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CHAPTER 1

INTRODUCTION

1.1 Motivation and Literature Surveys

The finite integration method (FIM) is one of the recent developed numerical tech-
niques for finding approximate solutions to boundary value problems for ordinary and
partial differential equations. Similar to the finite difference method (FDM), we replace
the solution domain with a finite number of points known as grid points, and obtain the
approximate solution at these points. The grids are generally spaced along the indepen-

dent coordinates.

The important tool in FIM is the finite integration matrix. Traditionally, the finite
integration matrix can be obtained by direct numerical integrations, provided by Wen et
al. [12], using both standard trapezoidal integral algorithm and radial basis functions.
After that Li et al. [8] used the FIM to solve multi-dimentional problems. Recently, Li et
al. [9] developed the FIM for solving partial differential equations (PDEs) by using the
Simpson, Cotes and Lagrange formula. In 2016, Duangpan [4] modified the traditional
FIM by using the integration of Chebyshev polynomials instead of trapezoidal ([8] and
[12]), Simpson, Cotes and Lagrange ([8]) to approximate the solution of linear ordinary
differential equations (ODEs) and the steady state linear PDEs. His algorithms gave
significant better results compared to all traditional FIMs. However, Duangpan’s method
cannot be applied directly to the problems depending on time and problems involving

linear fractional derivatives.

In this thesis, we would like to construct algorithms for finding approximate solu-
tions of the time-dependent linear PDEs in one- and two-dimensions base on the FIM

using Chebyshev polynomials. For the node points, we use the zeros of Chebyshev poly-



nomials which are roots of the Chebyshev polynomial of some order. Moreover, we also
construct an algorithm for finding approximate solutions of linear fractional order dif-
ferential equations base on the FIM using shifted Chebyshev polynomials. For the node
points, we use the zeros of shifted Chebyshev polynomials which are roots of the shifted
Chebyshev polynomial of some order. We test our algorithms on several examples. In
each example for the time-dependent linear PDEs, we implement the MatLab program
to compare our results with the results obtained by other traditional FIMs and their an-
alytical solutions. For linear FDEs, we compare our results with the results obtained by

other methods from literatures and their analytical solutions.

1.2 Research Objectives

The goals of this research are to construct the FIM using Chebyshev polynomials
for solving time-dependent linear PDEs in one- and two-dimensions that gives a higher
accuracy than the traditional FIMs when the number of nodes are equal and to construct
the FIM using shifted Chebyshev polynomials for solving linear FDEs that gives a good

accuracy.

1.3 Thesis Overview

This thesis consists of 5 chapters and is organized as follows. Chapter I is an intro-
duction and the motivation of this thesis, the research objectives and the thesis overview.
Chapter II presents preliminaries knowledge used in this thesis, which includes Chebyshev
polynomials, shifted Chebyshev polynomials, linear ODEs, second order linear PDEs, lin-
ear FDEs, finite integration matrix in one-dimensional space and two-dimensional space.
In Chapter III, we present the procedure for solving time-dependent linear PDEs in one-
and two-dimensions and provide some numerical examples. In Chapter IV, we present
the procedure for linear FDEs via Riemann-Liouville type and provide some numerical
examples. Finally, Chapter V consists of conclusion of this thesis and discussion about

possibly future work.



CHAPTER 11

PRELIMINARIES

In this chapter, background knowledge on the definition and properties of the
Chebyshev polynomials and shifted Chebyshev polynomials are provided. The form of
time-dependent second order linear PDEs is given. The definitions for fractional order
derivatives and the form of linear FDEs are presented. Finally, for ease of reference,
we present the details of constructing the finite integration matrices in one- and two-

dimensional spaces similar to those obtained by Daungpan [4].

2.1 Chebyshev Polynomials

Definition 2.1. [6] The Chebyshev polynomial of degree n > 0 is defined as

T, (x) = cos(narccos ), for x € [-1,1]. (2.1)

The Chebyshev polynomials are orthogonal polynomials which play an important
role in the theory of approximation. Their roots are used as nodes to construct a polyno-
mial interpolation which provides the best approximation under the maximum norm. The
first few Chebyshev polynomials T}, (z) are illustrated in Figure 2.1 for n € {0, 1,2, 3,4, 5}.

It can be seen that the zeros of Chebyshev polynomials are not equally distributed over

~1,1].

To construct the first and higher order integration matrices as well as to construct

the procedure for our FIM using Chebyshev polynomial, we need the following properties.
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Figure 2.1: Chebyshev polynomials T;,(x) for n € {0,1,2,3,4,5}.

Lemma 2.2. (i) Forn € N and z € [—1,1], the recurrence relation among Chebyshev

polynomials of degree n — 1,n and n + 1 is
Thi1(z) = 20T, () = Th1(w),

with the starting values To(x) =1 and T\ (z) = z.

(i) Forn € N, the zeros of Chebyshev polynomial T,,(x) for x € [—-1,1] are

T = COS [(22; 1)7?], k=1{1,2,3,...,n}. (2.2)

(iii) For x € [—1,1], the single integrations of Chebyshev T,,(x) are

To(x) = /m 0(§)dé =z + 1, (2.3)
Ti(z) = /1 —‘”22_1, (2.4)
T\ () /

_ %( :L++11 _ Z_l(l))_;l_)z for n>2. (2.5)

(iv) Forn € N, the discrete orthogonality relation of Chebyshev polynomials T;(xy) and



Tj(wy) is
) 0 if i#j,
> T T () noif i=j=0, (2:6)
k=1 n
3 i i=i#0,

where x, k € {1,2,3,...,n}, is defined by (2.2), and 0 < i,j < n.

(v) Let the Chebyshev matriz T at each node {xy}}_,, defined by (2.2), be

To(l‘l) Tl(l'l) TQ(I‘l) N Tnfl(l’l)
To(ze) Thi(me) To(xe) ... Th—1(x2)
T= To(xg) T1 (1’3) TQ(.%'g) c. Tn_1($3)
| To(zn) Ti(zn) To(zn) ... Tah-1(zn)]

Then, it has the multiplicative inverse as (T)~' = L diag[1,2,2, ..., 2)(T)".

Proof. (i) From (2.1), it is clear that if x = cos#, then T),(cos€) = cos(nf), 0 € [0,7].

Let n € N. By applying the trigonometric addition identities, we obtain

Tot1(z) + Th—1(x) = cos[(n + 1)0] + cos[(n — 1)6]
= cos(nf) cos O — sin(nf) sin 6 + cos(nb) cos O + sin(nf) sin 6

= 22T, (x).

(ii) Tt is done by solving cos(n arccos x) = 0 for z directly.

(iii) Let z € [—1,1]. It is easy to see for the cases n =0 and n = 1. For n > 2, we have

T@) = [ " (e)de

/ (cos @)d(cos0)

FCCOS

/ — cos(n@) sin 6d6

rCCOb

/arccosw 51D(( + 1)9) _ Sin((n — 1)9))d9

FCCOS



B 1<cos(n +1)6  cos(n — 1)0>9=arCCOSfE
2 n+1 n—1 f=arccos(—1)
_ 1<Tn+1(§) _ Tn—l(g))ézx
2\ n+1 n—1 /e=—1
_ 1T Thalz)) (D"
2\ n+1 n—1 n?—1
(iv) Recall the trigonometric identity [2],
n sin ("J;l)ﬁ oS (a + n2[3’>
Zcos(a + pk) = . (2.7)
k=1 sin —
2
For 0 <1i,7 <nandi#j, by (2.1), (2.2) and (2.7), we obtain
Z - i(2k—D)r  j(2k — D
ZTz(CUk)TJ(M;) = Zcos 7 cos ™
k=1 k=1
n—1 ; >
1 i+ )2k — )7 (1—7)2k—1)m
=35 Z (005 o + cos ™ ) (2.8)
k=1
n—1 \ X ) \ . . . .
1 _ _
_ 1 (COS ((z kg (¢ +J)7Tk) +cos ((z LSANC J)Wk))
2 pt 2n n 2n n
AR D DV
| foaa BT o (9 (0= 1)+
_ 2n 2n 2n
2 i+ )7
sin ————
2n
P o (6= 0 1=
+ 2n 2n 2n
(=g
sin
2n
 (sin (D s ) S Ol DL Gl D
= = 2 2 2 2
2 _(i+ ) . (i—g)m
sin sin
2n 2n
1| sin(i+7)r  sin(i+j)w
= - — — =0.
4\ . G+ . (@G—g)n
sin sin ~————
2n 2n
Next, for ¢ = j = 0, we have from (2.8) that
1« )(2k — 1 —0)(2k—1
ZToxk.Toxk = Z( (0+0)( ) os(0 0)( )W)—n.
2 2n n

k=1



Finally, for 0 < ¢ < n, we have from (2.8) that

" n-l y y . .
;Tz(xk)ﬂ(wk) = ;; <COS (i + Z)(;: = Ur + cos (0= l)(;: — 1)7T>
IR (2R m) Y L om
= 2k0< o +1>—2(0—|— )_2,

(v) We can prove directly by letting Q = %diag[l, 2,2,...,2]TT and calculating QT and

TQ by using Lemma 2.2. (iv) to obtain that they are identity matrices. O

2.2 Shifted Chebyshev Polynomials

In some applications, the interval [0,1] is more convenient to use than [—1,1].
Thus, we transform the independent variable of T}, (z) from [—1,1] to = in [0, 1] by the
transformation s =2x—1or = %(s—k 1). The polynomial obtained after transformation

is called a shifted Chebyshev polynomial T (x) of degree n for x € [0,1]. That is

T (x) = To(2z — 1). (2.9)

The following lemma is the same as Lemma 2.2 but it is stated in terms of shifted Cheby-

shev polynomials. Thus, we provide here Lemma 2.3 without proof.

Lemma 2.3. (i) For n € N and © € [0,1], the recurrence relation among shifted

Chebyshev polynomials of degree n — 1,n and n+ 1 is

n1(2) = 2(22 — )T (2) — T4 (2)

with the starting values T (x) =1 and T} (z) = 2z — 1.

(ii) For n € N, the zeros of shifted Chebyshev polynomial T, (x) for x € [0,1] are

T = %(cos <<2k2; 1>7r> + 1), ke{1,2,3,...,n}. (2.10)



(iii) For x € [0, 1], the single integrations of shifted Chebyshev T,*(x) are

Tj(x) = u, (2.11)
T (z) = -z, (2.12)
Ti(x) = le(T;:l_(f) — T;__l(f)> — 2((71_211711) for n>2. (2.13)

(iv) For n € N, the discrete orthogonality relation of shifted Chebyshev polynomials
T7 (zx) and T (z) ds

0 if i#7,
S THanTi @) ={ n if i=j=0, (2.14)
= S if i=jA0,

where x, k € {1,2,3,...,n}, is defined by (2.10), and 0 < 7,5 < n.

(v) Let the shifted Chebyshev matriz T at each node {x}}_,, defined by (2.10), be

TI5(zr) Ty (za) T5(x1) ... T, y(x1)

Ig (@) T7(z2) T5(z2) ... To_q(z2)
T = 1Ty (xs) Tr(ws) Ts(xs) ... Ty_y(w3)

T (xn) Ti(wn) T5(zn) ... T;—l(fn)_

Then, by the discrete orthogonality relation of shifted Chebyshev polynomials, it has

the multiplicative inverse given by (T*)~ = Ldiag[1,2,2,...,2](T*)T.

2.3 Linear ODEs

Let a and b are real numbers such that a < b. A linear ODE of order n in the

dependent variable u and the independent variable z € (a,b) is an equation that can be



expressed in the form
o (@) u™ + a1 (2)u™ Y + oo (2)uP + L+ ap(x)u = f(2), (2.15)

where ay, () is not identically zero. We shall assume that oy, an—1,an—2,...,a0 and f
are continuous real functions on (a,b). This n'® order linear ODE comes with initial
conditions which determined at x = a only or boundary conditions which determined at
x = a and z = b. The right-hand-side function f is called the non-homogeneous term.
However, if f is identically zero, (2.15) is called homogeneous linear ordinary differential

equation.

2.4 Second Order Linear PDEs

The general second order linear PDEs in two independent variables x and y is an
equation of the form

9%u 9%u 0%u

0 0
Ags t e a5 +agu=pB, (z,y) €QCR  (2.16)

agaTay + a38—y2 o oy
The parameters a1, as, ag, a4, as, ag and [ can be functions of x and y, where aq, as and
ag are not all 0. Moreover, the first three terms of (2.16) are called the principal part of
the PDE which its coefficients can be used to classify the PDEs as follows:

if a% —4dajas < 0, then (2.16) is called the elliptic PDE;

if a3 — 4ajaz = 0, then (2.16) is called the parabolic PDE;

if a3 — 4ajaz > 0, then (2.16) is called the hyperbolic PDE.
For the second order linear PDEs, there are three types of boundary conditions come with
the problems as follows:

1. Dirichlet boundary condition determines the value of the function;

2. Neumann boundary determines the value of the normal derivative of the function, %;
3. Robin boundary determines the value of the sum of function and its normal derivative,

au + b% where a and b are constants.
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However, in this thesis, we consider only the Dirichlet boundary condition and the

time-dependent linear second order PDEs of the form

ou 0%u ou
- = al(xvt)w + 042($7t)% + Qg(l’,t)u + f(x>t)

for one-dimensional and

o P P o

E = (Xl(.%',@/,t) 85132 + 0‘2(%970 ayg

+a6(x,y,t)u + f(.’L’,y,t)

u ou ou
+ 043(3:7 yat)a?ay + a4($,y,t)% + a5(x7y7t)87y

for two-dimensional.

2.5 Linear FDEs

Fractional derivative is a derivative which has order as a fraction instead of an inte-
ger. Many researchers gave definitions for fractional derivatives. Each definition involves
both local and global properties. For examples, the Riemann-Liouville and Caputo defini-
tions involve the local property but the Grunwald-Letnikov definition involves the global

property (see [7] and [10] for further details).

In this thesis, we use the Riemann-Liouville definition of fractional derivative as

follow.

Definition 2.4. [7] Let m be a positve integer, @ € (m—1,m), b be a positive real number

and x € [0,b]. The Riemann-Liouville fractional derivative of order « of a function w is

o B 1 amr [ u(s) .
D%u(zx) = T(m —a) dam /0 @ S)a_de , (2.17)

where I'(a) is a gamma function and u € L(0,b) = {u | fob |u|dz < oco}.

A linear FDE of order m € N with fractional order « in the dependent variable u
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and the independent variable x is an equation that can be expressed in the form
Du(@) + (@)™ + a1 ()0 + 4 a(2)u™ D 4 .+ ag(@)u = (),

where « is a real number in (m —i,m—i+1),i € {1,2,3,...,m} and D¢ is an operator
for fractional derivative of order ar. We shall assume that a,,(x), am—1(x), am-2(x),...,
ap(z) and f(x) are continuous real functions on (0,b). We note that, in this thesis we

consider only the second order linear FDEs.

Recently, FDEs can be found in various problems such as time delay problem,
tautochrone problem, viscoelastic materials, fluid flow, diffusive transport, etc. (see [5]

and [10] for further details).

2.6 Finite Integration Matrix in One-Dimensional Space

In this section, we explain how to construct the first order integration matrix based
on the Chebyshev polynomials. The m*" order integration matrix can be obtained easily
as a consequence of the first order. For N € N, we first approximate the solution of (2.15)

by
N-1
u(zg) = Z enTn(zg),
n=0

where xp € [—1, 1] are the node points defined by (2.2) and T;, is the Chebyshev poly-

nomial of degree n. The approximate solution can be written in the matrix form as

(2.18),
_u(azl)_ _To(l‘l) Tl (561) Tg(l‘l) e TNfl(xl) 11 Co |
’u,(l’g) T()(.CCQ) T1 (xg) T2 ($2) ce TN_l(xg) C1
u($3) - T()(.%'g) Tl(xg) Tg(xg) . TN_l(xg) c3 5 (2~18)

u(xk) _To(JIN) Tl(a:N) TQ(&ZN) TN_l(a:N) CN-1



12

which is denoted by u=Tec. Thus, c=T~'u. Then, we consider

U(xy) :/ dg_zcn/ £)d¢ = ch

where k € {1,2,3,..., N} and T, (z) is defined by (2.3), (2.4) and (2.5) or in matrix form,

(U@)|  [To) Ti@) Ta@) ... Tyl | ]

U(:CQ) T()(.%'Q) Tl(xg) TQ (1‘2) e TN_l(xg) C1

U(l’g) - TO(333) Tl(l’?,) TQ($3) - TN—1(133) c3 R (2.19)
_U(l’N)_ _TO(-%'N) Tl(.r]v) Tg(xN) - TN_l(a;N)_ _CN—l_

which is denoted by U = Tc = TT 'u = Au. This A = [ag;]nxn is called the first

order integration matriz, i.e.,

Tr N
U ~ [ u€)d = Y au(w),
- =1

or in matrix form,

U(.%'l) ail a19 ai3 ... Q1N u(xl)

U(CEQ) a1 a9 ass e asN U(Ig)

Uzs) | = |as1 a2 ass ... asn | |u(zs)| - (2.20)
_U(:EN)_ lan1 an1 an3 ... ann| _u(zk)_

Now, consider the double layer integration of u(z)

/ / u(&1)d§1dés = Zak’z/ u(&1)déy
ZZamaUu ;) Zam u(z;)

=1 j=1

which can be written in matrix form as U® = A®u = A?u. Similarly, for multi-layer
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integration of u(z), we have

Ut (zy) = /ik/gf /T /1 u(&1)dé1d€adSs . . . A,

= Zal(gl)u(:ni) (2.21)
i=1
or in matrix form U™ = AMy = A™y and A™ = A™ is called an m'* order

integration matriz.

To construct the first and m!” finite integration matrices by using the shifted Cheby-
shev polynomial, we use the same procedure as we did for constructing the first and m*
finite integration matrices by using the Chebyshev polynomial. Then, the first shifted fi-
nite integration matrix is defined by A* = T™(T*)~! and the m" shifted finite integration

method is calculated by (A*)(™) = (A*)™,

2.7 Finite Integration Matrix in Two-Dimensional Space

In this section, we explain how to construct the first order integration matrix for
two-dimensional problems. Then, the higher order integration matrix can be obtained
easily in the same manner as we did for one-dimensional space. We consider the sec-
ond order linear PDE (2.16) under the Dirichelet boundary condition u(z,y) = w(z,y),
(z,y) € 09.

Let a, b, ¢, d be real numbers such that a < b and ¢ < d. We assume that our domain
is Q = [a, b] X [¢, d] and we transform it into 2 = [—1, 1] x [~1, 1] which can be discretized
by the zeros of the Chebyshev polynomial with the number of points M = N7 x No, where
N7 and Ny are the total number of horizontal and vertical discretized nodes, respectively.
Let -1 <z <z <z3<..<zny <land -1 <y <y <yz<..<yn, <1 begrid

points that are generated by the zeros of Chebyshev polynomials.

For computational convenience, we index numbering of grid points along the x-
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direction by the global numbering system (Figure 2.2(a)) and grid points along y-direction

by the local numbering system (Figure 2.2(b)).

9 1 11 1 3 6 9 1
5 6 7 8 2 5 8 11
7
(a) Global numbering system (b) Local numbering system

Figure 2.2: The indices of the grid points globally and locally.

Let Uy(x,y) and Uy(z,y) be the single layer integrations with respect to variables
x and y, respectively. Consider U, (xy,ys) when y; is fixed. Then, by the idea in Section

2.6, we have

Ty Ny
U:E(xk’a ys) = / u(§7U5>d£ = Zakiu(xia ys)
=1

ol

fork € {1,2,3,..., N1}. Let Uy(-,ys) = [Uz(21,Ys), Us(2,Ys), Uz (x3,ys), ...,Um(le,ys)]T
and u(-,ys) = [u(z1,ys), u(x2, vs), w(@3, Ys), ..., uw(xn,, ys)|]* . Then, fors € {1,2,3, ..., Na},
Ux('vys) = Au(~,ys) and

U (-, 01) A 0 0 ... 0] |u(,wnm)
Us (-, 92) 0 A 0 ... 0f[u(,y)
U,(bys) [ =10 0 A ... 0f |u(,y3) |- (2.22)
Ue(hyn,)] [0 0 0 oo A |u(,yn,) |

N> blocks

where A = TT ™! is an N; x N matrix. We will denote (2.22) by U, = A, u.

