i n g  w h i c h  i s  n o t  a n  i d e m p o t e n t  s e m i r i n g .
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We f i r s t  g i v e  a  n e c e s s a r y  c o n d i t i o n  f o r  a  m a t r i x  o v e r  a n y  

s e m i r i n g  t o  b e  i n v e r t i b l e .

P r o p o s i t i c n  2 . 1 . L e t  ร b e  a  s e m i r i n g  a n d  A a n  n x n  m a t r i x  o v e r  ร .

I f  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  ร ,  t h e n  A . . A .  i s  a d d i t i v e l yi j  i k
i n v e r t i b l e  i n  ร f o r  a l l  i , j , k  £  { 1 , 2 , . . . , ท } ,  j  t  k .

P r o o f  ะ F i r s t  5 w e  n o t e  t h a t  i f  a  a n d  b  a r e  a d d i t i v e l y  

i n v e r t i b l e  e l e m e n t s  o f  ร 5 t h e n  x a  + y b  i s  a d d i t i v e l y  i n v e r t i b l e  i n  

ร f o r  a l l  X , y  £  ร .

L e o  B b e  a n  n x n  m a t r i x  o v e r  ร s u c h  t h a t  AB = BA = I  . F o rท

i  J  j  £  { 1 , 2 , . . . , ท } ,  i f  i  t  j ,  t h e n  0 = ( B A ) , .  = E B .  A . w h i c h
i j  1 i t  t j

i m p l i e s  t h a t  B ^ A ^ j  i s  a d d i t i v e l y  i n v e r t i b l e  i n  ร f o r  a l l  t  i n  

{ l , 2 , . . . , ท } .  T h i s  p r o v e s  t h a t  B_^_A^ .  i s  a d d i t i v e l y  i n v e r t i b l e  i n  ร 

f o r  a l l  i ,  j  , t  £  { 1 , 2 , . . . , ท } ,  i  j .  j .

N e x t ,  l e t  i ,  j  , k  e  { 1 , 2 , . . . , ท } ,  j  Ï  k .  T h e n  B ^ A ^ j  i s  

a d d i t i v e l y  i n v e r t i b l e  i n  ร a n d  i s  a d d i t i v e l y  i n v e r t i b l e  i n  ร

f o r  a l l  t  e  { 1 , 2 , . . . , ท } ,  t  t  k .  S i n c e

A A , i j  i k ( A i j Ai k ) ( A B ) i i

= ( A - . A ^ )  ( ^  Ai t Bt i )

E A . . A , ,  A,  B . 1. “  1  i j  i k  i t  t i

A.  . A A . 1 B. ,  + E A , .A , .  A . B . i j  i k  i k  k i  1  i j  i k  i t  t i
t A

= A f  ( B A ) + E A A (B  A ) ,  i k  k i  i j  1  i j  i t  t i  i k
t A

w e h a v e  t h a t  A ^ j A ^  i s  a d d i t i v e l y  i n v e r t i b l e  i n  ธ .  ^
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T h e  f o l l o w i n g  c o r o l l a r y  i s  o b t a i n e d  e a s i l y  f r o m  t h e  f o l l o w i n g  

f a c t  ะ A s q u a r e  m a t r i x  A o v e r  a  s e m i r i n g  ร i s  i n v e r t i b l e  o v e r  ร  i f  

a n d  o n l y  i f  A ’*' i s  i n v e r t i b l e  o v e r  ร .

C o r o l l a r y  2 . 2 . L e t  ร b e  a  s e m i r i n g  a n d  A a n  n x n  m a t r i x  o v e r  ร .

I f  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  ร ,  t h e n  A „ A ^ _ . i s  a d d i t i v e l y  

i n v e r t i b l e  i n  ร f o r  a l l  i , j , k  £  { 1 , 2 , . . . , ท } ,  i  j- k .

T h e  n e x t  p r o p o s i t i o n  g i v e s  so m e  g e n e r a l  p r o p e r t i e s  o f  a n y  

B o o l e a n  s e m i r i n g .

P r o p o s i t i o n  2 . 3 .  L e t  ร  b e  a  B o o l e a n  s e m i r i n g .  T h e n  t h e  f o l l o w i n g  

s t a t e m e n t s  h o l d  ะ

( 1 )  F o r  e v e r y  X ธ ร ,  2 x  = 4 x .

