CHAPTER 11

INVERTIBLE MATRICES OVER A BOOLEAN SEMIRING

Characterizations of invertible matrices over the Boolean
algebra of 2 elements5 over any Boolean algebra of sets and over any
idempotent semiring were given in [2], [3] and [4] 3 respectively.
Boolean algebras of sets are a generalization of the Boolean algebra
of 2 elements and idempotent semirings are a generalization of Boolean
algebras of sets. In this chapter, invertible matrices are studied
extensively in this line. We characterize invertible matrices over

any Boolean semiring.

Some examples of Boolean semirings are as follows  Boolean
algebras, Boolean rings and ([0,1] 3max,min) (which is the semiring
([0,1],®,8) where xfy = max{x,y} and X0y = min{x,y} for all x,y in
[0,1]).

Boolean rings containing more than one element are not
idempotent semirings. Also, the semiring ({o}y[-é-,l] , ,mi ) where
xfy = 2"for all x,y £ [j,I] and 00x = x®0 = X for all X £ {0}U[i,|]
is a Boolean semiring which is not an idempotent semiring. More
generally, if is a set of positive real numbers with maximum
element M, minimum element m and Mt m, then ( {0}, dmin) where
x@y = m fecr all x,y £ S and 0®0x = x®0 = X for all X £ {} is a

Boolean semiring which is not an idempotent semiring.



We first give a necessary condition for a matrix over any

semiring to be invertible.

Propositicn 2.1. Let Dbe a semiring and A an nxn matrix over
[f the matrix A is invertible over , then Ai'ink is additively

invertible in for all i,j,k £{1,2,..., }, jtk

Proof  First5we note that if a and b are additively

invertible elements of 5 then xa + yb is additively invertible in

for all X,y £

Leo B be an nxn matrix over such that AB = BA =1 . For
i) £ {1,2,..., }, ifitj, then 0 = (BA)i,j. = ElBitAtj' which
implies that BAANj is additively invertible in  for all t in
{1,2,..., }. This proves that BAAM is additively invertible in
for all i,j,t £{1,2,..., } i | J.

Next, let i,j,k e {1,2,..., }, jJ 1T k. Then BMA™j is
additively invertible in  and is additively invertible in
for all t e {1,2,..., }, tt k. Since

Aij M (AijAiK)(AB)ii

= (A-.AM) (M AitBtI)
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we have that AMjAN is additively invertible in . A
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The following corollary is obtained easily from the following

fact A square matrix A over a semiring Is invertible over if

and only if A* s invertible over

Corollary 2.2. Let Dbe a semiring and A an nxn matrix over
[f the matrix Ais invertible over , then A,A™ . is additively

invertible in for all i,j,k £ {1,2,..., }, 1 |k

The next proposition gives some general properties of any

Boolean semiring.

Proposition 2.3. Let be a Boolean semiring. Then the following

statements hold

(1) For every X 2% =4,

(2) For x,y , if xty = 0, then 2x =2y = 0.

(3) For x,y £ , ifxy =1, then X = y = 1.

Proof (1) If X isan element of then 2x = x+x = (x+x)"=

X2+ XMt X2+ X2 = X+X+X+X = 4-x.

1
o

(2) Let x,y be such that x+y = 0. Then 2x+2y
and by (1), 2x = 4x and 2y = 4y. Hence 2x = 2x+0 = 2x+2x+2y =

2xt2y = 0, and 2y = 0 can be shown similarly.

(3) Let x,y be such that xy = 1. Then X = xl

xxy = xy =1, and y =1 can be shown similarly. A

The next theorem gives a characterization of invertible
matrices over a Boolean semiring. To prove this theorem, a lemma

related to finite permutation groups is required as follows
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Lemma 2.4. Let be a positive integer, y the permutation group of
degree ,M.the alternating group of degree  and Vh = "WAn. If
i £ (2, ., } are such that i i-j, then the map a k1 (a(i),a(j))a

is a 1-1 map from A onto § .