Consider Uy(zy,ys) when zy, is fixed. Then, by the idea in Section 2.6, we have

Yk N>
Uyl ys) = / iy = 3 aula )
i 2
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fOI‘ ERS {17 27 37 ceey NQ} Let ﬁy(xka ) - [Uy<$k7 yl)u Uy(.f(}k, y2>7 Uy(xka y3)7 ceey Uk(xk7 yNQ)]T
and ﬁ(:I:k’ ) = [u($ka yl)’ U(ZL’k,yQ), Uy(l'k, y3)7 ceey U($k,yN2)]T. Then7 for k € {1a 2a 37 ey N1}7

U, (zk,-) = Aya(zy,-) and

Uy (z1,) A 0 0 0l | a(z,)
Uy (22, 0 A 0 0] | a(zs,-)
ij({ﬂg, ) =0 0 A ... 0 1~1<$3, ) ) (223)
Uy(zn,)| [0 0 0 ... A |a(zy,,")]

N, blocks

where A = TT ™! is an Ny x Ny matrix and denote (2.23) by U, = A, u.
The integration and integrand vector in the local numbering system can be trans-

formed to the global numbering system by using the transformation matrix P, i.e.,
U, = PU, and u = Pi. (2.24)

The transformation matrix P is defined by

m=N1><(j—1)—|—i,
P = n = Ny X (Z—l)+j, (225)

0 ; otherwise,

fori e {1,2,3,...,N1} and j € {1,2,3, ..., No}. Therefore, we have the integration matrix
with respect to y in the global numbering system as U, = Ayu where A, = PAyP_1
and P~! =P7 ie.,

anly,  axdn,  asly, ... ainIn,
a1ly, azly, axsly, ... aon,In,
Ay = | anly, azly, assly, ... asnIn |- (2.26)

Lan,1In,  anyeIn, ansIn, oo anw,In |
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where I, is the N1 x Ny identity matrix, each a;; is the element of the integration matrix

A =TT ! with size Ny x Na.

Next, let us consider double layer integrations along the x and y directions. In this

thesis we express in the global numbering system as

&
Uy = [ [ e mdade,
= Zakz/ §1,y5)d€1
S Z Z akiaiju(fﬂi, ys)

i=1 j=1

N
= > apu(i,ys)
1=\

for k € {1,2,3,...,N1} when ys is fixed. Let U(IQ)(-,ys) = f)(:vl,ys), U$(2)(x2,ys),
P (@s,ys), oo UL (@, )] andul,ys) = [, ys), u(ma, gs), w(@3, ys), oo wl@n, ys)] L

Then, for s € {1,2,3, ..., Na}, U(x2)(‘,ys) = A2ug(c2)(-,ys) and

U@, m) A2 0 0 ... 0| |uC,ym)
U (., ) 0 A2 0 ... 0| ul,pw
UP(y) [ =10 0 A2 ... 0 |ul) | (2.27)
_U:(EQ)(" yNz)_ L 0 0 0 e A2_ _u('a yN2)_
N> blocks

where A = TT ™! is an Ny x N matrix and denote (2.27) by Ul = Alu.
Similarly, for the double layer integration with respect to y, we have
xk7y8 . Zas]u xk7yj

for s € {1,2,3,..., Na} when zy, is fixed. Let ij)(xk,-) = [Uy@)(xk,yl), U352)(xk,y2),
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U (@, y3), s U (2, yn,)]” and @(-, )
Then, for k € {1,2,3,..., N1}, fJ?(f)(xk, )= AQﬁZ(f)(xk, -) and

0@y a2 0 o o | [aG. ]
02 (@5, ) 0 A2 0 0| | als,)
0P, ) [=]0 0 A 0 || s | (2.28)
0P @y, )| |0 0 o A%| |a(an,,-)
Niyblocks
@

where A = TT ™! is an Ny x Ny matrix and denote (2.28) by ny = Azﬁ
We can transform 63(12) = A;ﬁ into the global numbering system by using the

(2)

transformation matrix P, then we obtain U,

2 X —
= Aju, where A, = PA/P L

For the double layer integration with respect to z and follow with y, which is

Ug) (x,y), we have

Ys Tk
UD(ar,ys) = / 1 / —u(g,mdedn

Ny N3

7 Z Z QsjakiU(Ti, Yj)

j=1j=1

(2.29)

for k € {1,2,3,..., N1} and s € {1,2,3,..., Na}. We can consider (2.29) into two cases as
follow.

Case I: If ys is fixed, then (2.29) can be written in matrix form as

N»
Uf(BQy)(’ys) = ZasjAu('uyj)) (230)
7j=1

(2)

where Ugfy)(,ys) = {Uag)(l’l’ys)v 1224 ($2ay8)7Ul(022/)(x37y8)> ey Ué?(le,ys)]T,

u(-,yj) [u(xl,yj),u(xg,yj),u(xg,yj),...,u(le,yj)]T and A = TT ' is an Ny x Ny

T

[@(zr, y1), Wk, y2), W(Tk, Y3),s - Tk, Yn,)] -
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matrix. That is, for s € {1,2,3, ..., Na},

U () agA 0 0 ... 0 ||uCuy)
U;Qy)(va) 0 asQA 0 0 u('ayQ)
UDCys) | =] 0 0 asA .. 0 | |u(,u)
U(Q) . A .
L~ Ty ( 7yN2)_ L 0 0 0 <o QsN, A _U.( 7yN2)_
aildy, aply,  asly, aivIn, | |[A 0 O 0 | u(-,y)
aziln,  azly,  asly, asn, In, 0 A 0 0 [ u(-,y2)
= aglIN1 a32IN1 a33IN1 ag]\hIN1 0 0 A 0 u(-, y3)
Lan,1In,  anyeln,  angsln, an,nIng | O 0 0 Al |u(-yn,))
Ny Biocks

or Ugy) = AyA,u, where Iy, is the Ny x N; identity matrix, A, and A, defined by

(2.26) and (2.22), respectively.

Case II: If xy, is fixed, then (2.29) can be written in matrix form as

N,
~ (2 ~
Uc(cy)(xka) = E akiAll({L'i,'), (231)
=1

T

~ (2
where U(zy) (xka ) = [U:l(ii) ("Ek’a yl)a :gz) (xka y2), UI(?/) (:L'ka y3)a ceey Ug) ($k’ yNz)] ;

(zy, ) = [u(ze, v1), W@k, y2), u(zr, ¥3), ..., w(xk, yn, )]’ and A = TT ! is an Ny x Ny

matrix. That is, for k € {1,2,3,..., N1},

U2 (21, ) amA 0 0 ... 0 a(-,y1)
U (24, 0 awA 0 ... 0 (-, yo)
U s, =1 0 0 awpA ... 0 (-, ys)
UG @) Lo 0 0 an A [y
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anly, awly, awily, ... anIn, [ |[A 0 0 ... 0| |u(,y)
ag1ln, azely, aly, ... anIn, [ |0 A O ... O |a(,y2)
= a311N2 a321N2 61331]\[2 e CL3NIIN2 0 0o A ... 0 ﬁ(-, y3) ’
lanvIn, an2In, ansly, oo annIn,| |00 0 .o A} |u(hywn))
Ny Bfocks

or fJiQy) = A A, 1, where Iy, is the Ny x Ny identity matrix. By using (2.24) and (2.26),

we obtain

U® = PO —P(A,A,b)
= P(PYA,P)PEVA,PPu))

= A A,

where A, and A, are defined by (2.22) and (2.26), respectively.

Similar idea can be applied for the double layer integration with respect to y and

follow with z, which is Uﬁ) (z,y). Thus, we have U;QI) = U;Qy) =A, A u=A A u

Finally, for the m-layer integration of w(z,y) with respect to x- or y-axis, we also
can use the idea of constructing Ug(c2), UZ(JQ), Ug(fy) and Uéi) to obtain UEJ”) = Al'u,

U?(Jm) = Aj'u and USZQ’") = UQZ””) T Ap A M5 ArAnn



CHAPTER 111

NUMERICAL PROCEDURE FOR SOLVING
TIME-DEPENDENT LINEAR PARTIAL

DIFFERENTIAL EQUATIONS

In this chapter, we construct algorithms based on the FIM using Chebyshev poly-
nomials for finding the approximate solutions of the time-dependent linear PDEs subject

to Dirichlet boundary conditions in one- and two-dimensions.

3.1 Algorithm For Solving Time Dependent Problem In

One-Dimension

Let T > 0, a,b be real numbers such that a < b. Consider the one-dimensional
time-dependent linear PDE over (a, b) x (0, T") subject to initial condition and the Dirichlet

boundary conditions

2
ou _ al(x,t)a—xu + sz, t)gz +as(a, tu + fla,t) = Gt,u), (3.1)

u(z,0) = F(z) for = € [a,b] and u(a,t) = Fi(t), wu(b,t) = Fa(t) for t e [0,T],

where aj(x,t) is are twice continuously differentiable with respect to z on (a,b) and
continuous with respect to ¢t on (0,7"), as(x,t) is continuously differentiable with respect
to z on (a,b) and continuous with respect to t on (0,7"), as(z,t), f(x,t) are continuous
over (a,b) x (0,T), F(x) is continuous over [a,b] and F(t), F5(t) are continuous over
[0, T]. Moreover, throughout this section, let us assume that the solution of (3.1) exists

and unique.
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First, we approximate at by using the forward difference, i.e., let

ou  uwt(z) — ()
5 = . , (3.2)

where 7 is a time step to be determined and w/ = u/(x) = u(z,t;). Next, we approximate

the function G(t,u) by using the Crank-Nicolson method [11], i.e., let
1 j+1
G(t,u) = 2(G(t],u )+ G(tje1, u )) (3.3)
Thus, from (3.1) - (3.3), we have
W (@) = o (@) + %(G(t],u )+ Gltj, ). (3.4)

For convenience, let f/ = f(x,t;) and af = «;(z,t;) for i € {1,2,3}. Then, from (3.4),
we have

L e ), . 2 .
— (o]t e ad Tl 4 o Tty St
T

2
= (odud, + odul +oz3u]) + uj 4+ (f7 . (3.5)

Now, we are ready to apply the FIM using Chebyshev polynomials to devise an

algorithm for calculating approximate solution of (3.1) as follows.

. _ . . _ 2z—a—b
Step 1. Transform x € [a,b] into Z € [—1,1] by using the transformation 7 = =5=9==2.
Then, (3.5) becomes
o 2
_ (PP 4 pad j“—i—déﬂaﬁl)—i—;ﬂ”l
i 9
= (p*ajw, + pabul, + afw)) + ;Uj + (7 + 7, (3.6)

where p = (2=, f1 = fi(z,t;) = fI(E=0ibotb 4y gi — @i (3, ¢5) = of (Lm2tetd oy
t;)

:ag(w,tj) for i € {1,2,3}.

R
and & = &/ (z, 5
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Step 2. Discretize [—1,1] into M nodes by using the zeros of Chebyshev polynomial
Ty (%) as defined by (2.2), i.e.,

where k = {1,2,3,..., M}.

Step 3. Eliminate all derivatives with respect to & by taking double layers integration

from —1 to & and from —1 to Zy, respectively. Then, (3.6) becomes

Ty o ) . ) X Tr pla ) 2 .
- [ el s et e e - [ [T e - 2ot gz,
-1 J-1 -1 J-1
T & . — | Ty & 2 . _. _.
= / / (P*aj iy, + padul + odu!)dé1dés + / / (;ﬂ] + 1+ T dgdes.
1 Ja 1/
(3.7)

Next, by using the integration by parts, (3.7) becomes

) . Tr ) Zi &2 ) .
_ <p2aj1+1a]+1_2p2/ d{:;lﬂj—f_ldéé“‘/ / p2@{;éﬂj+ld£1dfg
—1 —1J-1
Tk 111 T &2 i Tr &2 i
+/1 p@% wt d€2_/1/1paé’x T dfldfg—i-/l/la% wT d£1d§2>
Ty &2 9 )
T / / 2wt deades + o + ry
-1
9 9 Ty . Ty &2 0 )
= (p ajuw! —2p / oﬂmuﬂdgﬁ/ / pea) W dE1dSs
-1 —1J1
T o Tr &2 . ) Ty &2
+ [ paditdes - [l wdede + [ dwdade)
—1 —1J-1 —-1J-1

2 A
+/_1/_1 = d§1d§2+/_1/_1 (F7 + Fit)de e, (3.8)

where ¢y and ¢ are arbitrary constants.

Step 4. By the first and the second order integration matrices described in Section 2.6,



(3.8) can be written in matrix form as

_ (szgl‘JrlujH _2p2ABJ1‘;1uj+1 _i_pzAQBJl‘%ujﬂ
—|—pAB§+1llj+1 o pA2B';:;1uj+1 4 A2B§+1uj+l)
2 .
+ ;A2u3+1 + coE + 1%
= (pQB{uj - QPQAB{,g‘cuj + pQAQB{,ffuj
+ pABguj — pAQBg?:Euj + A2B§uj)
2 . A .
+ SA%W + A%(FT 4 £,
-
That is,
2,9 1Y), 5+1 L 2,42 i\ 2/p ] j+1
<7A Y )uJ ¥ coE 4 1% = <'A +LJ)uJ +A2(FT 4 I,
T T

where, for r € {j,7 + 1},

u = [@T(il),ﬂT(fg),ﬂT(:ﬁg),...,ﬂr(a?M)]T,

£7 = [f(@1),f (22), F'(Z3),.... F (@an)]",

L" = p’Bi —2p°ABj, +p’A’B] ., +pAB, — pA°Bj , + A’Bj,

1,77
B = diag(a}(21), G (2), &} (Ts), @l (2ar)) for i € {1,2,3),
Bi; = diag(ajz(z1), @ 5(T2), & 5(%3), ..., & 5(Zar)) for i € {1,2},
g,m = diag(@’iﬂ (Z1), dg,m(fﬂ’ @Ti@j (T3), - 6/{@5(9@]\/[)),
E = [1,1,1,..,1]7 and X = [Z1, To, T3, ..., Tar] L.
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(3.9)

Step 5. Consider the boundary conditions which are a(—1,t) = Fi(t) and a(1,t) = Fb(t).

Then, we have

M—
Fl(thrl) = Z enTn(—1) =tic= tlT_luj+1,
n=0
M—-1
Pytiy) = Y enTn(l) = tre = £, T '/,

n=

=

=]

(3.10)

(3.11)
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where t; = [1,—1,1,..., (=)™ 1] and t, = [1,1,1,..., 1].

Step 6. Construct the linear system from (3.9), (3.10) and (3.11) which is

ZA? LI E x| |wt! (ZA?+ L)/ + A*(f7 +£71)
178 N 0 0| c |= Fi(tjt1) : (3.12)
trT_l 0 0 Cc1 Fg(tj+1)

Finally, we can find the approximate solution by solving this linear system (3.12) directly.
To obtain the approximate solution w(z,t;) for x € [a,b], we use transformation x =

2(b—a)z+a+b].

3.2 Numerical Examples For One-Dimensional Time-Dependent

Linear PDEs

In this section, we use our proposed method to find the approximate solutions of
some time-dependent one-dimensional linear PDEs. For an error of our approximate

solution, we use the average relative error (ARE) defined by

M
1 u*(xg, t) — u(zg, t)
ARE= 55 ‘ :
M ; u*(zg, 1)

where u* and w are the exact and numerical solutions, respectively, and zj for k €

{1,2,3,..., M} are the grid point defined by each zero of Chebyshev polynomial Ths(x).

Example 3.1. Consider a time-dependent linear PDE in which the coefficients do not
depend on time.
ou 5 0% ou

_—= [ - _ 2 £E+t

u(z,0) =¢e*, xel0,1],

u(0,t) = €', wu(l,t) =e*t t>0.
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The exact solution is u(z,t) = e***. By using our numerical algorithm, this problem can

be written in matrix form as

2 _ , 9 N A .
<;A2 - LJ'H)uj'H +cE + 1% = <;A2 +LJ>uﬂ + A%(FI 4 £,

where, for r € {j,7 + 1},

u = (@ (%), 0 (F2), 0 (Z3), ..., 0" (Za)]T

o= [— (Ll Z D® a4 1)6%”3 _<L2 Z D® 5+ 1)6%”2
—((fM: DREN 1)e%+nr,

L" = (4B} —8ABj], +4A’Bj ;) + (2AB; — 2A”B} ;) + A”Bj,

Bi = diag((Z1 + 1)%/4, (To + 1)*/4, (T3 + 1)* /4, ..., (B + 1)%/4),
Bi; = diag((#1+1)/2,(22+1)/2, (23 +1)/2, ..., (s +1)/2),
im = diag(1/2,1/2,1/2, ..., 1/2)prxnr,

B, = diag(z1+1,z2+ 1,23+ 1,...,2p + 1),
By = diag(1,1,1,..., Darscnr,

B = diag(1,1,1, ..., 1),

E = [1,1,1,., 17, x= [z, %, &3, ..., T 1],

and A = TT ! as defined in Section 2.6.

For the boundary conditions, we have t;T~'u/t! = el and t, T lw/t! = elitrtl,

Therefore, we solve the following linear system

A2t B x| |wit <%A2 + Lj>uj +A(F 4 )
t;T! 0 0| | c | = eti+t . (3.14)
t, T~ 0 0 1 elit1t1

Finally, we obtain the approximate solutions w(x,tj+1) = @(Z,tj41), where x =

(z+1) is the transformation from z € [—1, 1] into x € [0, 1]. Table 3.1 shows the relative

N[
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errors of our approximate solutions when M = 6 at each point in the domain (0,1) at
t =1 and 7 = 0.1. Then, the AREs for our FIM using Chebyshev polynomials (CBS)
compared with traditional FIMs using trapezoidal (TPZ) and Simpson’s rules (SIM) are
shown in Tables 3.2 and 3.3 at ¢ = 1 with time steps 7 = 0.1 and 0.001, respectively.

Also, the graphs of exact and approximate solutions are shown in Figure 3.1.

Table 3.1: The relative errors of our approximate solutions when M = 6 at each point
in (0,1)att=1and 7 =0.1

T u*(zg, 1) wu(zg, 1)  Relative Error
0.1091 3.0316 3.0339  7.5783 x 10~*
0.2831 3.6077 3.6103 7.2402 x 1074
0.5000 4.4817 4.4833  3.6704 x 1074
0.7169 5.5675 5.5684 1.6499 x 10~
0.8909 6.6254 6.6258  5.1095 x 107°
0.9875 7.2970 7.2970  4.1441 x 107

Table 3.2: The AREs for Example 3.1 when 7 = 0.1
M CBS TPZ

6 3.4485 x 10™* 2.7573 x 1072
8 3.0501 x107* 1.5109 x 1072

SIM
1.2040 x 1072
5.2615 x 1073

10 3.2558 x 10°* 9.3835 x 1073
12 3.3920 x 10~* 6.3294 x 1073

2.6388 x 1073
1.4277 x 1072

Table 3.3: The AREs for Example 3.1 when 7 = 0.001

M CBS TPZ

SIM

2.7846 x 1072
1.5400 x 1072
9.7105 x 107*
6.6686 x 1073

6 7.7532 x 107°
8 3.5817 x 1077
10 3.3219 x 1078
12 3.3936 x 1078

1.2297 x 1072
5.5570 x 1073
2.9604 x 1073
1.7619 x 1073




27

= FIMICES;
| Exact Sol
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%

Figure 3.1: The graph of exact and approximate solutions of Example 3.1 at t = 1.

Example 3.2. Consider a time-dependent differential equation in which coefficients are
functions in terms of both z and ¢.
ou 4 0%

0
ik ew—kxet%—i—u—@c%%, z € (0,2),

u(z,0) =z +1, z€[0,2],

u(0,t) = €', wu(2,t) = 5e', t>0.

