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CHAPTER I
INTRODUCTION

In many scientific and technological fields, especially the computer experiment,
we always face the problem of computing a value of integral over a high dimensional
domain. Among numerical integration techniques, Monte Carlo methods are especially
useful and often competitive for high dimensional integration(see, Davis and Rabinowitz
([1]), chap. 5.10, Niederreiter([2]), Evans and Swartz ([3])). The simple Monte Carlo
method may be formulated as follows:

Consider a deterministic function ¥ = f(x) € R where z € [0,1]? and f is known

but hard to calculate. Then our aim is to estimate

/ fla)da,
[O’l]d

that is the mean, u = E(foX), of foX where X is a random vector uniformly distributed
on a unit hypercube [0,1]¢. The simplest way is to draw the samplings X1, Xo, ..., X,

independently and uniformly distributed from [0, 1]¢ and use

1 n
ﬂ:nZ;fOXi
1=

as an estimator of u.

Beside the uniform sampling, there are various alternative ways to select the points
X;’s for i. For examples, lattice sampling(see Patterson([4]), Latin hypercube sam-
pling(see, McKay, Conover and Beckman([5]), Owen([6]), the orthogonal arrays(see,
Loh([7]), Owen([8]), Tang([9])), scrambled net(see; Owen([10]) and ([11])). In this work,
we investigate orthogonal arrays sampling.

An orthogonal array of strength ¢ with index A (A > 1), is an n x d matrix with
elements taken from the set {0,1,...,¢ — 1} such that for any n x ¢ submatrix, each of
the ¢' possible rows appears the same number \ of times where d, n, g and ¢ are positive
integers with ¢ < d and ¢ > 2. Of course n = A\¢’. A class of these arrays are denoted
by OA(n,d,q,t)(see Raghavarao([12]) for more details).



Loh(1996) considered the class OA(n, 3, q,2) when n = ¢? and constructed the sam-
pling X1, Xo,..., X2 on the unit cube [0, 1]? as follows: Let
(a) 71, m2, 3 be random permutations of {0,1,...,q — 1},
(b) Ui, g iz, be [0,1] uniform random variables where 71,142,493 € {0,1,...,¢ — 1}, j €
{1,2,3}; and
(¢) Uiy igsis,j's and m’s be all stochastically independent.

An orthogonal array-based sample of size ¢2, { X1, Xo, ..., X2}, is defined to be
{X (m1(@s1), ma(ai2), m3(ais)) =1 < i < ¢*},
where, for each iy, 49,13 € {0,1,...,¢ — 1} and j € {1,2, 3},
X (iv,i9,13) = (11 (i1, 42, 13), To(iv, i2,43), Ta(i1, i2, i3)),
i+ Ui17i27i37j’

q
and a; ; is the (i, j)"* element of some arbitary but fixed A € OA(¢?3,q,2).

T;(i1,12,13) =

So the estimator ji of p in (1.1) can be express in the form of

q2

i = q12 Z foX(m(ai1),m(ai2), m3(aiz3))-
=1

Owen([8]) gave an expression for the asymptotic variance of ji that if E(f o X)? < oo

then, as ¢ — oo, we have

PVarp) = [ fhn()do+o(1),
[0,1]3

where, for each iy,19,i3 € {0,1,...,¢ — 1} and j € {1, 2,3},

3
frem(x) :f(x)—M—ij(ZCj)— Z fk,l(l'kvxj)
j=1

1<k<i<3

1
fea(@g, zy) = /0 L) = = fuler) = fily)] T] day

JFk

fi(zj) = /[0,1]2 [f(x) — u] ]gdxk~

Assume that Var(ii) > 0. We define

p—y 7117
Var(p)

gt



From Owen|8], we note that
EW =0 and VarW = EW? = 1. (1.1)

From now on, we let X be a uniform random vector on [0, 1]®> and ® the standard nor-
mal distribution. Loh([7]) gave a uniform bound on the normal approximation of W in

Theorem 1.1.

Theorem 1.1. Suppose that E(f o X)" < oo for some even integer r > 4. Then
sup {|P(W < w) —®(w)] : —00 < w < 00} = O(q%) as q — oo.

In Theorem 1.1 we observe that the order of a bound is O(q_%) when we assume E(f o
X)® < 0.

In this work, we improve it to O(q_%) and give a non-uniform bound. Furthermore,
we find concentration inequalities of W in case of uniform and non-uniform. These are

our main results.

Theorem 1.2. (A Uniform concentration inequality)

Assume that E(f o X)* < oo. Then as ¢ — 0,

1 1
BPla <W <a+A) <2M\1+ —=)+ O(—),
( ) <A+ =)+ 0l —)

for any real number a-and A > 0.

Theorem 1.3. (A Non-uniform concentration inequality)

Assume that E(f o X)* < co. Then there exists a constant C' such that

CA 1 1

Pz < < ) < 11
(z<W <'z+4 )_1+z+1+z ( q), as g — oo,

for any real number z, X' > 0.

Theorem 1.4. (A Uniform bound for randomized orthogonal array sampling designs)

Suppose that E(f o X)% < co. Then as q — oo,

sup {|P(W < w) — ®(w)| : —00 <w < 0o} = O(q*%).



Theorem 1.5. (A Non-uniform bound for randomized orthogonal array sampling de-
signs)
Suppose that E(f o X)" < oo for even number r > 8. Then for z € R,

1 1 1 1
1_20( r—8 )7 710(71
(L+lzD)7r g2 (1+][z))r2 go

|P(W < 2) — ®(2)| < max ( )) asq— oo.

In this thesis, we organize as follows. In chapter 2, we give some definitions in
elementary probability theory, a background of Stein’s method and some useful prop-
erties of Stein’s solution. In chapter 3, we give a uniform concentration inequality. A
non-uniform concentration inequality is stated in chapter 4. The proofs of a uniform
bound and non-uniform bound for randomized orthogonal array are shown in chapter 5

and chapter 6 respectively.



CHAPTER 11
PRELIMINARIES

In this chapter, we give some basic concepts in probability which will be used in
our work. The proof is omited but can be found in Stein([13]), Petrov([14]) and Barbour
and Chen([15]).

2.1  Probability Space and Random Variables

A probability space is a measure space (€2, F, P) for which P(2) = 1. The measure P
is called a probability measure. The set € will be referred as a sample space and
its elements are called points or elementary events. The elements of F are called
events. For any event A, the value P(A) is called the probability of A.

Let (2, F, P) be a probability space. A function X : Q — R is called a random
variable if for every Borel set B in R, X (B) belongs to F. A random vector
X = (X1, X9,..., X}) is a finite family of random variables X;, X2, X3,..., X and for
each i = 1,2,...,k, X; is called component of the random vector. We shall use the
notation P(X € B) in place of P({w € Q|X(w) € B}). In the case where B = (—o0, a]
or [a,b], P(X € B) is denoted by P(X < a) or P(a < X < b), respectively.

Let X be a random variable. A function F' : R — [0, 1] which is defined by

F(z) = P(X < )

is called the distribution function of X.
Let X be a random variable with the distribution function F. X is said to be a
discrete random variable if the image of X is countable and X is called a continuous

random variable if /' can be written in the form

Fla) = /_ F(t)dt

for some nonnegative integrable function f on R. In this case, we say that f is the
probability function of X.

Now we will give some examples of random variables.



We say that X is a normal random variable with parameter y and o2, written as
X ~ N(u,o?), if its probability function is defined by

f@) = s exp (— (e — 7).

2102
Moreover, if X ~ N(0,1) then X is said to be a standard normal random variable.

We say that a discrete random variable X is uniform with parameter n if there exist
x1,T2, ..., Ty such that P(X = x;) = % for any i = 1,2,...,n.
If X is a continuous random variable with probability function
1
O

0 if  otherwise,

if a<axz<b,

we call that X is uniform on [a, b].

We say that a random vector X is uniform on [0, 1]3 if its distribution function is

defined by

0 if at least one z; < a;,
F(x1, 22, ... xp)

— n
7 Ci — a4 ! .
H if  otherwise,
1 bi —a
1=

where ¢; = x; if a; < x; < b; and ¢; = b; if z; > b;.

2.2 Independence

Let (22,3, P) be a probability space and F, are sub o-algebra of F for all & € A. We
say that {F,|a € A} is independent if and only if for any subset J = {1,2,...,k} of A,

k k
P(() Am) = [] P(4m)
m=1 m=1

where A,, € F,, for m=1,.... k-
Let & C F for all @ € A. We say that {&,|a € A} is independent if and only if
{o(&y)|a € A} is independent where o(&,) is the smallest o-algebra with &, C o(&,) -
We say that the set of random variables { X,| o € A} is independent if {o(X,)| @ €
A} is independent, where o(X) = {X1(B) | B is a Borel subset of R}.

Theorem 2.1. Random variables X1, Xo, ..., X,, are independent if for any Borel sets

B, Bo, ..., B, we have

n n

P((){Xi e B}) =] P(X: € By).

=1 i=1



Proposition 2.2. If X;; ;i=1,2,...,n, j =1,2,...,m; are independent and f; : R™" —
R are measurable, then {fi(Xi1, Xi2, ..., Xim;), ¢ = 1,2,...,n} is independent.

2.3 Expectation, Variance and Conditional Expectation

Let X be any random variable on a probability space (2, F, P).
If / | X |dP < oo, then we define its expected value to be
Q

E(X)= / XdP.
Q
Proposition 2.3.

1. If X is a discrete random wvariable, then E(X) = Z xP(X = x).
relmX

2. If X is a continuous random variable with probability function f, then
EfX)= /R:Ef(:v)dx.

Proposition 2.4. Let X andY be random variables such that E(|X|) < co and E(]Y]) <
oo and a,b € R. Then we have the followings:

1. E(aX +bY) =aFE(X)+bE(Y).

2. If X <Y , then E(X) < E(Y).

3. [BE(X)| < E(1X])-

4. If X and Y are independent ., then E(XY) = E(X)E(Y).

Let X be a random variable which E(|X|¥) < co. Then E(|X|¥) is called the k-th
moment of X about the originand call E[(X — E(X))*] the k=th moment of X about
the mean.

We call the second moment of X about the mean, the variance of X, denoted by
Var(X). Then

Var(X) = E[X — E(X)]2

We note that



1. Var(X) = E(X?) — E*X).
2. If X ~ N(u,0?) then E(X) = p and Var(X) = o2

Proposition 2.5. If X1, ..., X,, are independent and E|X;| < oo fori=1,2,...,n, then
1. E(X1 X0 Xn) = B(X1)E(X2)...E(X,),

2. Var(a1 X1 + -+ anXy) = a2Var(Xy) + -+ a2Var(X,) for any real number

Ay ey Ap.
The following inequalities are useful in our work.
1. Holder’s inequality :
B(XY]) < Br (X|P)E7(X]9)
1 1
where 0 < p,q <1, —+==1and E(|X]?) < c0,E(|Y]Y) < 0.
p g

2. Chebyshev’s inequality :

Var(X)

P{IX - B(X)| 2 ) £~

forall e>0
€

where F(X?) < oo.
Let X be arandom variable with finite expected value on a probability space (2, F, P)
and D a sub o-algebra of F. Define a probability measure Pp: D — [0, 1] by

and signed-measure Ox : D — R by

Ox(E) = /E XdP.

Then by-Radon-Nikodym-theorem we have Qx <« Pp and there existsa unique measur-

able function EP(X) on (£, F, P) such that
/ EP(X)dPp = Qx(E) = / XdP for any E € D.
E E

We will say that EP(X) is the conditional expectation of X with respect to D.
Moreover, for any random variables X and Y on the same probability space (2, F, P)
such that E(|X|) < oo, we will denote E°Y)(X) by EY (X).



Theorem 2.6. Let X be a random wvariable on probability space (2, F,P) such that
E(|X|) < oo, then the followings hold for any sub o-algebra D of F.

1. If X is random variable on (0, D, Pp), then EP(X) = X a.s.[Pp].
2. B¥(X) = X a.s.[P].
3. If o(X) and D are independent, then EP(X) = E(X) a.s.[Pp)].

Theorem 2.7. Let X andY be random variables on the same probability space (2, F, P)
such that E(|X|) and E(|Y|) are finite . Then for any sub o-algebra D of F the
followings hold.

1. If X <Y, then EP(X) < EP(Y) a.s. [Pp].
2. EP(aX +bY) =aEP(X) + bEP(X) a.s. [Pp] for any a, b € R.

Theorem 2.8. Let X and Y be random variables on the same probability space (2, F, P)
such that E(|XY|) and E(|Y|) are finite and Dy, Ds be any sub o-algebra of F. If X

18 a random variable with respect to D1, then
1. EPY(XY) = XEP\(Y) a.s. [Pp,].
2. EP2(XY) = EP2(XEP(Y)) a.s. [Pp,).

Let (Q,F, P) be a probability space and D be a sub o-algebra of F. For any event
A on F, we defined the conditional probability of A given D by

P(A|D) = EP(14)

where 14 is defined by

1 if weAd
14(w) =
0 it we¢ A

2.4 Stein’s Method for Normal Approximation

In 1972, Stein introduced a powerful and general method for obtaining an explicit bound
for the error in the normal approximation for dependent random variables. The technique

used was novel. Stein’s technique is free of Fourier methods and relied instead on the
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elementary differential equation. This method was adapted and applied to the Poisson
approximation by Chen in 1975. Since then, Stein’s method has stimulated an area of
intensive research in combinatorics, probability and statistics.

In this section we give basic results on the Stein’s equation and its solution.

Let Z be a standard normal distributed random variable and let Cyq be the set of
continuous and piecewise continuously differentiable functions g : R — R with E|f'(Z)| <
00.

For g € Cpq and any real valued function I with E|I(Z)| < oo, the equation
g'(w) — wg(w) = I(w) - EI(Z) (2.1)

is called Stein’s equation.

If I,(w) = 1(w < z), then the Stein’s equation becomes
g'(w) —wglw) = L(w) = (2). (2.2)

Hence

E(g'(W) = Wg(W)) = P(W < z) — ®(z)

for any random variable W and the solution g, of Stein’s equation (2.2) is given by

\/Zr‘ew;q)w =0z if w<z
oy = | V2 RSB )
V2re T &(2)[1 — ®(w)] if w>z.

The following properties of g, are used in this work.
Proposition 2.9. For all real w,u,v, we have

1. wg,(w) is an increasing function of w,

2. |gl(w)| <1,

3. |gu(w) =g: (V)| €1,

4. 0< g (w) < min(\/j?, m),
5. |(w +u)gs(w + ) — (w+v)gs(w+ )| < (Jw] + ) (|ul + [v]),

6. 19w +u) — gl (w +v) - / h(w + w)du

< 1(z —max(u,v) < w < o min(u,v)) where h(w) = (wg,(w))’.
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Proposition 2.10. Let h(w) = (wg,(w))". Then

<

g
NN

414 22)es (1— () if

414 22)ez(1—d(2) if

0 < h(w) <
<w < z.