( 2 )  F o r  x , y  ธ ร ,  i f  x + y  = 0 ,  t h e n  2 x  = 2 y  = 0 .

( 3 )  F o r  x , y  £  ธ ,  i f  x y  = 1 ,  t h e n  X = y  = 1 .

P r o o f  ะ ( 1 )  I f  X i s  a n  e l e m e n t  o f  ร ,  t h e n  2 x  = x + x  = ( x + x ) ^=

x 2 + x ^ t  x 2 + X2 = x + x + x + x  = 4-x.

( 2 )  L e t  x , y  ธ ร b e  s u c h  t h a t  x + y  = 0 .  T h e n  2 x + 2 y  = 0 

a n d  b y  ( 1 ) ,  2 x  = 4 x  a n d  2 y  = 4 y .  H e n c e  2 x  = 2 x + 0  = 2 x + 2 x + 2 y  =

2 x + 2 y  = 0 ,  a n d  2 y  = 0 c a n  b e  s h o w n  s i m i l a r l y .

( 3 )  L e t  x , y  ธ ร b e  s u c h  t h a t  x y  = 1 .  T h e n  X = x l  = 

x x y  = x y  = 1 ,  a n d  y  = 1 c a n  b e  s h o w n  s i m i l a r l y .  ^

T h e  n e x t  t h e o r e m  g i v e s  a  c h a r a c t e r i z a t i o n  o f  i n v e r t i b l e  

m a t r i c e s  o v e r  a  B o o l e a n  s e m i r i n g .  T o p r o v e  t h i s  t h e o r e m ,  a  le m m a  

r e l a t e d  t o  f i n i t e  p e r m u t a t i o n  g r o u p s  i s  r e q u i r e d  a s  f o l l o w s  ะ
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Lemma 2 . 4 .  L e t  ท b e  a  p o s i t i v e  i n t e g e r ,  y  t h e  p e r m u t a t i o n  g r o u p  o f

deg ree  ท, Ar1 th e  a l t e r n a t i n g  group o f  deg ree  ท and v?n = ^11'vAn . I f
i , j  £  ( l , 2 , . . . , ท }  a r e  s u c h  t h a t  i  i- j ,  t h e n  t h e  m ap a  I— *■ ( a ( i ) , a ( j ) ) a

i s  a  1 - 1  m ap f r o m  A  o n t o  $  .ท ท

P r o o f  ะ A s s u m e  t h a t  i , j  £  { l , 2 , . . . ,  ท }  a r e  s u c h  t h a t  i  i- j .

I f  a  £  t h e n  ( a ( i ) , a ( j ) )  £  %n  ( s i n c e  a ( i )  f  a ( j ) )  w h i c h  i m p l i e s  

t h a t  ( a ( i ) , a ( j ) ) a  £ $  11. L e t  p,<5 £  b e  s u c h  t h a t  ( p ( i ) , p ( j ) ) p  =

(<5(i) , 6 (  j  ) )<5. T h e n  ( p ( i )  , p (  j  ) )  p ( k )  = ( ( p ( i )  , p (  j ) ) p ) ( k )  =

((<5(i) , Ô ( j ) ) 6 ) ( k )  = ( 6 ( i ) , ô ( j ) ) ô ( k )  f o r  a l l  k  £  { l , 2 , . . . , n } .
T h e r e f o r e  p ( i )  = ( p (  i )  , p (  j  ) ) p (  j  ) = ( <5( i )  , 6 (  j  ) ) 6 (  j  ) = <S(i), p ( j )  =

( p ( i ) , p (  j ) ) p ( i )  = ( ô ( i ) , ô ( j ) ) ô ( i )  = 6 ( j )  a n d  i f  k  £  { l  , 2 5 . . .  , ท } ' { i ,  j } 5 

t h e n  p ( k )  Ï  p ( i ) ,  p ( k )  t  p ( j ) ,  6 ( k )  ^ 6 ( i )  a n d  ô ( k )  t  6 ( j )  w h i c h  i m p l y  

t h a t  p ( k )  = ( p ( i )  , p (  j  ) ) p ( k )  = ( 6 (  i )  ,<$( j  ) ) 6 ( k )  = 6 ( k ) .  H e n c e  p = 6 .

