
THEORETICAL BACKGROUND

In tr o d u c t io n .

N o n lin ea r  t h e o r ie s  in  continuum  m echanics have been  in  
e x i s t e n c e  f o r  many y e a r s  w ith  v ery  l im it e d  a p p l ic a t io n s .  For most 
p r a c t ic a l  p rob lem s, n o n lin e a r  a n a ly s e s  can be perform ed o n ly  w ith  th e  
a id  o f  n u m erica l m ethods. In t h i s  c h a p te r , th e  b a s ic  p r in c ip le s  o f  
n o n lin e a r  s t r u c t u r a l  m echanics cure rev iew ed  , u s in g  th e  p r in c ip le  o f  
v ir t u a l  d isp la c e m e n ts , a  v a r ia t io n a l  form o f  th e  in crem en ta l eq u a tio n  
o f  m otion f o r  n o n lin e a r  s t a t i c  a n a ly s i s  i s  d e r iv e d  f o r  s t r u c t u r e s  
u n d ergo in g  la r g e  d isp la c e m e n ts  and la r g e  s t r a i n s .  Then th e  
d i s c r e t i z a t i o n  o f  t h e  e q u a tio n s  o f  m otion  u s in g  th e  f i n t e  e lem en t  
d isp la c e m e n t fo r m u la tio n  i s  d is c u s s e d .  The d e r iv a t io n  o f  t h e  e lem en t  
m a tr ic e s  i s  perform ed f o r  th e  p a r t ic u la r  c a s e  o f  a  th r e e  d im en sio n a l  
iso p a r a m e tr ic  h ex a h ed ra l f i n i t e  e le m e n t.

An In crem en ta l N o n lin ea r  F orm u lation  o f  E q u ation s o f  M otion  
f o r  F in i t e  D eform ation .

1. I n tr o d u c t io n  t o  th e  C oncept o f  th e  In crem en ta l N o n lin ea r  
F orm u lation  o f  th e  E q u a tio n s o f  M otion.

B a s i c a l ly ,  two d i f f e m t  approaches have been  pu rsu ed  in
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t h e  in crem en ta l n o n lin e a r  f i n i t e  e lem en t a n a ly s i s .  In  t h e  f i r s t ,  
k in e m a tic  and k in e t i c  v a r ia b le s  a r e  r e fe r r e d  t o  t h e  i n i t i a l  
c o n f ig u r a t io n .  T h is  p roced u re i s  g e n e r a l ly  c a l l e d  L agrangian  
fo r m u la t io n . In th e  seco n d  approach w hich i s  g e n e r a l ly  c a l l e d  
E u le r ia n , moving c o o r d in a te  o r  u p d ate  fo r m u la tio n , a l l  th e  k in e m a tic  
and k i n e t i c  v a r ia b le s  a re  r e fe r r e d  t o  an updated  c o n f ig u r a t io n  in  each  
lo a d  s t e p .  The L agrangian and E u le r ia n  fo r m u la tio n  d i f f e r  in  th e  
i d e n t i f i c a t i o n  and tr a n sfo r m a tio n  o f  k in e m a tic  and k i n e t i c  v a r ia b le s .  
G iven c o n s is t e n t  m a te r ia l  la w s, b o th  d e s c r ip t io n s  a re  t h e o r e t i c a l l y  
e q u iv a le n t  b eca u se  th e y  u se  th e  same b a la n c e  p r i c in p le s .  The c h o ic e  
betw een  th e  two fo r m u la t io n s , t h e r e f o r e ,  depends upon th e  e a s e  and th e  
r e l a t i v e  n u m erica l e f f e c t i v e n e s s  o f  th e  method. In t h i s  r e s e a r c h ,  
n o n lin e a r  f i n i t e  e lem en t fo r m u la tio n  w i l l  b e  d ev e lo p ed  b a sed  on th e  
L agrangian  d e s c r ip t io n  o f  m otion  due t o  th e  fo l lo w in g  a d v a n ta g es .

(a) Large d isp la c e m e n t e f f e c t s  a re  im p l ic i t  in  th e  s t r a in  
d isp la c e m e n t r e la t io n s h ip s ,  s o  t h a t  th e  e lem en t p ro p erty  m a tr ic e s  n eed  
n o t be e x p l i c i t l y  tra n sfo rm ed  t o  acco u n t f o r  u p d atin g  o f  t h e  n od a l 
c o o r d in a te s  r e s u l t in g  from ch an ges in  geom etry .

(b) The m a te r ia l  law s may be s im p le r  t o  e x p r e ss  b eca u se  
th e  s t r e s s  a re  a lw ays r e fe r r e d  t o  t h e  undeform ed c o n f ig u r a t io n .

(c )  The s t r e s s e s  a r e  o b ta in e d  th rou gh  th e  p r o c e s s  o f  
s im p le  a d d it io n s  w hereas in  th e  fo r m u la tio n  u s in g  t h e  E u le r ia n  
d e s c r ip t io n ,  th e  s t r e s s e s  w i l l  b e  o b ta in e d  by tr a n sfo r m a tio n  and 
a d d it io n .