The exact solution is u(z,t) = ef(z% + 1). First, we transform € [0,2] into # € [~1,1]
by using * = x — 1 and get p = 1, we can construct the linear system with boundary

conditions w(—1,¢;41) = €'+ and u(1,tj41) = e+ as

A - E x| [wt! (ZA? + L)/ + A%(f7 + £711)
t,T~! 0 0 o | = eli+ ;
t,T! 0 0 1 Hetitt
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where, for r € {j,j + 1},
W = [@7(Z), T (F), @ (T3), ..., u" (Tr)]T,
f7 = [4(F) +1)%e®, —4(To + 1)2, —4(T3 + 1)%e?, ..., —4(Tpr + 1)2* )T,
L" = (B} -2ABj; +A’Bi;;)+ (AB; — A’B} ;) + A’Bj,
B! = diag((z; + 1)%!", (Zo + 1)%el, (3 + 1)2%e!, ..., (Tps + 1)2%el),
B, = diag(2(z1 + 1)e',2(22 + 1)e', 2(z3 + 1)e’, ..., 2(Zp + 1)e™),
= diag(2e',2e", 2e ..., 2e" ) ar
B, = diag((@1 + 1)e', (Zo + 1)e', (23 + Del ..., (Tar + 1)e!),
BL. = diag(el e el e e,
B; = diag(1,1,1,...,1)amxns

E = [1,1,1,...,1]T,)_{:[ﬂ?l,fg,i‘g,,...,:fM]T,

and A = TT ! as defined in Section 2.6.

When this linear system is solved, we finally obtain the approximate solutions u(z, 1) =
w(Z,tj41), where & = T + 1 is the transformation from z € [—1,1] into € [0,2]. Then,
the AREs of the numerical solutions in this problem are computed from three methods
including our FIM with CBS, traditional FIMs with TPZ and SIM when M = 6, 8,10 and
12. Then, their AREs are shown in Tables 3.4 and 3.5 at ¢ = 1 with time steps 7 = 0.1
and 0.001, respectively. Also, the Figure 3.2 displays the graph of solutions at each node
in (0,2).

Table 3.4: The AREs for Example 3.2 when 7 = 0.1

M CBS TPZ SIM

6 1.9268 x 107* 1.4119 x 107t 8.5174 x 1072
8 2.3260 x 107* 8.5196 x 1072 4.3706 x 102
10 2.5809 x 107* 5.6183 x 1072 2.5265 x 1072
12 2.7601 x 107% 3.9605 x 1072 1.5893 x 102
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Table 3.5: The AREs for Example 3.2 when 7 = 0.001

M CBS TPZ SIM

6 1.9298 x 1078 1.4138 x 10~ 8.5316 x 102
8 2.3305 x 107® 8.5392 x 1072 4.3899 x 1072
10 2.5865 x 107 5.6397 x 1072 2.5491 x 102
12 2.7656 x 107% 3.9838 x 1072 1.6144 x 1072

FIMICES)
Exnct Sol

"o 0.2 04 o6 &8 1 1.2 1.4 1.6 1.8
&

Figure 3.2: The graph of exact and approximate solutions of Example 3.2 at ¢t = 1.

Example 3.3. Consider a time-dependent linear PDE in which coefficients are functions
in terms of both x and ¢ and the forcing term involves trigonometric functions.
ou 5 0%u  Ou

5= a2 + t% + 2%u 4 2tsin(x + 1) — t3cos(x + 1), z € (0,1),

u(z,0) =0, z€][0,1],

u(0,t) = t?sin(1), wu(l,t) = tsin(2), t>0.

The exact solution is u(x,t) = t?sin(z +1). First, we transform = € [0, 1] into Z € [—1, 1]

by using £ = 2x — 1 and get p = 2. Now, we can construct the linear system with
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boundary conditions @(—1,tj41) = t?_ﬂ sin(1) and @(1,tj41) = t§+1 sin(2) as

ZA? LI E x| |wt! (ZA? + L)/ + A*(f7 +£71)
t, T 0 0| c |= 5,1 sin(1) ;
t, T 0 0| | e t5,,sin(2)
where, for r € {j,7 + 1},
o= (@ (31),0(Z2), W@ (Z3), s @ (Ta0)]T
T +3 o+ 3 o+ 3
fm = [2trsin (xl ) —t3co < ) 2t, sin (%) —tfcos(am;_ ),

3
2thin( r3 + )—t?’COb(

L" = (4B} —8AB]; +4A’B] ;) + A?

T 3 T 3\1T
)...,Qtrsin(xM;_ )—tfcos(xM;_ )] ,

B' = di (($1+1)2 (T2 +1)? (B3 +1) ($M+1)2>
1 — 4 ) 4 3 4 ) 4 )
T 1 z 1 z 1 T 1

Bl . = diag(x1+ ,962-1- ,963-1- ,m’l’M"i‘ )’
' 2 2 2 2
111 1
1 = d (757773 ”)
1,zz 126 2272 2/ MxM
Bg = diag(trattatta"'atr)’
71+ 12 (T +1)? (Z3+1)2 7 1)2
B; = diag (@1 +1) ,(x2+ ) ,(x3+ ) ,...,($M+ )),
4 4 4 4
E = [1,1,1,.,1)7, & = &1, %2, &3, ..., Zm] ",

and A = TT ! as defined in Section 2.6.

Finally, we acquire the approximate solutions u(z,t;41) = u(z,t;41) by calculating above
linear system, where z = 1(z + 1) is the transformation from z € [—1,1] into = € [0, 1].
The AREs of the numerical solutions in this problem are computed from three methods
including our FIM with CBS, traditional FIMs with TPZ and SIM when M = 6,8, 10 and
12. Then, their AREs are shown in Tables 3.6 and 3.7 at t = 1 with time steps 7 = 0.1
and 0.001, respectively. The graphs of exact and approximate solutions are shown in

Figure 3.3.
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Table 3.6: The AREs for Example 3.3 when 7 = 0.1

M CBS TPZ SIM

6 4.3511 x 107% 7.4314 x 10~* 5.0759 x 10~*
8 6.8971 x 107 4.0726 x 10~* 1.7135 x 10~*
10 5.3357 x 107'% 2.5575 x 107* 7.7793 x 107°
12 1.0770 x 10~* 1.7519 x 10~% 4.1905 x 10~°

Table 3.7: The AREs for Example 3.3 when 7 = 0.001

M CBS TPZ SIM

6 4.3581 x 1075 7.4316 x 10~* 5.0764 x 10~*
8 6.9037 x 1072 4.0727 x 10~* 1.7137 x 10~*
10 5.5031 x 1072 2.5576 x 10~* 7.7791 x 107>
12 4.1357 x 10713 1.7519 x 10~* 4.1900 x 107°

FIMICES;
Exact Sol
0.98 |

0.96

0.94

0.88 |

0.86
o o1 02 0.3 L E ] 0.5 0.6 oy 0.4 0.8 1
®

Figure 3.3: The graph of exact and approximate solutions of Example 3.3 at t = 1.

3.3 Algorithm For Solving Time Dependent Problem In

Two-Dimensions

Let T > 0, a, b, ¢, d be real numbers such that a < b and ¢ < d. We consider linear

PDE over ((a,b) x (¢,d)) x (0,7) with time dependent variables in two dimensions as
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follow.

ou  _ ( t)@_i_ ( t)aiqu ( t)ﬂ_i_ ( t)@Jr ( t)@

ot = Ty, amz a2\, Y, ayz a3(x, Y, 8{an ay\x,y, O a5 (T, Y, 33/
+ag(z,y, hu+ f(z,y,t) = G(t, u), (3.15)

with initial condition u(z,y,0) = F(x,y) and the Dirichlet boundary conditions

u(avyvt) = Fl(yvt) u(bvyat) :FQ(y7t)v RS (C’d)a

u(z,e,t) = Hy(z,t) u(w,d,t) = Hy(z,t), € (a,b)for t e |0,T],

where oy (x,y,t), as(x,y,t), ag(z,y,t) are are twice continuously differentiable with re-
spect to z and y on (a, b) X (¢, d) and continuous with respect to t on (0,7, cg(x,y,t), s
(z,y,t) are continuously differentiable with respect to 2 and y on (a,b) x (¢,d) and con-
tinuous with respect to ¢ on (0,7), as(x,y,t), f(x,y,t) are continuous over ((a,b) X
(¢,d)) x (0, T), F(z,y) is continuous over [a,b] x [c,d], Fi(y,t), F2(y,t) are continuous
over [e,d] x [0,T] and Hy(x,t), Ho(x,t) are continuous over [a,b] x [0,T]. Throughout

this section, let us assume that the solution of (3.15) exists and unique.

First, we approximate %1; by using the forward difference;

ou Wz, y) — ! (z,y)

7 3.16
ot T : ( )
where 7 is a time step to be determined and v/ = w/(z,y) = u(z,y,t;). Then, we
approximate the function G(t,u) by using the Crank-Nicolson method [11], i.e.,
1 . .
Glt,u) = 5 (G(tj, wl) + Gltjs1, uJ‘H)). (3.17)

Thus, from (3.15) - (3.17), we have

W (@,y) = wi(z,y) + 2 (Glty w) + Gltye, ™)), (3.18)
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For convenience, Let f/ = f(z,y,t;) and a{ = a;(x,y,t;) for i € {1,2,3,...,6}, then from
(3.18), we have
2
( ,{“rlu]—‘,—l+aj+1u]+1+a]+1u]+l+a]+1u]+1+a]+1uj+l_|_aj+1u]—|-1)+ uj+1
T

2 . .
(0/1 .+ a2u —|—a3u +oz4uj + a5uj + aﬁuj) + Tuj (f9 + fi+h. (3.19)

Now, we are ready to apply the FIM using Chebyshev polynomials to devise an algorithm
for calculating the approximate solution of (3.15).

Step 1: Transform Q = [a,b] x [c,d] into Q = [~1,1] x [~1,1] by the transformations

j_waafb _ 2y—c—d
b g e——ed—c

Then, (3.19) becomes

2 _j+1l_j+1l | 2-j+1_j+1 1 j+1 1-j+1 i1 _j+1 | G141
— (p o ull +qal uL + pgdl ujﬁ +poz3+ ul' + qal j + & )

2 . o o
+ ;aJ“ (P*&)als + qPalil; + padiuly + pasl @l + qadal + alwd)
92 . _. _
+ 7171] + (fJ+1 + f]), (320)
-

where p = 2, ¢ = 2, fI = fi(z,g,t;) = fi(itedd ([daivdie 4 5

(dfc):;:+d+c’ tj) A d 5‘?@ 1G5 (j" 7, tj) _ a]((bfa):;:+a+b7

'LL] (.:U y,tj) — U]((b a):r:+a+b

(doelgrdie 4oy for k € {1,2,3,4,5,6}.

9

Step 2: We discretize the domain Q = [—1,1] x [-1,1] into N; and Ny nodes along x
and y directions, which are generated by zeros of Chebyshev polynomials T, and T, as

follows:

2k—1

T = cos (u), for ke {1,2,3,...,N1}, (3.21)
2N,
2s —1

Js = COS (M>, for s€{1,2,3,..., Na}, (3.22)
2Ns

where —1 < Z; <Za <Z3<..<2Zn, <land -1 <@ <2 <Yz <..<yYn, <1.then,

the number of total grid points in the global system is M = Nj X Na.
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Step 3: Eliminate the derivatives by taking four-layer integrations.

Let 27T = —(*ai™uly' +¢*ad ™ al;" + peag gy

1G4l gl gl gl 2,
pad @l 4 gadtalt + & et + ;u”l

, o o 9
and 77 = (p*alul; + Paju Uy +pqa3u + pad @, +qa5u +a6u])+ .

Then, (3.20) becomes Zi+1 = 77 4 i+l 4 fi,

Therefore,

Ys N2 [Tk [ N L4
/ 1 / 1 / 1 / 1<ZJ+ — [N dé déadnydny
s m2 [Th &2 92yt
— [/ / / / {p%{“(&,m)ua(gl’m)}d&d&dmdm
1 Joa o 131
Ys [m2 [Tr &2 . 92t
s [0 e e S desdepaan
- m
Ys N2 Tk €2 - ) 82aj+1(£ )
_j+1 1,71
+ / / / / g (51’771)‘858771 ]d§1df2d771d?72
Ys 72 Tk &2 8—]'4-1
NN (6 2] i iy
1 Jaa o Ja 061
Us M2 [Te &2 Qi t!
+ / / / / qa%“(&,n1)w}d§1d€2dmdm
-1 J-1J=1 == om
s 72 Ty 1 -—j+1 i
+ /1 /1 /1 /1 g (&m)w (51,771)]d§1d€2d?71d772]
Gs M2 (T €29 {
+ /1 /1 /1 / [@ﬁ (51,771)]d§1d§2d771d772

[P desdesdm .

Using the integrations by parts, we have

Ys T2 Tk 52 . .
/ / / / (Z7Hh — fIHYdg désdmdny
—1J-1J-1 J1
YUs 2 Tr 9~J+1
_ /y /77 p2 a{'+luj+1_2/ 9oy @ tlde,
-1 0§
& 82 ]+1
+ / / — L/t d§1d52}d771d772
[ ]

Us J+1
]+1uj+1 2/ Dy @ dny
1 Om
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Ys N2 82dj+1
+ / / 82 u]+1d771d772}d§1d§2
-1 J-1 m
Ys [Tk ) . &2 807j+1 . M2 adj‘H )
i / / pq|:d]+1ﬂ]+1—/ 3 gitlge _/ 3 agﬂdn
-1 J-1 s 1 0& ! —1 Om !
72 1 82a]+1
+ —3 @t dg dm |déad
/1 /1 0610m 2 771] S2dia
Us N2 [Tk . ) &2 J+1
e [0 [ pfarne - [7 20wt agdn,
—1Jo1 4 -1 0&
Us Tk & X . 72 a J+1
- / / / qlagta - / Sy | dgydéans
-1 J-1 J-1 -1 8771
Ys 72 T &2 1 s
e [ agt e g dgadman]
1 J1Ja S
Ys 72 T I 2
+ / / / / ~w T dgydéadnydny
-1J-1J-1J1T
Ys N2 [Tk &2 A
- / I g déadmdns
1 J-1J S
+  Zefo(Ys) + f1(Ts) + Ysgo(Tk) + g1(Tk), (3.23)

where fo(7s), f1(Us), go(Zr) and g1(Zy) are arbitrary functions of integration assumed to

be approximated by Chebyshev interpolating polynomials,

P —1

a(zs) = Z g , for 1€ 0,1}, (3.24)
P2 1

A = > £0Ti(,), for 1e{0,1}, (3.25)
j=0

where g(l), gt g, ..., glpﬁ1 and f(l), i f]lgr1 are the unknown values of those interpo-
lated points which are determined from the given boundary conditions.

Remark: The number of these unknown values should be equal to the number of bound-
ary points in order that a system of linear equations is solvable. Thus, the number of these
unknown values and the number of the boundary points are 2P, + 2P, and 2P, + 2P5,

respectively. Thus, we select P, = N1 and P» = No.

For [% [™ [T ff"’l(ZJ + f7)d&1déadndne, we obtain the expression similarly to
the case of f_gl fji ff’l‘ ffi(Zj+1 — fj+1)d§1df2d771d772-
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Step 4: We can transform (3.23) into the matrix form,

where for r € {j,j+1},1 € {0,1} and i € {1,2,3,4,5,6}, a] = diag[a
a;(j?ng?)))'“y

u" = [u

T('7 g1)7
ur(le 3 gs)]Tv F" =
) fr(le ) gs)]Tv

+ o+ o+ o+ o+

+ o+ o+ o+ o+

[ 2A2( ]+1u3+1 2A aJ+1uJ+1+A2 J+1 u]+1)

. a1 g
2A2( J+1uj+1 o 2Aya%—z u]+1 A2 J+1u]+1)

AW — A e wi ! — A it it JHL 1
PqA A (az u Aoz u Aya T + AgAyag ul )

2/ ~j+1 i+l _j+1 1
PALAL (&) W — Aa) W)

qA2A ( Jj+1 j+1 —_ A 7]+1uj+1)}

5.5

AZAZal M et 4 Achz—uj“ + X®,fy + ®,f + Y®,2, + ®.g,
2A2(a1u7 —2A,a] I A2a1 u)
A2 (@ — 2A00 W + Aad )
PgAL A, (u’ — Axdgyjuj A a3 w A, Aya3 Wuj)
PAL AL (@)W — Agar jul)
qAZA, (el — Ayal jud)
o DR, A .
ASATaqw] + AZAT W+ ASATETT 4 ATATEY, (3.26)

(xlayl) ($2,y2)

d;(jMagM)]TMX]\/[vgl bt [gg)agllvgéw“?g%l_l]Tv fl = [f(]vflana‘"asz_l]T
ur('?g2)? "'7u/r('7:gN2):|T With u/r('7gs) - [ur('i.l?gS)’uT(jQ’gs)’ e
[fv‘('agl)>fr('ag2)a '-'afr('vg]\h)]T Withfr('ays) = [fr(jlags)afr(i’%gS%

A, and Ay are defined in (2.22) and (2.26), respectively. The diagonal

)

matrices X and Y are defined by

Xog 0 0 0 T, 0 0 0
0 Xo 0 ... 0 0 Zo 0 0
0 0 Xg ... O with Xo=10 0 23 ... 0 ;
|0 0 0 Xo | 0 0 0 I I
Ny Bfocks MxM



Y4
0

0
Yo
0

0 0
0 0
Y; 0
0 Y,

- MxM

with Y, =

ys 0 0
0 gs 0
0 0 7
0 0 0
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= N1><N1

Let Zp, = Xm and 9 = Youm for m € {1,2,3,..., M}. From (3.24) and (3.25), we

obtain ®, and ®,,, which their elements can be found by (2.1), as follow:

To(21) Ti(21)
To(z2) Ti(Z9)
To(&s) Ti(as)
| Ty(2ar) Ti (501)
[ To(91)  Ti(dh)
To(g2)  Ti(92)
To(gs)  T1(y3)
| To(9ar)  Th(9nr)

Let, for r € {j,j + 1},

Z’I"

+pgAL Ay (as —

=T
Axag,j

T(Z1)
To(Z2)
TQ((i‘g)

To(Zpr)

T5(91)
T5(92)

PPAG(G] — 2A.0] 5 + ALGY z5) + ° AL (0%

+qA2ZA (af — Ayar u”) + AZA ay.

Then, from (3.26), we have

Tp,—1(21)
Tp,—1(Z2)
Tp,-1(23)

Tp,—1(Tm)

Tp,-1(41)
TP2—1(Z)2)

Tp,~1(93)

Tp,~1(9m)

T

MXPl

- MxP,

_ 2 _
— 2Aya’2"717 + AyaQw)

— Ayal g+ AgAaL o) + pALAL (] — ALdl ;)

92 . .
(AiAj; — 2t Xy By + Byfy + Y, + B,y
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_ (AiAz; + ZJ)uJ +AZAZ(ET L),

Step 5: We consider the four boundary conditions.
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(3.27)

For the left side boundary condition, we let @(—1,%,t) = Fi(%,t). Then, we have

Nl—l

N;—1

ﬂ(_lvg&tj-i-l) = Z CnTn(_l) = Z Cn(_l)n =tic= tlTilujJrl(‘ags) = Ff+l(gs)

n=0

n=0

for s € {1,2,3,..., Na} or in matrix form

tlTAl

Nyx M

uj+1(‘7 gl)
ujJrl('v g?)

uj+1('7 QS)

uj+1 ('7 gNz)

which we denote it by T;u = F‘{H, where the row vector t; = [1,—1,1, —1,..., (=1)M~1],

u(-, 7s) = [a(Z1,Ys), W(T2, Js), W(T3,Us), -, (Z N, , Js)] T and T~ is an Ny x Ny matrix.

For the right side boundary condition, we let u(1,y,t) = F5(y,t). Then, we have

N,—1

WL, G tirr) = D, eaT(l) =
n=0

N;—1

n=0

for s € {1,2,3, ..., No} or in matrix form

t,T! 0 0

t,T!