Proof  Assume that i,j £ {I,2,..., } are such that i i j.
If a £ then (a(i),a(j)) £ % (since a(i) f a(j)) which implies
that (a(i),a(j))a £$ 11 Let p,<‘3£ be such that (p(i),p(j))p =
(<5(1) .6(3) )8 Then (p(i) p(i)) p(K) = ((p(D) ,P())p)(K) =
((<5(1),0(j))6)(k) = (6(1),a(i))o(k) forall k ¢ {I,2,...,n}.
Therefore p(i) = (p(i) p(i))p(i) = (i) .6(i)6(5) = <S(), p(i) =
(p(i),p(3))p (i) = (6(i),0(j))o(i) = 6(j) and if k & {I,25..., }'{i,j}5
then p(k) 1T p(i), p(k) t p(j), 6(k) ~ 6(i) and 0(k) t 6(j) which imply
that p(k) = (p(i) .p(j))p(k) = (6(i) <8(j))6(k) = 6(k). Hence p = 6.
This proves that a t» (a(i),a(j))a is a 1-1 map from A into 31.
Since |An| = [$111 = -"5 it follows that the map a &> (a(i),a(j))i is

a 1-1 map from {ll onto $1L A

Theorem 2.5. Let be a Boolean semiring and A an nxn matrix over .}
Then the matrix Ais invertible over if and only if

(i) per(A) =1 and

(ii) 2AijAik =0 for all i,j,k £ {1,2,..., ootk

Proof  First, assume that A is an invertible matrix over
Then AB = BA = | for some nxn matrix B over . By Theorem 1.1,
there exists an element r of  such that

det+(AB) = (det+tA)(det+B)+(det~A)(det B)+r
and

det (AB) = (det+A)(det B)+(det A)(det+B)+r.
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But aet+(AB) = det+ln = 1 and det (AB) = det~In = 0, so we have
that

—_
1

(det+A)(det+B)+(det A)(det B)+r (1)

and

0 (det+tA)(det B)+(det A)(det+B)+r. e (2)
Then (1)+(2) gives

1

(det+A)(det+B)+(det+A)(det B)+(det A)(det+B)+
(det A)(det B)+2r

wnich implies that

1 (det+A+det A)(det+B+cet B)+2r

per(A)per(B)+2r.

It follows from (2) and Proposition 2.3(2) that 2r = 0. Hence
per(A)per(B) = 1. By Proposition 2.3(3), per(A) =1, so (i) holds.

Since Ais invertible over , by Proposition 2.1, A*AM s
additively invertible in  for all i,j,k £ {1,2,..., }, j 1k
Since is a Boolean semiring, by Proposition 2.3(2), 2A., A" =0

for all i,),k {t,2,..., }, J i- k. Hence (ii) holds.

To prove the converse, assume that (i) and (ii) hold. |If
= 1, then A is the 1X1 matrix whose element is 1550 A is
invertible over . Assume that > 1 and let B he the nxn matrix

over defined by

B = z (HA, ]
i oz\ k"I kO(k)
a(j)=i k»
for all i,i 8 (1,2,..., }. Claim that AB =1 . Leti,j £ {1,2,...,

}.
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Then
(AB) = SAB
t=l m A
AT (ketAkalk)
oj)=t Kl
E A .V Y
t:I( aein «i> (k?iA\Nk)))
a(j)=t
Since = {a e la(j) =t }is a disjoint union, it follows
t=| n
that
t1( oes Al :)(ki AK°(k),) = aATAiO« )<J iAka(k,)-
0(])=t n
Thus
(AB> = aei AiO(i>(3 | AkO(K))
n k"3
[f i = 3 then
(AB) = (AB)ii

0~A~Aia (1) (k™M Aka(k

'@“(P

per(A

= 1.

Next 3 assume that i f j. If =23 then



@ 7 Ai0(3)<ib= A o(k)>

ki
0 ckf Aia (j )Aia (i)
Aij Aii A i

= ARy

Assume further that >2. Then

0 (by the assumption (ii))

< oL a e /1A ) (K"i'W k)
]

aei h 0(j)AL0(1x<D 1- )

n Si Y
0 [ 10(1)A10(1)<" % 0(k)>+

) IR\

Ai;j
For each a e A let = (a(i),a(j))a. Then a b & is a 1-1 map

from A onto ) (hemma 2.4). Therefore

JA Aa(j)Aa(i) (k" 1A&ka(k))
KA

ae.4 Ai5(j)/—\i5(i)(|k(:A 5(k))
n M

14
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N oW o Uo> ! > QA i« 1,< T w
n k™ n k/i,i
= 0n tAia(j)Aa(i) (™A ka(k))*Ai-(j)A- (i) (™A K5(k)].
N k21, KM

a(k) f a(i) ana a(k) t a(j) which imply . that a(k) = ((a(i)3a(j))a)(k)