In th e  f o l lo w in g  s e c t i o n ,  c o n s is t e n t  fo r m u la tio n  o f  
e q u a tio n s  o f  m otion f o r  f i n i t e  d e fo rm a tio n  resp o n se  w i l l  be d e v e lo p e d  
u s in g  th e  co n cep t o f  th e  in crem en ta l th e o r y  in  c o n n e c t io n  w ith  th e
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p r in c ip le  o f  v i r t u a l  work. K in em atic  and k in e t i c  v a r ia b le s  a r e  d e r iv e d  
from th e  b a s ic  t h e o r ie s  in  continuum  m ech an ics. The fo r m u la tio n  
p r e s e n te d  h ere  c l o s e l y  fo l lo w s  t h o s e  ap p earin g  in  r e fe r e n c e s  ( 1 0 ,1 1 ) .

C o n cep tu a lly , th e  fo r m u la tio n  o f  th e  in crem en ta l n o n lin e a r  
e q u a tio n s  o f  m otion r e q u ir e s  t h a t  th e  p a th  o f  d eform ation  o f  a  body be  
d iv id e d  in to  a  number o f  e q u ilib r iu m  s t a t e s  ๐ท, 31ท , . . . . ,  "ท, "+1ท , . . . ,  

where °ท and ^ท a re  th e  i n i t i a l  and f i n a l  s t a t e s  o f  th e  
d efo rm a tio n  r e s p e c t iv e ly ,  w h ile  "ท i s  an a r b itr a r y  in te r m e d ia te  
s t a t e .  I t  i s  assumed t h a t  a l l  o f  s t a t e  v a r ia b le s  such  a s  s t r e s s e s ,  
s t r a i n s  and d isp la c e m e n ts , to g e th e r  w ith  th e  lo a d in g  h i s t o r y ,  a r e  
known up t o  th e  "ท s t a t e  and th e  s t a t e  v a r ia b le s  in  th e  "+1ท s t a t e  a re  
r e q u ir e d  n e x t .  Then th e  e q u a tio n  o f  in crem en ta l v ir t u a l  work b etw een  
t h e  s t a t e  "ท and "+1ท i s  e s t a b l i s h e d  t o  e x p r e ss  th e  e q u ilib r iu m  o f  th e  
body in  th e  s t a t e  "+1ท. However, th e  c o n f ig u r a t io n  a t  11+1 ท i s  unknown, 
and th e r e fo r e  a l l  th e  s t a t e  v a r ia b le s  must be r e fe r r e d  t o  a  known o r  
p r e v io u s ly  c a lc u la t e d  e q u ilib r iu m  s t a t e .  In  p r in c ip le ,  any one o f  th e  
a lr e a d y  c a lc u la t e d  e q u ilib r iu m  s t a t e s  can be u sed . B a s i c a l ly ,  th e  
s t a t e  v a r ia b le s  a re  r e fe r r e d  t o  e i t h e r  th e  i n i t i a l  °ท s t a t e  o r  th e  
c u r r e n t e q u ilib r iu m  "ท s t a t e  and th e  co rresp o n d in g  fo r m u la tio n s  a re  
c a l l e d  L agrangian fo r m u la tio n  and E u le r ia n  r e s p e c t iv e ly .  The s t r e s s e s  
and s t r a in s  in  th e  f i r s t  fo r m u la tio n  a r e  th e  secon d  P io la -K ir c h h o f f  
s t r e s s  and th e  G reen-Lagrange s t r a i n ,  w h ile  th o s e  in  th e  seco n d  
fo r m u la tio n  a re  th e  Cauchy s t r e s s  and s t r a i n .  The in crem en ta l p r o c e s s  
f o r  th e  n e x t r e q u ir e d  eq u ilb r iu m  s t a t e  i s  t y p ic a l  and would be a p p lie d  
r e p e t i t i v e l y  u n t i l  th e  f i n a l  s t a t e ,  * ท, has been reach ed .

C onsider th e  m otion o f  th e  body a s  shown in  F ig u r e  2 .1 .
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T here a re  th r e e  c o n f ig u la t io n s  in  i t s  p a th  o f  d eform ation  t h a t  a r e  o f  
i n t e r e s t ,  i . e . ,

(a ) th e  undeform ed c o n f ig u r a t io n  €0 ,
(b) th e  cu r r e n t deform ed c o n f ig u r a t io n  € 1, and
(c )  a  seco n d  deform ed c o n f ig u r a t io n  € 2

ta k en  a s  a  n e ig h b o r in g  c o n f ig u r a t io n  t o  th e  c u r r e n t deform ed  
c o n f ig u r a t io n  € 1.

The s t a t e  v a r ia b le s  in  c o n f ig u r a t io n  € 1 and € 2 a r e  d e f in e d
a s  fo l lo w s :

S 1J » Eบ  ’ ‘น, » H  1 . l f 1 in  € 1

'น . . 1 » 2f , in  € 2

where ร 1 , E 10, บ1, 1 1 and f 1 a re  s t r e s s e s ,  s t r a in s ,  d is p la c e m e n ts ,  
s u r fa c e  t r a c t io n s  and body f o r c e s ,  r e s p e c t iv e ly ;  a  l e f t  s u p e r s c r ip t  
in d ic a t e s  th e  c o n f ig u r a t io n  o f  th e  body in  w hich th e  q u a n t ity  o c c u r s .