NQXM

uj+1 ('7 gl)
uj+1('7 QZ)

uj+1(‘7 g?’)

uj+1 ('7 gNQ

)

Z Cn(l)n iv t,«C AT trT_luj+1('7 gs) = F2j+1(g5)




which we denote it by T,u = 1:"];1, where the row vector t, = |

1,1,1,1

Y ) ) P

N;—1
L1

[W(Z1, Fs ), W(Zas Us)s (T3, Us)s - (T, Us)]T and T~ is an Ny x Ny matrix.

For the bottom side boundary condition, we let @(Z,—1,t) = G1(z,t). Then, we

have

Ny—1

WTk, —1,t41) = > enTn(—1)
n=0

Ny—1

n=0

for s € {1,2,3,..., No} or in matrix form

t, T 1 0 0
0 th_l 0

0 0 th_l

which we denote it by Tyu = G{Jrl. By using (2.24), we obtain T,P~tu = (_}Jﬁl, where

the row vector t, = [1,

ﬁ]_7 1’ =

th_l

o (DN (@, ) = [a(@, ), w(Zk, G2), 6(Zk, 3)

Ny XM

oo W(Zh, U, )]T and T is an Ny x Ny matrix.

For the upper side boundary condition, we let @(%,1,t) = Go(Z,t). Then, we have

N2—1

WTk, 1, t1) = > enTn(1)
n=0

Ny—1

D ()" = tye = t, T @ (2, ) = G5 (3R)

n=0

for s € {1,2,3,..., No} or in matrix form

t, T 1

N1 x M

ﬁj+1<i’1, )
ﬁj+1(j2’ )

ﬁj-i-l (j?n )

ﬁj+1(lev )

ﬁj+1(i'1, )
ﬁj+1(j27 )

ﬁj+1(ﬂ?3, )

D en(—1)" = tye = t, T & T (24, ) = G (@)

G (@)
G (@)

G (@)

8l

Kl

ﬁj+1('fz'N1> ')_

G (@) |

Gy (@)

]7u<'7y8)
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which we denote it by T,u = (_}J;rl. By using (2.24), we obtain T,P " 1u = G;*H where
the row vector t, = [1,1,1,1,..., 1V w(zy, ) = [@(Zk, 1), @(Tk, Y2), W(Th, T3), -o-s

w(Zg, 7N, )]T and T!is an Ny x Ny matrix.

Thus, all boundary conditions can be represented in matrix forms as Tju = F‘{H, T,u=

Fé+1, T,P lu= G{H and T, P lu = (;32'“.

Step 6: Construct the system of linear equations from (3.27) in Step 4 and all boundary

conditions in Step 5. Then, we obtain

(A2A22 7% X®, &, Y®, ®,| [wH]
Ty 0 0 ... 0] f
P 0 0 ... 0|]|Hf
T,P! N | g
| TP 00 ... 0] e |
_<A§AZ§ + Zj>uj FAZA2(F 4 )
F{—H
_ it . (3.28)
S+
G
~i+1
i Gy ]

We can solve for the solutions @(z,y,tj11) for (z,y) € [—1,1] x [-1,1]. Then, by
using the transformation z = 3[(b — a)Z + a + b and y = 3[(d — )y + ¢ + d], we can

obtain the approximate solution u(z,y) for (z,y) € [a,b] X [c,d].

3.4 Numerical Examples For Two-Dimensional Time-Dependent

linear PDEs

In this section, we use our proposed method to find the approximate solutions of

some time-dependent two-dimensional linear PDEs. For an error of solution, we use the
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average relative error (ARE) defined by

)

ARE = — Z ‘ fUm,ym,, ) ’U/(:Um,ymvt)

U* fEm, Ym, t)
where ©* and u are the exact and numerical solutions, respectively.

Example 3.4. Consider a time-dependent linear PDE in which the coefficients do not
depend on time.
0%u 0%u Ju ou

Ju 2 0 A0 pu el
(%2—1-(1: +y +1)82+2 5 T Yy

—2u+[1 -2+ 32 +x+ )" (2,9) € (0,1) x (0,1), te(0,1),

ou 9 9
il 1
o — @ty D)
u(z,y,0) =", (z,y)€[0,1] x [0,1],

u(z,0,t) = e** w(z,1,t) = 2 0,1], te0,1],

u(0,y,t) =¥t u(l,y,t) =TVt ye(0,1], te0,1].

r+y+t

The exact solution for this problem is u(z,y,t) = e . We first transform our domain

Q = [0,1] x [0,1] by using the transformations &z = 2x — 1 and § = 2y — 1. By our

numerical algorithm, this problem can be written in matrix form as

92 . .
<A2A2— — W XD f + Byf + YO, + B,

<A2A2 + Z5>u3 +AZAZ(FT L F),

From the boundary conditions, we have Tju = F{H’ T,u= F];“l, T,Plu = GJI‘H and

T, P lu= (_}%H. Thus, we can construct the linear system as

(A2A22 71 X®, &, Y®, ®,| [wH]

T, 0 o --- 0 fo
T, 0 0 0 fi
T,P! oo g

T,P! 0O 0 - 0 g



(A?CA;% + Zj)uj +AZAZ(E 4 )
Fjl'—‘rl
= FJQ‘H ’

~J+1
Gy

A+
GQ

where, for r € {j,7 + 1},

Z'f'

[ﬁr(jh gl)? ar(‘f% g2)7 ’ar(j?n g3)7 ceey ﬁr(fle,QNg)]Ta

[(1 —2(aF + yf 2+ )T (1= 223 + 95 + @2 + yo) e T

(1 —2(23 + 3 + 23+ y3))eeTvatle

T
(1 - 2(ak, + vk +an, + )ttt

PPAL(a] — 2A,a] ; + Ala] o;) + PAL (a5 — 2Aah ; + Adad o)

+pAL AL (ah — Agal ;) + gAZA (o — Ayal u”) + AZACal,
@+ 1?7 (+ 1)

(@) (At 1)
d ( 1, 1
g\ Tt g 7 T 1t
(Z3+1)? (73 + 1) (Zn, + 1) (v, + 1)
S 2 1),
1 T = 4 + 4 +
di (i’l—i-l To+1 x3+1 fENl—i-l)
1a,
g 2 7 2 ) 2 ) ) 2 )
111 1
dla‘g(§a§a§7 72>a
(z1+1)?* (i +1)? (Z24+1)* | (g2+1)
d ( 1, 1
g\t f . 1t
(Z3+1)* | (g3 +1) (Zn, + 12 (n, + 1)
1, .. N 2 1)
1 T 4 The 4 + 4 1)
. <§1+1 Po+1 y3+1 17N2+1)
diag , , - ,
2 2 2 2
111 1
dlag(*,*,*,...,*),
272727779
diag(z1 + 1,29 + L, z3 + 1,...,zn, + 1),

diag(2,2,2, ..., 2),
dlag(:ljl + 1a gQ + 17173 + 1a sy gNz + 1)7
diag(2,2,2,...,2),

diag(—2, -2, —2,...,—2),



Pt = [ei12“+tj+1, EERRC AN S L LSO
FIHL o [Pl L S
_ 7141 g2+1 g3t

G]1+1 _ [elT-f-thrl P24t 5 +tj+1,...

~J+1 Bty okl gy gatl g
G = [e7 Thntl et Htiatl

Table 3.8:

TN+
€ 2

e 2 e 2 +t-‘7+1]T’
BN, +1
Le 2

- +tj o+ 1T

76 2 76 2 It ] bl
TN, +1

76 2

+t; T

76 76 ]+1:| Y
UNy
e 2

+1
+tj+1+1:|T

e 2 e 2

The AREs for FIM (TPZ) in Example 3.4 when 7 = 0.1

Ny

N2:6 N2:8 N2:10 N2:12

8
10
12

2.9684 x 1072 3.0513 x 1072 3.1105 x 1072 3.1536 x 1072
3.0513 x 1072 3.1323 x 1072 3.1924 x 1072 3.2364 x 1072
3.1105 x 1072 3.1924 x 1072 3.2534 x 1072 3.2981 x 1072
3.1536 x 1072 3.2364 x 107% 3.2981 x 1072 3.3434 x 1072

Table 3.9:

The AREs for FIM (SIM) Example 3.4 when 7 = 0.1

Ny

N2:6 N2:8 N2:10 N2:12

8
10
12

2.6237 x 1072 2.7622 x 1072 2.8513 x 1072 2.9114 x 1072
2.7622 x 1072 2.9074 x 1072 3.0013 x 1072 3.0647 x 1072
2.8513 x 1072 ' 3.0013 x 1072 3.0984 x 1072 3.1639 x 1072
2.9114 x 1072 3.0647 x 1072 3.1639 x 1072 3.2308 x 1072

Table 3.10:

The AREs for FIM (CBS) in Example 3.4 when 7 = 0.1

Ny

N2:6 N2:8 N2:10 N2:12

10
12

1.1486 x 107° 1.0720 x 10~° 1.0720 x 10~° 1.0722 x 10~°
1.0720 x 107° 9.9216 x 107% 9.9185 x 1075 9.9182 x 107°
1.0720 x 10™° 9.9185 x 107% 9.9158 x 1075 9.9157 x 107°
1.0722 x 107° 9.9182 x 107% 9.9157 x 107 9.9158 x 10~°

Table 3.11:

The AREs for FIM (CBS) in Example 3.4 when 7 = 0.01

N2:6 N2:8 N2:1O N2:12

10
12

2.3278 x 1075 1.5463 x 1076 1.5601 x 107¢ 1.5632 x 1076
1.5463 x 107¢ 1.0197 x 10=7 1.0099 x 10" 1.0099 x 10~7
1.5601 x 1076 1.0099 x 10~7 9.9978 x 1078 9.9978 x 10~®
1.5632 x 107% 1.0099 x 1077 9.9978 x 108 9.9981 x 1078

43
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Figure 3.4: The surface and the grid points of the solution in Example 3.4 at ¢ = 1.

Example 3.5. Consider a time-dependent linear PDE in which coefficients are functions

in terms of both z and ¢.

ou 4, %u t82 L O0u L O0u
5 =T 52 T /) dee

(z,y) € (0,2) x (0,2), te(0,1),
u(z,y,0) =22 +4> +1, (x,y) €[0,2] x [0,2],
u(z,0,t) = ef(@? + 1), u(z,1,t) =e'(@®+5), z€][0,2], tel0,1],

u(0,,1) = e'(y* +1), u(l,y,t) = e'(y’ +5), ye[0,2], teo1].

The exact solution for this problem is u(z,y,t) = e(2? +y* + 1). We first transform our
domain © = [0, 2] x [0,2] by using the transformations £ =z — 1 and §y = y — 1. By our

numerical algorithm, this problem can be written in matrix form as

92 . .
(A2A2— _ ZJ+1)uﬂ+1 + X, f) + B f + YB,g, + Bog,

<A2A2 + ZJ)uJ +AZAZ(FT L),

From the boundary conditions, we have Tju = F{H, T,u= F%H, T, P lu= G{H and

T,P tu= Gg“. Thus, we can construct the linear system as



(A2A22 77+l X, ®, Y®, ®,| |wt]
T, 0 0 - 0] f
T, 0 0 - 0] #f
TP O g0
| TP 0 0 - 0] & |
_<A§AZ% +70)wi + AZAZ(FH 4 )]
R
- F ,
G{—l—l
| Gy _

where, for r € {j,7 + 1},

Z’V’

[ (Z1,51), 0" (22, §a), 0’ (3, Y3), ... 0 (Zn,, GN,)] 7

[—4e” (21 +1)* + (71 + D)%), —4e® (22 +1)° + (32 + 1)?),
—4e* (&3 +1)* + (G5 +1)%), o 4™ ((Tn, +1)* + (v, + 1)),

PPAL(@] — 2A.a ; + Adal 4;) + PAZ(ah — 2A,85 5 + Aal ;)

+pAL AL (ah — Agal ;) + gAZA (o) — Ayal u”) + AZACaG,

diag((Z1 + 1)%e!", (Zo + 1)%el, (23 + 1)2%e!, ..., (Zn, + 1)%e!r),

diag(2(Z1 + 1)e', 2(Zg 4+ 1)e', 2(z3 + 1)e', ..., 2(zn, + 1)e'),

diag(2e'r, 2e', 2!, ..., 2¢tr),

diag((71 + 1)%e", (72 + 1)%e", (53 + 1)%e", ..., (G, + 1)%e"),

diag(2(71 + 1), 2(g2 + 1), 2(ys + e, ..., 2(yn, + 1)e'),

diag(2e'", 2e'", 2¢tr, ..., 2¢!r),

diag((z1 + 1)l (zo + 1)el, (Zo + 1)e', ..., (Zn, + 1)e'),

diag(e', ', efr, ... e!"),

diag((g1 + 1)6”, (g2 + 1)61‘”, (Y2 + 1)etr, s (UN, + 1)6”),

45



Table 3.12:

a,,; = diag(e" el e, e,
ar = diag(1,1,1,...,1),

Fi™ = [Pr(@ )P ), (@ + 1)+ D),

et (3 +1)2 4+ 1), ...,el ((Zn, + 12+ 17,
FI7 = e (@1 +1)2 45), e+ ((Tg + 1)2 + 5),

e (T3 4+ 1)2 +5), . € (N, +5)° + D)7,
G = [ (D)D), e ([ + 1)+ 1),

e (g3 + 1% + 1),y € (v, + 1)* + 1],
Gy = [ef (i + D) +5), e (52 + 1) + 5),

e (g3 +1)% +5), o € (g, +5)2 + D)

The AREs for FIM (TPZ) in Example 3.5 when 7 = 0.1

Ny

N2:6

N2:8

N2:10

N2:12

8
10
12

5.7281 x 1072
4.4053 x 1072
3.7873 x 1072
3.4610 x 102

4.4053 x 1072
2.6256 x 1072
1.7627 x 1072
1.3041 x 10~2

3.7873 x 1072
1.7627 x 1072
8.4489 x 1073
5.1827 x 1073

3.4610 x 1072
1.3041 x 1072
5.1827 x 1073
5.7623 x 1073

Table 3.13:

The AREs for FIM (SIM) in Example 3.5 when 7 = 0.1

Ny

N2:6

N2:8

N2:10

N2:12

10
12

2.5104 x 1072
1.5501 x 1072
1.2211 x 1072
1.0854 x 1072

1.5501 x 1072
7.6268 x 1072
8.2983 x 1072
1.0055 x 1072

1.2211 x 1072
8.2983 x 1072
1.3237 x 1072
1.6804 x 102

1.0854 x 1072
1.0055 x 1072
1.6804 x 1072
2.0794 x 1072

Table 3.14:

The AREs for FIM (CBS) in Example 3.5 when 7 = 0.1

N2:6

N2:8

Ny =10

Ny = 12

10
12

7.8415 x 107°
8.7648 x 107°
9.3284 x 107
9.7073 x 107°

8.7648 x 107°
9.8155 x 107°
1.0458 x 10~
1.0890 x 10~*

9.3284 x 107°
1.0458 x 10~*
1.1148 x 10~*
1.1613 x 10~*

9.7073 x 107
1.0890 x 10~
1.1613 x 10~*
1.2101 x 1074
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Table 3.15: The AREs for FIM (CBS) Example 3.5 when 7 = 0.01

N, Ny =6 Ny =38 Ny, =10 Ny =12

6 7.8566 x 1077 8.7823 x 1077 9.3476 x 107" 9.7271 x 1077
8.7823 x 1077 9.8348 x 107" 1.0478 x 107¢ 1.0911 x 1076

10 9.3476 x 1077 1.0478 x 1075 1.1170 x 1075 1.1636 x 10~°

12 9.7271 x 1077 1.0911 x 107% 1.1636 x 1075 1.2122 x 107°

Figure 3.5: The surface and the grid points of the solution in Example 3.5.

Example 3.6. Consider a time-dependent differential equation in which coefficients are

functions in terms of both x and ¢ and the forcing term involves trigonometric functions.

0 0
+ (2@ +t)8—z 2 (2y—|—t)a—Z

d%u

0x2

0%u

ou 9
= (22 +1?) 952

5 = + (2 +1%)
+ (2% 4 y? + 26282 4 2t] sin(z + y + 1) — (22 + 2y + 2t)t% cos(x +y + 1),
(z,y) € (0,1) x (0,1), te(0,1),
u(z,y,0) =0, z€][0,1] x [0,1],
u(z,0,t) = t*sin(z + 1), wu(z,1,t) = t*sin(z +2), = €[0,1], te€0,1],

u(0,y,t) = t?sin(y + 1), u(l,y,t) =t*sin(y +2), ye€[0,1], te€0,1].

The exact solution for this problem is u(x,y,t) = t?sin(x + y + 1). We first transform
our domain 2 = [0, 1] x [0, 1] by using the transformations & = 2z — 1 and § = 2y — 1.

By our numerical algorithm, this problem can be written in matrix form as

9 . .
(AiAf/; — ZJ+1)uﬂ+1 +X®,f + B, + Y®,g, + B8,

2 . . . .
_ <A§A§; + ZJ>uJ +AZAZ(FT L),
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From the boundary conditions, we have Tju = F‘{H, Tyu= Fj;rl, T,P lu= G{H and

T,P lu= G%H. Thus, we can construct the linear system as

AZAZZ 77t X®, @, YO, &,| |ut!
T, o 0 - 0 £y
T, o 0 - 0 f,
TP~ T g0
| TP 0 0 - 0] & |
[ AN —idl By ]
<A§A§% + ZJ)uJ + AZAZ(FT 4 )
mj+1
Fi
— oJ+1
E F% ,
~J+1
Gi
~Jj+1
_ £ |
where, for r € {j,j + 1},
u' = [a"(Z1,5), 0" (T2, Y2), U (T3, U3), - U(i’vaﬂNz)]
_ 1 1 T1+1 gi+1
Fro— [{((:EIJF Fo o+ 1 +2tz)t$+2tr}bln<m 1l +1)
4 4 2 2
71 +1 1
—(i1+§1+2+2tr)tgcos<x1; +y12+ )
To+1)2  (go+1)2 1 go+1
(B (B B )

=N 1,
(T + T+ 2+ 26,2 cos (x22+ ¥ y2+ )

T 02 (y 1 T 1y 1
{((wm 4+ )", m I )’ +2t2>t2 +2tr}sm (xm; +yN22+ +1>

— (&N, + GN, + 2+ 2t,)t2 cos (

N, +1  gn, +1
1 2 1):|
2 + 2 +

7" = p’Al(af —2A.a ; + Alal ;) + CAL(ah — 2A,ah , + Alal )

AL AL (G — Aull ;) + gALA (&) — Aya] gu’),

1 To + 1 Ts + 1)2 7 1)2
al = di g<7( SRV 7 Y O C ek PN S C Tl O +2),
4 4 4 4
_ . T1+1 Zo+1 23+1 i’Nl—l-l
al,f = dl&g( ) 92 ) 92 900y 2 )7

QI
—3
81
8l

Il

o,

—

&
o

/~
N | =
N~ N
N | —
DO | =
—



ajy g
FiH
Fit
Gyt

~jt1
Gy

Table

Table

2
+ 12+ +2, ...,

( .
(1714-1 J2o+1 y3+1 Z7N2+1)

2 72 7 2 77 2
11 1)
2727"'725
+

1+t7‘7j2+]-+tT7'f3+]-+tT7"'7fN1 +1+t7‘)7

= diag(1,1,1,...,1),

= diag(gl +1 +t7“7§2 +1 +t7“7g3 +1 + tr, '-'7gN2 +1 +t?")7

3.16:

The AREs for FIM (TPZ) in Example 3.6 when 7 = 0.1

g3 + 1)2 7 1)2
(73 + 1) @M+)_H®,

Ny

Ny =6 No== -8 Ny =10 Ny =12

6

10
12

1.1343 x 1072 1.1629 x 1072 1.1844 x 1072 1.2003 x 1072
1.1629 x 1072 1.1191 x 1072 1.2134 x 1072 1.2296 x 102
1.1844 x 1072 1.2134 x 1072 1.2355 x 1072 1.2518 x 1072
1.2003 x 1072 1.2296 x 1072 1.2518 x 1072 1.2684 x 102

3.17:

The AREs for FIM (SIM) in Example 3.6 when 7 = 0.1

Ny

N2:6 N2:8 N2:10 N2:12

10
12

9.6989 x 1073 1.0244 x 1072 1.0603 x 10~2 1.0846 x 102
1.0244 x 1072 1.0837 x 1072 1.1121 x 1072 1.1145 x 1072
1.0603 x 1072 1.1121 x 1072 1.1652 x 102 1.1915 x 1072
1.0846 x 1072 1.1145 x 102 1.1915 x 1072 1.3024 x 1072
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Table 3.18: The AREs for FIM (CBS) in Example 3.6 when 7 = 0.1

Ny Ny =6 Ny =8 Ny =10 Ny =12

6 1.3795x 107% 9.0151 x 1077 9.0667 x 107 9.0734 x 1077
8 9.0151 x 107" 2.1107 x 107 1.3195 x 107*  1.3279 x 10~°
10 9.0667 x 1077 1.3195 x 1079 1.9190 x 1072 1.1931 x 1072
12 9.0734 x 1077 1.3279 x 1072 1.1931 x 10712 2.7685 x 10712

Table 3.19: The AREs for FIM (CBS) in Example 3.6 when 7 = 0.01

Ny Ny =6 Ny =8 Ny =10 Ny =12

6 1.3795 x 107% 9.0152 x 1077 9.0668 x 10~7  9.0735 x 107"
8 9.0152 x 1077 2.1092 x 1072 1.3199 x 107 1.3274 x 107°
10 9.0668 x 1077 1.3199 x 1079 8.6832 x 1072 1.0379 x 107!
12 9.0735 x 1077 1.3274 x 107 1.0379 x 10~ 6.0370 x 1072

Figure 3.6: The surface and the grid points of the solution in Example 3.6 at ¢ = 1.