T h i s  p r o v e s  t h a t  a  t—» ( a ( i ) , a ( j ) ) a  i s  a  1 - 1  m ap f r o m  A  i n t o  3 11 .

S i n c e  |A n | = [ $ 111 = ร ู-” 5 i t  f o l l o w s  t h a t  t h e  m ap a  t—> ( a ( i ) , a ( j ) ) ü  i s  

a  1 - 1  m ap f r o m  พ{11 o n t o  $ 11. ^

T h e o r e m  2 . 5 .  L e t  ร b e  a  B o o l e a n  s e m i r i n g  a n d  A a n  n x n  m a t r i x  o v e r  ร .  * (ii)

T h e n  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  ร i f  a n d  o n l y  i f

( i )  p e r ( A )  = 1  a n d

( i i )  2 A i j A i k  = 0 f o r  a l l  i , j , k  £  { 1 , 2 , . . . , ท } ,  j  t  k .

P r o o f  ะ F i r s t ,  a s s u m e  t h a t  A i s  a n  i n v e r t i b l e  m a t r i x  o v e r  ร .  

T h e n  AB = BA = I  f o r  s o m e  n x n  m a t r i x  B o v e r  ร .  B y  T h e o r e m  1 . 1 ,  

t h e r e  e x i s t s  a n  e l e m e n t  r  o f  ร s u c h  t h a t

d e t + (A B )  = ( d e t + A ) ( d e t +B ) + ( d e t ~ A ) ( d e t  B ) + r

a n d

d e t  ( A B )  = ( d e t + A ) ( d e t  B ) + ( d e t  A ) ( d e t +B ) + r .
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B u t  a e t + (A B )  = d e t + I n  = 1  a n d  d e t _ (A B ) = d e t ~ I n  = 0 ,  s o  w e  h a v e  

t h a t

1 = ( d e t + A ) ( d e t +B ) + ( d e t  A ) ( d e t  B ) + r  ................  ( 1 )

a n d

0 = ( d e t + A ) ( d e t  B ) + ( d e t  A ) ( d e t +B ) + r .  ................  ( 2 )

T h e n  ( l ) + ( 2 )  g i v e s

1 = ( d e t + A ) ( d e t + B ) + ( d e t + A ) ( d e t  B ) + ( d e t  A ) ( d e t + B ) +

( d e t  A ) ( d e t  B ) + 2 r

w n i c h  i m p l i e s  t h a t

1  = ( d e t + A + d e t  A ) ( d e t +B + c e t  B ) + 2 r

= p e r ( A ) p e r ( B ) + 2 r .

I t  f o l l o w s  f r o m  ( 2 )  a n d  P r o p o s i t i o n  2 . 3 ( 2 )  t h a t  2 r  = 0 .  H e n c e  

p e r ( A ) p e r ( B )  = 1 .  B y  P r o p o s i t i o n  2 . 3 ( 3 ) ,  p e r ( A )  = 1 ,  s o  ( i )  h o l d s .

S i n c e  A i s  i n v e r t i b l e  o v e r  ร ,  b y  P r o p o s i t i o n  2 . 1 ,  A ^ j A ^ .  i s  

a d d i t i v e l y  i n v e r t i b l e  i n  ร f o r  a l l  i , j , k  £  { 1 , 2 , . . . , ท } ,  j  1  k .

S i n c e  ร i s  a  B o o l e a n  s e m i r i n g ,  b y  P r o p o s i t i o n  2 . 3 ( 2 ) ,  2 A . , A . ^  = 0 

f o r  a l l  i , j , k  ธ { l , 2 , . . . , ท } ,  j  i- k .  H e n c e  ( i i )  h o l d s .