[\S]RN¢

Proposition 2.11. Let (X,Y) be an exchangeable pair in the sense that
P(X €AY eB)=P(X eB,YeA)

for every Borel measurable subsets A and B of R. Then, for all measurable functions

F :R? = R that are antisymmetric in the sense that, for all z,2' € R
F(z,2') = —F(z', 7)

we have

EEXF(X,Y) =0,

provided that
E|F(X,Y)| < o0.



CHAPTER III
A UNIFORM CONCENTRATION INEQUALITY FOR
RANDOMIZED ORTHOGONAL ARRAY SAMPLING
DESIGNS

Let X be a random variable. The function @) x : [0,00) — R defined by
Qx(A\) =supPlz <X <z+)\)

is called a uniform (Lévy) concentration function of X and the function

Qx : R x [0,00) — R defined by
Qx (@A) =Pl < X <2+1)

is called a non-uniform (Lévy) concentration function of X.

Upper bounds of uniform and non-uniform concentration functions are called uni-
form and non-uniform concentration inequalities respectively. In this chapter, we will
give a uniform concentration inequality for randomized orthogonal array sampling de-
signs.

With the same notation as in Chapter 1, let ¢ € {2,3,4,...} and A = [a;],2x3 €
OA(q?,3,q,2) where OA(q?,3,4,2) is a class of the orthogonal arrays with strength 2

and index 1 and we also let

{X(m1 (i) ymolaiz)sma(ais)) wl-<4.<-q¢*}

be a class of the sample points with based on orthogonal array A = [a;j],2+3 Where
71, T2, T3 are random permutations of {0, 1,..;,¢ = 1} and X (i1, 42,3) is deéfined as in
chapter 1.

Let

W= _HFr"F (3.1)

VVar(i)
Our main result in this chapter is to give an uniform concentration inequality of W

which is stated as follows.
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Theorem 3.1. Assume that E(f o X)* < co. Then as ¢ — oo,

1 1
Pla<W<a+ ) <2\(14+ —) +0(—
< )<+ L) -0

q—1 )

for any real number a and A > 0.
To prove Theorem 3.1, it suffices to prove the following theorem.

Theorem 3.2. For any real number a < b. Assume that E(f o X)* < co. Then as

q — 00,
1
P(a§W§b)§2(b—a)(1+q_—1>+O(

1
NG
Note that, if we choose b = a + X where A > 0, then Theorem 3.1 follows directly from
Theorem 3.2.

).

3.1 Auxiliary Results

In this section, we give auxially results for proving Theorem 3.2.
For each i1,12,i3 € {0,1,...,¢ — 1} and 7, k,1 € {1,2,3} such that k£ <[ and for

any integrable function f, define

p(in, i, iz) = Ef o X(i1,12,13),

108
pi(i5) = — > [ulir, iz, i3) —
Vi
zk—O
5
1
fure (ks i1) = p D lnliniayiz) — p — g ix) — (i),
=0
Py
) 3
Y (iy,iayis) = 57— {f o X (i1, in,d3) = =Y i) = Y uk,z(ik,iz)},
q?+/ Var(f1) = 1<k<I<3
,[L(Z.lv i27 7’3) = EY(lb i27 13)
Then W in (3.1) can be rewritten as
q2
W =Y (mi(ai1), m2(aiz2), ms(ais)) (3.2)

=1
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and

q—1
> iy g, iz) = 0. (3:3)

ij=0
for each j € {1,2,3}(Loh([7]): 1212). In 1996, Loh([7]) defined a random function
pr be such that

(i1, 42, pr(in,i2)) = (m1(ain), m2(ai2), m3(a;i3)) (3.4)

for some i € {1, ...,¢*} and showed that W in (3.2) can be rewritten again as the form

qg—1 g—1
W =" "V (i1,iz, px (i1, 12)). (3.5)
31 =0 12=0

Let I and K be uniformly distributed random wvariables on {0,1,...,q — 1},
(I, K) uniformly distributed on {(z, k)i,k=0,1,..,q—1,i # k} and assume that they
are indenpendent of all 7y, 7,3 and U;, 4,4, ;s defined as in Chapter 1.

Define

Wi= W =8 —8Ss4 S5 +S,

where
q—1 q—1
51: ZY(LZ'Qan(I;iQ))v 52: ZY(K7i27pW(K7i2))7
i12=0 i2=0
q q—1
Sy =Y Y (I iz, pr(K,iz)), Si=Y Y(K, iz, px(,i2)).
i2=0 i2=0

Note that (W, W) is an exchangeable pair(see Loh([7]): 1213).

Lemma 3.3.

1. 51,852,855, 54 are identically distributed.

2. If E(f o X)" < oo for any positive even integer .r, then, for every i = 1,2,3,4,
ESI'=0(¢2) las.q <> 0.

Proof. 1. Clearly S; and So have the same distribution and so do S3 and Sy. Thus, it
suffices to show that S; and Ss have the same distribution. Let S@ be the set of all

permutations on {0, 1,...,q — 1} and for each i = 0,1,...,¢ — 1. Define a random variable

pr(iy) :{0,1,...,q — 1} = {0,1,....¢q — 1} by

pﬂ'(i’ )(]) = pﬂ(iuj)'



From (3.4) and the fact that 71, w2, 73 are independent, we have
pr(i,+) is a random permutation on {0,1,...,q — 1}.

Then, for every a € R, we have

q—1
P(S3<a)= P(Z Y (I, iz, pr(K,ig)) < a)

= ZP(Z Y(i,i27p7r(kai2)) S a, (Ia K) = (Z7k))

i0—=0

q—1
ZP ZY iyi9, pr(k 22)) <a)

z#k i2=0

\;L.
=

1
q(q —

g=1
P(
i#k ges(a) i2=0

q—1
= q_lq,zz P Y (iyig, f(iz)) < a)

i#k geS(a) i2=0

g—1
= q,z > P> Y(iyiz, B(ia)) < a)

1=0 ges(a@) i9=0

:7ZZPZYZ’LQ, ZQ <Cl,07r( )—ﬂ)

= Oggs(q) i2=0

:~ZP ZY i, iz, pr(i,ia)) < a)

12=0

Y (i,is, Biz)) < a,pr(k,-) = S)

q—1

=P()_Y(I,ig, px(I,iz)) < a)

i2=0

:P(Sl SCI,)

Hence S5 has the same distribution as S7.

2. follows from 1 and the fact that ES7 = O(q72)(Loh([7]): 1215).

Lemma 3.4.
—1g9g—1qg-1

1
1. If B(foX)?< o0, theanZZEYQZj, )=14+0(-) asq— oc.
q
i=0 j=0 k=0
2. If E(foX)" < oo for some positive even integer r,
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g—1q—1q-1

then ZZ ZEYT(i,j, k)=0(g"") as ¢ — oo.
i=0 j=0 k=0
3. If E(foX)" < oo for some positive even integer r,

then E(W — W)T < 0(q7%) as ¢ — oo.

Proof.
1 and 2 follow from Loh([7]): 1215-1217.
3 follows from Lemma 3.3(1, 2) and the fact that

q—1 g—1
B(W-W)" = Ei 3 Y (Lo, pa(I, i)+ D Y (K, iz, pr (K i2))

19=0 12=0
q—1 - r
= > YLz, pr(K,ia)) — Y Y (K, ia, pr(1,i2))
19=0 i12=0
=M -
< 4rE‘ Y Y (Liz, pa(T,i2))
12=0
= 4TES].

O]

Lemma 3.5. Let g : R — R be a continuous and piecewise continuously differentiable

function. Then

EWg(W) = E / W+ OM ()t — Ag(W) (3.6)
and
0w < 1 [m2(m)] . 6.
where
M(t) = %(W—W){H(Ogth—W) ~I(W - W <t <o)},

1 q—1qg—
Ag(W) = —7E9(W) ZZ isJ, P (i)

and 1 s the indicator function.

Proof. Let A be the o—algebra generated by

{(m1(ain), m2(ai2), 3(0i3) ) Uny (ai 1) ma(ans)ms(ass)g - 1 <8 < ¢% 1< 5 <3}
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and F : R? — R be defined by

Flw,w) = (0 = w)(g(w) + g(w))

for each w,w € R. Then F is an antisymmetric function and by Proposition 2.11, we

have

EF(W, W) = 0. (3.8)

From (3.8) and the fact that

2 = =

EAW — W) == fi(i, J, pr (i, ),

q ==

(Loh([7]): 1217), we have

0= EF(W,W)
= E(W — W)(g(W)+ g(W))
= E(W — W) (29(W)) + E(W — W)(g(W) — g(W))

= 2B{g(W)BA(W = W) | + EGW = W)(g(W) - g(W))

i, pr(i, 7)) }

which implies that
EWg(W) = JEOV —W)(g(W).= g(W)) = —— Bg(W) 3 3~ ili.j, px(i: )
= LBV = W) (g(W) = g(W))— Ag(i¥) (3.10)
wW-w
=R S W / o Gt Ao

—E/ (W + ) M(8)dt — Ag(W),

1

1 1
From Loh([7]): 1216, we know that |Ag(W)| < qil [E92 (W)} ’ {EWZ} ’.

1
Hence, by (1.1), |Ag(W)| < — [Egz(W)}Q. O

qg—1
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To prove Lemma 3.7-3.8, we introduce the following construction which is used in
K.Neammanee and J.Suntornchost([16]) and N. Chaidee([17]).

Let I, K, L and M be uniformly distributed random vectors on {0, 1, ...,q — 1} which
satisfy the followings:
1. (I,K) and (L, M) are uniformly distributed random vectors on

{(z’,k)\i,k —0,1,.5g—1 and i # k:}
2. [(f, K), (E,M)} is uniformly on

{[(i,k),(l,m)]ﬁ,k:,l,mz0,1,...,q—1 and i £k, [#m and (i,k);é(l,m)}.

3. (I,K), (L, M) and Ujyiy.is,4'8, 1,72, T3 are mutually independent.

Hence
P(I(LK), (B0 = (k). @m)]) = 1
alg = 1)[q(g — 1) — 1]
for any i,k,l,m=0,1,....¢g—1 and i #k,l#m and (i,k) # ([,m).
For each i,k € {0,1,....,.q — 1}, B,a € 5@ and 6 > 0 , we also let

25100, ), \Z (1:5,800)) + Y (hy gy ) = Y (0,5, a5)) = Y (k. 5, BG) }
7=0

)+ Y (ks i a) = Y o)) — ¥ (.3, 8G))}])

X min (5,

25[(i,k§),(p7r(l,'),pﬂ-(m ))] = Z(S[(i k) ( (l ) ,Oﬂ-(m,‘))] —Ez(s[(i,k‘),(pﬂ-(i, ‘),,071-(]{7,'))],
<3 45l R). (oo i, ) k)

and
Zs = Zs — 26[(j7 R)v (pﬂ(j, ')7P7T(R7 ))]
- 726[(1_/7 M)v (pﬂ(iv ')7PW(M7 )]

+25[(j>R)7(pW(E7 ')7:07F(M7'))]
+736[(I_/ M) (pﬂ(] )7p7r([_{"))]'
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We recall that an array

€11 Cl2 ‘- Clg
Co1 C22 -+ Cyq
Cp1 Cp2 -~ Cpg

is an Latin rectangle if each row contains the numbers 0,1, ...,¢ — 1 in some order and
each column does not contain any digit repeated. To prove Lemma 3.7, we need a prop-

erty of Latin rectangle in Theorem 3.6.

Theorem 3.6. (Hall([18]): 50-51) The number of ways of adding a row to an r X q

Latin rectangle to give an (r+ 1) X q Latin rectangle is at least (¢ — r)!.

First, we let
Ty = S9 where S is the set of all permutations on {0,1,...,q— 1}
and, for ¢t = 2,3, ...,
T, = {(ﬁl,ﬁg, ...,ﬂi)‘ = S for j=1,2,...,iand f3;’s are pairwise disjoint}

= U {(61, 82, Bi-1,@)| @€ S(B1, B2, -, Bi-1) }
(B1,62,.-,Bi~1)€T;—1

where  S(f1, B2, ..., Bi—1) = {a € S(Q)| anNpj=@ forj=1,2,...,i— 1}.

Lemma 3.7. Let § > 0. Then
1. (Z(;7 Zg) 15 an exchangeable pair.
2. Assume that E(f o X)? < 0o. Then, as ¢ — oo,

E[Z5Y Y %[0, k), (px(l,-), pr(m, )] < 820(q").
i#k l#m

Proof. First, we will show that if M € OA(q¢?,3,q,2) then 7(M) € OA(q?,3,q,2), where
7(M) = [m;(as5)]. To do this, we suppose that m(M) is not an orthogonal array. Then
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there exist i,k € {0,1,...,¢ — 1} and j1,j2 € {1,2,3} such that i # k and j; # j» and
(m1(ai), m2(aij,)) = (m1(aky, ), m2(akj,)). So (aij, ijy) = (ak;,, ak,j,) which is a con-
tradiction to the property of A. Hence, (M) is an orthogonal array. So, it implies that
pr(1,), pr(2,), .., pr(q, -) are pairwise disjoint. Then the exchangeability of Zs and Zs
follows from the following fact. For a,b € R,

> > Y Plh<eiZy

w#klFEm (B,a,y,m)€ETy
(Lm)#(i,k)

|:(I_7 K)?(I_UM)} = [(i7k)7(l7m)}7 (pﬂ(iv')apw(kv')apw(l7')7pﬂ(mv )) = (77 n, 3, a))
= P(Zs < a,Zs <b).

2. Note that
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where A= {(i,k,l,m,u,v)! ik, l,m,u,v e {0,1,....,q — 1}

and i # k, | #m, u;év}

7
:UAZ'

and  A; = {(i,k,l,mu,v) €A | u=1 u#tm, v#l, v=m)
Ay = {(ik, L m,u,0) €A | w#l u=m, v=1, v#m)}
Ay = {(i,k,L,m,u,v) € A | w#l, usm,v#l, v=m}
Ay = {(i,k, L m,u,0) €A | u#l, u=myv#l, v#m)
As = {(i, kL m,us0)y €A w1, utm, v=I, v#m}
Ag = {(i, b, L myw0) @A | w=1, usm, vl v#m)
Ar = {(i, kL mgt, v) € A | w#1, u#m, vl vm).