From Examples 3.1-3.6, we can see that our proposed algorithm gives a lot better
accurate results comparing to the other traditional FIMs when using the same number of

nodes. In addition, if we increase the time step, then we get better approximate solutions.



CHAPTER IV

NUMERICAL PROCEDURE FOR SOLVING
LINEAR FRACTIONAL DIFFERENTIAL

EQUATIONS

In this chapter, we construct an algorithm based on FIM using shifted Chebyshev
polynomials for finding the approximate solutions of linear FDEs using Riemann-Liouville
definition of fractional derivative. To simplify our construction, let us consider the fol-

lowing the linear FDE.

D%u(z) + az(x)u” (x) + a1 (2)u'(z) + ap(z)u(z) = f(x), = € (0,b), (4.1)

where m € {1,2} and a € (m — 1, m) with boundary conditions u(0) = 0 and u(b) = b,.
Throughout this section, let us assume that the solution of (4.1) exists and unique. In

addition, to apply FIM, we have to assume further that lim, ,o+u'(z)(—z)™™® exists.

First of all, for m € {1,2}, let f = a—m+ 1, z € (0,1), F(z) = fox (mu_(?)gds

and w € [0,1]. We approximate F(x) at each computational node z; € [0,1] for k €
{1,2,3,..., M}, where zy = 0 as follow.

F(zy) = /Oxk(:vk — 5) Pu(s)ds
k-1

= Z /x+1(xk — 5) Pu(s)ds

=0T

Q

k=1 i
3 / (a1 — 8)P(wules) + (1 — w)u(zisn))ds
i=0 Y%

k-1

(]

L+1
(wu(z;) + (1 — w)u(xit) / (z — s) Pds

.

E
= O

_ . 1-8
izo(wu(azi)+(1—w (zit1) (xk z:) *(xk 1?%1) )

(]
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By letting g; j+1(x) = (xk—mi)lfﬁ—(xk—xiﬂ)l*ﬁ, we have from the fact of 1—8 = m—a

that

T
L

1

Flay) = 5 > (wul@i) + (1 = w)uli1))gii41(2r)- (4.2)

N
Il
o

Now, we are ready to apply the FIM using Chebyshev polynomials to devise an

algorithm of calculating the approximate solution of (4.1).
4.1 Algorithm For Solving Linear Fractional Differential
Equations

Step 1. Transform = € [0, b] into z € [0, 1] by using the transformation = 7 and p = 3.

Then, (4.1) becomes

pt d™ [T a(p) b0 A PN PP
Tlm = a) di‘m/o @ _p)ﬂdp+p2a2(x)u () + pa1(2)u'(z) + ao(Z)u(z) = f(z), (4.3)

where p = . a0)(z) = L% for j € {1,2}, f(z) = f(bz), @(Z) = u(bz) and a@;(%) = a;(bz)

for i € {0,1,2}. By our assumptions, @(0) = 0.
Step 2. Discretize [0, 1] into M nodes by using zeros of the shifted Chebyshev polynomial
Ty;(z) as defined in (2.10), i.e.,

where k = {1,2,3,..., M }.
Step 3. Eliminate all derivatives with respect to Z by taking the double layer integration
from 0 to & and from 0 to Iy, respectively and using integration by parts with integer

order terms. Then, (4.3) becomes
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£2 dm &1 7
— ) / / dg 51 d/?d&dfz + pPag(zy)u(zy)
&2 Ty
—2p? / asz(§2)u(&2)déa + p / / a2,zz(&1)u(&1)dE1dEs +p/ ai(§2)u(&2)dss
&2 1

“p / 1,0 (60) (60 ) de s + / / fol2)ii(€2)dérdEs

Tk &2 _
— / f(&)derdes + ¢ + 1Ty (4.4)

o Jo

where ¢ = —a2(0)u(0), ¢ = —a(0)@’(0) + a2, z(0)a(0) — a1 (0)u(0).
Case 1 m = 1. We can get rid of the first derivative of the first term of (4.4) by integrating
once with respect to & from 0 to &. Then by using assumption that lim, ,o+u'(z)(—z)™ ¢

exists then we have lim,_,0+% (p)(—p)L =7 exists and by (4.2), (4.4) becomes

F(’nfa_ a) /0 k m 1_ o ZZ(OJTL(EZ) + (1 — w)tu(Zit1))gii+1(€2)dé2

P (E) () — 202 / LT des + 2 / / .00 (€1)0(€1) €1
&
p / a1 (62)1(Ea)dEs — p / / a1 (€0)a(6)dé s + / / o (€2)1(E0)dé 1 dés

&2
- / | e +eo + e (4.5)
0 0

Case 2 m = 2. We can get rid of the second derivative of the first term of (4.4) by

integrating twice with respect to & and & from 0 to & and 0 to Ty, respectively. Then

by using (4.2), (4.4) becomes
N k—1

)m 1_ o Z(wﬂ(aﬁz) + (1 —w)u(Tiy1))qiir1(Tk)

=0

p
I'im—«

Tk &a
s (z) ) — 22 / H(E2)alE2)dEs + / / .0 (61)11(€1) €1

p / a1 (€2)(€2)dEs — p / /&ausl (€1)derdes + / /&am (&2)dé1dEs

&
_ / F(&2)derdes + co + c1 (4.6)
0 0

where cg and ¢; are arbitrary constants.

Step 4. Transform (4.5) or (4.6) into the matrix form.
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First, we transform the term

k-1
(wa () + (1 — w)u(Tiy1))Giiv1(Tw),
0

7=

for k € {1,2,3,..., M}, into Qu, where Q = [Qsj]amrx s, With

(1 —w)gi—1,:(Ts) if i = j,
Qij = 4 (1 —w)gi1(F:) +wqji(z) ifi> j, (4.7)
0 iti <y,
T
and u = [a(.@l) u(za) u(z3) ﬁ(a?M)}

By the first and the second order integration matrices using the shifted Chebyshev poly-
nomial which is described in Section 2.6 and equation (4.7), (4.5) or (4.6) can be written

in matrix form as

(e

I
F'm+1-a)

+pA*Biu — p(A*)*B; zu + (A*)?Bou + ¢F + 1% = (A*)?F.

(A*)Q_mQu S p2B2u = 2p2A*B2’fu + pQ(A*)zBQ@;fu

That is,
Ku + ¢E + ¢1% = (A*)?F, (4.8)

where, for m € {1,2},a€ (m—1,m)and B =a—m+1

F = [f(jl)ﬂf(f2)7f<j3)77f("i‘M)]T7
p* *\2—m 2 2 Ak 2/ A *\2
K = — 2 (A By — 2p°A*Bas + p2(A*)?Bo ss
Dimt1—a) A7) QTP B2 =27 ABos + 7 (A7)Bs,
+pA*B; — p(A*)?B1; + (A*)*By,
B, = diag(ai(i’l),C_Li(:fz),fli(i‘g),...,(_Li(i'M)) for 7 € {0,1,2},
Biﬂ—; = diag(c_ll-@(a_cl),&M(@),am(fg),...,(ii@(iM)) for 7 € {1,2},

Bozz = diag(aszz(71),a2,22(T2), G2,52(23), ..., G232 (Tr)),

E = [1,1,1,..,1]7and X = [Ty, T2, T3, ..., Tpr] .
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Step 5. Consider the boundary conditions which are @(0) = 0 and @(1) = b,. Then, we

have

M-1

u(0) = enTH(0) = tic = t(T%) ", (4.9)
n=0
M—-1

a(1) = enTi(1) = trc = t,.(T*) ', (4.10)
n=0

where t; = [1,—1,1,..., (=)™ 1] and t, = [1,1,1,..., 1].

Step 6. Construct the linear system (4.11) from (4.8), (4.9) and (4.10).

K E x| |u (A*)2F
t(T*)" 0 0f || = 0 . (4.11)
t. (T 0 0] | by

Then, the approximate solution can be found by solving the linear system (4.11). To

obtain the approximate solution u(x) for « € [0, b], we use transformation x = bz.

4.2 Numerical Examples

In this section, we use our proposed method to find the approximate solutions of
some linear FDEs. In each example, we use different error based on the results from each

corresponding paper that we would like to compare with.

Example 4.1. Consider a linear FDE with a € (1,2).

d2u 22—

prel Y

m +.%'2 +2, x€ (O,l), (412)

D*(u) +

with boundary conditions u(0) = 0 and u(1) = 1. The exact solution is u*(z) = z%. By

using our numerical algorithm, this problem can be written in the matrix form as

Ku + ¢oE + 1% = (A*)’F,
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where

2x2—o¢ 2x2—o¢
F 1 2 9 2 2 9
7F(3—a)+x1+ ’7F(3—a)+x2+ )
2x§_o‘ 9 23:2]\20‘ 5 T
e P — 2, .., — 2
F(3_a)+x3+ 5 ,F(3_a)+xM+ 5
1
K = —————Q+I+ (A"
I‘(3—a)Q+ + (A7)

For the boundary conditions, we have t;(T*)"'u = 0 and t,.(T*)"'u = 1. Therefore, we

solve the following linear system

K E x| |u (A*)’F
t(T*)~1 0 0| |c| = 0 : (4.13)
t.(T*)=' 0 0 |e 1

Finally, we obtain the approximate solutions w(z). In this example according to

Wen et al. [12], they used the FIM with trapezoidal rule and the error defined by

1225 (x) — uj(x)
E:MZ ‘u_

k=1 u;ifnaa: (x) ’

where v* and u are the exact and numerical solutions, respectively. Table 4.1 shows
the error E for our FIM using Chebyshev polynomials (CBS) when M = 10 with several
values of a. For each values of a, we give the optimal w that achieve the highest accuracy.
Then, the error E for our FIM using Chebyshev polynomials (CBS) compared with Wen
et al’s FIMs results [12] are shown in Tables 4.2 and 4.3 when the number of nodes are
equal. Also, the graph of the exact and approximate solutions are shown in Figure 4.1.

Note that w in Tables 4.2 - 4.3 are the optimal w that give the best accuracy for each a.



57

Table 4.1: The errors E for FIM (CBS) in Example 4.1 when M = 10

Q@ w E « w E
1.001 0.5  1.5150 x 1074 1.7 0.14 1.5272 x 1073
1.1 0.51 1.2287 x 10~* 1.9 0.05 6.5496 x 10~4
1.3 0.52 1.3868 x 1073 1.99 0 1.4920 x 10~
1.5 0.25 1.8318 x 1073 1.999 0 2.2748 x 1074

Table 4.2: The errors E for FIM (CBS) and FIM (TPZ) in Example 4.1 when M = 10
o) w FIM (CBS) FIM (TPZ)
1.001 0.5 1.5150 x 107* 2.5492 x 107°
1.1 051 1.2287 x10~* 3.1509 x 10~
1.5 025 1.8318 x 107 3.6165 x 1073
1.9 0.05 6.5496 x 10~* 1.3637 x 1072
1.999 0 22748 x 107* 1.7736 x 1072

Table 4.3: The errors E for FIM (CBS) and FIM (TPZ) in Example 4.1 when M = 20
o) w FIM (CBS) FIM (TPZ)
1.001 0.5 1.5070 x 107° 8.4525 x 1077
1.1 0.51 54347 x107° 1.0870 x 10~*
1.5 0.29 8.1860 x 10~* 1.5302 x 1073
1.9 0.06 3.5514 x 10~* 7.4245 x 1073
1.999 0  1.2338x107° 1.0311 x 1072

Example 4.2. Counsider a linear FDE with « € (1, 2).

d*u  d NGK 2N
v o WHULALOWGRUERN 4G — 234522+ 100 +2, 2 €(0,1),

D)+ 0 25, T(4—a) TB-a)

(4.14)

with boundary conditions u(0) = 0 and u(1) = 2. The exact solution is u*(x) = 2% + 22.

By using our numerical algorithm, this problem can be written in the matrix form as

Ku + ¢oE + 1% = (A*)?F,
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Figure 4.1: The graph of exact and approximate solutions of Example 4.1 with o = 1.5.

where

F r?f—_Z) F?f__(;) — B4 522 + 1021 + 2,
F?jf%__:) + F?gg__c;) = $§ + 51’% + 10z2 + 2,
F?zgiz) F?;v?,_‘z) — a3+ 523 + 1033 + 2,

s F((ii:%—;:) + F?g?\f_z) — o3+ 528, + 10z + 2 T’

K = pgo g (A0Q+T+2(a) - (A,

For the boundary conditions, we have t;(T*)"'u = 0 and t,.(T*)"'u = 2. Therefore, we

solve the following linear system

K E x| |u (A*)’F
(T 0 0| [eo| =] 0 (4.15)
t.(T*)"1 0 0| |e; 2

The error E are defined as the one in Example 4.1. Table 4.4 shows the error E for our
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FIM using Chebyshev polynomials (CBS) when M = 10 with different o and w. Also,
the graph of exact and approximate solutions are shown in Figure 4.2. Note that w in

Table 4.4 are the optimal w that give the best accuracy.

Table 4.4: The errors E for FIM (CBS) in Example 4.2 when M = 10

« w FE « w E
1.001  0.51 1.5010 x 10~* 1.7 0.14 1.9663 x 1073
1.1 052 95674 x 107° 1.9 0.04 93191 x 1073
1.3 0.54 1.2643 x 1073 199 0 14630 x 1074
1.5 025 21052x 1073 1999 0 14758 x 107°
0.2
”EI ...... 1 4 o 0 0 0a o ] 0.9 1

Figure 4.2: The graph of exact and approximate solutions of Example 4.2 with o = 1.5.
Example 4.3. Consider a linear FDE with a € (0,1).

d?u 63—
D~ - = 42346 0,1 4.16
(u)+dw2+u F(4_a)~l—x—|—x, z € (0,1), (4.16)

with boundary conditions u(0) = 0 and u(1) = 1. The exact solution is u*(x) = 2. By

using our numerical algorithm, this problem can be written in the matrix form as

Ku + ¢oE + ¢;% = (A*)’F,
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where

61,3—(1 6x3—o¢
F — [ 1 3 4 61y, 2 S 4 6y,
F(4_a)+a:1+ 1 F(4—o¢)+$2+ T2
6$§_a 3 61‘3)‘4_6“ 3 T
2 R B T
I‘(4—a)+$3+ x3 F(4—a)+xM+ T M
1
K = ———A"Q+I+(A")%
T@—a) Q-+1I+(AY)

For the boundary conditions, we have t;(T*)"'u = 0 and t,.(T*)"'u = 1. Therefore, we

solve the following linear system

K E x| |u (A*)?F
(T 0 0f |eo] = 0 : (4.17)
t.(T*)=' 0 0 |e 1

Finally, we obtain the approximate solutions u(z). In this example, according to
Bhrawy et al. [3], they used the shifted Chebyshev spectral tau (SCT) method and define
the error to be

By = max | Uk(l’> — UZ(ZU) ’?

where u* and u are the exact and numerical solutions, respectively. Table 4.5 shows the
error E for our FIM using Chebyshev polynomials (CBS) when M = 10 with with several
values of a. For each values of «, we give the optimal w that achieve the highest accuracy.
Then, the error E,,q, for our FIM using Chebyshev polynomials (CBS) comparing with
Bhrawy et al’s SCT method [3] are shown in Tables 4.6 when the number of nodes are
equal and o = 0.5. Also, the graph of the exact and approximate solutions are shown
in Figure 4.3. Note that w in Tables 4.6 is the optimal w for @ = 0.5 that give the best

accuracy.
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Table 4.5: The errors E for FIM(CBS) in Example 4.3 when M = 10

Q@ w E « w E
0.001 0.54 3.4276 x 1075 0.7 0.32 2.1657 x 10~*
0.1 0.53  3.3185 x 1075 0.9 0.14 1.8333 x 1074
0.3 0.49 3.4051 x 1075 0.99 0.02 7.4989 x 107°
0.5 0.43 1.3316 x 1074 0.999 0 3.4180 x 107°

Table 4.6: The errors E,,4, for FIM (CBS) and SCT in Example 4.3 when o = 0.5
M  w FIM (CBS) SCT

4 043 2.0190 x 107* 1.6 x 1077
8 043 3.4531 x107* 5.3 x10°8
16 0.44 2.1759 x 107% 2.3 x 10719
32 0.45 1.2561 x 107* 9.9 x 10713
64 0.47 5.3740 x 107° 1.0 x 10~

FMCES |
Exact Sol

Figure 4.3: The graph of exact and approximate solutions of Example 4.3 with o = 0.5.

Example 4.4. Consider a linear FDE with « € (0, 1).

Do )+d2u+6du+1 3.502 ¢ N 202 Ll 1o
U+ —-—5+-—+-u= —x2 4 —x
dz?  5dxr 5 T(B5-a) T'B—a) 5 5
s 15 1 12
+3z2 + Zet et 2, z€(0,1), (4.18)

with boundary conditions «(0) = 0 and u(1) = 2. The exact solution is u*(z) = 23 + 22.
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By using our numerical algorithm, this problem can be written in the matrix form as

Ku + ¢oE + 1% = (A*)’F,

where
- 3527 N 207 Ll L s 15 12
= —x -z €T —T — ,
I35—a) I'(B—a) 51 51771 ygom gl
3.525 ° 202 51, s 15 1 12
_ 2 _ 3 2 . 2 . 2
T(35—a) TB-a) 572 phtomtpntgnts
3.503 2037 gl e 158 12
- - T —x —x Sy
I35—-a) I(B—a) 53 ' 53773 T =T F™
3.5m§\2a 2 1 8 s 112 T
£ 2 = 3 2 . 2 - 2 ,
T(35-a) T@—a) 5 M5 T 38+ oyt gom
1 6 1
K = A" Q+I+_A"+ (A"
T oA Q1+ pA +5A)

For the boundary conditions, we have t;(T*)"'u = 0 and t,.(T*) 'u = 2. Therefore, we

solve the following linear system

K E x| |u (A*)2F
(Tt 0 0 [l =] 0 |- (4.19)
t(T)™0 0 0] |ey 2

Finally, we obtain the approximate solutions u(x). Table 4.7 shows the error E for
our FIM using Chebyshev polynomials (CBS) when M = 10 with different o and w. Also,
the graph of the exact and approximate solutions are shown in Figure 4.4. Note that w

in Table 4.7 are the optimal w that give the best accuracy.