T o p r o v e  t h e  c o n v e r s e ,  a s s u m e  t h a t  ( i )  a n d  ( i i )  h o l d .  I f  

ท = 1 ,  t h e n  A i s  t h e  1X 1 m a t r i x  w h o s e  e l e m e n t  i s  1 5 s o  A i s  

i n v e r t i b l e  o v e r  ร .  A s s u m e  t h a t  ท > 1 a n d  l e t  B b e  t h e  n x n  m a t r i x  

o v e r  ร d e f i n e d  b y

B .  . = z  ( H A ,  , ,  J
i j  o z \  k “ l  k 0 ( k )

a ( j ) = i  k ^

f o r  a l l  i , i  8  ( 1 , 2 , . . . , ท } .  C la im  t h a t  AB = I  . L e t  i , j  £  { 1 , 2 , . . . , ท } .
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T h e n

S i n c e

t h a t

T h u s  

I f  i  =

( A B ) = S A B  . 
t  = l  111 ^

ท
L

t = l Ai t (
a \

Cf( j  ) = t
( k = 1 A k a ( k ) ) )
kjj

ร (
t = l

£  A.  / . V ( n  A, / ,  V ) )
a e ïn « i >  k ! i  W k )

a ( j ) = t
ท

= น  { a  e  I a (  j  ) = t  } i s  a  d i s j o i n t  u n i o n ,  i t  f o l l o w s  
t = l  n

t l (  o e s  Ai ฬ : ) ( k i AK ° ( k ) , )  = a A Ï A i 0 « ) < J i A k a ( k , ) -
o (  ]  ) = t  ร  n  พ

(AB>น  = a e ï  Ai0 ( i > ( J l Ak0(k))'
n  k ^ 3

3 t h e n

( AB) = (A B ) i i

0 ^ ^ Ai a ( i ) ( k ^ 1 Ak a ( k ) ) 
n  k ^ i

iïn<JA0(lt)>
= p e r ( A )

= 1 .

N e x t  3 a s s u m e  t h a t  i  f  j . I f  ท = 2 3 t h e n
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( A B )
œ ï  A i 0 ( 3 ) < i5= A o ( k ) >

k / i

0  çkf Ai a ( j  ) Ai a ( i )

A . . A . . + A . . A . . i j  i i  i i  i j

= 2 A . . A , .i i  i j

= 0 ( b y  t h e  a s s u m p t i o n  ( i i ) )

A s s u m e  f u r t h e r  t h a t  ท > 2 .  T h e n

< “ >1 : a e / 1 ^ ) ( k ” i ' W k ) )
ร ]

ท
a e ï  h 0( j ) A10( 1 ><1J 1-พ ) )

n S i  5 j

0 ะ / 1 0 ( 1 ) A1 0 ( 1 ) < ^ % 0 ( 1< ) > +

พ ) พ ) ^ 1 พ ) ) -
^ i , j

F o r  e a c h  a  e  À  l e t  ฮ ิ = ( a ( i ) , a ( j ) ) a .  T h e n  a  I—►  â  i s  a  1 - 1  m ap

f r o m  A  o n t o  ร ) (h em m a  2 . 4 ) .  T h e r e f o r e  ท ท

J ^ Ai a ( j ) Ai a ( i ) ( k^1Ak a ( k ) )
k ^ i . j

ae.4 A i 5 ( j ) A i 5 ( i ) ( k = A 5(k) )
n  k ^ i , j
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< “ ^ - ^ W i o U > ‘  เ พ >>♦ 0 ^ พ i «  1 ,  < î w
n  k ^ i , j  n  k / i , i

= 0 ^  tAi a ( j ) Ai a ( i ) ( ^ A k a ( k ) )+Ai - ( j ) Ai - ( i ) ( ^ A k 5 ( k ) ) ] .  
n  k ? ! i , j  k ^ i ,  j

F o r  e a c h  a  £  A  ,  a ( i )  = ( ( a ( i ) 5a ( j ) ) a ) ( i )  = a ( j ) ,  a ( j )  =

( ( ๐ ( i )  , a (  j ) ) a ) ( j )  = a ( i )  a n d  i f  k  £  { l  , 2 , . . .  , n } \ { i , j } ,  t h e n

a ( k )  f  a ( i )  a n a  a ( k )  1  a ( j )  w h i c h  i m p l y  . t h a t  a ( k )  = ( ( a ( i ) 3a ( j ) ) a ) ( k )

= a ( k ) . H e n c e  f o r  e a c h  a  e l n ,

Ai â ( j ) Ai ü ( i ) ( n  Ak â ( k ) } = Ai a ( j ) Ai a ( i ) ( v ^  Ak a ( k ) } - 
k ^ i , j  k / i , j

T h u s

( A B ) . .  = I  [ 2 A .  ,  . . A .  . . (  E ii j  a i a ( j )  i ° ( i )  k _ 1  ไk a ( k )  J
n  k ^ i  , j

S i n c e  i  f  j ,  c r ( i )  f  a ( j )  f o r  a l l  cr £  .4- s o  i t  f o l l o w s  b y  ( i i )

t h a t  2 Aj_0 ( j ) Ai < j ( i )  = 0 for>  a 1 1  0  e  *̂ n - H e n c e  ( A B ) j .  = 0 .