The in crem en ta l d eco m p o sitio n  o f  th e  s t a t e  v a r ia b le s  a re
g iv e n  by

‘ ร . ,  = ‘ ร , ,  + ร , ,  <2- ia>

' * 1,  = ‘ E , ,  + E , ,  <2- l b )

' « 1 = \  * น. ( 2 . 1 c )
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where ร 1 J , E tJ and บ 1 a re  in crem en ta l s t r e s s ,  in crem en ta l s t r a i n  and 
in crem en ta l d isp la c e m e n t betw een c  and C2 .

T here a re  th r e e  s t a t e  v a r ia b le s  d e s c r ib in g  th e  s t a t e  o f  
d efo rm a tio n  t h a t  a re  s t r e s s e s ,  s t r a in s  and d isp la c e m e n ts . T hese s t a t e  
v a r ia b le s  a re  r e la t e d  by th e  f o l lo w in g  n a tu r a l r e la t io n s :

(a) K inem atic R e la t io n s  o r  S tr a in -d isp la c e m e n t  R e la t io n s
(b) E q u ilib riu m  E q u ation s
(c )  C o n s t i tu t iv e  R e la t io n s

2 . K in em atic  R e la t io n s .

The in crem en ta l s t r a in  E e x p r e sse d  in  term s o f  
d isp la c e m e n ts  can be decom posed in t o  a  l in e a r  and n o n lin e a r  com ponents 

a s  f o l lo w ,

E , a  =  e i  J  +  T ไ ! .
( 2 . 2 )

in  w hich

2 e 1,  = บ 11,  + บ , 1 1 + UK 11 l UK | ,  + \ 11 UK | J  ( 2 * 3)

2ฑ = บ  บ
I  ป ้  K  I I  K  I J

( 2 .4 )

where a  v e r t i c a l  bar in d ic a t e s  th e  c o v a r ia n t  d e r iv a t iv e  in  t h e  
undeform ed c o n f ig u r a t io n  CQ.

3 . E q u ilib riu m  E q u a tio n s .
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An in crem en ta l n o n lin e a r  e q u a tio n s  o f  m otion d e s c r ib in g  th e  
d efo rm a tio n  o f  th e  body betw een  th e  two n e ig h b o r in g  c o n f ig u r a t io n  c 1 
and Cz  w i l l  be d e r iv e d  from th e  p r in c ip le  o f  v i r t u a l  work.

C on sid er  th e  body in  i t s  deform ed e q u ilib r iu m  
c o n f ig u r a t io n  Cj_. The v i r t u a l  work o f  th e  e x te r n a l  f o r c e s  in  moving  
th rou gh  an in f in i t e s im a l  v i r t u a l  d isp la cem en t รบ1 from th e  c u r r e n t  
s t a t e  i s  g iv e n  by

ร 1พext = Jsu, \  da + Jsu, 1f 1 dv ( 2 .5 )
l A xพ

in  w hich 1A  i s  th e  p a r t  o f  th e  s u r fa c e  a r e a  in  c 1 w hich h as p r e s c r ib e d  
s u r fa c e  t r a c t io n s ,  and V  i s  th e  volum e o f  th e  body in  c . da and dv  
a r e  th e  d i f f e r e n t i a l  a rea  and volum e o f  th e  body in  Cx, r e s p e c t iv e ly .

The v i r t u a l  work done by th e  in te r n a l  f o r c e s  in  
c o n f ig u r a t io n  c  in  an a r b itr a r y  v i r t u a l  d isp la cem en t รบ1 can be  
e x p r e sse d  a s

ร1พ4 4 = f 1S, 1 Se 1 dv (2.6)
i r x - t  J  I  J  1 J

o V

in  w hich °v  i s  th e  volum e o f  th e  body in  Co and dv i s  th e  d i f f e r e n t i a l  
volum e o f  th e  body in  €0 .

The e q u a tio n  o f  v i r t u a l  work in  c o n f ig u r a t io n  c 1 can be  
o b ta in e d  by eq u a tin g  e q u a tio n  ( 2 .6 )  w ith  eq u a tio n  ( 2 .5 ) ,  i . e . ,
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/  1 ร บ  5eu  dv = J  ร บ 1 l t  1 d a  + J  ร บ 1 1£ 1 d v  ( 2 .7 )

°v XA *v

I n  o r d e r  t o  d e v e lo p  t h e  in c r e m e n ta l  v i r t u a l  w o rk  e q u a t io n  

b e tw e e n  c o n f i g u r a t io n  c 1 a n d  C2 , t h e  v i r t u a l  w o rk  e q u a t io n  i n  t h e  

d e fo rm e d  e q u i l i b r i u m  c o n f i g u r a t io n  C2 h a s  t o  be  e s t a b l is h e d .  T h is  ca n  

b e  d o n e  b y  f o l lo w in g  t h e  same p ro c e d u re s  s i m i l a r  t o  th o s e  f o r  th e  

d e fo rm e d  c o n f i g u r a t io n  Cx . T h a t  i s

s \ x t = J  รบ 1 %  1 da + J  รบ1 2f  1 dv (2 .8)
2  z  ,

A  V

i n  w h ic h  ZA i s  th e  p a r t  o f  t h e  s u r fa c e  a re a  o f  t h e  b o d y  i n  c 2 w h ic h  

h a s  p r e s c r ib e d  s u r fa c e  t r a c t i o n s ,  zv i s  t h e  v o lu m e  o f  t h e  b o d y  i n  C2 , 

a n d  d a  a nd  d v  a re  t h e  d i f f e r e n t i a l  a re a  and  v o lu m e  o f  t h e  b o d y  i n  C2 , 

r e s p e c t i v e l y .