Table 4.7: The errors E for FIM(CBS) in Example 4.4 when M = 10

@ w E « w E
0.001 0.53 3.5582 x 1075 0.7 0.33  2.9007 x 10~*
0.1 0.52  4.0456 x 107° 0.9 0.15 2.4695 x 10~*
0.3 0.48 8.0875 x 1073 0.99 0.02 5.0977 x 107°
0.5 0.43 1.6888 x 1074 0.999 0 2.3218 x 107°




FIMICES)
18+ EAJ.F‘.SA:‘
1.6 |
1.2
—
o8
06 |
0.4 |
02
0 -
o 0.1 0.2 0.3 L1 0.5 08 o 0.8 0.8
X

63

Figure 4.4: The graph of exact and approximate solutions of Example 4.4 with o = 0.5.

4.3 Further Observation

From Examples 4.1 and 4.2, for 1 < a < 2, we can see from Table 4.1 and 4.4 that

there is a relationship between « and the optimal w that gives the best accuracy as shown

in Figure 4.5. Similarly, for 0 < a < 1, Figure 4.6 shows the relationship between a and

the optimal w for Examples 4.3 and 4.4.

Exd,1
Exdd

Senega
=

Figure 4.5: The optimal w versus « from Examples 4.1-4.2 when M = 10.
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Figure 4.6: The optimal w versus «a from Examples 4.3-4.4 when M = 10.

Therefore, we automate choose w according to the interpolation polynomials that
interpolate the average of w from each to examples corresponding to the value of a. Thus,

we add Step 0 for choosing w in our numerical algorithm from section 4.2 as follow

Step 0 Choose w
For o € (0,1),
w = —0.6238a> + 0.3120a% — 0.2175a + 0.5397.

For a € (1, 2),

0.0775a + 0.4298 if1 <a<1.31,

—0.5643c + 1.1080 if 1.31 < a < 2.

However, if w obtained from these formulas is less than 0, then take w = 0. The

next two examples verify our suggestion about the optimal w.
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Example 4.5. Consider a linear FDE with « € (0, 1).

d2 d 24 41—« 2 2—a
u_'_iu_u: v —+ r +4$3+11.’L'2

D+ T 4 T(5—a)  T(3-a)

+2z—axt+2, ze(0,1), (4.20)
with boundary conditions 4(0) = 0 and u(1) = 2. The exact solution is u*(z) = z* + 22.

By using our numerical algorithm with Step 0, we can see that our suggested w is a good

approximation for the optimal w of this problem as shown in Table 4.8 and Figure 4.7.

Table 4.8: The errors E for FIM(CBS) in Example 4.5 when M = 10

Q optimal w E
0.001 0.54 3.4169 x 107°
0.01 0.53 3.8895 x 107°
0.1 0.52 3.9675 x 107°
0.3 0.49 4.2996 x 107
0.5 0.43 1.2478 x 10~*
0.7 0.33 2.1812 x 1074
0.9 0.14 1.9063 x 10~
0.99 0.02 5.1359 x 107°
0.999 0 2.6051 x 107°

a suggested w E
0.001 0.5395 3.0160 x 1075
0.01 0.5376 2.4006 x 107°
0.1 0.5204 3.3041 x 1075
0.3 0.4857 5.6484 x 107°
0.5 0.4310 1.2458 x 1074
0.7 0.3264 2.1634 x 104
0.9 0.1419 1.8140 x 1074
0.99 0.0249 1.1259 x 1074
0.999 0.0119 1.4497 x 1074
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Figure 4.7: The optimal w and suggested w in Examples 4.5 when M = 10.

Example 4.6. Consider a linear FDE with o € (1,2).

2 3—a 2—a 11—«
6x 2z x
D* 4 2u=
W+ P2 = ta=a T T T Te—a)
+ 2234+ 222+ 8z +2, z€(0,1), (4.21)

with boundary conditions u(0) = 0 and u(1) = 3. The exact solution is u*(z) = x3 +
22 + x. By using our numerical algorithm with Step 0, we can see that our suggested w is
a good approximation for the optimal w of this problem as shown in Table 4.9 and Figure

4.8.



Table 4.9: The errors E for FIM(CBS) in Example 4.6 when M = 10

« optimal w E
1.001 0.51 9.6872 x 107
1.01 0.51 8.6439 x 107°
1.1 0.53 1.6900 x 104
1.3 0.26 1.5695 x 1073
1.5 0.24 1.6789 x 103
1.7 0.12 1.1829 x 1073
1.9 0.04 4.2573 x 1074
1.99 0 1.1761 x 10~*
1.999 0 1.1957 x 10~°

« suggested w E
1.001 0.50738 1.0872 x 10~°
1.01 0.50808 9.5303 x 107°
1.1 0.48727 4.6312 x 1074
1.3 0.37441 1.5738 x 1073
1.5 0.26155 1.7960 x 1073
1.7 0.14869 1.2926 x 1073
1.9 0.03538 4.4215 x 1074
1.99 0 1.1761 x 10~
1.999 0 1.1957 x 107°

st s

omaga

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.8
alpha

Figure 4.8: The optimal w and suggested w in Examples 4.6 when M = 10.



CHAPTER V

CONCLUSIONS

5.1 Conclusion of This Work

As we can see in Chapter III that by using forward difference and Crank-Nicolson
method, we can construct the numerical procedures based on the FIM using Chebyshev
polynomials suggested by Duangpan [4] to give a lot better accurate result comparing
to other traditional FIMs. This better accuracy can be obtained even through we use a
few numbers of computational points and a few number of time step. This thesis shows
how to handle time-dependent second order linear PDEs. However, the same idea can be

extended to the time-dependent linear PDEs of higher order as well.

In Chapter IV, we obtain a preliminary result in terms of having an algorithm
to find the numerical solution for second order linear FDEs. The results show that for
a € (0,1) and « € (1,2) then our method works very well. We also notice that in terms

of the procedure, our numerical algorithm can be extended to solve FDEs of higher order.

5.2 Future Works

In this section, we propose the plan for the future works to extend our research as
follows:

1. We would like to apply FIM by using Chebyshev polynomials to solve nonlinear
differential equations.

2. We would like to improve our FIM by using Chebyshev polynomials for solving
differential equations with other kind of boundary conditions namely, Neumann and Robin
boundary conditions.

3. We would like to improve our FIM by using Chebyshev polynomials for solving
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linear FDEs for multi-order in Riemann-Liouville sense.
4. We would like to improve our FIM by using Chebyshev polynomials for solving

partial fractional order linear differential equations.
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We use MatLab to devise the code for computing our numerical solution using our
proposed algorithms for each example in this research. In this appendix we would like to
show the examples of code, which is the linear systems that are solved by the Gaussian
elimination method in one-dimensional linear PDEs and using the Moore-Penrose Pseu-
doinverse for finding inverse to solving the linear systems in two-dimensional linear PDEs

and linear FDEs.
APPENDIX A: MatLab code for calculating one-dimensional problems

Example Al. We consider Example 3.1

ou  ,0%u ou 9 ot
Friak @—i-Zxa—x—i-u—(x +2x)e"™", x€(0,1),

u(z,0) =", x€[0,1],

u(0,t) = ¢!, w(l,t) =€t t>0.

The exact solution is u(z,t) = "', Thus, for L" = (4B} — 8ABj ; + 4A%BY L) +

l,xzx

(2AB; — 2A2B’2"73—£) + A®BY%, where r € {j,5 + 1}, we can construct the linear system as

following;:
%AQ -t E x| [wt! (%A2 A5 Lj>uj + A2(f 4 P11
t, 7! 0 0 co | = elitt
t, T! 0 0 c1 eli+1+l
1 |function Ex1CBS
N = 40; % Number of nodes
a=0; % Left boundary
b=1; % Right boundary
time = 1;
tao = 0.01;

t = 0:tao:time;

xbar = -cos((2*%(1:N)+1) /(2% (N+1))*pi);

© oo N O ot s W N

% Construct A —————————————— -




10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

T(:,1)

ones(N,1);
T(:,2) = xbar;
for i = 2:N
T(:,i+1) = 2*xbar'.*T(:,i)-T(:,i-1);
end

Tbar(:,1) = xbar+1;

Tbar(:,2) = (xbar."2-1)/2;
for i = 2:N-1
Tbar(:,i+1) = (T(:,i+2)/@G+1)-T(:,1)/(G-1))/2-(-1)"i/(1i"2-1);
end
Tinv = inv(T(:,1:N));

A = Tbar*Tinv; % First order integration matrix
% Boundary Conditionsg ~=-—==r—————==—==———————
for i = 1:N

t01(i) = (-1)7(i-1);

tor(i) = (1~@E-1);
end
% Construct Block Matrix —=————=———=——s—r—————————
X = [xbar' ones(N,1)]; % Block matrix at P(1,2)
Y = [t01*Tinv; tOr*Tinv]; % Block matrix at P(2,1)
Z = [0 0; 0 0]; % Block matrix at P(2,2)
% Set Parameters ——--——————-—————————————————————
k = 2/(b-a);
x = ((b-a)*xbar+a+b)/2; %Transform x into [a,b]
% Solve u and Find Error --—---——-————————————————————————
u = exp(x'); %Initial condition
U= u,;
tj= 0;
for i = 2:length(t)

Bl = diag(((xbar'+1)/2).72);

B2 = diag(2*(xbar'+1)/2);

74




41
42
43
44
45

46

47
48
49
50
51
52
53
54
95
56
57
o8
59
60
61
62
63
64

B3 = diag(ones(1,N));

B11

diag((xbar'+1)/2);

B22

diag(ones(1,N));

B111= diag(1/2%ones(1,N));

L1 = ((k72%B1)-(2%k™2xA*B11)+(k~2+A"2%B111) )+ ((k*A*B2) - (k*A~2%

B22))+(A"2%B3) ;

LO = ((k~2%B1)-(2%k~2%A*B11)+(k~2%A~2%B111))+((k*A*B2) - (k*A~2x*

B22))+(A™2%B3) ;

fO = -(x'.72+(2%x"')) . xexp(x'+t]);

f1 = -(x'.72+(2%x')) .*exp(x'+tj+tao);

W = (2/tao)*A"2-L1;

F = ((2/tao)*A~2+L0) *u(1:N)+(A~2x (f0+f1));

P=[WX;YZ]; %Construct Block Matrix

q = [F; exp(tj+tao); exp(tj+tao+l)];

u = pinv(P)*q; % Approximate solutions.
tj= tj+tao;

end

ex = exp(x'+time); % Analytical solutions

E = 1/N*sum(abs((ex-u(1:N))./ex)) % average relative error

[x' ex u(1:N)];

% Plot Solution ————————————————

plot(x,u(1:N),'o');
hold on;

y = linspace(0,1,100);
e = exp(y+time)';

plot(y,e);
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Example A2. We consider Example 3.2

0 02 0
8717: — xQeta—;; + xeta—z +u —4z%e*, 2 €(0,2),

u(z,0) =22 +1, 2 €0,2],

u(0,t) = €', w(2,t) =5et, t>0.

The exact solution is u(z,t) = e’(2* +1). Thus, for L" = (B] — 2AB] ; + A’BT )+

1,7

(AB} — A? 5z) + A?Bj, where r € {j,j + 1}, we can construct the linear system as

following;:
242 Y B x| [wit (2A% + L)l + A%(F7 +£911)
tlT_1 0 O co s eti+
t, T~ 0 0| | a 5eli+
1 |function Ex2CBS
2 [N = 40; % Number of nodes
3 la = 0; % Left boundary
4 b= 2; % Right boundary
5 |time = 1;
6 |[tao = 0.001;
7 |t = 0:tao:time;
8 |xbar = -cos((2*x(1:N)+1)/ (2% (N+1))*pi);
9 |% Construct A ———————————————————
10 |T(:,1) = ones(N,1);
11 |T(:,2) = xbar;
12 |for i = 2:N
13 T(:,i+1) = 2*xbar' . *T(:,i)-T(:,i-1);
14 |end
15 |Tbar(:,1) = xbar+1;
16 |Tbar(:,2) = (xbar.”2-1)/2;
17 |for i = 2:N-1
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Tbar (:,i+1) = (T(:,i+2)/(i+1)-T(:,1)/(i-1))/2-(-1)"i/(i"2-1);
end
Tinv = inv(T(:,1:N));
A = Tbar*Tinv; % First order integration matrix
% Boundary Conditions ——--—=-—=——=————————————m oo
for i = 1:N

t01(i) = (1)~ (@-1);

tor(i) = (1~3GE-1);
end
% Construct Block Matrix ———r==—=——————=———————
X = [xbar' ones(N,1)]; % Block matrix at P(1,2)
Y = [t01*Tinv; tOr*Tinv]; % Block matrix at P(2,1)
Z=1[00; 00]; % Block matrix at P(2,2)
% Set Parameters ~—-=——r-r==7-rT--—-=—S-—-—--——————————————————
k = 2/(b-a);
x = ((b-a)*xbar+a+b)/2; %Transform x into [a,b]
% Solve u and Find Error ————————————————————
u= (x'.72)+1; %Initial condition
U = u;
tj= 0;
for i = 2:length(t)

Bl = diag(((xbar'+1).72)*exp(tj));

B2 = diag((xbar'+1)*exp(tj));

B3 = diag(ones(1,N));

B11l = diag(2*(xbar'+1)*exp(tj));

B22 = diag(exp(tj)*ones(1,N));

B111= diag(2*exp(tj)*ones(1,N));

Blj = diag(((xbar'+1).72)*exp(tj+tao));

B2j = diag((xbar'+1)*exp(tj+tao));

B3j = diag(ones(1,N));

B11j = diag(2*x(xbar'+1)*exp(tj+tao));
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B22j = diag(exp(tj+tao)*ones(1,N));
B111j= diag(2*exp(tj+tao)*ones(1,N));
L1 = ((k™2*%B1j)-(2xk™2*A*B11j)+(k™2xA~2%B111j) )+ ((k*A*B2j) - (k*
A~2xB22j))+(A"2%B3j) ;
LO = ((k™2*%B1)-(2+k™2*AxB11)+(k~2*A"2xB111) )+ ((k*A*B2) - (k*xA~2x*
B22))+(A"2xB3);
fO = -(4*x'.72) . *exp(2*tj);
f1 = -(4*x'.72) .xexp(2*(tj+tao));
W = (2/tao)*A"2-L1;
F = ((2/tao)*A™2+L0)*xu(1:N)+(A~2x(£f0+£1));
P=I[WZX; Y Zl; %Construct Block Matrix
q = [F; exp(tj+tao); b*exp(tj+tao)];
u = pinv(P)*q; % Approximate solutions.
tj= tj+tao;
end
ex = (x'.72+1)*exp(time); % Analytical solutions
E = 1/Nxsum(abs((ex-u(1:N))./ex)) 7 average relative error
[x'" ex u(1:N)];
% Plot Solution gii~~sg=—————————o==~fg ——————————————————————————
plot(x,u(1:N),'o");
hold on;
y = linspace(0,2,100);
e = (y.72+1)*exp(time)';
plot(y,e);

Example A3. We consider Example 3.3

2
21: = ng:;; + tgz + 2?u + 2tsin(x + 1) — t3cos(xz + 1), z € (0,1),

u(x,0) =0, z€]0,1],

u(0,t) = t*sin(1), wu(1,t) = t*sin(2), t>0.
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The exact solution is u(z,t) = ¢*sin(z+1). Thus, for L" = (4B] —8AB] , +4A%BY )+

1,%%

A? 5, where r € {j,j + 1}, we can construct the linear system as following:

© 00 N O Ot ke W NN

NN NN NN = e = e e e
NG V=R o c RN B > B G S L\ VR )

ZA? LI E ! (ZA?+ L)/ + A*(f7 +£71)

t,;T! 0 co | = t5,, sin(1)

@) o bl

t, T 0 c1 t?H sin(2)

function Ex3CBS
N = 40; % Number of nodes
a=0; % Left boundary

b

I
[

% Right boundary
time = 1;

tao = 0.001;

t = 0:tao:time;

xbar = -cos((2*%(1:N)+1) /(2% (N+1))*pi);

% Construct A —————————=—=——=—m———— oo

T(:,1) ones(N,1);
T(:,2) = xbar;
for i = 2:N
T(:,i+1) = 2%xbar'.*T(:,i)-T(:,i-1);

end

Tbar(:,1)

xbar+1;
Tbar(:,2) = (xbar."2-1)/2;
for i = 2:N-1

Tbar(:,i+1) = (T(:,i+2)/(Gi+1)-T(:,1)/(1i-1))/2-(-1)"i/(i72-1);
end
Tinv = inv(T(:,1:N));
A = Tbar*Tinv; % First order integration matrix
% Boundary Conditions ————-——————————————————————
for i = 1:N

t01(i) = (1)~ (i-1);
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tor(i) = (1~@E-1);
end
% Construct Block Matrix
X = [xbar' ones(N,1)];
Y = [t01*Tinv; tOr*Tinv];
Z = [00; 00];
%, Set Parameters
k = 2/(b-a);
x = ((b-a)*xbar+a+b)/2;

% Solve u and Find Error

[=]
Il

tj=

for

zeros(1,N)';

u;

0;

i = 2:length(t)

B1

B2

B3
B11 =
B22 =
B111=
B1j =
B2j =
B3j =
B11j

B22j

B111j

L1 = ((k~2%B1j)-(2%k™~2%A*B11j)+(k~2*%A~2+B111j))+((k*A*B2j) - (k*

diag(((xbar'+1)/2).72);

diag(ones(1,N)*tj);

diag(((xbar'+1)/2).72);
diag((xbar'+1)/2);
diag(ones(1,N)*0);
diag(1/2*ones(1,N));
diag(((xbar'+1)/2).72);
diag(ones(1,N)*(tj+tao))

diag(((xbar'+1)/2).72);

diag((xbar'+1)/2);

diag(ones(1,N)*0);

= diag(1/2%ones(1,N));

A~2%B22j))+(A"2xB3j) ;

LO = ((k™2%B1)-(2%k™2xA*B11)+(k~2+A~2%B111) )+ ((k*A*B2) - (k*A~2%

B22))+(A"2xB3) ;

% Block matrix at
% Block matrix at

% Block matrix at

%Initial condition

bl

f0 = 2xtj*sin(x'+1)-tj ~3*cos(x'+1);
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f1 = 2x(tj+tao)*sin(x'+1)-(tj+tao) “3*cos(x'+1);

W = (2/tao)*A"2-L1;

F = ((2/tao)*A~2+L0)*u(1:N)+(A~2x(f0+£f1));
P=1[WX;YZ]; %Construct Block Matrix
q = [F; (tj+tao) 2xsin(1); (tj+tao) " 2xsin(2)];

u = pinv(P)*q; % Approximate solutions.
tj= tj+tao;

end
ex = time™2*sin(x'+1); % Analytical solutions
E = 1/Nxsum(abs((ex-u(1:N))./ex)) 7 average relative error

[x' ex u(1:N)];

% Plot Solution ———=-—===-—————=——=-———— o

plot(x,u(1:N),'0");

hold on;
y = linspace(0,1,100);
e = time " 2*sin(y'+1);

plot(y,e);
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APPENDIX B: MatLab code for calculating 2-dimensional problems

Example B1. We consider Example 3.4

8U 2 2 82U 2 2 82U 8U au
— = 1)~ D)r—s + 20— +2y—
5 (z +y+)8x2+(:c +y+)8y2+ zo+ Y,

—2u+[1—2(z® + y® + x +y))es VT,
u(@,y,0) =",
u(z,0,t) = e w(x,1,t) =T 2 c0,1],

u(0,y,t) = e¥*, u(l,y,t) =Ty e 0,1],

82

where ¢ € [0,1] and exact solution is u(z,y,t) = €% Thus, for Z" = pQAz(c_v’l" -

2A,04 ;+ A0 55) + P AL(GL—2A 85 ; + AT ) +pAL AL (0L~ Agll ;) +qAT A, (@) —

AydzyguT)—i—AiAzdg, where r € {j, j+1}, we can construct the linear system as following:

_Ag,Af/% -7 Xe, &, YO, <I>$_ [ wit]
T, 0 o -+ 0 fo
T, 0 o - 0 f1
T,P! : = g
T, P! Et—¥) 0 g,
_<A§A§% + Zj>uj +AZAZ(FT 4 )
i1
- Pyt ,
Gt
G%’Jrl
1 |function PDECBS1
2 |N1 = input('Enter N1 : '); % # Nodes along x
3 |N2 = input('Enter N2 : '); % # Nodes along y
4 |M = N1*N2; % # Total points
5 |N = 2x(N1+N2); % # Boundary points
6 |time = 1; % # Time
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tao = 0.01;

ct
I

O:tao:time;