= a(k). Hence for each a eln,

AiA(j)ATT(I)( n AkA(K)} = Ala(j)Aia(i) (v Aka(k)}-
KA ] KIi,j

Thus

(AB).. = | [2A. E

I a ralj) (i')'(k 1ika(k) J
n kK™

cr. e
|

Since i f j, cr(i) f a(j) for all o £ 4 so it follows by (ii)

that 2Aj0(j)Ai<j(i) = o for> a1l 0 ¢ *n- Hence (AB)j. = 0.
Therefore AB = In- By Theorem 1.2, AB = BA =1 . Hence Ais

invertible over
T

The following corollary is clearly obtained from the facts
that for any square matrix A over a semiring , per(A) = per(A™) and

Ais invertible over if and only if AT is invertible over

Corollary 2.6. Let Dbe a Boolean semiring and A an nxn matrix over

Then the matrix A is invertible over if and only if

012472
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(i) per(A) =1 and
(ii) 2AN AN, =0 for all i,j,k {r,2,...., } iik

[f is an idempotent semiring, then 2x = X for all X
Thus for any nxn matrix A over an idempotentsemiring and for
i,k {r,2,..., }, 2ANA = 0 if and onlyif A..A_k = 0. Hence
the following result which was proved in [4]is obtained as a

consequence of Theorem 2.5,

Corollary 2.7. Let be an idempotent semiring and A an nxn matrix

over . Then the matrix Ais invertible over if and only if
(i) per(A) =1 and
(ii) AijAik =0 for all i,j,k {1,2 bojotok

Corollary 2.8. Let Dbe an idempotent semiring and A an nxn matrixf

over . Then the matrix Ais invertible over if and only if
(i) per(A) =1 and
(i) AMANj =0 for all i,j,k (12,..., }, il k

Proof It follows from Corollary 2.7 and the facts that
per(A) = per(AT) and A is invertible over if and only if A™ is

invertible over . A

It is known that a square matrix A over the Boolean algebra

of 2 elements B is invertible over B if and only if A is a permutation

matrix (see [2]). we shall prove this known result by Corollary 2.7

and Corollary 2.8.



Corollary 2.9. Let B be the Boolean algebra of 2 elements and A a

square matrix over B. Then the matrix Ais invertible over B if and

only if Ais a permutation matrix.

Proof Let A be an nxn matrix over B.

First, assume that A is invertible over B. By Corollary 2.7

and Corollary 2.8, per(A) =1, A,A"k =0 for ail i,j,k £ {1,2,..., },
j i k and AMAA) = 0 for all i,j,k E{L,2,..., }, i [ k. Since
per(A) = 72 nA . ) =1, it follows

n A fkJ = per(AT)
Ak!

z |
CEMn k-1 ke 1 "K'k

that every row and every column of A has at least one element 1.
Since A. ,A>k =0 for all i,j,k £ (1,2,...,nl, j i- k, we have that
every row has exactly one element 1. Alsob5 every column of A having
exactl)f one element 1 follows from the fact that Ai‘]A’kj' =0 for all
i,k £ {1,2,..., }, i | k. Hence Ais a permutation matrix.

For the converse, see Chapter |, page 5. i

A characterization of invertible matrices over a commutative
ring with identity is given in [ij . Theorem 4 of Chapter 5 in [I]
states that a square matrix A over a commutative ring R with identity
is invertible over R if and only if det(A) is multiplicatively
invertible in R. If Ris a Boolean ring with identity 1, then 1 is

the only multiplicatively invertible element in R (Proposition 2.3(3)).

It follows that a square matrix A over a Boolean ring R with identity 1

is invertible over R if and only if det(A) = 1. However, this known

result follows independently by Theorem 2.5 since 2x = 0 for all X
in any Boolean ring and det(A) = per(A) if Ais a square matrix over

a Boolean ring with identity.



Corollary 2.10. Let R be a Boolean ring with identity 1 and A a square
matrix over R. Then the matrix Ais invertible over R if and only if

det(A) = L.
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