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APPENDICES

♦  A p p e n d ix  A : M a t h e m a t ic a l  A n a ly s is  o f  H y d r o g e n  D if fu s io n  T h r o u g h  

V a r io u s  M a t e r ia ls .

A mathematical analysis has been made for hydrogen diffusion within 
both bare palladium and palladium-coated material to determine the response 
time for changes in hydrogen concentration.

A . l  D if fu s io n  o f  H  a to m  in P d

A. 1.1 Flat Plate Detector System

t  t  t  t
F ig u r e  A . l  One-region (Palladium) slab.
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Consider the diffusion into a slab. Initially the slab has a uniform 
concentration, and the surfaces are raised to a new concentration and maintain 
constant. The solution is based on Fick’ร Second Law with a constant 
diffusivity (Geiger and Poirier, 1973). The concentration as a function of time 
and spare is given by

where c is the concentration, 
t is the elapsed time.

D is the diffusion coefficient.
X  is the distance along the axis-X.

The initial and boundary concentrations of interest are

d c  a 2c

at a x 2 (A .l)

c ( x , 0 )  =  C 0 (A .2)

d c ( 0 , t )  =  0
d x

(A .3)

and

c(L ,t) = C1
where L is the thickness of Palladium film .

(A .4 )
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T h e  so lu tio n  to  th is  p ro b le m  can  be d e te rm in e d  b y  se p a ra tio n  o f
v a riab le s . It h as  the  form :

0  =  X ( x ) .G ( t ) ( A .5 )

w h e r e  0  i s  C - C i ,  a n d  a ll  th e  b o u n d a r y  c o n d i t io n s  c a n  b e  w r it t e n  in  a 

h o m o g e n e o u s  fo r m . T h e r e f o r e ,

a n d
X  =  c 1 c o s ( /b c ) +  c , s in (Xx)

G  =  e x p ( - A : D t )

( A .6 )

( A .7 )

T h e  b o u n d a r y  c o n d i t io n  ( A . 2 )  r e q u ir e s  th a t  c 2= 0 ,  a n d  a p p ly in g  

e q  ( A . 3 )  C iC os a L  = 0 .  T h is  is  s a t i s f i e d  b y  a =  ( 2 n + l ) 7 t /2 L  w h e r e  ท is  a n y  

in te r g e r  f r o m  0  to  C O . H e n c e

0  =  X  A n ex p ( 2 n  + 1) 7t D t 
4L c o s (2 n  +  1)7TX 

2 L
( A .8 )

w h e r e  th e  A n ’ร a re  n o w  th e  c o n s t a n t s  in v o lv e d .  N o w

A = (~1} —0 , 0  = 0 — c,
n (2 n  + 1 )  7t 1

( A .9 )

T h e  s o lu t io n  i s  g iv e n  b y

_e
o’

c-c ,
0 -c,

9 £  (-l)n
7โ ท=0 2 ท + 1 e x p -  (2 n  +  l ) 2 7t2 D t ' (2ท +  1)71 X ^ไน1 

___1 1 2  L  J ( A  1 0 )
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T h e  a v e r a g e  c o n c e n t r a t io n  c  is  d e t e r m in e d  f r o m

c  =  i j c d x  <A " >

C a r r y in g  o u t  t h is  o p e r a t io n , o n e  c a n  o b ta in  th e  r e la t iv e  c h a n g e  in  a v e r a g e  

c o m p o s i t i o n  fo r  d i f f u s io n  in to  a s la b :

e_ -  8 Y  1 - ( 2 n + l ) V  D t
0, =  ท2 £ ‘0 (2 n  +  l ) 2 e x p _ 4  L2 ( A . 1 2 )

A . 1 .2  C y l in d r ic a l  D e t e c t o r  S y s t e m

-----►
H 2 ------- ►

►
d = 0 .0 1  cm

F i g u r e  A .2  O n e - r e g io n  ( p a l la d iu m )  c y l in d e r .

C o n s id e r  th e  d i f f u s io n  in to  a c y l in d e r .  I n it ia l ly  th e  c y l in d e r  h a s  

a  u n ifo r m  c o n c e n t r a t io n .  Its s u r fa c e  i s  r a is e d  to  Cl a n d  m a in t a in e d  c o n s ta n t .  
T h e  s o lu t io n  is  o b t a in e d  fr o m  F i d e ร S e c o n d  L a w  w it h  a  c o n s t a n t  d i f f u s iv i t y  

( G e ig e r  a n d  P o ir ie r ,  1 9 7 3 ) .



T h e  b o u n d a r y  c o n c e n t r a t io n s  a re  g iv e n  b y

c(r,0) = C0 (A. 13)

d c ( 0 ,  t )  _  0
d r  =  (A . 14)

a n d

c ( R , t )  =  c, (A . 15)

T h e  a v e r a g e  c o n c e n t r a t io n  c  is d e te rm in e d  f ro m

C a r r y in g  o u t  t h is  o p e r a t io n , o n e  o b t a in s  th e  a v e r a g e  c o n c e n t r a t io n  fo r  

d i f f u s io n  in t o  a  c y l in d e r .
T h e  s o lu t io n  is  g iv e n  b y

6 = c - c s
0 , = 0 - c s

f
e x p V ( A . 16)

w h e r e  çn =  2.405,5.520,8.654,11.792,14.931 , w h e n  ท =1,2,3,4,5,e tc

Çn a re  th e  ro o ts  o f  e q u a tio n  J 0 (x ) = 0 ,w h e re  J 0 (x ) is th e  B esse l fu n c tio n
o f  z e r o  o r d e r .
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A . 2  D i f f u s io n  o f  H 2 a n d  C l 2 t h r o u g h  c o m p o s i t e  m a t e r i a l s

A . 2 .1  F la t  P la te  S y s t e m

T h e  s o lu t io n  fo r  e i t h e r  H 2 g a s  o r  C l2 g a s  i s  s im i la r  t o  th a t  o f  

A . 1 .1 . H o w e v e r ,  H 2 a n d  C l2 d i f f u s e  a s  H 2 a n d  C l2 m o l e c u le s  t h r o u g h  c e r ta in  

m a te r ia ls .

A . 2 .2  C y l in d r ic a l  S y s t e m
T h e  s o lu t io n  fo r  e ith e r  H 2 g a s  o r  C l2 g a s  i s  s im i la r  to  th a t  o f  

A . 1 .2 . T h e  d i f f u s io n  o f  H 2 a n d  C l2 are  in  th e  fo r m  o f  m o l e c u l e s  t h r o u g h  c e r ta in  

m a te r ia ls .