[0]
I

0(x,y) exp(x+y+time);

% Discretize Domain ---————--———————-

a=0; b=1;
c=0;d=1;

k

2/(b-a); h = 2/(d-c); p = [1;
—cos((2x(1:N1)-1)/(2+N1) *pi) ;

xbar

ybar = -cos((2%(1:N2)-1)/(2*N2)*pi);
x = ((b-a)*xbar+a+b)/2;
y = ((d-c)*ybar+c+d)/2;
for j = 1:N2
for i = 1:N1

p = [p; xbar(i) ybar(j)]1;

end
end
x1 = p(:,1)"; x2 = ((b-a)*xl+a+b)/2;
yl = p(:,2)'; y2 = ((d-c)*yl+c+d)/2;

% First Order Integration Matrix ----

P = Transformation(N1,N2);

Ax

BlockCBS(xbar,N1,N2);

Ay = P*BlockCBS(ybar,N2,N1)*P';

% Set Parameters —--—-————————————————-

>
"

diag(x2);

<
I

diag(y2);

Px

PhiC(x1,N1,M);

Py = PhiC(y1,N2,M);

% Construct Block Matrix ----——————-—-

exp (x2+y2) ';

o
I

U= u,;

tj= 0;

% Exact solution

% Left & Right bounded

% Bottom & Upper bounded

% Discretize x in [-1,1]
% Discretize y in [-1,1]
% Transform xbar into [a,b]

% Transform ybar into [c,d]

% Diagonal matrix of xbar
% Diagonal matrix of ybar
% Phix matrix

% Phiy matrix

% Initial value
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for i = 2:length(t)
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allj = diag(x2.72+y2.72+1);
allxj = diag(x2);

alixxj = diag(0.5%ones(1,M));
al2j = diag(x2.72+y2.72+1);
al2yj = diag(y2);

al2yyj = diag(0.5%ones(1,M));
al3j = diag(2#*x2);

al3xj = diag(ones(1,M));

aldj = diag(2%y2);
aldyj = diag(ones(1,M));

al5j

diag(-2*ones(1,M));

alljl = diag(x2.72+y2.72+1);

allxj1l = diag(x2);

allxxjl = diag(0.5*ones(1,M));

al2jl = diag(x2.72+y2.72+1);

al2yj1l = diag(y2);

al2yyjl = diag(0.5*ones(1,M));

al3jl = diag(2*x2);

al3xjl = diag(ones(1,M));

al4jl = diag(2*y2);

aldyjl = diag(ones(1,M));

al5jl = diag(-2*ones(1,M));

Z1 = ((k™2*%Ay~2)*(alljl-2*Ax*allxjl+Ax"2*allxxjl)+(h™2%xAx"~2)*(
al2j1-2xAy*al2yjl+Ay~2*al2yyjl) + (k*xAx*Ay~2) * (aldjl-Ax*
aldxj1)+(h*Ay*Ax~2)*(al5j1-Ay*albyj1)+(Ax"2xAy~2*al6jl)) ;

Z0 = ((k™2*xAy~2)*(allj-2*xAx*allxj+Ax"2*allxxj)+(h™2xAx"2) *(
al2j-2*Ay*al2yj+Ay~2*al2yyj)+(kkxAx*Ay~2)* (aldj-Ax*aldxj)+(h
*Ay*Ax~2)* (al5j-Ay*albyj)+(Ax"2xAy~2%al6j)) ;

£j1 = (1-2%(x2.72+y2.72+x2+y2)) . xexp (x2+y2+t j+tao) ;

% Right side fn j+1.
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£j = (1-2%(x2.72+y2.72+x2+y2) ) . xexp (x2+y2+tj) ;

% Right side fn j.

% Boundary Conditions

gl

gr

gb

gu

[T1 wl]

[Tr
[Tb
[Tu
B11
B12
B21

B22

% Solve
u=
tj=

end

U

w

U

[

[(Ax™2%Ay~2% (2/ta0)+Z0)*u (1 :M)+(Ax"2*xAy~2) * (£j1'+fj'); wl

u and Find Error

p
t

@(y) exp(y+tj+tao);
Q(y) exp(y+tj+tao+l);
@(x) exp(x+tj+tao);

Q(x) exp(x+tj+tao+l);

r] = BoundC5(xbar,y, 1,N1,N2,gr);
b] = BoundC5(ybar,x,-1,N2,N1,gb);

u] = BoundC5(ybar,x, 1,N2,N1,gu);

Ax~2xAy~2+%(2/tao)-Z1;
[X*Py Py Y*Px Px];

[T1; Tr; Tb*P'; TuxP'];
zeros (N) ;

B11 B12; B21 B22];

; wr'; wb'; wu'l;

inv(B) *c;

jttao;

uf = u(1:M);

S

E

% Plot Solution and Surface

e(x2,y2);

1/M*sum(abs((s'-uf)./s'))

plot(1:M,uf,'o'); hold on;

plot(1:M,s);

grid on; grid minor;

[X,Y] = meshgrid(0:0.02:1,0:0.02:1);

Z = e(X,Y); figure; surf(X,Y,Z);

BoundC5 (xbar,y,-1,N1,N2,g1) ;
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% Left bound fn.
% Right bound fn.
% Bottom bound fn.

% Upper bound fn.

% Block matrix at B(1,1)
% Block matrix at B(1,2)
% Block matrix at B(2,1)

% Block matrix at B(2,2)

% Approximate solutions
% Analytical solutions

% Average relative error
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95 |disp([x2' y2' s' ufl); %, Display the solutions

Example B2. We consider Example 3.5

ou ?
_ $2€t7u + ert

0* 9] 0
i 972 Tzt 4 yet—u +u — (da?e? + dy?e?),

Oy? Ox oy
u(z,y,0) = 22 + % + 1,

u(z,0,t) = el(x? + 1), u(z,1,t) =€ (2?2 +5), z€l0,2],

u(0,y,t) = ' (y* + 1), u(l,y,t) =€(y>+5), yel0,2],

where ¢t € [0,1] and exact solution is u(w,y,t) = ef(z? + y*> + 1). Thus, for Z" =
PrAL(a] —2A,a] i+ Alal )+ P Al (ah—2A,a5 ;+ Ajal o)+ pAL AL (@h — Al ;) +
inAy (dZ—Aydigu’”)—kAiAzdg, where r € {j,j+1}, we can construct the linear system

as following:

_AgAgg -7t Xe, @, YO, <1>$_ [ wit]
T 0 o -~ 0 fo
T, 0 o - 0 f1
T,P~! 2 —t) g0
T, P! o0 M4 Q g,
_<A§A§% + Zj>uj FAZAZFT )]
F{-ﬁ-l
- Py ,
Gitt
G%’Jrl
1 |function PDECBS2
2 |N1 = input('Enter N1 : '); % # Nodes along x
3 |N2 = input('Enter N2 : '); % # Nodes along y
4 |M = N1*N2; % # Total points
5 |N = 2x(N1+N2); % # Boundary points
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time = 1;
tao = 0.1;
t = 0:tao:time;

Discretize Domain

a=0; b=2;
c=0;d-=2;
k = 2/(b-a); h =2/(d-c); p = [1;
xbar = —cos((2*x(1:N1)-1)/(2*N1) *pi);
ybar = -cos((2%(1:N2)-1)/(2+N2)*pi); 7
x = ((b-a)*xbar+a+b)/2;
y = ((d-c)*ybar+c+d)/2;
for j = 1:N2

for i = 1:N1

p = [p; xbar(i) ybar(j)];

end

end

x1 = p(:,1)"; x2

yl = p(:,2)"; y2 = ((d-c)*yl+c+d)
% First Order Integration Matrix
P = Transformation(N1,N2);

Ax

BlockCBS (xbar,N1,N2);

Ay = P*BlockCBS(ybar,N2,N1)*P"';

A

Set Parameters

diag(x2);

diag(y2);

Px

PhiC(x1,N1,M);

Py = PhiC(y1,N2,M);

/A

Construct Block Matrix

(x2.72+y2.72+1) ';

u;

Q(x,y) exp(time).*(x.72+y."2+1);

% # Time

% Exact solution

b
b

Left & Right bounded

Bottom & Upper bounded
% Discretize x in [-1,1]
Discretize y in [-1,1]
b
T

Transform xbar into [a,b]

Transform ybar into [c,d]

((b-a)*x1+a+b)/2;

/2;

%» Diagonal matrix of xbar
/» Diagonal matrix of ybar
% Phix matrix
% Phiy matrix

% Initial value
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tj= 0;
for i = 2:length(t)
allj = diag(exp(tj).*(x2.72));
alixj = diag(2*exp(tj).*x2);
allxxj = diag(2*exp(tj).*ones(1,M));
al2j = diag(exp(tj).*(y2.72));
al2yj = diag(2*exp(tj).*y2);
al2yyj = diag(2*exp(tj).*ones(1,M));
al3j = diag(exp(tj).*x2);
al3xj = diag(exp(tj).*ones(1,M));

al4j

diag(exp(tj) .*y2);
aldyj = diag(exp(tj) .*ones(1,M));

alsj = diag(ones(1,M));

alljl = diag(exp(tj+tao) .*(x2.72));

allxjl = diag(2*exp(tj+tao) .*x2);

alixxjl = diag(2*exp(tj+tao) .*ones(1,M));

al2j1 = diag(exp(tj+tao) .*(y2.72));

al2yjl = diag(2*exp(tj+tao).*y2);

al2yyjl = diag(2*exp(tj+tao) .*ones(1,M));

al3jl = diag(exp(tj+tao).*x2);

al3xjl = diag(exp(tj+tao) .*ones(1,M));

aldjl = diag(exp(tj+tao).*y2);

al4yjl = diag(exp(tj+tao) .*ones(1,M));

alsjl = diag(ones(1,M));

Z1 = ((k"2*Ay~2)*(alljl-2%Ax*allxjl+Ax"2*allxxjl)+(h™2xAx"~2) *(
al2j1-2xAy*al2yjl+Ay~2*al2yyjl)+(k*Ax*xAy~2)*(al3j1-Axx*
al3xj1)+(hxAy*Ax~2) * (aldjl-Ay*aldyjl) +(Ax~2%Ay~2+%al5j1)) ;

Z0 = ((k"2*Ay~2)*(allj-2*Ax*allxj+Ax"2*allxxj)+(h™2xAx~2) *(
al2j-2xAy*al2yj+Ay~2*al2yyj)+(kxAxxAy~2)*(al3j-Ax*al3xj)+(h
*Ay*Ax~2) * (aldj-Ay*aldy])+(Ax~2%Ay~2%al5j)) ;

£j1 = (-4xexp(2x(tj+tao)) .*(x2.72+y2.72)); ' Right side fn j+1
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fj = (-4*xexp(2*tj) .*(x2.72+y2.72)); ' Right side fn j.
% Boundary Conditions ————=————————=—————————————————
gl = @(y) exp(tj+tao).*(y. 2+1); % Left bound fn.
gr = @(y) exp(tj+tao).*(y. 2+5); % Right bound fn.
gb = @(x) exp(tjt+tao).*x(x.72+1); % Bottom bound fn.
gu = @(x) exp(tj+tao).*(x.72+5); % Upper bound fn.
[T1 wl] = BoundC5(xbar,y,-1,N1,N2,gl);
[Tr wr] = BoundC5(xbar,y, 1,N1,N2,gr);
[Tb wb] = BoundC5(ybar,x,-1,N2,N1,gb);
[Tu wul = BoundC5(ybar,x, 1,N2,N1,gu);
B11l = Ax™2*xAy~2%(2/tao)-Z1; % Block matrix at B(1,1)
B12 = [X*Py Py Y*Px Px]; % Block matrix at B(1,2)
B21 = [T1; Tr; Tb*P'; TuxP']; % Block matrix at B(2,1)
B22 = zeros(N); % Block matrix at B(2,2)
B = [B11 B12; B21 B22];
¢ = [(Ax™2%Ay~2% (2/ta0)+Z0)*u (1:M)+(Ax~2%Ay~2)* (£j1'+£j'); wl
s wr'; wb'; wu'l;
% Solve u and Find Error —-—-—-——==—=-——————————————————
u = pinv(B)*c;
tj= tj+tao;
end
uf = u(1:M); % Approximate solutions
s = e(x2,y2); % Analytical solutions
E = 1/Mxsum(abs((s'-uf)./s')) % Average relative error
% Plot Solution and Surface ———————————————————————————————————

plot(1:M,uf,'o'); hold on;
plot(1:M,s);

grid on; grid minor;

[X,Y] = meshgrid(0:0.02:2,0:0.02:2);

Z = e(X,Y); figure; surf(X,Y,Z);

89
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93 |disp([x2' y2' s' ufl); %, Display the solutions

Example B3. We consider Example 3.6

ou 5  9.0%u 5 5 0% ou ou
—— = Z - 2 - 2 -
5 (x +t)ax2—|—(y +t)8y2+(:c+t)8x+(y+t)ay
+ [(2% 4 32 + 26212 + 2] sin(x +y + 1) — (22 4 2y + 2t)t2 cos(z + y + 1),
u(z,y,0) =0,

u(z,0,t) = t*sin(z + 1), wu(z,1,t) = t*sin(z +2), = €[0,1],

u(0,y,t) = t?sin(y + 1), u(l,y,t) = t*sin(y +2), y € [0,1],

where ¢ € [0,1] and exact solution is u(x,y,t) = t?sin(z + y + 1). Thus, for Z" =
PPAL(a] —2A,a] i+ Alal )+ P A% (ah—2A,a5 ;+ Ajal o)+ pAL AL (ah — Al ;) +

qA2A, (@] — Ayaju”), where r € {j,j + 1}, we can construct the linear system as

following:
_A§A§% -7zt X®, &, YO, <I>x_ [ wi+1]
T; 0 F-g 0 fo
i NS 0 U CAY O f
T,P ]
T, P! gviigricd e g, g,
_<A§A§% + Zj>uj +AZAYE )]
F{-i—l
- By ,
G{—H
Gt
1 |function PDECBS3
2 |N1 = input('Enter N1 : '); % # Nodes along x
3 |N2 = input('Enter N2 : '); % # Nodes along y
4 |M = N1*N2; % # Total points
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N = 2% (N1+N2);

time = 1;
tao = 0.1;
t = 0:tao:time;

e = 0(x,y) time 2*sin(x+y+1);

% Discretize Domain ——-——————————————————— -

a=0; b=1;
c=0;d=1;
k = 2/(b-a); h = 2/(d-c); p = [1;

xbar = -cos((2*%(1:N1)-1)/(2xN1)*pi);

ybar = -cos((2%(1:N2)-1)/(2*N2)*pi);

X ((b-a)*xbar+a+b)/2;

y ((d-c)*ybar+c+d) /2;
for j = 1:N2
for i = 1:N1
p = [p; xbar(i) ybar(j)];
end

end

x1

pC:, )" x2 ((b-a)*x1+a+b)/2;

pC:,2)'; y2

y1 ((d-c)*yl+c+d) /2;

% First Order Integration Matrix ---------—-——-——————————————————

P = Transformation(N1,N2);

Ax = BlockCBS(xbar,N1,N2);

Ay = P*BlockCBS(ybar,N2,N1)*P';

% Set Parameters ————————————————m—m

X

diag(x2);
Y

diag(y2);

Px = PhiC(x1,N1,M);

Py = PhiC(y1,N2,M);

% Construct Block Matrix —-----————————————————————————— o

u = zeros(M,1);

b
b

b
b
b
bo

b
T
b
b

T
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% # Boundary points

% # Time

% Exact solution

Left & Right bounded

Bottom & Upper bounded

Discretize x in [-1,1]
Discretize y in [-1,1]
Transform xbar into [a,b]

Transform ybar into [c,d]

Diagonal matrix of xbar
Diagonal matrix of ybar
Phix matrix

Phiy matrix

Initial value



36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
95
56
57
o8
59

60

61
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U = u;

tj= 0;

for i = 2:length(t)
allj = diag(x2.72+tj"2);
allxj = diag(x2);
allxxj = diag(0.5xones(1,M));
al2j = diag(y2.72+tj"2);
al2yj = diag(y2);
al2yyj = diag(0.5%ones(1,M));
al3j = diag(2*x2+tj);
al3xj = diag(ones(1,M));

aldj

diag(2*y2+tj);

aldyj = diag(ones(1,M));

alljl = diag(x2.72+(tj+tao)2);

allxjl = diag(x2);

alixxjl = diag(0.5%ones(1,M));

al2jl = diag(y2. 2+(tj+tao)~2);

al2yjl = diag(y2);

al2yyj1l = diag(0.5%ones(1,M));

al3jl = diag(2*x2+tj+tao);

al3xjl = diag(ones(1,M));

aldjl = diag(2*y2+tj+tao);

al4yj1l = diag(ones(1,M));

Z1 = ((k™2*%Ay~2)*(alljl-2*Ax*allxjl+Ax"2*allxxjl)+(h™2%xAx"~2)*(
al2j1-2xAy*al2yjl+Ay~2xal2yyjl)+(k*AxxAy~2) * (al3jl-Ax*
al3xj1)+(h*Ay*Ax~2) *(aldjl-Ay*aldyjl));

Z0 = ((k™2*xAy~2)*(allj-2*xAx*allxj+Ax"2*allxxj)+(h™2xAx"2) *(
al2j-2*Ay*al2yj+Ay~2*al2yyj)+(kkxAx*Ay~2)*(al3j-Ax*al3xj)+(h
*Ay*Ax~2) * (aldj-Ay*aldyj));

£j1 = ((x2.72+y2.72+(2*(tj+tao) "2) ) *x(tj+tao) "2+ (2x(tj+tao))) . *

sin(x2+y2+1) - ((2%x2+2*y2+ (2% (t j+tao) ) ) * (tj+tao) "2) . xcos (x2+
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y2+1); % Right side fn j+1.
fj = ((x2.72+y2.72+(2%tj72) ) ¥t 72+ (2%t j)) . *sin(x2+y2+1) - ((2%x2
+2%y2+2%tj) ¥t jT2) . kcos (x2+y2+1) ;

% Boundary Conditions --------

gl

gr

gb

gu
[T1 wl]

[Tr wr] = BoundC5(xbar,y, 1,N1,N2,gr);
[Tb wb] = BoundC5(ybar,x,-1,N2,N1,gb);

[Tu wul] = BoundC5(ybar,x, 1,N2,N1,gu);

B11

B12

[X+xPy Py Y*Px Px];

B21

B22

zeros (N) ;

B = [B11 B12; B21 B22];

O
1]

';s wr'; wb'; wu'l;

% Solve u and Find Error --——-

pinv(B)*c;

c
]

ct
.
Il

tj+tao;
end

uf = u(1:M);

s = e(x2,y2);

E

1/Mxsum(abs((s'-uf)./s'))

% Plot Solution and Surface ----—--

plot(1:M,uf,'o'); hold on;
plot(1:M,s);

grid on; grid minor;

[X,Y] = meshgrid(0:0.02:1,0:0.02:1);

@(y) (tj+tao)~2.*sin(y+1);
e(y) (tj+tao) 2.*sin(y+2);
0(x) (tj+tao)~2.*sin(x+1);
Q(x) (tj+tao) 2.*sin(x+2);

BoundC5 (xbar,y,-1,N1,N2,g1);

Ax~2xAy~2%(2/tao)-Z1;

[T1; Tr; Tb*P'; Tu*P'];

[ (Ax™2%Ay~2+(2/ta0)+Z0) *u (1 :M)+(Ax~2xAy~2)* (£j1'+£'); wl

93

% Right side fn j.

% Left bound fn.
% Right bound fn.
% Bottom bound fn.

% Upper bound fn.

% Block matrix at B(1,1)
% Block matrix at B(1,2)
% Block matrix at B(2,1)

% Block matrix at B(2,2)

% Approximate solutions
% Analytical solutions

% Average relative error




90 |Z = e(X,Y); figure; surf(X,Y,Z);

91 |disp([x2' y2' s' ufl); % Display the solutions
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The following MatLab code are sub procedures that are used to calculate the second

order linear partial differential equations problems for finite integration method using

Chebyshev polynomial.