T he  v i r t u a l  w o rk  d o n e  b y  th e  i n t e r n a l  f o r c e s  i n  

c o n f i g u r a t io n  C2 i n  an  a r b i t r a r y  v i r t u a l  d is p la c e m e n t  ร บ 1 c a n  b e  

e x p re s s e d  as

ร 2 พ , ร  ’ ร , ,  « E .J  d v ( 2 . 9 )

T h e r e fo r e ,  e q u a t io n  o f  v i r t u a l  w o rk  i n  c o n f i g u r a t io n  C2 i s  

o b ta in e d  b y  e q u a t in g  e q u a t io n  ( 2 . 9 )  w i t h  e q u a t io n  ( 2 . 8 ) ,  i . e . ,
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/  2ธ , ป้ 5Eพ  dv = /  5ข 1 \  da + /  รบ1 2f ,  dv

°v 2A 2V
( 2 . 1 0 )

S in c e

= 1 ร น  + ร น

= \  + บ 1

( 2 . 1 a )

( 2 . 1 c )

S ubs titu ting  the above re la tio n s  in to  equation (2.10), re s u ltin g  in  

j  C(1S1J + ร 11,) ( 5 e fJ + รๆ  1 ป้)ว dv = j  รบ1 \  da + f รบ1 2f  1 dv
o 2 2V A V

( 2 . 1 1 )

The incremental v ir tu a l work between con figura tion  c 1 and 

C2 can be obtained by sub tracting  equation (2.7) from (2.11), i . e . ,

/  e s , / 5 0 , ,  + + ‘ ร , ,  d v

°v

= Jsu 12t 1da + Jรบ12f 1dv -  โ Jsui N, 1 da + Jsu1* f 1dv :  (2.12)

2A 2V 1A  V

E q u a t io n  ( 2 . 1 2 )  c a n  b e  i n t e r p r e t e d  t h a t  t h e  in c r e m e n ta l  

v i r t u a l  w o rk  o f  th e  b o d y  fo r c e s  a nd  s u r fa c e  t r a c t i o n s  i n  t h e  d e fo rm e d  

e q u i l i b r i u m  c o n f i g u r a t io n  c 1 and  Cz  m u s t e q u a l t h e  in c r e m e n ta l  v i r t u a l
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work o f the s ta te  o f s tre ss  in  these co n fig u ra tio n s .

4. C o n s titu t iv e  R e la tio n .

The increm ental equations o f motion (2.12) are v a l id  fo r  

any type o f m a te ria l ir re s p e c tiv e  o f i t s  c o n s titu tio n s . However, the  

a p p lic a tio n  o f these equations to  phys ica l non linea r problems requ ires  

d e ta ile d  knowledge o f the  m a te ria l c h a ra c te riza tio n , s p e c if ic a l ly  the  

re la t io n s h ip  between increm ental s tre ss  and incremental s t ra in .

For e la s t ic  m a te ria ls , the  incremental s tress  ร 1 , is  

l in e a r ly  re la te d  to  the  increm ental s t ra in ,  Ej j . That is

ร = c „  E„ (2 . 1 3 )
น  I  J M N  M N

in  which c, 1__are the  components o f the  c o n s t itu t iv e  m a trix .
I  J M N

5. Increm ental N onlinear Equations o f Motion w ith  

E q u ilib riu m  C orrections.

The s o lu t io n  o f the  equations o f motion (2.12) cannot be 

achieved d ir e c t ly  s ince  they are non linea r in  displacement increments. 

Therefore, i t  needs to  be lin e a r iz e d  fo r  p ra c t ic a l a p p lic a tio n s . 

However, the process o f l in e a r iz a t io n  must take account o f th ree  

e ffe c ts  as fo llo w s :

(a) I t  is  s u f f ic ie n t  to  assume the lin e a r  s tre s s -s tra in  

re la t io n s h ip  in  the  general form o f equation (2 .13).

(b) I f  the  re la t io n s h ip  (2.13) is  s u b s titu te d  in to
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equation (2.12) i t  would re s u lt  in  terms such as: 

c 1JMN (e ™  5าา น  + " U  5 e i J )

m à  C . JMN *V™ H . ,

which are non linea r in  the  increm ental displacements. The 

l in e a r iz a t io n  process requ ires  th a t these terms be om itted.