A . 3  C o m b in a t io n  o f  P a l la d i u m  w i t h  M a t e r i a l  c o a t i n g s

In  o r d e r  to  id e n t i f y  th e  c o a t in g  m a te r ia ls  f o r  th e  s e n s o r  to  m e a s u r e  th e  

h y d r o g e n  c o n c e n t r a t io n ,  th e  m a t h e m a t ic a l  c a lc u la t io n  f o r  c o m p o s i t e  m a te r ia l  is  

in v e s t ig a t e d  fo r  th e  r e s p o n s e  t im e .

A . 3 .1  F la t  P la te  S y s t e m

A p p ly in g  th e  o r t h o g o n a l - e x p a n s io n  t e c h n iq u e  o v e r  th e  

m u lt i la y e r .  F i g .A .3 s h o w s  a  t w o - r e g io n  s o l id  s la b  ( 0 < x < L )  ( O z i s ik ,  1 9 6 8 ) .

C o n s id e r  th e  d i f f u s io n  in to  s la b . L e t  D H-Pd, Dn-derakane b e  th e  

d i f f u s iv i t y  o f  p a l la d iu m  a n d  D e r a k a n e  la y e r  r e s p e c t iv e ly .  T h e r e  i s  n o  r e a c t io n  

w it h in  th e  s o l id s .



D erak an e R esin

t  t  t  t
F i g u r e  A 3  T w o - r e g io n  (p a l la d iu m  - m a t e r ia l s )  s la b .

T h e  m a s s  t r a n s fe r  d if f e r e n t ia l  e q u a t io n s  to  b e  s o lv e d  are:

d ~ c  1 (d cu *-Ai  ___ f_  W AI
5 x 2 D H_ pd d t

&A1
^  ^H-Dreakane ^

(A.17)

(A. 18)
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w ith  th e  b o u n d a iy  c o n d it io n

C A1 =  k C A2

H  -  Pd
dCA 1 

dx
=  D H  -D e ra ka n e

(_A2
d x

~ ~ ~ ~  — 0 dx

at th e  in terfa ce  X = a  , t> 0  * ^

at th e  in terface  x = a ,t> 0  ( A .2 0 )

at th e  inner su rfa ce  x = b ,t> 0  ( A . 2 1  )

w h e r e  k  is  th e  e q u i l ib r iu m  c o n s t a n t  b e t w e e n  h y d r o g e n  g a s  in  th e  m a te r ia l  a n d  

in  p a l la d iu m .

H 2 ( m a te r ia l )  ◄ ------------------- ►  2 H ( P d )

a is  th e  t h ic k n e s s  o f  c o a t in g  m a te r ia l,  

b is  th e  t h ic k n e s s  o f  p a l la d iu m  f i lm  a n d  c o a t in g  m a te r ia l .

T h e  in it ia l  b o u n d a iy  c o n d i t io n s  are

C A1 =  C A 1.0

c  = cÂ2 ^A2.0

C A|.0 -  k C A20

in  0 <  X <  a , t = 0

in  a <  X <  b  , t = 0

( A .2 2 )

( A .2 3 )

I =  a 5 1 =  0 ( A . 2 4 )
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T h e  s o lu t io n  o f  t h is  p r o b le m  is  th e  fo r m

c j ( x . O  =  X T " X j n ( X )  e

in  la y e r  j , j =  1 ,2

T h e  e ig e n f u n c t io n  X jn (x ) f o r  th e  t w o - la y e r  p r o b le m  u n d e r  

c o n s id e r a t io n  i s  g iv e n  as:

X i „ ( x ) =  s i n ( P i nx )  in  la y e r  1 i . e . , 0  <  X  <  a (A .2 5 )

x 2n(r)=  B n[ s i n ( p 2nx ) + C nc o s ( p 2nx ) ]  in  la y e r  2  i . e . ,a  <  r <  b  (A .2 6 )

T h e  c o s (P in X )  f u n c t io n  is  e x c lu d e d  fr o m  th e  s o lu t io n  fo r  r e g io n  1 b e c a u s e  it 

in c lu d e s  th e  o r ig in .
C o n s id e r  th e  in t e r fa c e  a t X i  b e t w e e n  th e  la y e r s  ( i - 1 )  a n d  i. 

S in c e  th e r e  i s  m a s s  s to r a g e  in  th e  in f in i t e s im a l  t h ic k n e s s  o f  th e  in t e r fa c e ,  th e  

t im e  b e h a v io r  o f  th e  c o n c e n t r a t io n  a t th e  in t e r a f c e  X j s h o u ld  c o r r e s p o n d  to  th e  

e q u il ib r iu m  c o n s t a n t  b e t w e e n  h y d r o g e n  in  D e r a k a n e  R e s in  a n d  in  p a l la d iu m .  
T h is  c o n d i t io n  is  s a t i s f i e d  i f  w e  h a v e

f^H-pdPln k .D p i.je1.ai;aneP 2n

T h e  e ig e n v a lu e s  P in  a n d  p 2n a re  r e la te d  to  e a c h  o th e r  a c c o r d in g

to  th e  e q u a t io n :

D H -pdPln2 — k . D H-derakanep2n

T h e r e  a re  t w o  u n k n o w n  c o e f f i c i e n t s  B „ , c„ a n d  th e  e ig e n v a lu e s  

P in  (o r  p 2n s in c e  t h e y  a r e  r e la te d )  to  b e  d e te r m in e d :  th r e e  in d e p e n d e n t  r e la t io n s
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a r e  n e e d e d  to  d e te r m in e  t h e s e  u n k n o w n  q u a n t i t ie s .  T h e  b o u n d a r y  c o n d i t io n s  

( A . 19 ) - ( A . 2 1 )  p r o v id e  t h e  r e q u ir e d  th r e e  in d e p e n d e n t  r e la t io n s .
c n is  e v a lu a t e d  b y  a p p ly in g  th e  c o n d i t io n  ( A .2 1 ) ,

c  1, =  t a n ( p 2„ b )  ( A  2 7 )

B n is  e v a lu a t e d  b y  a p p ly in g  t h e  c o n d i t io n  ( A .  1 9 )

S i n ( p i na )  =  k .B n [ c o s  (32na  +  ta n  p 2nb  .s in  p 2na ] ( A .2 8 )