We first consider the sum on A;. Note that
Z Eét;[(i? k)? (pTF(l7 '), pﬁ(ma ))]25[(1" U)v (pw(u, ')7 pﬂ(”? ))]
A

= Z Z Eﬁ&[@? k)? (pﬂ'(l7 ')7 pﬂ(/mv ))]25[@7 m)? (prr(l7 ')7 pﬂ'(m7 ))]

£k l#m
{25 pr(m, )] = Bsl(i, ), (onis ) pn (k. )] |
< {% prlm, )] = Bzs((lm), (px (1. ), pr(rm, )]
<3 Blaslk pr(m, )21, m), (pr(L, ). pr(m, )] |
i#k l#£m

+ Z Z Ezs[(4, k), (pr (i, ), pr (K, NIE2s[(L;m), (pr (), pr(ms))]
itk Im

= Ri1 + Ria. (3.12)

where

R = Z Z E{Zd[(i, k)’ (pﬂ'(lv ')a pﬂ'(ma '))]Zé[aa m)7 (pﬂ-(l, ')a pﬂ(mv ))]}
i#£k l£m
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and
Ris = Z Z EZ(;[(i, ]{7), (pw(ia ‘)a pﬂ(ka '))]EZ5[(Z7 m)? (p7r<l7 ')7 pﬂ(mv ))]
1£k l#£m

By Lemma 3.4(2, 3) and Cauchy’s inequality, we note that

Ry = Z Z E{ZtS[(i? k)> (Pw(l, ')7 pﬂ(ma ))]25[(l7 m)a (pﬂ(la ')7 pﬂ(m> ))]}

i#k l#£m
= %ZZE{zé[u,m, (o (1), (s )T}
i£k l#£m
£33 Bl m)(oelde), oo, DI
i#k l#£m
*ZZE{% ). pr(my DY
z;ék l;ém
); pr(m, NI}
l;ém
—1
< *ZZE{\ ZY (i, i2, pr(lsi2)) + Zy(kai%pﬂ'(mvi?))
£k l#m i2=0 i2=0
q—1 qg—1
= ¥z, prlmyin)) = 3 ¥ (ki pp(Li2))] b
i19=0 12=0
2 . q—1 q—1
+ T DS B | S Videtnprlisial) = 3 ¥ (ki pn (k)
i#k ip=0 i2=0
q—1 g—1
= V(s prlhaiz)) = 3 ¥ (ki palisiz))] )
i19=0 19=0
—1g-1 -1
< 85%(q— 1) T E{ qz 1/(7;,1'2,;)7r(l,z'2))}2 + 522((]2_1) EW —W)?  (3.13)
=0 [=0 12=0
q—1
= 80%2(q - B 0 ViR i (E))) o+ TEUT D o)
i2=0
= 520(¢*) (3.14)

and

Ryo = { Z EZJ[(iv k)v (pw(ia ‘)7 pw(k7 ))]}2
i#k
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q—1 q—1

< 52{ ZE‘ Z Y(i’iz’pﬂ'(i?iQ)) + Z Y(k7i27p7r(k7i2))
ik i2=0 i2=0
q—1 q—1 9
- Z Y(iaiQapﬂ(kai2)) - Z Y(k7127pﬂ(zvl2))|}
i2=0 i2=0
q—1 q—1
= q2(q - 1)252{E‘ Z Y(I7i27p7r(lvi2)) + Z Y(K7 i27pﬂ(K7 ZQ))
- 12=0 - 12=0 )
- Z Y(I7i27pﬂ'(K7 22)) — Z Y(K7 i27pﬂ(I7 22))‘}
i19=0 i2=0

= (g — 1728 { B(W - W)}2
_ 20, (3.15)
It follows from (3.12),(3:14) and (3.15) that
;Efé[(i,k% (pa(l, )y o (M, )))25[(u,0), (pr (w, ), px (v, )] < 820(4°). (3.16)
Similar to Ay, we can conclude that

Z Eég[(i, k)? (pﬂ(l’ ')7 pﬂ’(ma ))]735[(u7 'U)a (pﬁ(ua ')7 pﬂ(va ))] < 520(‘]3)' (3'17)
Aa

Next, we consider the sum on As.

Z Eé&[(i7 k)? (pﬂ(l, ')7 pﬂ(ma '))]25[(“7 U)> (pﬁ(“a ')7 pﬂ(va ))]
As

=Y &[G R), (pe (L), pr(my NEs[(w,m), (pr(us ), pr(ms, )]

; u
i#k l#£m utlm

= Z Z Z E{Zé[(i’ k)v (pw(la ')7 pw(m‘/ ))] L EZ(;[(i, k)v (pw(ia ')7 pw(ka ))]}

ik l#£m u#m
x{ 2510, m), (9 (u, ), pr(m, )] = Bzl m), (pr (), p ()] §

<300 Y Bl k) (pall ), pam, )zl ), (o (), o, )] |
itk lEm, M

+ (q - 2) Z Z EZ&[(@ k)? (pﬁ(i7 ')a pﬁ(ka ))]EZ(;[(U, m)? (pTF(uv ')7 pw(ma ))]

= R31 + Rs2. (3.18)
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where

Ra=3 30 > B{zl(i.k). (pr(l. ). pr(m, )]zal(wm). (pr (). pr(m. )] |
itk bAm, M

and
R3o = (q - 2) Z Z E'Zts[(iv k)v (pﬂ(iv ')’ pﬂ(k’ '))]EZ5[(U7 m)? (pw(u, ‘)7 pﬂ(m7 ))]
Obviously, TR

R3s = (¢ —2)Ry2 < 520(q4). (3.19)

Now, it remains to bound Rs;. By Lemma 3.4(2, 3).

Ror =337 37 B{asl(ih)s(pn(l, ), palm, Dlzsllacm), (or ). po(m, )]}

i U
i£k l#£m utlm

qg—1 g—1
<233 3 B X2 Vlinpalin)) + D Yk, iz, pe(m, i2))
i#£k l#m ’U,;é’[;m 12=0 i9=0
q—1 g—1
- Z Y(Za i2a pw(mv 12)) y Z Y(kv Z.27 pw(l7 Z2)) ‘}
19=0 19=0
q—1 q—1
X {‘ Z Y(ua t27 pﬂ(ua tQ)) + Z Y(ma t27 pw(ma tZ))
to=0 ta=0
q—1 g1
= 3 V(uta, prlm, ) = 3 Y (b, s 2)| }
to=0 19=0
1 q—1 q—1
2 Y . . .
<5230 30 E{| X Yz palliz)) + 30 ¥k i pr(m,i2))
i#£k l#£m u;éllL,m i2=0 i2=0
g—1 q—1 9
= 3 V(iviz palim, i2) = Y Yk iz, pallei2)) |}
i2=0 12=0
1 q—1 q—1
+§52ZZ Z E{‘ ZY(u7t27pﬂ'(u7t2>)+ Zy<m7t27pﬂ'(m7t2))
i1£k d#£m u;ﬁlltm to=0 to=0
q—1 qg—1 9
= 3 Y ta pa(m 1)) = D7 Vi, b, pr(u, ta))| |
to=0 to=0
(52 q—1 q—1
< E(q - 2) Z Z E{‘ Z Y(27 i27 pﬂ(la 7‘2)) + Z Y(kv i27 pw(m7 22))
£k l#m 12=0 i2=0
q—1 q—1 9
- Z Y(Za i?a pﬁ(mv ZQ)) - Z Y(k7 i?? pw(l> Z2)) ‘}
12=0 19=0
2 q—1 q—1

+ iq(q - 1)(q - 2) Z E{ Z Y(uvt27pﬂ(uvt2)) + Z Y(m7t2a pﬁ(mth))

2
u#EmM to=0 to=0




q—1 q—1 9
—ZY(U ta, pr(m,t2)) ZYth,pﬁutg))H
to=0 to=0
q 1g—-1 q—1
< 80%(q —1)? E Y (4,2, pr(l,i2))
z:O =0  iy=0
52 =
+ 501 2E{]t2§:joYIt2 o

~Y (I, ta, pr(K,t2)) — Y(K7t2,/)7r(f_7t2))}‘}
g—1
< 80%¢%(q — 1)2(q — DB > AV, i2:pr (L, i2))
19=0
+46%¢%(q — 1)*(g — BV — W)?
< §°0(q").

By (3.18),(3.19) and (3.21),

Z Eéé[(iv k)? (p7r<l7 ')7 pTF(Tn7 ))]26[(11” U)? (pﬁ(u
As

By the same argement of (3.22), we obtain

Z EZA(S[@? k)a (pﬁ(l, ')7 pw(m, ))]25[(% ’U), (Pw(u
Ay

Z E25[(i7 k)? (pﬂ'(l’ ‘)7 pﬂ(m7 ))]25[(1‘7 U)’ (pﬂ'(u
As

Z Eﬁg[(i, k)a (pﬂ(lv ')7 pﬂ(m> ))]25[(1@ U)? (pﬂ(uv
Ag

Next, we consider the sums over A7.

7')7

')7

), prlv, )] < 820(c%).

(Ua ))} < 520(q3)7

) ')7 pﬂ'(”ﬂ ))} < 520((]3)7

(v,)] < 6°0(¢%).

Observe that, for each u,v € {0,1,...,¢ — 1} such that u # v,

MDD Ezs{(uw), (in)]

uFv (v,n) €T

= Z Z EZE[(U’U)v (7777)] - ’TZ‘ Z EZ5[(U,U), (pﬂ(uv '),,OW(’U, ))]

uFv (v, €T uFEv

:Z Z EZ(;[(U,U),(’Y,’O)]—Z Z EZ&[(“?”)?(’Y?U)]

uv (v,n)€T? uv (v,n) €T

=0.

25

(3.20)

(3.21)

(3.22)

(3.23)
(3.24)

(3.25)

(3.26)
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Then, from (3.26), we have
ZEZa i, k), (pr (L), pr(m, )25 (u, 0), (e (us ), pre (v, )]
- Z Z Z EZ5 i, k pﬂ' l ) pﬂ'(ma '))]25[(u7v)’ (pﬂ'(u7 ')’ pﬂ(vv ))]

i#k l#m uFv
uF#l,m
v#£lL,m

-y ¥ > Bl k), (8, )] 5[(u,v), (v,m)]

i#k l#£m u#v ‘ 4’ (B,a,7,m) €T
u#l,m
v;él m

_ ZZ Y Bl k), (8, @) Ez{(u, v), (v, m)]

‘ T4 i#k u#v (B,0,y,m) €Ty

- q—fﬂ LSS Bl Gl Y Easlw o), (1)

ik u#v (8,a)€Ts () ET2
- Eé&[(uv ’U), (/87 a)] y EZ(;[(U, U)’ (Oé, ﬁ)]
- Z E25[(uvv)’ (’7?0‘)] & Z E25[(uvv)7 (01777)]

YES(B,0) n€S(B,)
- Y Bl ) A= Y Bl v), (4 m]}
yeS(B,cx) nes(6,e)
= B1+ By + B3+ B4+ Bs + Bg (327)
where
B, = T ZZ Z Ezs(i, k), (8, )| Ezs[(u,v), (B, )]
‘ 4 i#k u#v (B,a)€T?
By = T ZZ Z EZ(S i, k 57 )]EZJ[(U,U), (047/8)]
‘ 4 i#k u#v (B,a)ET5
B3 = ‘ T ZZ Z EZ5 Z k ﬁv )] Z Eé&[(uvv)>(77a)]
i) ik uv (B,0)€ T V€S8 (B.1)
—2)( L
B, = U ‘ T | DS S S OB, (5, 0] S Basliu, 0, (a,m)
i#k u#v (8,0)€Ty nesS(B,a)
Bs = ‘ T Iy Z Ez5{(i k), (8,0)] > B2[(w,v), (7,8)]
4 ik uv (8,a)€Ts y€S(8,a)

Bg = - \T4 IS S Eslin. ) Y Exslwo). (6.

i#k uv (8,0)€Ts neS(8,a)



27

To complete the lemma, we have to bound the terms B;’s in (3.27).

We now consider the term Bj.

33 Y E5((R), (B,a)|Ezsl(u,v), (B a)]

i#k uFv (8,a) €T

= =20 > Bl ) (8,00 = Bl ). (palis ), (s )]}
l#k u#v (ﬂ,a)ETQ
% {Ez(;[(u, U)’ (ﬁ’ Oé)] - EZ‘S[(,U” U>> (pﬂ'(ua ')7 pw(va ))]}

<Y S Bl )5 (8, ) Bxsfs0): or ;) pe(v, )

i#k uv (B,0)€Ts
+ Bzs{(u,v), (8, 0)| Basllis k). (px (i, ). pr (k)]

:222 Z Bzs[(i k), (B,0)]Ezs[(u,v), (px(u, ), pr (v, )]

i#k uv (B,0) €Tz

= 2‘T2‘ Z Z EZg[(i, k)? ([)F(Z', ')7 pTr(kv ))]EZ(;[(U, U)v (pﬂ(u7 ')7 pﬂ(’l), ))]
1#k u#v

< |1»|6%0(q?)
where we have used (3.15) in the last inequality. From this fact and the fact that (see

theorem 3.6), for any positive integer ¢,

FE S IO (3.28)
Thus
(¢ —2)(g—3) (¢ —2)(g—3)
B < M‘TQMQO(q?’) < Tj(q = 2;@ [P0 < 20 (329)

By using the same argument of By, we can show that
By < 6%0(q). (3.30)

Next, we consider the term Bs. By (3.15),we note that

=3 D E5[(0E), (B, )l EZs|(u,0), (1, )]

i#k u#v (B,a,7)€T3

=-S5 S {Ezl6,k), (B.)] — Bzl k), (pa(i, ), pr(k, )]}

ik uv (B,a,7)€Th
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x {EZ5[(U7 v), (7, )] — Ezs(u,v), (px(u, "), pr(v, ))]}

<SS Bl k), (8,001 Bzl 0), (e(w, ), pr(v, )]

i#k u#v (B,0,7) €T3
+ Basl(u,v), (3, B[ k), (0 (i) pr (k)] |

=33 3 (88, 0)|Ezsl(i k), (B )] Ezs](u,0), (pr(u, ), pr (v, )]

1#k u#v (B,a)€Th

SQ'ZZ Z Ezg[(i,k),(ﬂ,a)]EZ(;[(U,U),(pﬂ-(u,'),pﬂ-(v,'))]

i#k uv (B,0)€T2

= q!‘T2| Z Z EZ(S[(ia k)v (pﬂ(i) ')a pﬂ(kv '))]E%[(u, U)v (,Oﬂ-(’LL, ')v pﬂ(”) ))]
i#£k uFv
= ¢!|T2|R12

< ¢|T2]6°0(¢°).
From this fact and (3.28),
(¢ —2)(g = 3)¢!|12|520(¢°) _ (¢ =2)(q = 3)¢![T5|0°0(¢”)
| 74| ~ Bl@—2)¢-3)

Using the same technique, we obtain

Bs

IN

< 5%0(¢h).  (3.31)

By < 5%0(¢Y), Bs < 6°0(¢*) and Bg < 620(q%). (3.32)
Thus, by (3.27)-(3.32)

Z E [25[(i7 k)’ (pﬂ'(l7 ')7 pﬁ(mv ))]25[('“’7 ’U), (pﬂ'(u7 ')7 pﬂ'(U7 ))]] < 520((]4)' (333)
Az

Hence, by (3.11),(3.16),(3.17),(3.22)-(3.25) and (3.33)

BT S Lol (i 1), (el 58 (m.0)25) < 8200,
i#k l#£m

Lemma 3.8. Let § >0 and

Gs = Z ) [(17 k), (p=(i,-), p=(k, ))] :
itk

Assume that E(f o X)* < co. Then as ¢ — oo,

Var(Gs) < 620(¢?).