(c) I f  the  p rescribed  surface tra c tio n s  are deform ation 

dependent, the  e x te rn a l v i r t u a l  work in te g ra ls  in  c o n fig u ra tio n  C2 can 

be evaluated approxim ately.

Due to  the  above lin e a r iz a t io n  and com putational 

inaccuracies, the  cu rre n t deformed c o n fig u ra tio n  c 1 may no t be in  

complete e q u ilib r iu m , thus re s u lt in g  in  re s id u a l work. That is ,

ร,พ . . . -  S S V , \  1d a  + / « บ , , f,dv -  /  ‘ร ,,  S e ,, dv (2.14)
*A av °v

To prevent excessive departure  o f the s o lu t io n  from the 

tru e  response, the  c o rre c tiv e  term (Equation 2.14) should be added to  

the  r ig h t  hand s ide  o f equation (2 .12 ). Thus we have

/ c s . / s e ,  11+«ๆ1 J ) + 1S1J«nIJวdv=  /รบ,21 1da + / s u , 2f  1 dv -  p S  1 11,dv
°v 2 A 2v °v

(2.15)

The increm ental non linea r equation (2.15) w i l l  be solved 

by using the  lin e a r iz e d  form and apply ing  the  load in  sm all

0 1 6 4 4 1
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increments toge the r w ith  an i te r a t iv e  process fo r  e q u ilib r iu m  

c o rre c tio n . Furthermore, i t  w i l l  be assumed th a t the  components o f the  

surface tra c t io n s  are always known in  the  re ference system and are 

de fined  per u n it  o f undeformed area and volume. Therefore, the 

in te g ra l expressions can be approximated by the  fo llo w in g  expression:

J  รบ,21 1da + J  รบ,2f ,d v  ~ f  รบ12t 1dA + J  รบ12f 1dv (2 . 1 6 )
2 2 O oA V A V

The equations o f motion s u ita b le  fo r  using as a basis fo r  

d is c re t iz a t io n  by the  f i n i t e  element method then take the  form :

°v

= J  รบ ,2t ,  dA + J  รบ ,2f ,  dv -  J  1ร , jSe, a dv (2.17)
o o o
A V V

F in ite  Element Form ulation o f Equations o f Motion fo r  

F in ite  Deformation.

1. In tro d u c tio n .

In  the  previous se c tio n , the  increm ental equations o f 

motion have been de rived  in  a v a r ia t io n a l form. In  order to  develop 

f i n i t e  element fo rm u la tio n , d is c re t iz a t io n  techniques w i l l  be used to  

decompose the  g lo b a l form o f equations o f motion in to  a d is c re te  type 

o f equations. The concepts o f the  f i n i t e  element method, i t s
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mathematical foundations and the  d is c re t iz a t io n  techniques are w e ll 

es tab lished  and a comprehensive study o f these sub jects can be found 

in  many te x ts  (e .g . ,12 ,13 ,14 ).

A bas ic  c h a ra c te r is t ic  o f the  f i n i t e  element method is  

th a t a ty p ic a l element can be is o la te d  from the element assemblage, 

and i t s  behavior can be s tud ied  independently o f the  behavior o f the  

o the r elements. Moreover, the  assembly process is  independent o f the  

l in e a r i t y  o r n o n lin e a r ity  o f the  system, and complete mathematical 

model is  estab lished  by a sim ple mapping. Therefore, in  the  fo llo w in g  

se c tio n , on ly  a s in g le  f i n i t e  element should be considered, w ith in  the 

scope o f th is  research, the ty p ic a l element to  be used fo r  the  

d is c re te  ana lys is  is  the  isoparam etric  hexahedral f i n i t e  element, and 

i t s  element p roperty  m atrices w i l l  be de rived  in  d e ta i l .

2. D is c re tiz a tio n  o f Equations o f Motion by F in ite  

Element Method.

Consider a s in g le  isoparam etric  element and in troduce  

a lo c a l approximation o f the  displacement f i e ld  w ith in  the  element by

‘̂ ( x )  = 0m(x) cCqmK , a. = 1,2 (2.18)

where <*UK(x) are the  components o f the  displacement o f m a te ria l 

coord ina te  X, in  c o n fig u ra tio n  c . 0m(x) are the  in te rp o la t io n  

fu n c tio n s  a t node m. ^q1nK are the  components o f displacement a t node 

m. The index m is  assumed over a l l  nodes o f the  element.
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For the  isoparam etric  f i n i t e  element, the  increm ental 

displacement between c o n fig u ra tio n  c 1 and C2 and the coord inates o f 

the  m a te ria l p o in t are in te rp o la te d  s im ila r ly  using the  above 

fu n c tio n s . That is

บK(x) = 0m(x) qmK (2.19)

= 0m(x) (2.20)
K  r o K

= 0m(x) *x  „  , a  = 1 , 2  ( 2 . 2 1 )
K  m K

where qroK axe the components o f the  increm ental displacement a t node 

m. X and c<x_ are the  components o f nodal coordinates in  the
m K  m K

co n fig u ra tio n s  CG and c^, re s p e c tiv e ly .