8  = _ ___________ sin (P i„ a )_____________
k [c o s (p 2na )  +  ta n (p 2na ) .s in ( p 2na ) ]

W h e n  t h e  c o n d it io n  ( A .2 0 )  is  a p p l ie d ,  th e  f o l l o w in g  

t r a n s c e n d e n t a l  e q u a t io n  i s  o b t a in e d  fo r  e v a lu a t in g  t h e  e ig e n v a l u e s

c o s ( p lna )Ĥ-Pd ทิ = Ĥ-derakanê n
p,„

•s in (P 2na )  1 C n c o s ( p 2na ) ( A .2 9 )
J 2ท p2n

T h e  e ig e n v a lu e s  P in (o r  p 2n) a r e  e v a lu a t e d  fr o m  t h e  s o lu t io n  o f  

t h i s  t r a n s c e n d e n t a l  e q u a t io n  in  w h ic h  B n a n d  C n a r e  g iv e n  b y  ( A . 2 7 )  a n d  

( A .2 8 )  r e p e c t iv e ly ,  a n d  P in , p 2n a r e  r e la te d  to  e a c h  o t h e r  b y  e q  ( A .2 5 ) .

T h e  s o lu t io n  ( A .2 4 )  in v o lv e s  o n ly  o n e  u n k n o w n  c o e f f i c i e n t  A n, 

w h ic h  c a n  b e  e v a lu a t e d  a c c o r d in g  to  th e  r e la t io n s h ip  g iv e n  by:



F o r  th e  s la b  p r o b le m

พ ,2 = 1 , พ 22 = 1

พ  = 1

F i =  T o  , i = 1 ,2  

X ln( x ) =  s in ( p m x )

X 2n( r ) = B 11[ s in ( P 2nx ) + C nc o s ( p 2nx ) ]

พ , 2 J  F, ( x ) .X ln ( x ) .w ( x ) .d x  +  พ 2 J  F 2 ( x ) .X 2n ( x ) .w ( x ) .d x  

พ ,2 }  x 2n( x ) .w ( x ) .d x  +  พ 22J  X 2n(x ) .w ( x ) .d x

| t o s i n ( p lnx ) d x  +  j T 0 .B n [ c o s ( P 2nx )  +  C n s in ( p 2nx ) d x ]  

} s i n 2 p 2nx d x  +  | B 2 [ c o s ( p 211 x )  +  C n s i n ( p 2nx ) d x ] 2 d x

A.
Tn

I s in ( p ln x ) d x  +  J  B 11 [c o s (p 2n x )  +  C n s in (P 2n x ) ]d x  

J s i n 2 p 2nx d x  +  | B 2 [c o s (p 2nx )  +  C n s in (p 211 x ) ] 2 d x
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in  w h ic h

I s in  P lnx .d x 1 - c o s ( P lna )

)  [c o s (p  211X + c n s in (P 2n x )]d x  =  [sin (P 2n b ) -  s in (P 2na ) ] + C n
c o s (P 2,1 a ) - c o s ( P 2nb )

J s in  P Inx d x  =  J a - s i n ( 2 p lga )
2 pln

J[cos(p2nx)+c n sm(p2nx)] dx = I (b a) 1 s๒£p2nb)_:sin^M) + c n
cosl̂ p,11a)-cos£p2nb)

2p2„ 2P2„ J

+ C: ( b - a ) - sin(2 p 2,, b )-sm (2 p 211 a)
2P2n

A . 3 .2  C y l in d r ic a l  S y s t e m
A p p ly in g  t h e  o r t h o g o n a l - e x p a n s io n  t e c h n iq u e  o v e r  m u lt i la y e r  

( O z i s ik ,  1 9 6 8 )  .F ig  A .4  s h o w s  a  t w o - r e g io n  s o l id  c y l in d e r  o f  o u t e r  r a d iu s  r =  b  

w it h  a n  in n e r  c o r e  o f  r a d iu s  r =  a.
L et E>H-pd , Dn-derakane b e  th e  d if fu s iv ity  o f  th e  in n er  an d  o u ter  r e g io n s

r e sp e c tiv e ly .
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T h e r e  is  n o  r e a c t io n  w i t h in  t h e  soli^ l

Figure A.4 T w o - r e g io n  s o l id  c y l in d e r .

T h e  b o u n d a r y -v a lu e  p r o b le m  o f  m a s s  t r a n s fe r  o f  h y d r o g e n  in  

t h e  P d -D e r a k a n e  s y s t e m  is  g iv e n  as:

d2cA, 1 1 dcA, = 1 dcA, (A.30)
d r 2 r 3 r  D II Pd a t

d 2cA2 1 dcA 2 1 dcA2+  = -------- --------- ( A .3 1 )
d r  r d r  D H_derakane a
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w it h  b o u n d a r y  c o n d i t io n s

r  -  k c at th e  in te r fa c e  r=a  , t> 0 ( A .3 2 )

S c A1
^  น - Pd -  H-derakane -,

o r  o r
at th e  in te r fa c e  r= a  , t> 0 ( A .3 3 )

o

at th e  in n er  b ou n d ary  , r= 0  , 
t> 0

( A .3 4 )

w h e r e  k  is  e q u i l ib r iu m  c o n s t a n t  b e t w e e n  h y d r o g e n  g a s  in  c o a t in g  m a te r ia l a n d

in  p a l la d iu m .

T h e  in it ia l  b o u n d a r y  c o n d i t io n s  a re

C a i =  C a i ,0 in  0  <  r <  a  , t = 0 ( A .3 5 )

C a2 =  C a2,0 in  a  <  r <  b  , t = 0 ( A .3 6 )

CA10“ kCA2 0 r =  a  , t =  0 ( A .3 7 )

T h e  s o lu t io n  o f  t h i s  p r o b le m  is  in  t h e  fo r m

c , ( r , t ) = Ê A nX Jn( r ) . e '“*  
in  la y e r  j  , j = l , 2
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T h e  e ig e n f u n c t i o n s  x jn(r)  fo r  t h e  t w o - la y e r  p r o b le m  u n d e r  c o n s id e r a t io n  is  

g iv e n  as:

x ln(r)=  J o ( P inr) in  la y e r  1 i . e . ,0  <  r <  a  ( A . 3 8 )

x 2n( r ) =  B n [ J0( p  2nr ) + C nY o( p  2 nr)] in  la y e r  2  i . e . ,a  <  r <  b  ( A -3 9 )

T h e  Y o (P in f )  f u n c t io n  is  e x c lu d e d  fr o m  t h e  s o lu t io n  fo r  r e g io n  1 b e c a u s e  it 

in c lu d e s  t h e  o r ig in .
C o n s id e r  t h e  in t e r fa c e  a t X ]  b e t w e e n  t h e  la y e r s  ( i - 1 )  a n d  i. 