T h e r e f o r e  AB = I n - B y  T h e o r e m  1 . 2 ,  AB = BA = I  . H e n c e  A i s  

i n v e r t i b l e  o v e r  ร .
Tr

T h e  f o l l o w i n g  c o r o l l a r y  i s  c l e a r l y  o b t a i n e d  f r o m  t h e  f a c t s

t h a t  f o r  a n y  s q u a r e  m a t r i x  A o v e r  a  s e m i r i n g  ร ,  p e r ( A )  = p e r ( A ^ )  a n d
TA i s  i n v e r t i b l e  o v e r  ร i f  a n d  o n l y  i f  A i s  i n v e r t i b l e  o v e r  ร .

C o r o l l a r y  2 . 6 . L e t  ร  b e  a  B o o l e a n  s e m i r i n g  a n d  A a n  n x n  m a t r i x  o v e r  

ร .  T h e n  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  ร i f  a n d  o n l y  i f

0 1 2 4 7 2
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( i )  p e r ( A )  = 1 a n d

( i i )  2 A ^ j  A^_. = 0 f o r  a l l  i , j , k  ธ { l , 2 , . . . , ท } ,  i  i  k .

I f  ร  i s  a n  i d e m p o t e n t  s e m i r i n g ,  t h e n  2 x  = X f o r  a l l  X ธ ร .

T h u s  f o r  a n y  n x n  m a t r i x  A o v e r  a n  i d e m p o t e n t  s e m i r i n g  ร a n d  f o r

i , j , k  ธ { l , 2 , . . . , ท } ,  2A_^_.A^k  = 0  i f  a n d  o n l y  i f  A . . A _ k  = 0 .  H e n c e

t h e  f o l l o w i n g  r e s u l t  w h i c h  w a s  p r o v e d  i n  [4 ] i s  o b t a i n e d  a s  a

c o n s e q u e n c e  o f  T h e o r e m  2 . 5 .

C o r o l l a r y  2 . 7 . L e t  ร  b e  a n  i d e m p o t e n t  s e m i r i n g  a n d  A a n  n x n  m a t r i x  

o v e r  ร .  T h e n  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  ร i f  a n d  o n l y  i f

( i )  p e r ( A )  = 1 a n d

( i i )  A i j A i k  = 0 f o r  a l l  i , j , k  ธ { l , 2 .............ท } ,  j  t  k .

C o r o l l a r y  2 . 8 . L e t  ร  b e  a n  i d e m p o t e n t  s e m i r i n g  a n d  A a n  n x n  m a t r i x  * (ii)

o v e r  ร .  T h e n  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  ร i f  a n d  o n l y  i f

( i )  p e r ( A )  = 1 a n d

( i i )  A ^ A ^ j  = 0 f o r  a l l  i , j , k  ธ ( l , 2 , . . . , ท } ,  i  /  k .

P r o o f  ะ I t  f o l l o w s  f r o m  C o r o l l a r y  2 . 7  a n d  t h e  f a c t s  t h a t  

p e r ( A )  = p e r ( A T ) a n d  A i s  i n v e r t i b l e  o v e r  ร i f  a n d  o n l y  i f  A^ i s  

i n v e r t i b l e  o v e r  ร . ^

I t  i s  k n o w n  t h a t  a  s q u a r e  m a t r i x  A o v e r  t h e  B o o l e a n  a l g e b r a  

o f  2  e l e m e n t s  B i s  i n v e r t i b l e  o v e r  B i f  a n d  o n l y  i f  A i s  a  p e r m u t a t i o n  

m a t r i x  ( s e e  [ 2 ] ) .  we  s h a l l  p r o v e  t h i s  k n o w n  r e s u l t  b y  C o r o l l a r y  2 . 7

a n d  C o r o l l a r y  2 . 8 .