S u b s titu tin g  the  s tre s s -s tra in  re la t io n  (2.13) in to  the 

increm ental equations o f motion (2.17) y ie ld s

/  c  C , J M N  e M N  S e 1 J  +  C « J M N  (  e M N  +  7 น  5 e . น  >

O
V

+ C Tl__5ใๅ + 1ร  ราา D d v
I J M N  V i n  1 1 J  บ ’ 1 บ

= J  รบ1 % 1 dA + /  รบ1 z £ 1 dv -  J  Se 1 dv ( 2 . 2 2 )
O o_ O

A V V

Thus, the fo llow ing  d isc re tize d  equations o f motion fo r  a

ty p ic a l f in i t e  element are obtained.
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5 q .C {K L ( 1q ) + K ^ q )  + Kz ( q .q )  + KQ( 1S ) } q l  = <5q.c2p  -  XR1 ( 2 .2 3 )

w h e re

5 q .K L .q  = /  C ,JMN e ^  f ie ia  dv ( 2 .2 4 a )

°v

5 q .K i .q  = /  C1JMN ( e ^  5 ๆ1ปั + ท™ S e , ,  ) dv (2 . 2 4 b)
°v

8 q .K a .q  = /  C ,Jm 1 ท™  « ท , ,  dv ( 2 .2 4 c )

๐V

S q .K Q.q  = f  1S lJ ร-ท 1,  dv (2 . 24d)
๐V

5 q / R  = I  1SIJ S e , ,  dv ( 2 .2 4 e )

°v

Sq.2p = J(รบ ,2t ,  dA + Jsu, 2f ,  dv (2 .24 f)
o o „

A V

I n  t h e  a b o v e  a r r a y s ,  K L i s  t h e  l i n e a r  s t i f f n e s s  m a t r i x ,  

in c lu d in g  i n i t i a l  d is p la c e m e n t  e f f e c t ;  K x a n d  K 2 a r e  n o n l in e a r

s t i f f n e s s  m a t r ic e s ,  a  l i n e a r  a n d  q u a d r a t ic  f u n c t io n s  o f  t h e

in c r e m e n ta l  d is p la c e m e n t  q  r e s p e c t i v e l y ;  KG i s  t h e  g e o m e tr ic  s t i f f n e s s  

m a t r i x ,  a  f u n c t io n  o f  t h e  i n i t i a l  s t r e s s  *S ; 2p  i s  th e  g e n e r a l iz e d

n o d a l lo a d s  due  t o  t h e  b o d y  fo r c e s  a n d  c o n s e r v a t iv e  s u r fa c e  t r a c t i o n s ;
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XR is  the  cons is ten t nodal load vec to r in  e q u ilib r iu m  w ith  the  s ta te  

o f s tress  in  co n fig u ra tio n  C1.

By neg le c tin g  the  non linea r terms Kx and K2 , a 

l in e a r iz e d  form o f the  f i n i t e  element fo rm u la tion  o f the  non linea r 

equations o f motion fo r  f i n i t e  deform ation is  given by

S q .C IK ^ q )  + KQ( 1S )}q l = Sq.c2p -  1 ผ  (2.25)

Equation (2.25) represents a system o f non linea r equations 

in  the  unknown nodal displacement components, d e sc rib in g  the  

increm ental f i n i t e  deform ation o f an element between the  cu rren t 

deformed c o n fig u ra tio n  c 1 and a neighboring deformed co n fig u ra tio n  C2.

3. Three Dimensional Isoparam etric F in ite  Element M atrices.

3.1 L inea r Isoparam etric Hexahedral Element. In  th is  

se c tio n , the  element m atrices fo r  a general 8-node isoparam etric  

hexahedral element are given in  d e ta i l .  Geometry and trans fo rm a tions  

(mappings) o f coordinates are given in  F igure  2.2.

3 .1 .1  Components o f Stresses and S tra in s . For the  

th re e  dimensional ana lys is  , the  component o f s tress  and s t ra in  are as 

fo llo w :

= (E. 2E. „ 2E, 2E1 3 > (2.26a)

= ( ร . 33 12 23 s 13> (3.26b)



3 . 1 . 2  In te rp o la t io n  F u n c tio n s . F or an 8 -node

isoparametric hexahedral element as shown in  Figure 2.2, 

in te rp o la tio n  functions fo r  the corner nodes w ritte n  in  terms of 

na tu ra l coordinates ( r , s , t )  are given by

0m( r , ร , t )  = 1/8 ( l+ r . r m)( l+ s .s m) ( l+ t . t ra)

in  which m = 1 ,. . . , 8  and ( r  , ร_ , t  ) = + 1 , - 1 .m m m

In  a m atrix form we have

0 1
8

(1 + r)(1 -s )(1 - t)

(1+ r)(1+ s)(1 -t)

(1 -r)(1 + s )(1 - t)

(1 - r ) (1 -s ) (1 - t )

< > 

(1+ r)(1 -s )(1+ t)

(1+r)(1+s)(1+t)

(1 -r)(1+s)(1+ t)

(1 -r)(1 -s )(1 + t)

(2

(2

the

the

.27)

.28)
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3 .1 .3  S tra in -d isp lacem ent Transform ation. The 

decomposition o f the increm ental s t ra in  in to  a l in e a r  and no n line a r 

components which g iven by equation (2 .2 ) becomes:

✓ \

2E12

2E

2E13

e n

33

2e .