S in c e  th e r e  is  m a s s  s to r a g e  in  t h e  in f in i t e s im a l  t h ic k n e s s  o f  t h e  in t e r f a c e ,  t h e  

t im e  b e h a v io r  o f  c o n c e n t r a t io n  a t t h e  in t e r a f c e  X j s h o u ld  c o r r e s p o n d  to  t h e  

e q u il ib r iu m  c o n s t a n t  b e t w e e n  h y d r o g e n  in  d e r a k a n e  r e s in  a n d  in  p a l la d iu m .  

T h is  c o n d i t io n  i s  s a t i s f i e d  b y

f-Xl-pdP In k . D H-dcrakaneP2n

T h e  e ig e n v a l u e s  P in  a n d  p 2n a r e  r e la te d  t o  e a c h  o t h e r  a c c o r d in g  

to  t h e  e q u a t io n  as:

B  H -pd P in  k.DH-derakaneP2n

T h e r e  a r e  t w o  u n k n o w n  c o e f f i c i e n t s  B n, C n a n d  t h e  e ig e n v a l u e s  

p  111( o r  p 2ท). S in c e  t h e y  a r e  r e la te d  t h i s  g i v e s  th r e e  in d e p e n d e n t  r e la t io n s  to  

d e t e r m in e  t h e s e  u n k n o w n  q u a n t i t ie s .  T h e  b o u n d a r y  c o n d i t io n s  ( A .3 2 ) - ( A .3 4 )  

p r o v id e  t h e  r e q u ir e d  th r e e  in d e p e n d e n t  r e la t io n s .  
c n is  e v a lu a t e d  b y  a p p ly in g  t h e  c o n d i t io n  ( A . 3 4 ) ,  th a t  is

c .  = ■ J , ( P 2„ b )
Y 0 ( p 2nb )

( A .4 0 )
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B n is  e v a lu a t e d  b y  a p p ly in g  th e  c o n d i t io n  ( A . 3 2 )

J o (P m a ) =  k .B n [J0( p 2„a) +  C nY 0( p 2ท a )]

k [ j 0 (|32„a) +  C nY 0a s ;na )]
( A  4 1 )

W h e n  th e  c o n d i t io n  ( A . 3 3 )  is  a p p l ie d ,  th e  f o l l o w i n g  

t r a n s c e n d e n t a l  e q u a t io n  is  o b t a in e d  fo r  e v a lu a t in g  t h e  e ig e n v a l u e s

f^H-pdP ] n J 1 ( p  ln^) f^H-derakane P 2nB n [J 1( P 2na ) + C nY 1( p 2„a)]
( A .4 2 )

T h e  e ig e n v a l u e s  P in  ( o r  p 2ท) a r e  e v a lu a t e d  fr o m  t h e  s o lu t io n  o f  th is  

t r a n s c e n d e n t a l  e q u a t io n  in  w h ic h  B n a n d  C n a r e  g i v e n  b y  ( A .4 0 )  a n d  ( A .4 1 )  

r e p e c t iv e ly ,  a n d  P in  , p 2ท a r e  r e la te d  to  e a c h  o th e r  b y  e q  ( A . 3 8 ) .

T h e  s o lu t io n  ( A . 3 7 )  n o w  in v o lv e s  o n ly  o n e  u n k n o w n  

c o e f f i c i e n t  A n , w h ic h  c a n  b e  e v a lu a t e d  a c c o r d in g  to  t h e  r e la t io n s h ip :

A I J„ (P 2, r).r.dr + B. j  [j 1 (P 2. r) + c  1 ¥ 1 (P,„ r)]r.dr 

T" j j - ( P 2,r).r.dr + B,! J [ j1,(|32„r) + C , Y , ( p 21r)]2.r.dr ( A 4 3 )
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in  w h ic h

} j ,J([ii,r)rdr= aJ|^S|~a)

| b „ [ J , ( 3 2 1, r )  +  C nY  0 ( P 2„ r)Jr .d r

=  f ^ b - U f t . b )  -  a .J , ( P 2, a ) ] +  ^ [ b .  Y ,(P 2nb ) -  a .Y ,( P 2„a)Jr2n r2n

1  J » 2 (P  ๒ O  r d r  =  y  [j „2 (P  a )  +  J , 2 ( P „  a ) ]

J [ j » ( P 2„ r )  +  C nY 0 ( P 210 ]  .r .d r =

1 b2([j«,((S2nb ) + C nY„(|B2lb)F + [ j , (P 2nb ) + C nX ( P 2>b )F ) +  a 2([j(1(P2, a ) + C nY0( P ^ a J

[j,(P2„a)+C„X(P2na)F)
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S u m m a r iz in g ,  th e  s o lu t io n  o f  t h e  p r o b le m  d e s c r ib e d  b y  e q ( A .3 0 ) - ( A .3 4 )  is  

g iv e n

C j( r , t )  = 1  A n X jn( r ) . e - “^  
in  la y e r  j  , j = l , 2

A . 4  R e s p o n s e  t im e  o f  I n s t r u m e n t s  b a s e d  o n  A n a l y s i s

T h e  r e s p o n s e  t im e  o f  h y d r o g e n  c o n c e n t r a t io n  a s  a f u n c t io n  o f  t im e  w e r e  

d e t e r m in e d  in  a  n u m b e r  o f  c a s e s  ; p a l la d iu m  , c o a t in g  m a te r ia l  , a n d  

c o m b in a t io n  o f  p a l la d iu m  a n d  c o a t in g  m a t e r ia ls  a s  s h o w n  in  F ig u r e  A .5 - A .  10

T a b l e  A . l  T h e  r e s p o n s e  t im e  f o r  a  n u m b e r  o f  c a s e s  in  p a l la d iu m  a n d  

p a l la d iu m  -  m a te r ia l s y s t e m s

R e s p o n s e  T im e  ( s e c )