Proof. Since Var(Gs) = EZ3, it suffices to show that EZ? < §20(¢?).
By Lemma 3.3(2), we observe that

= =0 il j=0
1 g=—T
1 4 - 2 g —1 =z o
- —E’ Y(I,],pﬂ(l,]))’ +kE’ZY(I,J,pﬂ(K,J))‘
q =0 q j=0
1 —1
=-ES? +4_ps?
q
1
=0(-).
(q)

From (3.34) and Lemma 3.4(3), we have

q— q—1
= 53 B[S ¥ Gdeli. )| 25 3 B ¥ (i pe(0.5)

‘ 2

E[Zs - 7’
= E{éé{(l_a K)v (pﬂ'(f’ ')’pﬂ'(Ka N} =+ 26[(E7 M)v (pﬂ'([_’? ')vpﬂ(Mv )]
- 26[(1_7 K)v (pw(E7 ')7p7r(M7 ))] - 25[(1_—/7 M)? (pﬂ(jv ')7 pTF(K7 ))]]2

< 8E|:(25[(fa K)> (pTr(Lv ')7:071‘(M7 ))])2 S E(f%[(i K)a (pﬂ’(la ‘),Pﬂ-(

q—1

< 88{ B| Y V(1L j.pa(L. ) + Y (K. pe(. )
=0

I Y(faja pﬂ’(Ma.])) 1 Y(Ka]apﬂ(ia]))

q—1

+ B YV (LG pr (L) Y (K o pr (K 7))
=0

YL, (K, 5)) — Y(f(,j,pﬂ(f,j))r}

‘ 2

q—1
< 882{165 Y V(L g pe(L. )|+ BIW — WP}
=0

=

29

(3.34)

(3.35)
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Let B be the o—algebra generated by m;’s and U;, i, i,,;’s. Hence

EB(Z5 — 7s]
= B[ = %[(LK), (px (1, ), pr(K. )] = Z[(L,

1), (pr(L; ), px(M,))]
+ 2[(1, K), (pr(L, ), pr (M, )] + Z5[(L, M), (pr(L, ), pr (K, )]

= 2 B2 1(; : m. -
- q(q — 1)[q(q_ 1) — 1] Z#Zk ;ﬂ; E 6[( k), (pr(ly ), pr(ms, -))]
(L;m)#(i,k)
)ZE ol(isk)s (pr(i, ) e (k)]
2 ~
- (q_ 1)[(]( ) ]; Z#Zm 26[(2 k) (pw(l ) pﬂ(m,'))]
(Lm)#(4,k)
q_1 ; is+), pr (ks )]
- =G %#Zma 1K) pr (). pr ()
2 %
- W ;Z(S[(Za k;)’ (pﬂ-(l, ')vpﬂ'(ka ))]
== Z. z _ 2726
- (q—1)q ;gﬂ; sl k), (px(ls-), pr(m,-))] B SR (3.36)

From this fact and the exchangeability of (Z(;, Z;), we can use the same argument of

(3.10) with g(x) = = to show that

EZ2 :Q(q; 1)E(Z; - 25)2

iy ), pr(k;,2))] Zs- (3.37)
z;ﬁk l#m
Hence, by (3.35), (3:37) and Lemma 3.7(2),
q(g —1) 1 1
52t < T F0() + -5 (#°0()
< 8%0(¢*)

O

Now, we are ready to prove the uniform concentration inequality stated in Theorem 3.2.
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3.2 Proof of Theorem 3.2

Proof.
— 1
Let § = max(%E\W — W3, \7) and G; defined as in Lemma 3.8.
q

1
First, we note from Lemma 3.4(3) that 6 < O(%)

and

E|W — W | min(, |[W ~ W) = EG;.

b
q(q —1)
Using the same argument of (3.10) with g(z) = x, we have

LE(W— W)’ = EW? + AW.

Hence, from this fact, (3.7) and EW? = 1,

U4 2 1

- + >1——. .

W W) 21— (3.38)
b2

By (3.38) and the fact that min(a,b) > b — i, for any a,b > 0, we have

EGs = q(q — l)E‘W — W |min(é, W — W)

> g(q— DE(W - W)° - q’(%i)EW— W’
> g =11 = —}=a=1)

=3q—T. (3.39)
Define function f: R — R by

=3(b—a)—9 if t<a-—9,

flt) =9 -
(b—a)+6 if b+d<t.

D= N

(b+a)+t —if a—0<t<b+d, (3.40)



We observe that

E/Oo /(W + t)M (t)dt
> El(a < W <b) M (t)dt
t]<8

- %E]I(a <W < b)|W — W|min(6, |[W — W)

1
= — < y §
T 1)E]I(a < W <b)Gs

1
ﬁEﬂ(a < W <b)Gsl(Gs > qg—1)

v

—
>Q

|
~

Y

El(a < W <b)I(Gs > q—1)

E{l(a W <b) —I(a < W < b,Gs < ¢ — 1)}

e e S B N T

Y

P(aﬁWSb)—%P(G(;gq—l).

Hence

Pla<W<b) < 4E/OO FHW 4 )M (t)dt + P(Gs < g — 1).

Using the same argument of (3.6), we have
EWf(W) = E/ FTOV + )M (t)dt — Af(W)

and

=

|AF(W)| < qul[Eﬂ(W)] .

1

Thus by (3.41), (3.42), Lemma 3.8 and the fact thatd < 0(7), we have

=)

Pla <W <)

<UBW f(W)+ P(Gs € q—1) + %{Ef?(m}é

< 4{%(17 —a)+0)+ P(EGs — G5 23 = T—q+1) + q41{Ef2(W)}é

(;/qaiGﬁ(;Q Ty “H{Go-a+ 5)2}é

O(q) 4 (1
< 2(b—a)+46 + (Qq_6)2+q_1(§(b—a)+5>

=2(b—a)+46+

32

(3.41)

(3.42)
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CHAPTER IV
A NON-UNIFORM CONCENTRATION INEQUALITY
FOR RANDOMIZED ORTHOGONAL ARRAY
SAMPLING DESIGNS

In this chapter, we give a non-uniform concentration inequality for orthogonal array

of W defined in (3.5). Now, we state the main result of this chapter as follows.
Theorem 4.1. Assume that E(f o X)* < oco. Then there erists a constant C' such that

1 1
O(—=), textas q — oo,
14 2 1+2z "4

for any real number 0 < z < w.

Pz<W <w) <

From Theorem 4.1 we have the following theorem which is a non-uniform concentra-

tion inequality for W.

Theorem 4.2. Assume that E(f o X)* < c0. Then there exists a some constant C, we

have

CA 1 1
(—), as ¢ — oo,

Pz < -~ A<
(< W <2+ )_1—|—z+1—|—z =

for any real number z, X > 0.

4.1 Auxiliary Results

With the same notation as in chapter 3, for each 7,7 and k € {1,2,...,q}, and z > 0,

we let
Y. (i, 5, k) =Y (1,5, H)I(|Y (3,5, k)| > 1+ 2),
Y. (i, 5,k) = Y (6,5, k)I(|Y (3,5, k)] <1+ 2),
q—1 qg—1
Y =) V.(i g px(i, 5))
i=0 j=0
and }7 = ? — §17z — §27z + §3,z -+ 31\4,2
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q—1 q—1
where SLz = YVZ(I:ja pﬂ'(‘[)j))’ SQ,Z = }/Z(K’j,pW(ij))’
j=0 =0
q—1 q—1
SB,z = YZ(I,j, pﬂ'(K7j))7 4,z = YZ(K7j7p7r(Ivj))'
§=0 5=0

From Lemma 3.4(2), we note that

qg—1q-1q-1 q—1q—1q—1
A Y E‘Y(Z] )|m+n+t
m n )
EIY (i, j, k)™ ¥a(b 5, k)1 £ 2 > (+2)
1=0 j=0 k=0 =0 j=0 k=0
3—m—n—t
(L4 2)*

for any integers m,n and ¢ which m > 0,n,t > 0 and m +n +t is an even number.

The following lammas are useful tools for proving Theorem 4.1 .

Lemma 4.3. Let g: R — R be a measurable function. Then

4 N A N\ -
1. EYg(V) = qTE(Y —Y) (g(V) — g(V)) + Ag(Y)
where
Y q =glag—1 1
Ag(Y) = —Eg Y.(i, 7,k (4.2)
1:0 7=0 k=0

2. If g is a continuous and piecewise continuously differrentiable function, then
A~ A~ S o~ ~ A~
EVg(Y) = E / I+ OK(t)de + Bg(P)

—0o0

where

3. |AY|< O((ll) where AY is defined in (4.2) for g(z) =
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Proof. 1. Let B be o-algebra generated by m;’s and U;, 4,4, ;’s. Note that

EB[Y - Y]
= EB |: - §1,z - AQ,Z + §3,z =+ §4,z]
9 q—1 -1 9 q—1q-1 -1l
P IHDMEE VAU Ea ) D) D2 PR A ERCE))
q 1=0 7=0 a\q =0 k=0 7=0
ki
9 g—1qg-1 R 9 qg—1q—1qg—1 R
= - YZ(Z7]7pTI'(7’7]))+ ( _1)2 ZYVZ(Za.]’pﬂ'(ka.]))
q i=0 j=0 a\q 2= U= L=
ki
—1g—1qg—-1
2 2~ p— -
- (—* - ) == Yz(z7j7p7r(k’j))
¢ qle-1) O
9 9 a4 J
= — + Y.(i,5,k)
q—1 Q(q—l)g;)kzo Z

and we can show that (}7, 37) is an exchangeable pair by using the same technique for

proving the exchangeability of (Zs, Zg) in Lemma 3.7. From these facts and the fact that
F(w,w) = (v —w)(g9(w) + g(w)),

is anti-symmetric, we have

Then



2. Follows directly from 1 and the fact that

—00
3. Note that
R 1 qg—1qg—1q—1 R
q 1=0 7=0 k=0
1 qg—1qg—1 g—1 Z AN >
= ( Y.(4, 4, k:))( Y.(l,m, n))
q =0 j=0 k=0 =0 m=0n=0

|

=
3

S
=
=
+
o
\; ;
&
o<
3
=
—

= E{Y*(i,j,k) — 2Y (3, j, k)Ya(i, 5, k) + Y2(i,5,k) }

E > Y5 R)Y(I,m,n) =2V, j, k)Y.(1,m,n)
4,5,k I,m,n
(lim,n) #(i.j,k)

+ Y. (4,7, k)Y2(I, m,n)}

1 qg—1qg—1qg—-1 9 qg—1qg—1qg-1
=32 ZEYQ(ZL])IC)_? EY(/Lv.]vk)YZ(Z)J)k)

q 1=0 j=0 k=0 q =0 j=0 k=0
1 & g—1lg-1

+72 ZEY;Q(Z?J?]C)
q =0 7=0 k=0
1 . - o

+ S {0 mn) — 2, 4, k) EY: (1, m,n)
q 1,7,k m,n

37



= A1+ Ay + A3+ Ay + As (43)
where
1 qg—1qg—1q—1
Av=3> > > BY(ij.k)
4" 320 =0 k=0
9 q—1g—1g-1
A2—_*2 EY<’L>77k')Y (Z J?k)
s =0 k=0
1 &= Inos NI NIy Y F A
As= 5> > EYa(i,j, k)Y-(l,m,n)
q 1=0 j7=0 k=0 [=0 m=0n=0
1 - v,
Av= D0 37 il R )
A
(4.3,k)# (Lmn)
and

Z Z (i, 3, k)EY.(l, m,n).

1,5,k ly,m,n
(Lim,n) #(is )

From Lemma 3.4(1), we have

1 o

A = (— EY?(i,j,k )
q 1=007=0/ L0

».Q
._.
n
,_.

I (4.4)

By (4.1),

) (4.5)



and

Now, we consider |A4| and |A5], by (3.3) and Lemma 3.4(2),

A= >0 ST i By m, )|

=

0,5,k L,mmn

(lamvn)¢(iajak)

Il
B
I
=

[\&)
G
\.N
£

oy
S—

(VAN
2| =

and

|A5|=%{Z = [L(i,j,k)EYz(l,m,n)‘

qg—1 qg—1 q—1

39
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2~

AN
SARS

= 2 S S Alm ) BY. (1m.m)|

). (4.8)

Then 3 follows from (4.3)-(4.8).



Lemma 4.4.

= 1
1. If B(fo X)? < oo, then |[EY? = 1| < O(=) as ¢ — .
q

2. If E(foX)" < o0, then, for any even number, r > 2 EDN/ — )A/|7" < O(

() ()
ol Moo

3. If B(foX)™ < 0o, then, for any odd number, r > 3 ED;—EA/]’" <O(

Proof. Let
q—1 q—1
Sl,z:ZYz(Iajaprr(Iaj)) ) SQ,ZZZ}/Z(K,j,pW(Kyj
=0 =0
q—1 q—1
Ss. =Y Ya(L,4s p= (K, j)) , Suz =) YK, j px(1,5)
j=0 j=0

From Lemma 3.3(1), we know that
S1,599,53 and Sy
are identically distributed and we can use the same argument to show that
S12:927, 53 and Sy,

are identically distributed. Note that

q—1 9
ES} = ZYI]PWI])))

/—\

,_.

192 2
=72E( YZJ/)HJ)))
qz =0 7=0
1L 1 q= q—1 g-1
= - E( Y2 (i, 4,0 (6:3)) o+ DU EY (i, v, pae(iy 1)) Y (i, o,
qZZO j=0 Jj1=0 j2=0
J2F#i1
1q 1qg—1
= 5ZZEY2 i 4, pe(is9))
=0 j=0
1 -1 qg-1 ¢—-1
+6 Z Z EY Z ]lvpﬂ' { jl))Y(Z7]27p7F<Z7j2>)

=0 j1:0 =O
J1

40

) as ¢ — 0.