2e,

2e13

'33

? + <

27า1ะ

2ใา23

2าา13

(2.29)

An e x p l ic i t  re la t io n  between the  non linea r 

s tra in s  and nodal displacements w i l l  be evident when the  eva lu a tio n  o f 

the  geometric s t i f fn e s s  is  considered in  the next se c tio n . The 

re la t io n  between l in e a r  s tra in s  and nodal displacements from equation 

(2 .3 ) can be w r it te n  in  terms o f deform ation g rad ien ts  as:

2e, = (ร.. UK „ > K  I I + (ร . K I ) บ.
K  I J (2.30a)

where ร KJ = the  Kronecker d e lta  

That is

e (2.30b)
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where V  is  the m atrix o f m ateria l deformation gradients in  the 

curren t con figura tion  c 1 and บ9 is  the vector of displacement gradients.

V =

<+<'11 0 0

0 £ 12 0

0  0 £ 13

<'12 <+<■11 0

0 <'1,  <'1,

<■1,  0 <+<■11

<■,1 0 0

0 l+ f22 0

0 0 £ 23

<+<'2 ,  <■21 0

0 <'2 ,  <+<'22

<'2 ,  0  <■21

£31 0 0

0 <■,2 0

0 0 แ -£33

< ',2 <■,1 0

0 <+<■„ <■,2

< + < ■ „  0 < ' , 1

(2.31)
where

* i l  =

9 X 1

f  =

ลx 2

f i 3  =

9X3
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f Z !  = 9 X
9 X 1

f 22 = 1£ บ ุ,

9X,

^23 = _บ ุX

ax3

f 3 X = * x

f 32 = บุX
9X2

£33 = บ ุบ ุบ3 (2.32)

9X3

and บ1g = ( ลบ 1 ร ง  1 ลบ1 ลบ2 ลบ2 ลบ2 ลบ3 ลบ3 ลบ3 ) (2.33)

ลX1 9XZ 9X3 ลX1 ลX2 ลX3 ลX1 ลX2 ลX3

where th e  s u p e rsc rip t T denotes th e  transpose o f a ve c to r o r a m a trix .

The displacem ent g rad ien ts  บ and *u 11J are

re la te d  to  the  nodal d isplacem ents through the  lo c a l approxim ations o f

th e  displacem ent f ie ld ,  equations (2.18 and 2.19). That is

ua = N.q (2.34a)
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f  >

au 1 0T 0 0
’ X1

9X1

พ1 0T 0 0
’ X 2

9X2

9U1 0T 0 0
’ x 3

9X3

9U2 0 0T 0
’ X1

9X1

au 2 > _ 0 0T 0
— ’ X 2
9X2

9U2 0 0T 0
’ x 3

9X3

9U3 0 0 0T
’ X1

9X1

9U3 0 0 0T
’ X 2

9X2

9U3 0 0 0T

9X3
’ x 3

_ —

<ï1

q 2 î

q 3

(2 .3 4 b )
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and 1 บ8

 ๆ I T

N. 1q 

1 1 1 1 1 1 1

(2,35)

1
where บ ( 9 บ1 9 บ1 9 \ 9 บ2 9 บ2 9 บ2 9 บ3 9 u3 9 บ3 >

9X1 9X2 9X3 9X1 9X 2 9X3 9X1 9 x2 9X3

(2.36)

Commas in  equation (2.34b) in d ic a te  " p a r t ia l  d e r iv a tiv e  w ith  respect 

to " .  F in a lly ,  the  l in e a r  s tra in -d isp lacem ent trans fo rm a tion  m a trix  B 

can be obta ined from equations (2.30 and 2.34) as fo llo w s :

e = V .N .q  = B.q (2.37)

3 .1 .4  Jacobian Transform ation. To c a lc u la te  the  

d e r iv a tiv e  o f the in te rp o la t io n  fu n c tio n  0m( r , ร , t )  w ith  respect to  the  

g lo b a l coordinates X1 , X2 and X3, a Jacobian trans fo rm a tion  is  

needed to  re la te  d e riv a tiv e s  w ith  respect to  the  lo c a l ( r , ร , t )  system 

to  those w ith  respect to  the  g lo b a l axes. That is

f  '

9 x 1. , x 2 . , 3 , r* 9

9 r 9X1

< 9 > = x 1.3 x 2 .3 x3 . , < 9

9s âx 2

9 x 1. , x2 , , x 3 . , 9

9 t 9X3 ,

(2.38)
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where,

X1 . r y , X1 * "t» X1

Xz . r y y 2 ,  * XZ

Inverse ly,

X3, •t X3

(2.39)

9

9X1

A11 a21

< 9 ► = 1 A k 0

9XZ det J

12 22

9

1 9X3 .