P a l la d iu m '11 M a te r ia ls  (b) P a l la d iu m
+ M a t e r ia l s (b)

F la t  P la te  S y s t e m 1 7 0 2 6 0 6 0 0 0 0

C y l in d r ic a l  S y s t e m 6 0 120 4 0 0 0 0

<a) P a l la d iu m  w ir e  0 .0 1  c m  

(b) D e r a k a n e  R e s in  0 .0 1  c m

F r o m  th e  T a b le  A . l ,  it  ta k e  a  g r e a t  d e a l o f  t im e  f o r  d i f f u s io n  th r o u g h  

c o a t in g  m a te r ia l  o n  p a l la d iu m  e v e n  t h o u g h  d i f f u s io n  th r o u g h  e it h e r  p a l la d iu m  

o r  c o a t in g  m a t e r ia ls  i s  q u ite  f a s t  s in c e  th e r e  is  e q u i l ib r iu m  b e t w e e n  h y d r o g e n
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c o n c e n t r a t io n  in  c o a t in g  m a te r ia l a n d  p a l la d iu m . F o r  f ig u r e  A . 9  a n d  A . 10 , t ile  

r e s p o n s e  t im e  f o r  f la t  p la te  a n d  c y l in d r ic a l  s y s t e m  a r e  1 1 .1 1  a n d  1 6 .6 7  h o u r s , 

r e s p e c t iv e ly .

T a b l e  A . 2  T h e  r e s p o n s e  t im e  f o r  a  n u m b e r  o f  c a s e s  in  p a l la d iu m  a n d  

p a l la d iu m  -  m a te r ia l  s y s t e m s  fo r  v a r io u s  d im e n s io n  o f  p a l la d iu m  a n d  c o a te d  

m a t e r ia ls

R e s p o n s e  T im e  (h r )

F la t  P la te  S y s t e m C y l in d r ic a l

S y s t e m

P d  10 m ic r o n , D e r a k a n e  R e s in  0 .0 1  c m 1 .1 3 8 1 .3 8

P d  10  m ic r o n , D e r a k a n e  R e s in  0 .0 5  c m 3 .3 3 3 2 .9 2

P d  10  m ic r o n , D e r a k a n e  R e s in  0 .1  c m 7 . 6 3 9 8 .3 3

F r o m  T a b le  A . l  a n d  A .2 ,  th e  r e s p o n s e  t im e  w a s  r e d u c e d  w ith  

d e c r e a s in g  t h e  p a l la d iu m  d im e n s io n .  F r o m  T a b le  A . 2 ,  th e  d i f f e r e n t  t h ic k n e s s  

o f  d e r a k a n e  r e s in  fo r  10  m ic r o n  p a l la d iu m  w e r e  d e t e r m in e d  b y  th e  

m a t h e m a t ic a l  a n a ly s i s .  T h e  t h ic k e r  o f  t h ic k n e s s ,  t h e  lo n g e r  r e s p o n s e  t im e .  
B e c a u s e  o f  s m a l l  d ia m e te r  o f  p a l la d iu m , th e  r e s p o n s e  t im e  f o r  f la t  p la te  a n d  

c y l in d r ic a l  s y s t e m  are in  v i c in i t y .
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t (s e c )

F i g u r e  A . 5  R e s p o n s e  t im e  fo r  p a l la d iu m - h y d r o g e n  in  r e c ta n g u la r  s y s t e m  
w h e n  P d  t h ic k n e s s  =  0 .0 1  c m .

F i g u r e  A . 6  R e s p o n s e  t im e  fo r  p a l la d iu m - h y d r o g e n  111 c y l in d r ic a l  s y s t e  
w h e n  P d  d ia m e te r  =  0 .0 1  c m .



F i g u r e  A . 7  R e s p o n s e  t im e  fo r  h y d r o g e n  d i f f u s io n  th r o u g h  m a t e r ia ls  
in  r e c t a n g u la r  s y s t e m  w h e n  D e r a k a n e  R e s in  t h ic k n e s s  =  0 .0 1  c m .

F i g u r e  A . 8  R e s p o n s e  t im e  f o r  h y d r o g e n  d i f f u s io n  th r o u g h  m a t e r ia ls  
in  c y l in d r ic a l  s y s t e m  w h e n  D e r a k a n e  R e s in  t h ic k n e s s  =  0 .0 1  c m .
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F i g u r e  A . 9  R e s p o n s e  t im e  fo r  P d -D e r a k a n e  R e s in  in  r e c ta n g u la r  
s y s t e m  w h e n  P d  f i lm  =  0 .0 1  c m  a n d  D e r a k a n e  R e s in  =  0 .0 1  c m .

Figure A. 10 R e sp o n se  tim e  fo r P d -D erak an e  R esin  in re c ta n g u la r
sy s tem  w h e n  Pd d ia m e te r  =  0.01 cm  , D erak an e  R esin  th ic k n e ss  =  0 .01
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t(sec)

F i g u r e  A . l  1 R e s p o n s e  t im e  fo r  P d -D e r a k a n e  R e s in  in  r e c ta n g u la r  s y s t e m  
w h e n  P d  d ia m e te r  =  10 m ic r o n  , D e r a k a n e  R e s in  t h ic k n e s s  =  0 .0 1  c m .

t(sec)

Figure A.12 R e sp o n se  tim e  fo r  P d -D e ra k a n e  R esin  in re c ta n g u la r  sy s tem
w h e n  Pd d ia m e te r  =  10 m ic ro n  , D erak an e  R esin  th ic k n e ss  =  0 .0 5  cm .
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F i g u r e  A .  1 3  R e s p o n s e  t im e  f o r  P d -D e r a k a n e  R e s in  in  r e c ta n g u la r  s y s t e m  
w h e n  P d  d ia m e te r  =  10  m ic r o n  , D e r a k a n e  R e s in  t h ic k n e s s  =  0 .1  c m .

F ig u r e  A . 14 R e sp o n se  tim e  fo r  P d -D e ra k a n e  R esin  in  c y lin d ric a l sy stem
w h en  Pd d ia m e te r  =  10 m ic ro n  , D erak an e  R esin  th ic k n e ss  = 0 .01 cm .
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F i g u r e  A .  1 5  R e s p o n s e  t im e  f o r  P d -D e r a k a n e  R e s in  in  c y l in d r ic a l  s y s t e m  
w h e n  P d  d ia m e te r  =  10  m ic r o n  , D e r a k a n e  R e s in  t h ic k n e s s  =  0 .0 5  c m .