[a—

function P = Transformation(N1,N2)
P = zeros(N1x*N2);
for i = 1:N1

for j = 1:N2

m = Nix(j-1)+i;

n = N2x(i-1)+j;
P(m,n) = 1;

end

© 00 N O Ot s W N

end

[u—

function [B v] = BoundC5(x,y,xb,N1,N2,g)
% vector t ——m————m—mmm—mmm oo
for i = 1:N1

t(1) = (xb)~(i-1);

T(:,1) = ones(N1,1);

T(:,2)

X3

Ne] oo ~ (@) ot =~ w (V)
=<
._]
[
B
P
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

for i = 2:N1-1

10 T(:,i+1) = 2*%x' *T(:,1i)-T(:,i-1);
11 |end
12 |Tinv = [T(:,1)'; 2xT(:,2:N1)']/N1;

—
w

% Block B ~———————————————
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B=[J;
for i = 1:N2
B = blkdiag(B,t*Tinv);
v(i) = g(y(i));
end
function T = PhiC(x,N,M)
T(:,1) = onesM,1); T(:,2) = x;
for i = 2:N-1
T(C:,i+l) = 2%x' *T(:,1)-T(:,i-1);
end

function A = BlockCBS(x,N1,N2)
A= [1;
for i = 1:N2
A = blkdiag(A,A CBS(x,N1));
end
function A = A_CBS(x,N)
T(:,1) = ones(N,1); T(:,2) = x;
for i = 2:N
T(:,i+41) = 2*x' . *T(:,1)-T(:,i-1);
end
Tbar(:,1) = x+1;
Tbar(:,2) = (x.72-1)/2;
for i = 2:N-1
Tbar(:,i+1) = (T(:,i+2)/GA+1)-T(:,1)/(i-1))/2-(-1)"1i/(i"2-1);
end
T =T(,1:N);




12 |Tinv = [T(:,1)"'; 2%T(:,2:N)']/N;

13 |A = Tbar*Tinv;
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APPENDIX C: MatLab code for calculating fractional differential equations

Example C1. We consider Example 4.1

with boundary conditions «(0) = 0 and u(1) = 1. The exact solution is u*(z) = z*.

d2u 22—

prel iy

D%(u) + TG_a)

+22+2, 2€(0,1),

Thus, for K = ﬁQ + I+ (A*)2, we can construct the linear system as following:

© o0 N S ot s W N

o S e e S = T
S Ot s W N = O

K E x| |u (A*)2F
t(T*)"Y 0 0f || = 0
t.(T*)"t 0 0| |e 1

2

function [bomega, alphal=Ex1()

N = 20; % Number of nodes
a=0; % Left boundary
b =1; % Right boundary
u0 = 0;

ub = 1;

m=2;

xbarl = 0.5%cos((2*x(1:N)-1)/(2*(N))*pi)+0.5; 7 Discretize x
xbar = sort(xbarl);

% Construct A -—————----——————————

T(:,1) = ones(N,1);
T(:,2) = 2*xbar-1;
for i = 2:N

T(:,i+1) = 2% (2*xbar'-1) .*T(:,i)-T(:,i-1);
end

Tbar(:,1) = xbar;
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Tbar(:,2) = (xbar. 2-xbar);
for i = 2:N-1
Tbar(:,i+1) = 0.5%((T(:,i+2)/G+1)-T(:,1)/(1i-1))/2-(-1)"i/({
"2-1));
end
Tinv = inv(T(:,1:N));
A = Tbar*Tinv; % First order integration matrix
% Boundary Conditions —---———-----————---————----————————————————

for i = 1:N

£01 (1) -1~ GE-1);

t0r (i) 1;

end

% Set Parameters =——7-F+F"=d-—————=—mc—m

k = 1/(b-a);

X (b-a) *xbar'+a; % Transform xbar into [a,b]
% Construct Q-——————————=r=——=——m——
h = [0.01];
for ii = 1:length(h)
alpha = 1:h(ii):2;
%halpha = 1.5;
omega = 0:0.01:1;
for j = 1:length(alpha)
beta = alpha(j)-m+1;

for i = 1:length(omega)

o
I

Gam3(N,xbar,beta,omega(i));

H
I

2%x.7(2-alpha(j))/gamma(3-alpha(j))+x. 2+2;

1/ (gamma (m+1-alpha(j)))*Q+A~2+eye(N) ;% Block matrix at P(1,1)

[xbar' ones(N,1)]; % Block matrix at P(1,2)

< > =
I

[t01*Tinv; tOr*Tinv]; % Block matrix at P(2,1)

N
n

[0 0;0 0]; % Block matrix at P(2,2)

% Solve u and Find Error --—-—--—-—-————c-mmmmmmm e
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jav)
I

WX; Y Z];

q = [A™2+f; u0; ub];

u = pinv(P)*q; % Approximate solutions
e = (x.72); % Analytical solutions
omega (i) ;

E1(i)

mean (abs((e-u(1:N))./max(e))); % Average relative error

end

[M,I] = min(E1)
bomega(j) = omega(I)
end
plot(alpha,bomega)
hold on

end

for i = 1:length(bomega)

if abs(bomega(i+1)-bomega(i))>0.05
[alpha(i) bomega(i)];
[alpha(i+1) bomega(i+1)];
break
end
end
ppl = polyfit(alpha(l:i),bomega(1:i),1);
pp2 = polyfit(alpha(i+l:end) ,bomega(i+l:end),1);
ppll = polyval(ppl,1:h:alpha(i));
pp22 = polyval(pp2,alpha(i+1) :h:alpha(end));
plot(l:h:alpha(i),ppll,'o")

hold on

plot(alpha(i+1):h:alpha(end),pp22,'o0"')

[x u(1:N) el;

% Plot Solution —=———=———=——=———— -
hplot (x,u(1:N),'o');

%hold on;
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78 |%plot(x,e,'red');
79 |grid on;

80 |grid minor;

Example C2. We consider Example 4.2

N d27u+2d7u e 6333—(1 N 21.2—(1
dz? = “dz T Td—a) T(3-a)

D*(u) — 23 4522 + 102+ 2, z€(0,1),

with boundary conditions %(0) = 0 and u(1) = 2. The exact solution is u*(z) = 23 + 22.

Thus, for K = +5—(A")Q + I+ 2(A*) — (A*)?, we can construct the linear system as

(2—a)
following;:
K E x| |u (A*)?F
t(T*)"1 0 0| |eo| = 0
t.(T*)"t 0 0| |e 2
1 |function [bomega, alphal=Ex2()
2 [N = 20; % Number of nodes
3 |a=0; % Left boundary
4 |b = 1; % Right boundary
5 |u0 = 0;
6 |ub = 2;
7 |m=2;
8 |xbarl = 0.5%cos((2x(1:N)-1)/(2%(N))*pi)+0.5; % Discretize x
9 |xbar = sort(xbarl);
10 |% Construct A ——————————————————
11 |T(:,1) = ones(N,1);
12 |T(:,2) = 2*xbar-1;
13 |for i = 2:N
14 T(:,i+1) = 2x(2*xxbar'-1) .*T(:,i)-T(:,i-1);
15 |end
16 |Tbar(:,1) = xbar;
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Tbar(:,2) = (xbar. 2-xbar);
for i = 2:N-1
Tbar(:,i+1) = 0.5%((T(:,i+2)/G+1)-T(:,1)/(1i-1))/2-(-1)"i/({
"2-1));
end
Tinv = inv(T(:,1:N));
A = Tbar*Tinv; % First order integration matrix

% Boundary Conditions —---——-—-——-——————————————————

for i = 1:N
t01(i) = (-1~ (@(-1);
tor(i) = 1;

end

% Set Parameters =——7-7F+F+-==-—————=——c-——————

k

1/(b-a);

X (b-a) *xbar'+a; % Transform xbar into [a,b]
% Construct Q-—-—-——-—-F-—=r5=5-3———————
h = [0.2];

for ii = 1:length(h)

alpha = 1.1:h(ii):2;

omega = 0:0.01:1;

for j = 1:length(alpha)
beta = alpha(j)-m+1;

for i = 1:length(omega)

Q = Gam3(N,xbar,beta,omega(i));

f = (5*x.72)-(x.73)+(10%x)+2+(gamma (4) /gamma (4-alpha(j)))*(x.” (3~
alpha(j)))+(gamma(3)/gamma(3-alpha(j)))*(x.”(2-alpha(j)));

W = 1/gamma(m+1-alpha(j))*Q+eye(N)+(2%A)-(A"2);% Block matrix at P
(1,0

X = [xbar' ones(N,1)]; % Block matrix at P(1,2)

Y = [t01*Tinv; tOr*Tinv]; % Block matrix at P(2,1)

Z = [0 0;0 0]; % Block matrix at P(2,2)
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% Solve u and Find Error - ———-—--—-—------———————

P

W X; Y Z];

q = [A™2*f; u0; ub];

u = pinv(P)*q; % Approximate solutions
%u = inv(W)* (z-X*xinv (Y*inv (W) *X) * (Y*inv (W) *z-b2) ) ;
e = x.73+x.72; % Analytical solutions
omega (i) ;
E1(i) = mean(abs((e-u(1:N))./max(e))); % Average relative error
end
M,I] = min(E1)
bomega(j) = omega(I)
eomega(j) = M;
end
plot(alpha,bomega)
hold on
end
for i = 1:length(bomega)
if abs(bomega(i+1l)-bomega(i))>0.05
[alpha(i) bomega(i) eomega(i)];
[alpha(i+1) bomega(i+l) eomega(i+1)];
break
end
end

plot(1:h:2,eomega)

ppl = polyfit(alpha(l:i),bomega(l:i),1);
pp2 = polyfit(alpha(i+l:end),bomega(i+l:end),1);
ppll = polyval(ppl,l:h:alpha(i));

pp22 = polyval(pp2,alpha(i+1) :h:alpha(end));
plot(1l:h:alpha(i),ppll,'o")
hold on

plot(alpha(i+1):h:alpha(end),pp22,'o0')
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[x u(1:N) el;

% Plot Solution ———————=————————— o
hplot (x,u(1:N),'o');

%hold on;

Jiplot(x,e, 'red');

grid on;

grid minor;

Example C3. We consider Example 4.3

with boundary conditions u(0) = 0 and u(1) = 1. The exact solution is u*(z) = °.

d?u Gad =
D® —= = +4346 0,1
(u)—i—de—i-u F(4_a)+x+x, z € (0,1),

3

1

Thus, for K = +5—=A"Q + 1+ (A*)?, we can construct the linear system as following:
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(2-a)

K E x| |u (A*)2F
t(T*)"L 0 0f || = 0
t(T"L 0 0| |e 1

function [bomega, alphal=Ex3()

m=1;

N = 4; % Number of nodes
a=0; % Left boundary
b =1; % Right boundary
u0 = 0;

ub = 1;

xbarl = 0.5%cos((2x(1:N)-1)/(2%(N))*pi)+0.5; 7 Discretize x

xbar = sort(xbarl);

% Comstruct A ———————————— -
T(:,1) = ones(N,1);

T(:,2)

2*xbar-1;
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for

end

Tbar(:,1)

Tbar(:,2) = (xbar. 2-xbar);

for

end

Tinv = inv(T(:,1:N));

A:

% Boundary Conditions -—=-———=—=——=—-——————————— oo

for

end

% Set Parameters —————===—=—=————————— o —— oo

k

X

% Construct Q---—--—-——-—-———=———————————— -

h:

for

alpha = 0.1:h(ii):1;
%alpha = 0.5;

omega = 0:0.01:1;

for

for

(= o
n I

=
I
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i=2:N

T(:,i+1) = 2% (2*xbar'-1) .*T(:,i)-T(:,i-1);

xbar;

i = 2:N-1

Tbar(:,i+1) = 0.5%((T(:,i+2)/(i+1)-T(:,1)/(i-1))/2-(-1)"i/(i
~2-1));

Tbar*Tinv; % First order integration matrix

i=1:N
t01(i) = (-1)~(i-1);
t0r(i) = 1;

1/(b-a);

(b-a) *xbar'+a; % Transform xbar into [a,b]

[0.2];

ii = 1:length(h)

j = 1:length(alpha)

beta = alpha(j)-m+1;

i = 1:length(omega)

Gam3 (N,xbar,beta,omega(i));

x.”"3+(gamma (4) /gamma (4-alpha(j)))*x.” (3-alpha(j))+6%*x;

1/ (gamma (m+1-alpha(j)))*A*Q+A~2+eye(N) ;% Block matrix atP(1,1)
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>
I

[xbar' ones(N,1)]; % Block matrix at P(1,2)

<
I

[t01*Tinv; tOr*Tinv]; % Block matrix at P(2,1)

N
I

[0 0;0 0]; % Block matrix at P(2,2)

% Solve u and Find Error - --——————-------———————

o
I

W X; Y Z];

[A~2%f; u0; ub]l;

Q
I

u = pinv(P)*q; % Approximate solutions
%u = inv(W)* (z=X*inv (Y*inv (W) *X) * (Y*inv (W) *z-b2) ) ;

e = x.73; % Analytical solutions

omega (i) ;

E1(i) = mean(abs((e-u(1:N))./max(e))); ' Average relative error
%E1(i) = max(abs((e-u(1:N))));

end

[M,I] = min(E1)

bomega(j) = omega(I)

end

plot(alpha,bomega)

hold on

end

pp = polyfit(alpha,bomega,3);

pp2 = polyval(pp,0:0.01:1);

plot(0:0.01:1,pp2,'0")

%EE = mean(abs (pp2-bomega)) ;

[x u(1:N) e]

% Plot Solution ——=——=——=——————————— o
hplot(x,u(1:N),'o');

%hold on;

%plot(x,e,'red');

grid on;

grid minor;




Example C4. We consider Example 4.4

d? du 1
D*(u) + u+6 Sy Cu=

3.522 "%

22— 1 s

dz? ' 5dr 5

3 12
+3x2 + —22 + —x+ 2,

I'3.5—a)

15
4

TR B
—x2 + =x
5

'—a) 5

1

. z € (0,1),
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with boundary conditions u(0) = 0 and u(1) = 2. The exact solution is u*(z) = x3 + 2.

1

Thus, for K = WA*Q + I+ (A*)2, we can construct the linear system as following:

K E x| |u (A*)2F
t(T)™L 0 0f |e] = 0
t.(T"L 0 0| |es 2
1 |function [bomega, alphal=Ex4()
2 m=1;
3 |N = 10; % Number of nodes
4 |la = 0; % Left boundary
5|b=1; % Right boundary
6 [u0 = 0;
7 |ub = 2;
8 |xbarl = 0.5%cos((2%x(1:N)-1)/(2%(N))*pi)+0.5; % Discretize x
9 |xbar = sort(xbarl);
10 |% Construct A ————————————————————
11 |T(:,1) = ones(N,1);
12 |T(:,2) = 2*xxbar-1;
13 |for i = 2:N
14 T(:,i+1) = 2x(2*xbar'-1) .*T(:,1i)-T(:,i-1);
15 |end
16 |Tbar(:,1) = xbar;
17 |Tbar(:,2) = (xbar. 2-xbar);
18 |for i = 2:N-1
19 Tbar(:,i+1) = 0.56%((T(:,i+2)/(i+1)-T(:,1)/(GE-1))/2-(-1)"i/@
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"2-1));
end
Tinv = inv(T(:,1:N));
A = Tbar*Tinv; % First order integration matrix
% Boundary Conditions —-———=———————————————————————
for i = 1:N

£01 (i)

D~ GE-1);
1;

t0r (i)
end

% Set Parameters ———-——=————Fff7"Ft————— -

k = 1/(b-a);
x = (b-a)*xbar'+a; % Transform xbar into [a,Db]
% Construct Q--—-—==—7-;FFF-=F—————=——c

h = [0.01];
for ii = 1:length(h)
alpha = 0:h(ii):1;

%alpha = 0.999

omega = 0:0.01:1;

for j = 1:length(alpha)
beta = alpha(j)-m+1;

for i = 1:length(omega)

Q = Gam3(lN,xbar,beta,omega(i)) ;

f = (1/8)*x.7(5/2)+(1/5)*x.72+3%x.~(3/2)+(15/4) *x.~ (1/2)+(12/5) *x
+2+.

(gamma (7/2) /gamma ((7/2)-alpha(j)))*x.” ((5/2)-alpha(j))+2/gamma(3-

alpha(j))*x.”(2-alpha(j));

W = 1/(gamma(m+1-alpha(j)))*A*Q+(1/5)*A"2+(6/5)*A+eye(N);
% Block matrix at P(1,1)
X = [xbar' ones(N,1)]; % Block matrix at P(1,2)
Y = [t01*Tinv; tOr*Tinv]; % Block matrix at P(2,1)
Z = [0 0;0 0]; % Block matrix at P(2,2)




48 |% Solve u and Find Error ———-—-—-—-------———————

49 |p = [W X; Y Z];
50 |q = [A"2*f; u0; ubl;
51 |u = pinv(P)*q; % Approximate solutions

52 |%u = inv(W)* (z-X*inv (Y*inv(W)*X)* (Yxinv (W) *z-b2)) ;

53 |e = x.7(6/2)+x.72; % Analytical solutions

54 |omega(i);

55 |E1(i) = mean(abs((e-u(1:N))./max(e))); % Average relative error
56 |end

57 | [M,I] = min(E1);

58 |bomega(j) = omega(Il);

59 |end

60 |plot(alpha,bomega)

61 |hold on

62 |end

63 |pp = polyfit(alpha,bomega,3);

64 |pp2 = polyval(pp,0:0.01:1);

65 |plot(0:0.01:1,pp2,'0")

66 |%EE = mean(abs(pp2-bomega)) ;

67 |%[x u(l:N) el

68 |% Plot Solution ——=—————=————=—————
69 |%plot(x,u(1:N),'o0");

70 |%hold on;

71 |%plot(x,e,'red');

72 | grid on;

73 |grid minor;

The following MatLab code are sub procedures that are used to calculate the lin-
ear fractional differential equations problems for finite integration method using shifted

Chebyshev polynomial.
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function Q = Gam3(N,xbar,beta,omega)
Q = zeros(N);
Q(1,1) = (1l-omega)*xbar(1l)~(1-beta);
for k = 2:length(xbar)
for i = 1:k
if 1 ==
Q(k,i) = omega*((xbar(k)-xbar(i))~ (1-beta)-(xbar(k)-
xbar(i+1)) " (1-beta)) ...

+(1-omega) * ((xbar (k) )~ (1-beta) - (xbar (k) -xbar(i))~(1-

beta));
elseif i ==k
Qk,1i) = (1-omega)*((xbar (k)-xbar(k-1))~ (1-beta));
else

Qk,i) = (1-omega)* ((xbar(k)-xbar(i-1))~ (1-beta)-(xbar(
k)-xbar(i))~(1-beta)) ...
+omegax* ((xbar (k)-xbar(i))~ (1-beta) - (xbar (k) -
xbar(i+1))~(1-beta));
end
end

end




APPENDIX D: MatLab code for calculating average of w
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h = 0.01;
[bomegal, alphal=Ex1();
[bomega2, alphal=Ex2();
plot(alpha,bomegal)
hold on
plot(alpha,bomega2)
A = (bomegal+bomegal)/2;
for i = 1:length(A)

if abs(A(i+1)-A(i))>0.05

[alpha(i) A(i)]

[alpha(i+1) A(i+1)]

break
end
end
ppl = polyfit(alpha(l:i),A(1:i),1)
pp2 = polyfit(alpha(i+i:end),A(i+1l:end),1)

ppll = polyval(ppl,l:h:alpha(i));

pp22 = polyval(pp2,alpha(i+1):h:alpha(end));
%iplot(alpha,A)

grid on

grid minor

[bomegal, alphal=Ex3();
[bomega2, alphal=Ex4();
plot(alpha,bomegal)
hold on
plot(alpha,bomega2)

A = (bomegal+bomegal)/2;




10
11

pp = polyfit(alpha,A,3)
pp2 = polyval(pp,0:0.01:1);
%plot (alpha,A)

grid on

grid minor
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