) as ¢ — oo.

)

).

pa(i, 2)) )



Note that, for each r,s € N such that r + s is an even number

Hence

g1
E‘SI,Z|T = E‘ Z}/Z(Iajapﬂ(jvj))r
7=0
g—1
<q' Y B/, px(1,7))
7=0
q—1qg—1qg—1
=SS B )
=0 7=0 k=0
-1 g—1 1
= qr_3q qu EY""(i, j k)
=0 j=0k=0 (1 ' z)s
1 1
< O(—).
S ST ()
2 2 2 2 1 1
q

1 q—1qg—1qg—1
= EY?(i, 5, k)
2 Z D
q i=0 j=0 k=0
1 qg—1 g-1 ¢g—1 g¢g-1 g¢-1
+ 2( _ 1) EY(i7j17k1)Y(i7j2;k2)
g i=0 j1=0 j2=0 k1=0 kp=0
Je#j1 ka#k1
1 qg—1 q—1 ¢q—1 q—1 q-—
7(1—'_0(7)) + 2( — 1) ﬂ(i’jlakl ( Z Z i ]2,k2 )
q \q =0 j1=0 k1=0 o -
JoF#J1 kaF#k1
1 qg—1 g—1 g1 q—1
(1+0()+ o= ilisgr. ) (= S Ao k)
q q q l=0 ]1=0k1=0 jQZQ
J27FI
2 g—1g—1q-1
1+0(2) + = 2 (i, 3, )
¢*(g= 1) i=0 j=0 k_0
—1 g—1¢qg-1
1 1 £ A
7(1 +O(7)) 2 EY2(Z)j7k)
q ¢ @ (g 1) £ =
1 1
—(1+0(- —
q( (q)) (q2)
1 1
-+ O _
q (q2)

41

(4.9)

(4.10)
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and from (4.9), we choose 7 =2 and s=4

1 1
O(—

ES}, = ES;, = ES; =ES;, < a9

). (4.11)

From (4.10) and (4.11) ,

Bisisi < {ps) {ms. )
3 7 {i)o(qﬂ)}é
N (1+1 2 O(q;\@)' (4.12)

By using the same argument as in (4.12) and the fact that S ., 5> ., 53, and S, . have

the same distribution, we can conclude that

1 1
G (4.13)

for 4,5 =1,2,3,4.
Next, we will bound ES;S; for 1 <i < j <4.
Let A be the o—algebra generated by

{(Trl(aivl)’772(&1'72)’7@(@@3))’ Uﬂ'l(%,1)7“’2(ai,2),7"3(ai,3):j l<i< q2’ 1<j<3}

1
From Loh([7]): 1220-1221, we have E|EA4S;S;| = O(=) for 1 < i < j < 4. Thus
q

|ESQSJ| = ‘EEASzS]‘

< E‘EASZS]‘
1
— 0(). (4.14)
q
Note from Lemma 4.3(1) that
~ B SN
BV =BV Y) A AY (4.15)

and by (4.10) we have

B(Y - V)’ =E(S1: 48— 85— 8i.)°

— B(S1+ S5 — 93— 84— (S1,. + S2. — S5, — 542))°



= E(Sl + Sy — S35 — 54)2
— 2E(Sl + Sy — S35 — 54) (Sl,z + SQVZ - ngz — 547,2)
+ E(Sl,z + SQ,Z - S3,z - S4,z)2

4
= Z ES% + 2E{5152 — 51853 — 5154 — 5253 — S954 + 5354}
k=1

—2E(S1 + 52 — 53— S4)(S12 + S2,- — 3. — Sa2)

+ E(51 ot oz~ Sae = Si2)
4

- + O( —|— 2E{5152 F— 3153 — 851854 — 5253 — 8595, + 5354}

- QE(Sl +85"= S3=54) (51, + S2,. — S5 = Sa,;)
+ E(Sl,z 52 45 55471 S4,z)2-
Hence, (4.15) and (4.16),
=~ 1 1
EY?=(1--)4+0(-
( q) (q)
-1

n qTE{Sng — 8153 — 8184 — 8285 — S3S4 + S3S4}

—1
_ qTE(Sl +S85 — S3—84) (S1,2+ So. — S3.. — Sa.z)

1 o
+ qTE(Sl,z 93, — S5z = S47z)2 +AY,

which implies that

|EY? — 1y<o 3 E\SS|+ZZE|SSJZ\+ZE

1<i<j<4 i= 1] 1
1
=0(=) +a( D E|SS|+ZZE|SS]zI+ZE
q 1<i<j<4 i=1 j=1

where we have used Lemma 4.3(3) in the last equality:

We obtain 1 from (4.11), (4.13)-(4.15).

1 1

e

Since S1,z,52.,,53. and S, . are the same distribution, we have

2. From (4.9), we choose r = s, we have E|S;.|" <

E|S1.]" = E|Sa.|" = E|S3.|" = E[S4.|" <

43

(4.16)

(4.17)

) +AY

(4.18)

(4.19)
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Hence 2 follows from Lemma 3.4(3), (4.19) and the fact that
ElY - Y|
= E|§1,z - §2,z + §3,z + §4,z|r
=FE|S1+ Sy —S3— 5S4 — (S1,- + 52, — 53, —Suaz)|"
= B|(W = W) = (S + s = S50 = Su,2)/
< C{E|W — W[+ E|Si2[" + B|Sa.|" + E|S3.:|" + E|Sa.:[*}

for some constant C.

3 can be shown by using the same argument as in 2. O

Lemma 4.5. Assume that E(fo X)* < co. Let v = mam(%EDA/ — Y, 7) and
q

q—1
Uy = 2| ATl ol 1) Flls i pih, 3)) = Wl (R, ) = Va(ks G, i 1))
i#k  j=0

<min (4 Z!Z (V2. i V00 s )Vl prl 1))=Y (b, (i D) ).

itk | j=0
If (1+2z)y <1 then as g — o0,
1. EU, > 3q+ 0O(1),
2. Var(U,) < LO(q\f)

1
Proof. First, from Lemma 4.4(3), we note that v < 0(7)

q
1. From (4.16), we have

1

q2) +EM, (4.20)

B(Y - V) :3+0(
where

My 22{5152 — 51535 — 5154 — 8253 — S554 + 5384}
—2(S1+ 52 — 83— S4) (S, + S22 — 3. — Saz)
+ E(Sl,z + S2,z - S3,z - 54,2)2-

By (4.11),(4.13) and (4.14), we have

q(q — DIEM[ <O(1). (4.21)



45

b2
Hence, by (4.20), (4.21) and the fact that min(a,b) > b — i for any a,b > 0,
a

EU, = q(q — DE(Y = V) min(y, [Y = Y|)

q(g—1)
4y
=49 —-4+0(1) +q(q—1)|EM| —q+1

=3¢+ 0(1).

> glg—1)EY —Y)? - BlY Y[

2. For each i,k € {0,1,...,q — 1}, 8, a € S we let

[y

Q

39106, ), (8, @) = | S AV 458G + Ve ald)) — Vel gy o) — Valh, 4,80}
§=0
q—1

x min (v, | AT (07, 80)) + Valksgs ali) = V(g a(9)) - Tk, 4, 80))} )

=0

<.

é’Y[(iv k)v (pﬂ(lv ')7 pﬂ(m7 ))] b S[(iv k)a (pﬂ(la ')7 pﬂ(m7 ))] . ES[(iv k)v (pﬂ(i7 ')7 pﬂ(kv ))]
T»y = Z §[(57 k)a (pﬂ'(i7 ')7 pw(ka ))]

and

T, =Ty = 5L, K), (px(I, ), (K -))]
(L, M), (px(L; ), pu(M )]
35((1, K), (pr(L; ), (M, )]
+ 8, [(L, M), (pr (L), pr (K, 1))

First, we note that (Tw iy) is an exchangeable pair and Var(Uy) = ET. 72

By the same argument of (3.37), we have

[, 1), (o (1), pa(ms NITy (4.22)
z;ék l#m
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j=0
—~ 4 M 4 L V..
_}/;(I7]7 W(Ka]))_YZ(Kh]»pW(Iv]))’ }
-1 / 9
< Oy {B| Y VL, pel111))
=0
-1l - 9
+E‘Z LI ]7Pw(I,J))’
§=0
q—1
~ ' 2
+E’ }/Z(I)]apﬂ'(Ku?))‘ }
5=0
q—1 ~ q—1 ~ 9
= C'yz{E‘ > YL pe(L, ) =Y Yell, j, pr(L J))‘
§=0 j=0
q—1 - q—1 - J 9
+E‘ZY(I IO NED IR AV J))’
j=0 =0
q—1 - q—1 - - 9
+ B| Y Y (Ljpr(Eef) = 3 Yl pe(Ris))| }
=0 =0
q=1 ~ ~ 5 g=1 J L 9
= Cy{E| Y (L jopel Lo )|+ B YVl jopa(L,9))]
7=0 =0
q—1 o | 9 qr1 i (¢ 9
€ E| Y Y (L, pa(L))| +E| Y Vel pe(L.5))]
=0 =0

+ E’ qZ%Y(LJ’,pw(K,j))‘Z + E‘ %K(I’j’p’f([{’m’g}
i=0 7=0



CE|Y(I, j, pr(L, ))[*
(14 2)?

< C+*(2ES; + ES} +q Z
7=0

EIYIJP EIYIJp KJ))!4

Hence, by (4.23), we have

- q—1 . N (4
BT, - 1,7 < {0y, T L)

< E|Y (L, j, pr (K 5))
+qz (1+2)2 }

sorfocy+ g s EHLI D0

w7
1 q_1 %
3 72{0(5) 5y mO((f’ 4)}
1

1 1
G )

From this fact, (14 z)y < 1, (4.22) and if we can show that
Z Z Eé’y[(iv k)a (pﬁ(l, )): pﬂ'(m7 ')]Tfy < 720(q4),
i#kl#£m

then

Var(U,) = ET?

_ 2
Q(Q4 1){0720%)Jr Cry 20(%)}
o)

< 15 0@ 00+ 50

i 2
+Z0(q )-

IA

IN
[

To prove (4.24), we use the same idea of Lemma 3.7(2).

47

(4.23)

(4.24)
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We note that

B[S0 5 81 ,k), (prll, ), oo, DT,

ik l£m

=B{Y NS 516 k) (1), pr(m, D)5y [(w,0), (pr (), pr (v, )]}
i#k l#£m u#v

= Z E{‘é’Y[(iv k)v (pﬂ(la ')7 pﬂ(m7 ))]§,Y[(u, U)? (,OW(U, ‘)7 pﬂ(va ))]}7 (4‘25)
A
where A= {(i,k,l,m,u,v)] i, k,l,m,u,v,rys € {0,1,...,g — 1}

and 7 # k, | #£ m, u;év}

and

{i,k,l,m,u,v GA\ = LA N O T v:m}

{i,k,l,m,u,v GA‘ uZl, u=m, v=I, v;«ém}

Il
——

i, k,l,m,u,v EA‘ uFEl, wtEm, v#l, v:m}

Il
——

i, k,l,m,u,v EA\ T L, u gy =N, v;ém}

Ay
Ao
As
Ay
As
Ag {i,k,l,m,u,v EA\ u=1, utm, v#l, v;«ém}
A7

( )
( )
( )
{(G k1, m,u,0) €A w#l, u=m, v#1l, v#m}
( )
( )
( )

{ i, k,l,m,u,v) € A‘ BBy W s G, © =, v;ém}.

Using the same argument (3.12), we have
Z E{g’y[(i7 k)? (pﬂ(l7 ')a pﬂ'(mv ))]§,y[(u, U)a (pﬂ’(u’ ')a pﬂ(vv ))]} < Ri1 + Rz (4'26)
Ay

where

R Z Z E{S’Y[(i7 k)? (IOW(Z? ')7 pﬂ(mv '))]3’7[(l7 m)v (pﬂ'(l7 ')7 pw(m7 ))]}

itk l£m

Rig = Z Z ES’Y[(L k)? (pﬂ'(i’ ')7 pﬂ(kv ))}ES'Y[U? m)v (pﬂ(la ')7 pﬂ(m7 ))]
i#£k l#£m
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By the same argument of (3.13) and using Lemma 3.4(2) and Lemma 4.4(2), we have

g—1q-1 g—1 R 9
Riy <892 =123 3 B{| Y Valisia, pall,i2) }
i=0 =0 i2=0
202(0 —1)2  ~ .
+ 11 (q2 E(Y - V)?
g—1q-1 g—1 q—1
. . .. . 2
S 872((] - 1)2 E{ Y(7’7Z2ap7r(l>22)) - Z YVZ(Z’ZQapﬂ(laZQ))}
=0 =0 i9=0 i9=0
2 2 2
Y (g —1)° 1
O(=
+ TR0
q—1qg—1 q—1
.. n 2
< 8v%(q—1)? E{ Y (i, 2, pr(lyiz)) }

+7%(a = D20 DS BY Yalisiz prll i)} +7°0(¢%)

1=0F=0 22=0
q—

0
1 “ -
<7°(¢ - 1’")0() ¥32a - 1)’ =L EY2(i,iz,1) +7°0(¢")

<7%0(¢%). (4.27)
By the same argument of (3.15), we have
Riz = 720(g?). (4.28)
Hence, by (4.26)-(4.28), it implies that
; E55[(i, k), (px (L, ), pr(m,))]35[(u, ), (pr(u, ), pr(v, )] < ¥°O(q). (4.29)
1
Similar to A7, we can conclude that

Z E‘g'Y[(L k)? (pﬂ(l7 ')7 pﬂ(ma ))]'§7[(u> U)v (pﬂ(u’ ')7 pﬂ(vv ))] < 720(q3)' (4'30)
Az
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Next, we consider sum on Ags.

Using the same argument (3.18), we have

S B{81(6, k), (pa (L), pr(m, )13, [, 0), (o, ), pe(0, D]} < Rt +Rap (431

where
qg—1
7?/31 Z Z { ) (l ) pﬂ'(m’ '))]S’Y[(u’ m)v (pﬂ'(u’ ')’ pﬂ(mv ))]}
i#k l#m u1;$l(7)n
Raz=(q—2)) ) Es i), prlk, )| Esy[(u, m), (pr(u; ), pr(m, -))]
ik uFm
<(q—2)Ri2
<~*0(¢") (4.32)

where we have used (4.28) in the last inequality.