Figure A. 16 R esp o n se  tim e  fo r P d -D e ra k a n e  R esin  in  c y lin d ric a l sy stem
w h e n  Pd d ia m e te r  =  10 m ic ro n  , D erak an e  R esin  th ic k n e ss  =  0.1 cm .
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A p p e n d ix  B  D e v i c e s  f o r  M e a s u r i n g  H y d r o g e n  C o n c e n t r a t i o n  f r o m  a n  

E l e c t r i c a l  S ig n a l

B . l  P a l la d i u m  R e s i s t a n c e  S e n s o r :  A b s o r p t io n  b y  P a l la d i u m  ( P d )

T h e  p a l la d iu m  r e s is t a n c e  p r o b e  is  b a s e d  o n  th e  w e l l - k n o w n  f a c t  th a t  th e  

e le c t r ic a l  r e s i s t a n c e  o f  a p a l la d iu m  w ir e  is  r e la te d  to  h y d r o g e n  c o n c e n t r a t io n  

a b s o r b e d  in  th e  la t t ic e  ( L e w i s ,  1 9 6 7 ) .  P a l la d iu m  a n d  p a l la d iu m  a l lo y s  h a v e  

b e e n  u s e d  in  a  n u m b e r  o f  h y d r o g e n  s e n s o r s  a n d  r e la te d  d e v i c e s  s in c e  t h e y  are  

a b le  to  r e v e r s ib ly  a b s o r b  h y d r o g e n  a n d  to  h a v e  r e la t iv e ly  la r g e  c o e f f i c i e n t s  o f  

e le c t r ic a l  r e s i s t iv i t y  w i th  r e s p e c t  to  h y d r o g e n  c o n c e n t r a t io n  in  t h e  la t t ic e .
T h e  e q u i l ib r ia  b e t w e e n  h y d r o g e n  g a s  a n d  h y d r o g e n  in  p a l la d iu m  at 

te m p e r a tu r e  T  m a y  b e  r e p r e s e n te d  a s

น  ------------- o u  (-B.1)tt2(g) X-------------  ^ r tp d

T h e  e q u i l ib r iu m  c o n s t a n t ,  K gT , is  f r o m  S ie v e r t ’s L a w  (P a r k e n  a n d  

G u r r y , 1 9 5 3 )

Kg,T = x h /PH : (B 2)

w h e r e  Xh i s  th e  m o l f r a c t io n  o f  h y d r o g e n  a to m  in  p a l la d iu m  a n d  PH2 is  th e  

p a r tia l p r e s s u r e  o f  h y d r o g e n  in  th e  c o n t a c t in g  g a s .

A s  a w h o le ,  th e  e le c t r ic a l  r e s i s t iv i t y  o f  a m e ta l  in c r e a s e s  l in e a r ly  w i th  th e  

im p u r ity  a to m  c o n c e n t r a t io n  .F o r  th e  p a l la d iu m - h y d r o g e n  s y s t e m ,  th e  r a t io  o f  

th e  r e s is t a n c e  R  ( T ,x tl) o f  a p a l la d iu m  w ir e  c o n t a in in g  h y d r o g e n  a t te m p e r a tu r e
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T  , to  th e  r e s is t a n c e  o f  th e  p u r e  p a l la d iu m  w ir e  R (T ,X h =  0 )  i s  a  l in e a r  f u n c t io n  

o f  th e  h y d r o g e n  c o n c e n t r a t io n  XH o n ly ;

w h e r e  k is  a  c o n s t a n t .
F o r  e q u i l ib r iu m  b e t w e e n  h y d r o g e n  g a s  m ix tu r e s  w i t h  th e  p a l la d iu m  

w ir e ,  e q u a t io n  ( B . 1) a n d  ( B .2 )  b e c o m e ;

w h e r e  kg = k K g '2 is  a  c o n s t a n t  a t a  g iv e n  te m p e r a tu r e .

H e n c e  b y  m e a s u r e m e n t  o f  th e  e le c t r ic a l  r e s is t a n c e  o f  a  p a l la d iu m  w ir e ,  
th e  h y d r o g e n  c o n c e n t r a t io n  m a y  b e  d e te r m in e d . T h is  c o n c e n t r a t io n  m a y  th e n  

b e  r e la te d  to  th e  h y d r o g e n  c o n c e n t r a t io n  in  th e  e q u i l ib r a t in g  e g .g a s  p h a s e .A  

d ia p h r a g m  o f  a  t y p ic a l  s e n s o r  is  s h o w n  in  F ig .B . 1.

(B .3 )
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Chlorinated p .v .c
Braaa Mounting Aaaombty

Sïfvor

Locking nut

Thread*

1  ass

Locking nuts 

1AF dte. 3 1/4* long

3 \
Flbar-rslnforcad rssln mandrel

F i g u r e  B . l  C r o s s  s e c t io n  o f  P d /H  e le c t r ic  r e s is t a n c e  s e n s o r .
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B .2  P o t e n t i o m e t r i c  S e n s o r  ะ E l e c t r i c a l  C e l l s
T h e  p o t e n t io m e tr ic  h y d r o g e n  s e n s o r  u s e d  in  t h e  p r e s e n t  w o r k  m a y  b e  

r e p r e s e n te d  s c h e m a t ic a l ly  a s  f o l l o w i n g  ( W a n , 1 9 9 3 ) ;

H 2( g )  ,H 20  ( g )  ,P t  N a f io n  r e f e r e n c e  m ix tu r e  , c, s t a in le s s  s te e l  

I II

w h e r e  g  in d ic a t e s  a g a s  p h a s e  .

( B .5 )

T e r m in a l s c r e w

P t w ir e S t a in le s s  s t e e l  ra m

G r a p h ic  d is c

F ib e r - r e in f o r c e d  r e s in  d is c  

R e f e r e n c e  m ix tu r e  

F ib e r - r e in f o r c e d  r e s in  d is c

F ig u r e  B .2  C r o s s  s e c t io n  o f  p o t e n t io m e t r ic  s e n s o r .