C o r o l l a r y  2 . 9 . L e t  B b e  t h e  B o o l e a n  a l g e b r a  o f  2 e l e m e n t s  a n d  A a  

s q u a r e  m a t r i x  o v e r  B . T h e n  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  B i f  a n d  

o n l y  i f  A i s  a  p e r m u t a t i o n  m a t r i x .

P r o o f  ะ L e t  A b e  a n  n x n  m a t r i x  o v e r  B .

F i r s t ,  a s s u m e  t h a t  A i s  i n v e r t i b l e  o v e r  B . B y  C o r o l l a r y  2 . 7  

a n d  C o r o l l a r y  2 . 8 ,  p e r ( A )  = 1 ,  A „ A ^ k  = 0 f o r  a i l  i , j , k  £  { 1 , 2 , . . . , ท } ,  

j  i- k  a n d  A ^ j A ^ j  = 0 f o r  a l l  i , j , k  E { 1 , 2 , . . . , ท } ,  i  /  k .  S i n c e

p e r ( A )  = z  ( n  A. f k J  = p e r ( A T ) = 2  (  n  A . ) = 1 ,  i t  f o l l o w s  
C £^ n  k - 1  k c ^ k '  k - 1  ^k ' k

t h a t  e v e r y  r o w  a n d  e v e r y  c o lu m n  o f  A h a s  a t  l e a s t  o n e  e l e m e n t  1 .

S i n c e  A . , A >k = 0 f o r  a l l  i , j , k  £  ( l , 2 , . . . , n l ,  j  i- k ,  w e h a v e  t h a t

e v e r y  r o w  h a s  e x a c t l y  o n e  e l e m e n t  1 .  A l s o  5 e v e r y  c o lu m n  o f  A h a v i n g

e x a c t l y  o n e  e l e m e n t  1  f o l l o w s  f r o m  t h e  f a c t  t h a t  A . . A ,  . = 0 f o r  a l l  7 i j  k j
i , j , k  £  { 1 , 2 , . . . , ท } ,  i  /  k .  H e n c e  A i s  a  p e r m u t a t i o n  m a t r i x .

F o r  t h e  c o n v e r s e ,  s e e  C h a p t e r  I ,  p a g e  5 .  „it

A c h a r a c t e r i z a t i o n  o f  i n v e r t i b l e  m a t r i c e s  o v e r  a  c o m m u t a t i v e  

r i n g  w i t h  i d e n t i t y  i s  g i v e n  i n  [ i j  . T h e o r e m  4- o f  C h a p t e r  5 i n  [ l ]  

s t a t e s  t h a t  a  s q u a r e  m a t r i x  A o v e r  a  c o m m u t a t i v e  r i n g  R w i t h  i d e n t i t y  

i s  i n v e r t i b l e  o v e r  R i f  a n d  o n l y  i f  d e t ( A )  i s  m u l t i p l i c a t i v e l y  

i n v e r t i b l e  i n  R . I f  R i s  a  B o o l e a n  r i n g  w i t h  i d e n t i t y  1 ,  t h e n  1 i s  

t h e  o n l y  m u l t i p l i c a t i v e l y  i n v e r t i b l e  e l e m e n t  i n  R ( P r o p o s i t i o n  2 . 3 ( 3 ) ) .

I t  f o l l o w s  t h a t  a  s q u a r e  m a t r i x  A o v e r  a  B o o l e a n  r i n g  R w i t h  i d e n t i t y  1  

i s  i n v e r t i b l e  o v e r  R i f  a n d  o n l y  i f  d e t ( A )  = 1 .  H o w e v e r ,  t h i s  k n o w n

r e s u l t  f o l l o w s  i n d e p e n d e n t l y  b y  T h e o r e m  2 . 5  s i n c e  2 x  = 0 f o r  a l l  X 

i n  a n y  B o o l e a n  r i n g  a n d  d e t ( A )  = p e r ( A )  i f  A i s  a  s q u a r e  m a t r i x  o v e r  

a  B o o l e a n  r i n g  w i t h  i d e n t i t y .



C o r o l l a r y  2 . 1 0 .  L e t  R b e  a  B o o le a n  r i n g  w i th  i d e n t i t y  1 a n d  A a  s q u a r e

m a t r i x  o v e r  R . T h e n  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  R i f  a n d  o n l y  i f  

d e t ( A )  = 1 .
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