Using the same argument of (3.20) and (4.27), Lemma 3.4(2) and Lemma 4.4(2), we

have
q 1g-1 &1 Y 9
R31<8'y(q—1 (¢ —2 ZE{ ZYZZQ,pﬂ—ZZQ)}
z:O 1=0 ip=0
+47°¢* (g - g = 2)E¥ = Y)?
<~7*0(q"): (4.33)
Hence, by (4.31)-(4.33), it implies that
> B [(i, k), (pa(l ), e (m, )85 [(w,0), (pr (u, ), prlws )] < 470(g). (4.34)
A3

Similar to As, we can conclude that
;Esw[(i, k), (pr(l,-), o (s )55 (s 0), (pr (s ), pr (v, )] £ 420(g"), (4.35)
; Esy |0, k), (pr (1)s pa (m, Dsal(@,0), (om (us )y prlvy )] < 770(a),  (4.36)
> Esy (i k), (pr (L), pr(m, )]sy [(us ), (pr (us ), pr(v, )] < ¥2O(q*). (4.37)

For the last sumation

Z ES“/[(iﬂ k)’ (pﬂ(lﬂ ‘)7 pﬂ(m7 '))]87[(11” U), (pﬂ(u7 ')7 pﬂ(”? ))],
A7



we note that, by the same argument of (3.27),
> B3 [(1 k), (pr (), pr(my )85 [(w,0), (pr (), pr(0,-))]
A7
=By + By + Bs + By + Bs + Bg.

where

By <2|T5|Ri2, Bs <2|T5|Ri2,  Bs < 2¢!|T2|Ri2
By < 2¢!|T5|R12, Bs < 2¢1|T5[R12,  Bs < 2¢!|T2|R12

Hence, by (3.28),

Z Eg’Y[(Z’ k)a (p‘fr(l7 ')7 pﬂ(m> ))]%[(“a U)v (,Oﬂ'(u7 ')? Pw(% ))] < '720((]4)'
Az

From (4.25), (4.29), (4.30) and (4.34)-(4.38), the lamma is proved.

4.2 Proof of Theorem 4.1

Proof. First, we note that

LY g pali ) > 1+ 2) 2 1)

IN

IN

o1

(4.38)

(4.39)

(4.40)



Thus it remains to bound the term P(z <Y < w).
Let v be defined as in Lemma 4.5.
Case 1 (1+2)y > 1.

By Lemma 4.2(1) and the fact that v >

1+2

Pz<Y)=P(1+2<1+Y)

E|Y +1]2
— (1+42)?
BlY |2 C
= 1oy
C
(1+ 2)2
Cry
=

VAN

IA

Thus P(z <Y <w) < P(z <Y) <

1
Hence, by v < O(—), we have
V4

1 1
Plz<W<w)< o(—).
( S 0 )
Case 2 (1+2)y < L.
Let f: R — R be defined by
0 IS

fA) =@ +t+7)t—2+7) if z—y<t<w+n,

(I+t+y)(w—2z+2y) if t>w+r.

Then f is a non decreasing function satisfying

e (1+2) for z—y<t<w+r,

0 otherwise .

By the same argument of Lemma 4.3(2),

EYf(Y) = E/OO FIY + K b)dt + Af(Y).

52

(4.41)

(4.42)
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We observe that

> (1+42)El(z <Y < w) / K (t)dt (4.43)

By this fact, (4.42), and Lemma 4.5(1), we have

P(: £V <) < G BV f(F) <o SA (D) + PU, <)
<(1jzgw—z+2wEﬁm1+w+?|
+ (1iz Af(P)| + PEU, — Uy > 3¢+ O(1) — q)
< gt = =+ {BPI - B
+q i ) AF(Y)| + qC;E(U7 — EU,)%. (4.44)

1
By Lemma 4.4(1), Lemma 4.5(2), (4.44) and the fact that v < O(%),

o 4
o ® V1 1 mr

PGLY <) & Af(Y). (4.45)



Note that, by (4.1) and Lemma 4.4(1),

AF(Y

qg—1q—1g¢q 1
RIS B RAEY
i=0 j=0 k=0
1 o e-lazlerl
< -(w—z+20)E|(1+7+7Y) Y.(i, 4, k)|
q i=0 j=0 k=0
1 q—1g—14¢-1 R
< —(w—z+2)E|(1+7) Y. (i, 5, k)|
q =0 & 0Fk=0
q—1q—1q-1
+ —( —z+2'y)E|YZ Y. (i, j,k)|
=0 j=0 k=0
1 q—1 g—1.g—1
<(w-—z+20A+9)=> B|> > Yi(i,j. k)
9= =0 j=0
qg—=1q—1 q—1 q—1¢—1q—
+ = (w —z+2'yE|Y( Y (i, 5, k)
1=0 9= k=W =0 j=0 k=
qg—1qg—1
< (w-z2+20)A+E[DY D Yalisd, pr(is )]
i=0 j=0
qg—1q¢—1g—1
+ —( —z+2’y)EIYZZZY(z ],k)‘
i=0 j=0 k=0
g=1qg—1qg=1
+=(w— 2+ 29)EF> Y (i, j, k)|
i=0 j=0 k=0
< (w—zF )T+ NEY]
1 q—1qg—1qg-1 .
+ = (w2 +29){EY?} 2 {E( Y (ij,k))*}2
q i=0 j=0 k=0
1 q—1 q—1 qg—1 )
q i=0 j=0 k=0
S(w—2+27)1 £7){EV?}:
1 - qg—1qg—1qg—1
w22 { 30303 B35 k)

-
Il
=)
<
Il
o
B
Il
o

+ E( Z Z Y (i1, j1, k1)Y (ia, j2, k2)) }
i1,J1,k1 i2,j2,k2
(41,51,k1)#(32,52,k2)

1g-1
1 L 1
+—(w -z +20){1}2{¢’ E EY?(i,j,k)}z
q =0 j=0 k=0

D=

o4



< (w—2z+27)(1+7)

+ (11(10 —z+ 27){0((])

+ Z Z fi(i1, g1, k1) ilia, ja, k2) }
i1,J1,k1 12,52,k2
(41,91,k1)#(92,52,k2)

N|=

—~
S
|
N
n
[\
8 )
N—
=
Q
—~
S
-
+
-
[
)
o~
i
<.
=
5
A
N—
——
NI

<(w—=2+29)(1+7)

T - 1
+ —(w—2+27){O0(qg) + Z EYQ(MJLM)P
q i1,71,k1
(w 2% £29)7 oy
RS {a”}2

N

< (- 2+ 2914 9) + s + 2){0(0)

(w—z+2y)
ez 00

<(w—-z+27)0(1).

From this fact and (4.45), we can conclude that

1 1

Pz<Y <w) < 077

25



CHAPTER V
A UNIFORM BOUND FOR RANDOMIZED
ORTHOGONAL ARRAY SAMPLING DESIGNS

In this chapter, we use the same notation as in the previous chapter. In 1996, Loh([7])
gave a uniform bound on the normal approximation of

q—=1 qg—1

W= Y(i iz, palis, i2))

1=012=0

£}

~
~

and the following is his result.

Theorem 5.1. Suppose that E(f o X)"' < 0o for some even integer r > 4. Then
sup {|P(W < 2) — ®(2)| : ~o0 < 2 < 00} = O(q%) as q — oo.

In this chapter, we improve a bound in Theorem 5.1 in case of r > 6 . Here is our

main result.
Theorem 5.2. Suppose that B(f o X)® < co. Then
sup {|P(W < 2) —®(2)| i —c0 <z < o0} = O(q*%) as q — 00.

We will prove our main result by using Stein’s method. His method starts on the

differential equation
g'(w) — wg(w) = h(w) = ER(N) (5.1)

where ¢ : R — R is a continuous and piecewise continuously differentiable function,

h:R — R is a test function and N is the standard normal random variable.

For any real number z, let h be an indicator function defined by

hy(z) =1(z < 2) (5.2)
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then Stein’s equation (5.1) for h, has a unique solution g, : R — R defined in (2.3).
Thus, we have

9:(W) = Wg(W) = ho(W) — ()

which implies that
P(W < 2) = ®(2) = Eg,(W) — EWg.(W)

where ® denote the distribution function of the standard normal distribution. Thus, it
suffices to bound

Eg,(W) = EWg.(W)

instead of

P(W < z) — d(2).

By the same argument of (3.6), it is easy to show that
e ¢}
EWg,(W) = E/ 9. (W + )M (t)dt — Ag. (W) (5.3)
—0oQ
and

A0} < —{EZ W)}

= 0(6_1_1) (5.4)

where we have used Proposition 2.9(4) in the last equality.

Thus, from (5.3), (5.4) and Propositon 2.9(2),
|P(W < 2) — ®(2)| = | EgL(W) — EWg.(W)]
<JE [~y + a0V (e
L |Eg.(W)E /_Z M(t)dt — Eg.(W) /_Z M (t)d]
+ \Eg;(W)Hl I E/_Z M(t)dt‘ + |Ag. ()]
<|E [ {am) - v + )|

L |Eg.(W)E /_OO M(t)dt — Eg..(W) /_Oo M(#)d]
1

—7) (5.5)

+ ]1—15/_0o M(t)dt] + O



From Loh([7]) we know that
, o 1
[Bg,(W)[1 - E/OO M (1) | = o),

and
1

‘Eg;(W)E/_OO M(t)dt — Eg,(W) /_Oo M(t)dt| = 0(%).

Hence, by (5.5)-(5.7)

POW < 2) - 0(2)] < 0<¢%> e Z{g;wv) — gL (W + D}M ().

From Lemma 3.4(3), we note that

1

B [ = dBW - < Lpm=wiy - 0 7)

If we can show that

o0 1
E/OO]I(z—tS W < 2)M(t)dt < O(%)

then, by Proposition 2.9(5), Lemma 3.4(3) and (5.9),

< E/WW+§§ M(t)dt+E/t§0(|W\ + ‘/3.7;)(0+ [#]) M (¢t

< E/ I(z—t < W < 2)M(t)dt + E/ WM ()it + V2T E

— Jiso B £<0 4 #<0
1 q W — W3 1

< O(%) + 1E|W\ 5 + O(ﬁ)

— oy L YW EW w1 oL

- () + MW e i+ 06

<ofp ¥ a0

= 0(%),

Hence, by (5.8) and (5.11), we have

|P(W < z) — ®(z)| < O(—).

L)

o8

[t M (t)dt

(5.10)

(5.11)
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Now, it remains to show that

> 1
E/Oo]l(z ~HSW M < O().

For each § > 0 and a, b € R which is a < b, define a function f5 by

—1(b—a)—4¢ if t<a-—o,
fs@)=q-3b+a)+t if a-6<t<b+3,
i(b—a)+4 if b+4d<t.

It is easy to see that, for every ¢t € R,

Ifs(t)[ < 5(b—a) +6 (5.12)

l\D\r—-l

and
E/t|<6ﬂ(a <W < b)M(t)dt
<£ [ g oM@
= EW fs(W)t Afs(W). (5.13)

where we have used the same argument of (3.6) in the last equality. So, by the same

argument of (3.7),(5.12), (5.13) and the fact that M(t) =0 for |t| > |[W — W], we have
E/ I(z — t <W < 2)M(t)dt

=F =t < W < 2z)M(t)dt
[t|<|W—W]|

< B o o ol(ee= [W—W]| < Wo<i )M (t)dt
<[ -]

< EWf‘W W|(W) + Aflw W|(W)

<E\W\( (2~ 2 [W— W)+ W = W!)+—{Eflw w1}

1
< CE|W||W — W|+—1 E(izfz+|W—W\)+|W—W|)2}2
2\ 1 1 C 1
< C(EW?)2(E|W — W[*)2 + E(E!W w?)?
1
=0(—).

V4
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where we have used Lemma 3.4(3) in the last equality. O

Remark : From (5.10), if we can show that
EW*<C

then

EIW|[W — W < (W) (E[W - WHT < 0().

LS
)

This implies that we can relax t

in the main theorem to

AONUUINBUINT )
ANRINITUINENAY



CHAPTER VI
A NON-UNIFORM BOUND FOR RANDOMIZED
ORTHOGONAL ARRAY SAMPLING DESIGNS

In this chapter, we use the same notation as in the previous chapter. Loh([7]) gave a

uniform bound on the normal approximation of W in 1996 and the following is his result.
Theorem 6.1. Suppose that E(f o X)" < oo for some even integer r > 4. Then
sup {|P(W <w) — ®(w)|: —00 < w < 00} = O(q%) as q — oo.

In chapter 5, we improve a uniform bound of Theorem 6.1 and our result is stated

as follows:
Theorem 6.2. Suppose that B(f o X)® < co. Then
sup {|P(W <w) = ®(w)]: —o0 <w < o0} = O(q*%) as q — oo
In this chapter, we give a non-uniform bound for the approximation of W by ®:

Theorem 6.3. Suppose that E(f o X)" < oo for even number r > 8. Then, as ¢ — oo,
for z € R,

[P(W < 2) - &(2)| Cmax e O(—g), ——O(L

-~ At feD'Th g o (tdeh) iz go

))-

Note that : To bound ‘P(W <z)—®(2)
the fact-that ®(2) =1 — ®(—=z) and apply the result to. —W whenz <0. So, from now

, it suffices to consider z > 0 as we have used

on, we assume z > 0.
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To prove the main theorem of this chapter(Theorem 6.3), we need the following lemmas:

Lemma 6.4.

q—1qg—1qg-1

1. If E(foX)*<oo, then E( Y(i,j,k:))2§0(q) as ¢ — oo.
i=0 j=0 k=0
q—1lg—1lg—1

2. If E(foX)*<oo, then E( Y(i,j,k:))4§0(q2) as q — oo.
i=0 j=0 k=0

Proof.
1. From (3.3) and Lemma 3.4(2), we have

qg—1 g—1 g—1
- —— 2
E(D ) > Yliayinis))
11=012=013=0
Z EY?2(iy, 9, 13) + Z Z EY (i1,142,13)Y (j1, j2, j3)
11,12,43 11,12,13 J1,J2,J3
(j17j27j3)7é(i17127i3)

= Z EY (i1, i;13) + Z Z i1, i2,13)fi(j1, J2, j3)
11,12,13 11,02,13 J1,J2.J3
(J1,J2,33)#(i1,12,i3)

Z EYQ(’il,iz,ig)— Z ﬂ2(i1,i2,i3)

11,12,13 11,12,13
< O(q). (6.1)
2. Note that
q—l qg—1 qg—1
Y (i1,ig,13)) = C1 My + CoMy + C3Msz + Cy My + CsMs (6.2)
11:0 12=013=0

where

My= "> BY(ir, i3,is);

11,12,13
L 3. ..
= E g EY(ZlaZ27Z3)Y (.]17]27]3)a
i1,12,13 J1:J2,J3

(d1,52,53) 7 (#1,82,13)
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My= )" > EY?(iyyig, i)Y (j1, ja, ja),
11,42,13 J1,J2,J3
(j17j27j3)7é(i17i27i3)
M, = Z Z Z EY?(i1,i,13)Y (j1, j2, 43)Y (k1, ko, k3),
11,i2,i3 J1,J2,J3 k1,k2,ks

(J1,J2:33)#(1,i2,i3) (k1,k2,k3)7(i1,i2,i3)
(k1,k2,k3)#(41,52,33)

M=, D, 2 2.

i1,02,83  J1,J2,J3 k1,k2,ks l1,l2,l3
(J1,J2,33)# (i1,82,i3) (K1,k2,k3)7#(41,i2,i3) (L1,l2,03)7(11,12,i3)
(11,02,13)#(k1,k2,k3)

EY (i1,12,13)Y (j1, J2, 93)Y (K1, k2, k3)Y (L1, 1o, 3)

and C1,C5,Cs,Cy,C5 are some constants.
From (3.3) and Lemma 3.4(2), we know that

My =0(-), (6.3)

Mo =Y Yo Alinizis) BY (i, j2, j3))|
11,12,83 J1,925J3
(J1,72,93)7#(11,12,13)

— ‘ _ Z ﬂ(j17j27j3)EY3(jlaj27j3)‘

J1,J2,J3
S Z {/}‘2(j17j27j3)+EY6(j17j27j3)}
J1,92,33
< Z {EYQ(jl’anj:’))+EY6(j17j27j3)}
J1,J2,33
i
<{0(q) + O(q§>}
Ms = Z Z EY?(iyi2,i3) EY?(j1, j2, 33)
i1502,03 J1,J2,J3

(41,52,33) #(@1,i25i3)

< (Y EY?(i1in,is))”

1,12,13

<0(¢%), (6.5)



Mi= 3, ) 2.