A c c o r d in g  to  F ig u r e  B .2 ,  th e  p o ly m e r  e l e c t r o ly t e  u s e d  w a s  a  N a f io n  

( a  p e r f lu o r m a te d  s u l f o n ic  a c id ,  P F S A )  c o n d u c t i v e  to  h y d r o g e n  io n s . In th e  

p h a s e  s e q u e n c e ,  P t r e p r e s e n te d  p la t in u m  b la c k  a p p lie d  in  a  s lu r r y  to  th e  

N a f io n  d is c  ( M o r r is  a n d  W a n , 1 9 9 5 ) .  T h e  r e f e r e n c e  m ix tu r e  c o n s i s t e d  o f  F e (I I )
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a n d  F e  ( III) s u lp h a t e  h y d r a te s  w ith  N a f i o n  p o w d e r  .c  r e p r e s e n t s  a g r a p h ite  

(G r )  d i s c  b e t w e e n  th e  s t a in le s s  s t e e l  ( S S )  r a m  a n d  t h e  r e f e r e n c e  m ix tu r e . T h e  

e q u il ib r ia  a t th e  in t e r fa c e s  I a n d  II o f  s e n s o r  a re  p o s t u la t e d  to  b e:

I. H y d r o g e n  g a s  ( H 2) ,

H 3 ° (N a f io n )  +  e (Pt) 2  H 2(g) +  H 2 ° ( g )  ^

II. R e f e r e n c e  m ix tu r e ,

Fe*\ + e, <r-> Fe:\(ร) +  e(c) ^  1 ^น) (B.7)

w h e r e  ร, c  i s  a  s o l id  a n d  c a r b o n  , r e s p e c t iv e ly .

A t  in t e r f a c e  I, th e  h a l f  c e l l  e l e c t r o d e  p o t e n t ia l ,  E l, i s  g i v e n  b y  t h e  N e r s t  

e q u a t io n  a s ,

E l RT 111 PH;2 pH,o (B8)

w h e r e  P H2 a n d  P H2 0  a re  th e  r a t io  o f  h y d r o g e n  p a r t ia l p r e s s u r e  o r  w a t e r  v a p o r  

p r e s s u r e  to  th e  s ta n d a r d  a t m o s p h e r ic  p r e s s u r e , E i° is  th e  s ta n d a r d  e le c t r o d e  

p o t e n t ia l ,  a  is  a c t iv i t y ,  R  is  g a s  c o n s t a n t ,  F  i s  F a r a d a y  c o n s t a n t  a n d  T  is  

a b s o lu t e  te m p e r a tu r e . T h e  a b o v e  e q u a t io n  c a n  b e  a l s o  w r i t t e n  as:
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(B .9 )

T h e  h a l f  c e l l  e le c t r o d e  p o t e n t ia l  a t in t e r fa c e  II i s  a b le  to  b e  w r i t t e n  a s ,

w h e r e  En° is  s ta n d a r d  e le c t r o d e  p o t e n t ia l  fo r  F e 3+/ F e 2+ r e d o x  r e a c t io n .

C o n s e q u e n t ly ,  th e  c e l l  p o t e n t ia l  E  d e v e lo p e d  b y  t h is  s e n s o r  w a s  th e  

d i f f e r e n c e  o f  t w o  h a l f  c e l l  e l e c t r o d e  p o t e n t ia ls ,

S in c e  th e  r e f e r e n c e  m ix tu r e  c o m p r is e d  th e  p u r e  h y d r a te d  s u l f a t e s ,  th e  io n ic  

a c t iv i t i e s  ( a  Fe2 + ,  a Fe3 + )  w e r e  c o n s t a n t ,  a n d  s in c e  a l s o  th e  h y d r o g e n  io n  

c o n c e n t r a t io n  in  th e  p o ly m e r  e le c t r o ly t e  ( N a f io n )  w a s  f i x e d ,  a H3 0 + w a s  

c o n s t a n t .  T h e  a c t iv i t y  o f  w a te r  in  th e  p o ly m e r  e l e c t r o ly t e  ( N a f io n )  w a s  f ix e d  

b y  s a tu r a t io n  o f  th e  H 2 m ix tu r e  w i th  w a te r .

( B .1 0 )

E  =  E  แ  -  E  1

In P H (B  11)
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T h e r e f o r e ,  th e  e q u a t io n  ( B . 1 1 ) b e c o m e s ,

E = E 0 + f I > n P H, <BI2>

where E0 is a constant which I S  determined by calibration of the sensor with 
pure hydrogen gas at 1 atm.

B .3  O t h e r  M e t h o d s

A m p e r o m e t r ic  s e n s o r s  a re  b a s e d  o n  e le c t r o c h e m ic a l  p e r m e a t io n  o f  

h y d r o g e n  th r o u g h  m e ta l  f o i l s  a n d  th e  o x id a t io n  o f  th e  e x t r a c t e d  h y d r o g e n  to  

g i v e  a  h y d r o g e n  o x id a t io n  c u r r e n t, f r o m  w h ic h  th e  h y d r o g e n  c o n c e n t r a t io n  in  

t h e  m e ta l  f o i l s  m a y  b e  d e te r m in e d . B a s e d  o n  th e  a b o v e  c o n c e p t .  T h e  

in f o r m a t io n  o f  an  a m p e r o m e tr ic  s e n s o r  i s  o b t a in e d  f r o m  th e  c u r r e n t-  

c o n c e n t r a t io n  r e la t io n s h ip .  T h e  c h e m ic a l  t r a n s fo r m a t io n  w h ic h  ta k e s  p la c e  at 

a n  e l e c t r o d e  d u r in g  th e  p a s s a g e  o f  c u r r e n t  i s  g o v e r n e d  b y  F a r a d a y ’ร L a w :

1 = 4 -  ( B .1 3 )
zF A

w h e r e  J is  th e  f lu x  o f  s p e c i e s  ( m o l . s e c ’1.c m '2) .
I i s  th e  c u r r e n t  ( A ) ,  
z  is  th e  n u m b e r  o f  e le c t i  o n s  p e r  m o l .
F  is  th e  F a r a d a y  c o n s ta n t .
A  is  th e  a r e a  o f  th e  e le c t r o d e .
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W it h  r e g a r d  to  o n e  d im e n s io n a l  tr a n s fe r  b a s e d  o n  F ic k ’s L a w , th e  

s ta t io n a r y  d i f f u s io n  c u r r e n t  is

w h e r e  Dj i s  th e  d i f f u s io n  c o e f f i c i e n t  o f  s p e c i e s  I
Ô is  th e  t h ic k n e s s  o f  th e  d i f f u s io n  la y e r