11,42,43 J1,J2,J3 l1,l2,l3
(J1,J2,33)#(11,582483) (I1,l2,l3)7#(41,i2,3)
(I1,02,13)#(51,52,43)

EY?(i1,i9,3)fi(j1, j2, g3 ) iill1, l2, 13)

== Yo EY?(ir,ia,is)filji1, jo, ja)jilin, ia, is)

11,12,13 J1,J2,J3
(j17j2yj3)7é(i177;27i3)
- > N BEY?(ix, iz, i3)fi(j1, j2, j3) fi(j1, j2, j3)
11,12,13 J1,J2,J3

(J1:92+33)#(i1,4i2,i3)

= > BY?(ingio, ia)iilin, iz, iz)(ir, iz, i3)

11,12,13

+ (> BY? (i i) (Y (i, Jonds)

11,12,03 J1,J2,J3

< N {BY(ir,inis) + it (insingis) } + (Y EY2(iy,ia,43))°

11,12,13 11,12,13
< 3" {BY(ir,izyiz) + EY (i1 inis) } + (O(q))
11,12,13
1 2
< O(g) +O(q?)
< 0(q%),

and

[Ms| =1 > >, 2 >

11442,i3 J1,J2:J3 k1 k2 ,ks l1,l2,l3
(91,52:33)#(11582,83) (k1,k2,k3)7#(i1i25i3) (l1,12,13) #(4102,3)
(k1,k2,k3)#(51,32,33) (l1,l2,13)#(d1,52,73)
(I1,02,13)#(k1,k2,k3)

fi(i1y 2, 13) (1, J2, Ja) ks ka, ks) (1, 12, 13)|

=[-8 2 2

i1,02,83  J1,J2.03 k1,k2,ks
(J1,92,93)# (11 ,92,i3) (k1,k2,k3)#(41,i2,i3)
(k1,k2,k3)#(j1,52,53)

[ (v, g, i) fi(j1, J2, Ja) iK1, ko, ks) |

64
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=3 Z Z [i® (i1, 42, i3) (1, jo, j3) (i1, i2, i3)
11,12,i3 J1,92,J3
(J1,72,73) #(41,i2,13)

+3 Z Z ﬂZ(ihiQ?iS)ﬂ(jlaj27j3)/1(j17j27j3)‘
11,02,13 J1,32,73
(J1,42,33)#(i1,12,i3)

= | -3 Z (i1,12,13)f(41, 92, i3)

11,12,13
+3( ) Pl Y B )|
11,12,13 J1,J2,J3

(J1,92,38) #(11 12483)

<3 Z 21722,13 —|—3( Z ﬂz(il,ig,ig))Q

11,22,13 11,12,13
<3 Y EYMi iz is) +3( Y. BY2(i1ia,i3))’
91,12,13 11,12,13
< O0(¢* N+ (0(g))?
<O0(q%). (6.7)
Hence from (6.2)-(6.7), we have 2.
O

Lemma 6.5. Suppose that B(f o X)* < co. Then

1 1
ZYZ (4,4, k)" £ 7=—50(=) as ¢ — oo.
2:03 0 k=0 (e
~1g¢-1¢-1
2 E(q )Y Y.(i,5,k))" < 1 20(%) as g — oo.
=0 j7=0 k=0 ( +Z) q

= Z EY. (inyiasig)+ > Do EY iy i) Ya(rs o, )

11,02,13 11502,98 0 < J1,02,03
(J1,92,33)#(i1,02,i3)
1

2/ . .
< (ESp Z EY*(iy, i, 13) Z EY[(i1,12,13)

11,02,13 11,12,13

1 1 1 1.\2
=) ()

1 1
S Traf)




2. By the same argument as in (6.2) we see that

-1 g—1 g—1
Y (i1,i9,43))" = C1My. + CoMy; + C3Ms . + C4My , + C5Ms .
i5—0

Q

0172=0

N

Il
Py
Py

i1

where

M. = Z EY (i1, i2,13),

11,12,13
v 3. ..
My, = > > BY. (i1, i2,13)Y; (j1, j2, J3),
i1,02,93  J1,J2,03
(J1,52:33)#(i1,i2,i3)
W - 2, . . .
Ms.= ) > EY;(i1,12,i3)Y; (J1, 32, J3),
11,12,13 J1492,J8

(41,52:93) 7 (i1 412,3)

Miz= > 4 ¥} D

102,93 J1,J2,J3 k1,ka,k3
(71,92,93)7 (11 ,92,03) (k1,k2,k3)#(i1,i2,i3)
(F1,k2,k3)#(71,52,73)
off F | ey ¥
EY (i1, d2,43) Y- (f1, 92, 43) Yz (K1, k2, k3),

Ms.= > & X D 2

i1,02,83 J1,J2,J8 k1,k2,k3 l1,l2,l3
(91.92,03)7#(11,72,33) (k1,k2,k3)7#(i1,02,i3) (11,02,03)7#(11,i2,i3)
(l1,02,13)# (k1,k2,k3)

EY, (i1,42,13)Y2(j1, Jo2. j3)Ya(ki, ko, k3) Y. (11,12, 13)

and C,Cq, C3, Cy, Cs are some positive constants. From (4.1),

1
M, < — e,
Y (14 2)20(¢)
My < Y > B|Y, (i1, i2,3) | E|Y2 (1, j2, J3)|
11,12,13 J1,J2,J3
(31,52,33) #1192 i3)
<{ > BN.(ir,iz,is)[}{ D EIV2(1, 42, Js)|}
11,12,13 J1,J2,J3
1 1 1
< | K
_{(1+z) q}{1+z (q)}
1 1
— 70 —_—
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(6.8)

(6.10)
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My, = > > EY?(i1,i2,13) Y, (j1, j2, j3)
11,12,13 J1,J2:J3
(j17j27j3)?é(i177;27i3)
<{ 3 EYZ(ir,izis)}’
11,12,13
1 1,2
< O(-
1 4 1
= 0(=), 6.11
iy O (6.11)

(Myz| < { > EY(inyigis) }{ D |1EYa(nsda.js)}{ D [EYz(ly,l2,13)]}

11,12,13 J1,92:03 l1,l2,l3
S{ Z E};Q(’L.l,ig,i,?,}}{ Z E|YYZ(]17;72)]3)|}{ Z E|YZ(llal27l3)|}

11,12,13 J1,J2533 l1,l2,l3

1 L 1 1. .9
< o(= T EIF SHE
_{(1+z)2 (q)}{(l—i-z)?’ <q)}
1 1

M EERar (612

and

Ms 2| < (Y EYalin,ig is)) (> BlYa(ji, jas ja)l)

11,12,13 J1,J2,J3
( > Ela(kr, ko ks))( D BlYa(la, b, 1s)])
k1,ka,k3 l1,l2,l3
1 1 .4
< { N
(6.13)
Hence from (6.8)-(6.13), we have 2.
O
Lemma 6.6. For each z > 0, let h : R— R be defined by
h(w) = (wg.(w))’ (6.14)

If E(f o X)" < oo for some positive even number r > 2. Then

00 0 N 1
E/_Oo/t T + WK (@t < O, as g — oo



Proof. From Proposition 2.10 and the fact that

22
1—<I>(z)§e - for z>0
2mz
(see Barbour and Chen([15]): 23), we have
C(1+2) if = <w<z
Mw)<§ o ’
m if w< % or w > z.

From (6.16) and the fact that

o) 0 o0 e ~
E/ / K () dudt < E/ ¢\ K (t)dt < qE|Y — VP < 0(\1[),
—0 q

we have

gl Oh Y + u) K (#)dudt
| [ n e+ wme)

—E/ /hY+u )(Y+u<§ or Y +u > z)dudt
+E/ / (Y + u)K )H(gg?—l—ugz)dudt

5O(— )+C( +zE/ /K 1Y 4 u > )dudt.

< Ty Vi

Note that, for |t| > |)? — Y|, we see that
Ko=1
Hence, Lemma 4.4(1,2) and (6.19)
00 0
(1+ z)E/ / KLY +u > %)dudt
—oo Jt
00 0 R " N Py
<+ z)E/ / KUV 44T =) > 5)duds
—oo Jt

<q(l+2)EY —YPIY + |V -V > )

di— 1s

L qAFHBT LI TP AT L PIE AT

1 % V V2. ot
o1+ {00 ) (P =y

EP? 1 |7 — PP e
p ;

z

1

q\/é){
1. 1+0(3) 1
=)

22

< q(1+2)0( ;

< (1+2)0(
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(6.16)

(6.17)

(6.18)

(6.19)
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IN
;
S
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Lemma 6.7. Let B be the o—algebra generated by 1,72, 73 and Uy, iy iy s
Then, for any j, k =1,2,3,4,

1
1. B|EB{¢S? — 1} = O(—=) as ¢ — oo.

1
2. qE‘EBSjSk’ = O(g) as ¢ — oo.

Proof. To prove the lamma, we use the same idea from Loh([7]): 1218-1221.

1. From Cauchy-Schwarz inequality, we note that

{E|E®{qs? - 1}\}2
g—1

(BB (S Y (@isdo L)) = 1)

i0=0
qg—1 qg-1 . 0 N g—1 )
< E{ YD Vitsizgpnlinin) '} =28 37 (D0 ¥ (in,ia palin,ia)) } + 1.
11=0 12=0 11=0 12=0

(6.20)

From Loh([7]): 1218-1219, we have

4—1 q—1
EY S Y (i1, ia, palin,ia) } = 1+O((11), (6.21)

11=0 i2=0
and

1
q

q—1 q—1
E{ S Y(Z'l,iQ,pﬂ-(il,ig))}2}2 =14+0(

11=0 i2=0

) (6.22)

as ¢ — 00. Thus we conclude from (6.20)-(6.22)

E|EF{qS? —1}| = 0(\2). (6.23)

By the symmetry of S and Sy, we have

E|EF{qS3 —1}| = 0(\}5). (6.24)



Next, we consider

E|EP[qS3 —1]|
.

— B|E® o | : Y (Lia, pa (K i2)) Y = 1] |

i9=0

— E‘EB {7 Y2 (i1, 42, pr(j1,12))

o in, iz, o GinsT2))s(in, 2, o i, ) — 1],

< E|53;1 — 1‘ + E‘S&Q‘
< {B(S51 — 1)} +{B(S30)" )2,

where

S3.1 = 1 Y2 (i1, 42, pr(j142),
97+ 720 j1=0 ds=0
J17i1
1 q—1 g—1 ¢—1 g—1
S3.0 = -1 Z fi(i1y iz, pr(j1yi2)) it (i1, 2, pr (1, J2))-
11=0 71=0 i2=0 72=0

and
5 1
E(Ss:0)° = O(g), as ¢ — 09.

Thus we conclude from (6.25)-(6.27) that

E}EB[ng —1]| = O(\}a),as q — 0.

By the symmetry of S3 and Sy, we have

E}EB[qSE - 1]} = O(\;a),as q — o0.
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(6.25)

(6.26)

(6.27)

(6.28)

(6.29)
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2. First, we observe that

= 0(61]), as ¢ — 09, (6.30)

where we have used Loh([7]): 1220-1221, in the last equality.
By the same argument of Loh([7]): 1221,

1
gB|EP(8.55)] = O(;),as q — 0.