Cj a n d  C0 are  th e  c o n c e n t r a t io n  o f  th e  r e a c t in g  s u b s t a n c e  r e m o t e  fr o m  

t h e  e l e c t r o d e  a n d  im m e d ia t e ly  a d j o in in g  it s  s u r fa c e ,  r e s p e c t iv e ly .
I f  th e  p o la r iz a t io n  is  s tr o n g  e n o u g h , th e  c o n c e n t r a t io n  C o  a t th e  

e le c t r o d e  s u r fa c e  c a n  b e c o m e  z e r o ,  s o  th a t  e v e r y  p a r t ic le  r e a c h in g  th e  

e le c t r o d e  r e a c t s  im m e d ia t e ly  a n d  th e  s o - c a l l e d  l im i t in g  c u r r e n t  IL is  r e a c h e d  

(B a r d  a n d  F a u lk n e r , 1 9 8 0 ):

IL is  l in e a r ly  r e la te d  to  th e  c o n c e n t r a t io n  Ci .B y  m e a s u r in g  th e  s t e a d y  s ta te  lL, 

o n e  is  a b le  to  d e te r m in e  th e  c o n c e n t r a t io n  o f  th e  r e a c t in g  s u b s t a n c e .

s e n s o r  fo r  d e t e c t in g  d i s s o lv e d  h y d r o g e n  a t r o o m  t e m p e r a tu r e , a s  s h o w n  in  

F ig u r e  2 .3 . ,  T h e  s e n s o r  c o n s i s t s  o f  a n  A g /C l  c a t h o d e  a n d  a  P t /P t - b la c k  a n o d e  

w it h  1 M  K C 1 (p F l 1 .0  w ith  H C 1) a s  th e  in te r n a l e le c t r o ly t e .

(B . 14)

(B. 15)

B .3 .1  A m p e r o m e t r i c  S e n s o r  w i t h  A q u e o u s  E l e c t r o l y t e
A n  a m p e r o m e tr ic  s e n s o r  b a s e d  o n  th e  C la r k  o x y g e n
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F i g u r e  B .3 .  T h e  C la r k - ty p e  s e n s o r  fo r  d i s s o lv e d  h y d r o g e n .

T h e  r e a c t io n  a t t h e  a n o d e  a n d  c a t h o d e  e le c t r o d e s  m a y
b e  r e p r e s e n te d  a s

A n o d e  : V i  ท 2 -------- ►  H + + ๙  ( B .1 6 )

C a th o d e  : A g + + e ’ —►  A g (B . 17)

T h e  c u r r e n t  g e n e r a te d  b y  e le c t r o n s  c a n  b e  d e t e r m in e d  d ir e c t ly .  T h e  

e x p e r im e n t a l  r e s u lt s  in d ic a te d  th a t  t h e  c u r r e n t  w a s  p r o p o r t io n a l  to  d i s s o lv e d  

h y d r o g e n  p a r t ia l p r e s s u r e  in  d i s t i l l e d  w a te r  w i t h  a  s lo p e  o f  2 8 .4  p A /a t m .

T h e  a m p e r o m e tr ic  s e n s o r  fo r  m o n i t o r in g  h y d r o g e n  in  

p ip e l in e  s t e e l s  w a s  d e v e lo p e d  b y  H a y  ( 1 9 8 3 ,  1 9 8 8 ) .  T h e  s e n s o r  c o n t a in e d  a  0 .2  

M  N a O H  e le c t r o ly t e  a n d  a  N i - N i O  e le c t r o d e  a s  s h o w n  in  F ig u r e  2 .4 .  T h e  m e ta l  
d ia p h r a g m , F e ( H )  in  th e  e q u iv a le n t  c ir c u i t ,  w a s  th e  s t e e l  p ip e l in e  in to  w h ic h  H
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w a s  in tro d u c e d  by the  c o rro s iv e  m ed iu m . T h e  reac tio n s at th e  in te rfaces  I and
II c o u ld  be w ritte n  as:

I : Hpe —» Hgq +e (B. 18)

ท : eü+Htq + y2™o  ^ ) / 2H20  + % K i (B 19}

Figure B.4 Sectional view and equivalent circuit of Hay sensor
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The hydrogen concentration at the input surface of the pipeline (Ci) could be 
determined by:

C: = -—T I (B.20)FADgpp

where Dapp is apparent diffusivity 
L is the specimen thickness

However, an amperometric sensor based on the 
conventional aqueous electrolyte have maintenance problems such as leakage 
and evaporation of electrolytes and corrosion of electrodes. The liquid 
electrolyte elimination is important for the miniaturization and simplification 
of the total system. Subsequently, a new amperometric sensor based on solid 
state electrolytes has been developed and has become increasingly important 
in many applications.

B.3.2 Amperometric Sensor with Solid Electrolyte
A solid electrolyte used in electrochemical cells must have an 

adequately large ionic conductivity. Many ion-exchange compounds, such as 
antimonic acid, Nafion, zirconium phosphate, hydrogen uranyl phosphate 
(HUP), express relatively high protonic conductivities ( > lxlO"4 s/cm ) at 
room temperature.

The mechanism of hydrogen detection by the 
amperometric sensor is explained as follows (Miura et.al, 1988). Under the 
open circuit condition the proton produced by the electrochemical oxidation is 
consumed at the sensing electrode by the electrochemical reduction to balance 
these two reactions. Under the short-circuit condition, the sensing electrode 
potential is forced to shift to make the cathodic reaction (the consumption of
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proton) less favorable. The excess proton thus produced on the sensing 
electrode migrates through the proton conductor disc toward the counter 
electrode to be consumed there by reaction B.22. At the same time, an 
equivalent amount of electrons should How through the external circuit. Since 
reaction B.21 is still considered to be a diffusion-limited process even under 
the short-circuit condition, the amount of protons produced by this reaction is 
proportional to the แ2 concentration in air. Finally, this gives an external 
current roughly proportional to the H2 concentration in the gas phase.

H2 —> 2H+ + 2e_ (B-21)

(l/2)02 +2H+ + 2e" ^  H20  (B.22)

An amperometric sensor has been described for 
monitoring hydrogen in high temperature high pressure aqueous solution ( T < 
300 °C) .For a constant cell voltage, the current was found to vary linearly 
with the square root of the hydrogen concentration in the water. A 
modification of this sensor was suggested to allow monitoring of hydrogen at 
temperatures above 300 °c (Kriksunov and Macdonald, 1996).
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