Thus it follows by symmetry that

1
gE|EP($153)| + ¢E|E®(S154)| = o) (6.31)
and
B B 1
qE|E"(S253)| + ¢E|E®(825,)| = 0(5) (6.32)
Hence, by (6.30)-(6.32), we have 2. O

Lemma 6.8. Let B be the o—algebra generated by my, w2, m3 and U;, ;4.5 ’s. Then

1. E’EB{I - /;K(t)dt}‘ < O(\}E]) as q — oo.
2. E(EB{1 - / K(t)dt})4 =0(1) as ¢ — oo.

3. E(EB{l — /_OO K(t)dt})2 = (1 +Z)(1SO(—31—\/§) as q — oo.

Proof. 1. By (4.11) and (4.13),

qE|EP(S;:Sk)| < qEEP|S; .Sy
= qE|S; .Sk
< ¢{ES2. ) {ES})?
1 1

= (1+ z)20<q\/§)’ (6.3
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and
qE’EB(Sj,sz,z)‘ S qE|Sj,sz,z|

< ¢{ES2. )P {ES..}"
1 1
<q +2)40(;3). (6.34)

for any j,k=1,2,3,4.
Thus E]EB{I—/ K (t)dt}|
_E‘Es{l ( )(Slz+S2z_S3z_S4z) }|

L — PO
E\EB((q 18, —1)|+ qT 3 B|E®(S;.5:.)]
1<j<k<4

<

e

G ﬁzmg

B|BP{(¢ = 1)(Sk ~ Sk2)" = 1]

I
>~ =
o~
-

(-

+25= (Y BIEB(S)~ 5,)(Sk - 5k..)|

1<j<k<4

Q

(@—1) <
B|EB((g—1)S7 = 1)| + 5 ;E\EBS;C,ZSM

INA
> =
L

1

_l_
AW

ZE\EBSkz
To=T1

!
+ qT S° BEB(S;S: — 8,5k — SiSk.: + )= S.2)]
1<j<k<4

< 0(—), (6.35)

where we have used Lemma 6.7(1, 2). (6.33) and (6.34) in the last equality.
2. By Lemma 3.3(2), (4.9), we have

| A ~ 4
_E{EB{I (q4 )(Sl,z+82,z—53z S4,2) }}
R et e (4-1) o
:E EB 1 - YZ i) .7 m 4
ey > B = F (L Vel )
i=0 k= J
k#i
-1 -1 -1 4
+ Vel o e, ) = D0Vl pr(ks ) = D0 Vel o ol )] |

j=0 j=0 J=0
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R et e (a-1) o
< D B{E8[1 = == (3" V(i o)
a\q 1=0 k=0 7=0
ki
-1 -1l -1 4
+ > YalkGopr(k, ) = D Valingopr(ks ) = D Valks g, o J)))Q]}
j=0 7=0 j=0
1 8a RS = U .
=y o B {1 I (T Tl o)) + 3 Tl ()
a9 =0 k=0 =0 =0
-1 NN 4
=" i ok, 1)) = D0 Valk, g prlis P
j=0 =0
1 = P E—. S -
< (=1 {1+( 44) E()_ Ya(i, s pr (i, 1)))°
anq =0 k=0 7=0
k#1
(4= S o Ll s a=DY S .
+ = BQ_ Yalk. g pr (ki))® + = BQ_ Y20, 4, pe(, 5)))
=0 =0
—1
g—-1) & & FP.
+ 1 ) EQY_Y.(k, j,px (i, )
=0
2Ng—1)* 185 i Snuial)
=1+ 2O B Rl eli)))
qi:O 3=0.
2Ag—1)2, 1 L = 8
+ S (= DL > B Yali g (K, 5)))°)
4 q(q = 1) i=0 k=0  j=0
k#i
2(q —1)* _~ 2(a b
=1+ (q44 ) ESS + (q44 ) ES5®,
2(q — 1)* 2(q — 1)*
=1+ (q44 ) E(Sl—SLZ)S—I— <q44 ) E(Sg—S&Z)B
2(q —1
<1+ (q44 L Bss 48 A
=0(1). (6.36)

3. From1, 2 and Chebyshev’s inequality, we have
B(EP{1 - / K(t)dt})’
— E(E{1 —/ K(t)dt})’1(|EE(1 - / K(t)dt)| < g5 (1+ 2)7)

+ E(BEP{1- /OO K(t)dt})*1(|EP(1 - /Oo K(t)dt)| > q5 (1 + 2)5)
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< E}EB{l — /_OO K(t)dt}’q%(l + z)é

H{EE - [ KO VPR - [ Koz g h)
1 . E(EB{1— [ K(tdt})'
<O(—=)gs (1 +2)s + > N
Va (q§(1+z)§)2
<O+p0(a )+ 9
q2"% q3(1+2)3
<(1+ Z)éO(\;é)’
O

Proof of Theorem 6.3

Let v = %EDA/ — Y|’ From Lemma 4.4(3), we have v = O(ﬁ). In the view of
Theorem 6.2 and the fact that
2

(L4 z)l_%

(L4 2"
1 +2)'

=

for 0 <z <1,

Sl SN

it suffices to prove the main theorem only the case z > 1.

Note that
|P(W < 2) — ®(2)] < P(W £Y) + [P(Y < 2) — 0(2). (6.37)

By (4.40), we need to bound only the second term on the right hand side of (6.37)
|P(Y < 2) = ®(2)].

Case 1 (1+2)y > 1.

Y

1
By Lemma 4.4(1)-and the fact that > T
z

PY >2)=PY +1>1+2)

)| ElY + 12

(1+ 2)?

E|Y|? C

SO T atae

C
(1+ 2)2
Cry
1+ 2

IN

IN

_ (6.38)



Hence, from (6.38) and

C

L=2G) s gy

for some constant C,
we have

P(Y <2) = 0(2)| = [1 - P(V > 2) - &(2)

= P(Y >2)+ (1 —9(2))
Cvy Cvy

=
" 1+z+1+z
1 1
A O(==):
1+z Vg

Case 2 (1+2)y < 1.
Let g, be the Stein solution of the Stein equation

9:(Y) =Y g.(Y) = h(Y) — 2(z).
By using the idea of the proof of theorem 5.2, we have

|P(Y <2) - 0(2)| = [Bg,(Y) - EY g.(Y)|

<T +T2+T3—|-T4
where
= \E/ {L(V) — gL(Y + )} K (t)dt],
710 ©9 R 0
T, =B (DE [ Kt - EL(T) [ Ko
T3 = ‘Egé(?) - Eg;(f/)E/ K (t)dt|,
Ty = |Ag.(Y)],
and

K@) == (V-v)(10<t<V-¥) -1V - v <t <0)).

5

(6.39)
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By Proposition 2.9(4), (3.3) and Lemma 3.4(2), we note that

T, = ‘zgz(i})’
1 R qg—1q—1q—1 R
:*‘EQZ(Y)Z ZYZ(27]7]€)‘
q i=1 j=1 k=1
1 1 q—1qg—1q—1 R 1
< H{EG@(Y)} 2 {E( Y. (i, 7, k))*}?
q i=1 j=1 k=1
1 q—1qg—1qg—1
7{ ZZZEYf(Z?jak)
q= =1 j=1 k=1
~ ~ 1
+ > i EY.(i1,i2,13)Y2(j1. 72, J3) }
i1,02,i3 J1,2.98
(J1,52,58) 7 (ia5i2,13)
1 qg—1q—1qg—1
— ZEY2 1,7,k
q i=1 j=1 k=1

+ > > (BY (i1, i2,i3) — EYal(i, i2,43))
11,2,13 J1,J2,73
(J1:92:73)7 (i1,i2,i3)

(EY (j1,j2,j3) — EY. (jhjz;js))}

< —{ Z Z {i(iv,da, i3)fi(j1, j2, j3)

11,12,13 ) 2750 -
(91,92,93) 7 (i1,12,3)

N|—=

- ﬂ(ihiza i3)EYFZ(j17j27j3) i EYZ(i17i27i3)ﬁ(j17j27j3)
r

+ EY (i1, d2, i3)EYz(j1,j2,j3)}}2

1 R | L
S*Z{O(q)* > i(iniasis) + > fi(r. g2 3) EY: (i, Ga, j3)
? it iz is 1,243
1
o pn212
D2l 2, i8) BY: (s i) (|5 B insta, is))* )
11,62,13 1,12,03
1 —~—
< *Z{O(QH- > EY?(ji, 2, js)
¢ J1,32,33
1
Z EY*(i1,i2,13)) }2
1+Z 31722713
< 1{0()+ N EBY2(j1, o) + ! 0(1)}5
=gz q L J1,J2,73 (].+Z)6 q2
J1,J2,]3
1.1
< O(q O(—);2
q( ot (1+2)° (CIZ)}
1 1
- o). (6.40)
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and from Lemma 4.3(3) and Lemma 4.4(1),
~ |Bot(7) - BL(TIE [ K

- ‘Eg;(?)“l - E/_Oo K(t)dt‘

<(1f |1 - EY? + AY |

< ol EPR 1A

< T+ g iz)o%)) + 00

- T )

< “le)g(;a). (6.41)

Let B be the o—algebra generated by 7y, w2, m3 and U;, 4, i5:5'S.
T = |Eg;(?)E/ K(t)dt—Eg;&)/ K (t)d]
~ — 00 4 - —0o0
= |Eg;(Y)EB{E/ K(t)dt — / K(t)dt}\
= (Eg;(?)EB{E/ K(t)dt—1+1—/ K(t)dt}]
C oo 0 B [ee]
< W‘E/;oo K(tydt — 1| + |Eg,(Y)E®{1 - /_Oo K(t)dt}|

C

~ s — —_— > [eS)
< W\l - BY? + AY| +[Bg(V)IY < D)E{1 - /OO K(t)dt}|

+|EgL(Y)UY < = EB{l—/ K (t)dt}|

1 1
- (1+z)20(§) + Ty + Tao (6.42)

where
Ty = |EqL(Y)I(Y %EB{l—/ K(t)dt}|

Tas = |EgL(Y) - EB{l—/ K(t)dt}|.
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22
By Proposition 2.10, Lemma 6.8(1) and the fact that eF < 1i for some
z
constant C,
Ty = |BEg,(V)I(Y < g)EB{l —/ K(t)dt}|
zZ, 22 2. B
< ‘E{\/27T(§)e g @(5) +1H1 - o(2) 1Y 5 YEP{1 — K (t)dt}|
22 L
< {\/277(%)6@“}{ . }E|EB{1-/ K (t)dt}|
2
S V 271_6_3; O(L)
2 Ve
<1 ok (6.43)
T (1+2) Va ’

From Proposition 2.9(2), Lemma 4.4(1) and Lemma 6.8(3),
Tyy = |Bg (Y)Y > = EB{l —/ K(t)dt}|
< |EI(Y > 5)135{1 —/ K (t)dt}|

g{m?>zﬁﬁ{mEﬂ¢_/mza@ﬁHﬂ%

AB|Y 2
< (¥ YRS ooy
q3
<1 ol (6.44)
(1t2)7 gs
Hence, by (6.42)-(6.44), we have
n<—1 ot (6.45)
(14+2)12 g5

To finish the proof of Theorem 6.3, it remains to bound 77. By the fact that
S
‘gg(w +8) = gi(w+s)— / h(w 4+ u)du| < I(z. = max(s,t) < w < z— min(s,t)),
¢
we have

Ty =Ty + T2 + T3 (6.46)
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where

-1
Ty = EI(|Y - V] < 2

)/OO I(z — max(0,¢) < Y < z — min(0,)) K (t)dt,

~ o1
Tiy = BI(|Y — V]| < +z// (¥ + ) K (t)dudt,

~ & 1+2
Ty = BUY — 7] > 55 [ {6F) - . + 0} K ()t
and h is definded as in Lemma 6.6 .

First, we consider T71. For § > 0, let f5 : R — R be defined by

0 if t<z-—20,
fi) =@ +640)(t—2+28) if z2—20<t<z+26, (6.47)
45(L4 t+0) if > 2426

Note that fs5 is a non decreasing function and

1+2—0 if 2-20<t<z+29,
f5(t) = (6.48)

0 otherwise .
By the same argument as in Lemma 4.3(2), we have
E / Y + K (t)dt = EY f5(Y) = Afs (). (6.49)
By Lemma 4.4(1-3), (6.47), f is non decreasing, we observe that
E‘Yfﬁf—fq (Y)‘

<AEY(1+Y +|Y —Y])|Y - Y]

<ABY|Y — Y| +4EY?)Y = Y| +4EY|Y <Y |?

< MEV22{E]Y — Y2}z + 4EY2|Y — Y[+ 4{EY?}2 {E]Y — Y|*}2

~ ~ ~ i 8 & ~ ~ 1 ~ -~
< 4{E]Y - Y]Q}% ¥+ 4{E (Y?) y=r} T AEY SV e 4{EY L Y]4}%

< 4{0(= )}z +4{0( )}z +4{EY2\Yyr ! ;1{E\}7—1A/]’"}%
<O(— 1 )+ 4{(¢? 1+z))%E§72

B \/5 q2}

<O+ ZﬁO(qif ). (6.50)
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By Lemma 4.4(1,2), Lemma 6.4(1,2), Lemma 6.5(1,2), (6.47) and f is non-decreasing,
we note that

Ay () < ;|Efy_y<?>§?z<i,j, )|
<BQ+Y+ V- TDF - P13 7:6.5)
< 3\E(1+17)|17—17|(”Z]€Y(7:,j,7k; —”Zkyz(i,j,k:))‘
¥ ler?—?rQ%;cY(z‘,m b Tk, )
< ;I\E(lJr}A/)l)N/—}A/];CY(i,j,k)\ +3|E(1+?)]}7—}?|;€}Q(i,j,kﬂ
+ 3|E1f/ - ?|2§Y(i,j, k)| + g\Elff - ?IQ%;YZ(Z'J, k)|
< ;l{E(l + ?)2}%{E|? - ?\z(g Y (i, j,k))2) 2
+ {80 +?>2}5{E|?—?l2é§n<i,j, 02}
+ :{Eﬁ/ - ?|4}§{E(Z% Y (i, k)2 2
+ BT - 1A/I‘*}%{Eg% Ya(6,5,K)2)
< (B - ﬂ‘*}i{E(”Z; Y(i,4,k)*}
+ 3{E|17 - 1?|4}1{E(;€ Ya(i, j, k)4}
Holocbemy ¥ S o) gl
<10 HOWDH ¥ {0 Frzaom) 0l )
_ 0(;) (6.51)
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Thus, from (6.48)-(6.51), we have

o
o1
T11:E/ (V- V| < —2
— 00

)I(z — max(0,t) < Y < z — min(0,¢)) K (t)dt

JURN 1 ~
_E IV — V| < “F2)I(2 — max(0, 1) < ¥ < 2 — min(0, £)) K (£)dt
1] <|V -V
~ 1 ~ ~ ~ A
<E IV V| < 50— 2V = V]| < ¥V < 2 42V — VK ()dt
ltl<|Y - 2
= o 14z d4z—|Y -V
=B W7 -7 <5 ——
<[V Y| 142 =Y —Y|
I(z—|Y Y| <Y <24 |Y - Y|)K(t)dt
E I(|Y=Y] < g Ya+z— Y -T)
< 1= S
Ltz Jiy<v=9] 2

I(z—|Y —Y|<Y <z+ ¥ = V|)K(t)dt

2 ELL) T
< E/ R 7 Py
L+z o Jiy<py—v

Ty ?\(?H)H(z- Y Y| <Y <24 |Y - Y| K(t)dt
<E‘Yf\Y YI ‘ ‘Afn/ Y|( )’
1 1
= = 6.52
1+2)'"7 ¢'= (6.52)
By Lemma 6.6,
1 1
Te5 <y Ol 6.53
P gt 57 (6.53)

By Proposition 2.9(3) and Lemma 4.4(2u)

= [ D) - 0@ o
! %) Y Kt

1+ 2

Tys = EI(Y - Y| >

< EI(Y Y| >

< gBI(]Y =Y | > V=Y

)} LB P2

_o 1
gq{P|Y—Y|> “

- T 99 (6.54)

From (6.46), (6.52)-(6.54), we have the main theorem.
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