Aia A__23

A,

'  N

9

9r

9 >

9s

9

3
 1

(2.40)

where,

A11 = x2>s x3>t -  X3iS X2^

a 12 = x3>3 X 1^  -  x ±13 x3>t

A13 = x 1. S X Z . ,  -  X 2 . ร  X l , ' t

A21 = x 3 . , x 2 . ,  -  x 2 . ,  x3 . .
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22 X1 x „ + -  x „  X,1 , r* 3 , -fc 3 ,  r* l , t

X, X, 4. -  X, X , ,2 , r* 1 , -t 1 , r* 2 , -t

31 X, x „ -  x „ X,2 , r  3 * ร 3 » r* 2 , ร

32 x „ X, -  X _ X,3 1 r* 1 , ร l . » '  3 , !

33 X, x„ -  X, X,1 1r  2 , ร 2 , r* 1 , ร (2 .4 1 )

where d e t  J  = X1>r. Ax 1 + X2 11. A x z  + X3 11. A13 (2 .4 2 )

T h e r e fo r e , 0T , 0T and 0T can be
’ x 1 ’ x 2 ’ X,

c a lc u la t e d  from (2 .4 0 )  a s  f o l lo w s :

0 1 c A t  1 0T (1. + A2 1 0T>S + A3 1 0T^  ว
’X1 d e t  J

(2 .4 3 )

0 1 c A 12 <*T , ,  + A22 0 T , S + A32 <*T . *  3
’ X2 d e t  J

(2 .4 4 )

0 1 c A13 0T■ 1. + Az 3 0T >S + A33 0T>t ว
’ X3 d e t  J

(2 .4 5 )

A lso , th e  d i f f e r e n t i a l  volum e dv i s  g iv e n  by

dv = (d e t  J) d r  d s d t (2 .4 6 )
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3.2 E va lua tion  o f Element M a trices. The element m atrices 

required, to  so lve  the  d is c re te  f in i t e  element equations o f m otion 

(2.25) can be obta ined by e va lu a tin g  th e  v ir tu a l work in te g ra ls  (2.24) 

using  the  Gaussian quadrature form ulas fo r  num erical in te g ra tio n s .

3 .2 .1  L in e a r Element S tiffn e s s  M a trix . The lin e a r 

element s tiffn e s s  m a trix  is  g iven  by the  in te g ra l (2.24a) as

KL = J  BT . c . B dv (2.47)
°v

For th e  purpose o f num erical in te g ra tio n , i t  is  w ritte n  in  th e  n a tu ra l 

coord ina tes as

1 1 1

Kl = i f f  bT* C * B de t J • d r d t (2.48)

- 1  - 1  - 1

The d ire c t a p p lic a tio n  o f one dim ensional num erical in te g ra tio n  

fo rm u la  y ie ld s

Kl = I  l l  พ 1 พA  CBT( r 1, ร J . v - c t r , . ร J . v - B Q V ร , , t kท

i  j  k

• d e t J ( r l , s j , t k) (2.49)

3 .2 .2  Geometric S tiffn e s s  M a trix . The geom etric 

s tiffn e s s  m a trix  can be ob ta ined by e va lu a tin g  the  in te g ra l (2.24d) as

fo l lo w s :
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Sq.KG.q  = /  ‘s , J « ๆ 1 J dv
°v

where th e  n o n lin e a r  in crem en ta l s t r a in  าา 13 i s  g iv e n  by

ร' ร

1' น

\ z

% 3

< > = <

2 \ z

2 \ 3

2 \ 3

1

( a u 1 ) 2 + ( รบ2 2) + ( ลบ3
ลX1 ลx t

( 3U1 ) 2 + ( รบ2 2) + < 9บ3
9X 2 9X2 รX2

( ลบ1 ) 2 + ( รบ2 2) + < 9บ3
9X3 รX3

L ลบ1 ลบ1 + รบ2 รบ2 + 9บ3 9U3
9X1 ลX2 ลX1 รX2 รX1 ลX2

c ลบ1 ลบ1 + รบ2 รบ2 + 9บ3 9บ3 :
^ 2 รX3 รX2 รX3 ลx 2 ลX3

C ลบ1 ลบ1 + 3U2 รบ2 + รบ3 รข3 :
ลX1 ลX3 ลX1 9X3 ลX1 ลX3

V

>

To p u t T) 13 in t o  a  sym m etric form w ith  r e s p e c t  t o  1ร 13, we can

(2 .24d)

(2.50)

w r ite
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z X / i . j  = < รบ1 รบ1 รบ1 )

9X1 ลX2 ลX3

< \1 1 1ร ร ร ลบ11 12 13 1

ลX1

xs *ร * ร „ ลบ21 22 23
<

ร ิ; '

1s พ ลบ31 32 33 1

9X3 .

+ < รบ2 รบ2 รบ2

9X1 ลX2 รX3

— '
X v 1ธ12 X 3 รบ2

ลX1

X , X e X 3
<

รบ2 ^

9X2

X 1 X z X 3 ลบ2

รX3 /

-1
รบ3 ลบ3 ) X z ร 13 ลบ3

9X2 9X3 ลX1

X , X z X 3
< - 3

âx2 ”

X . X z X a ฐบ3

รX3—

(2.51a)
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= yTa • 1ธ • Ua (2.51b)

in  which บ is  given by equation (2.33) and 1ร is  given by

' s , 1 ‘ s 12 ‘ ร . ,

V ,  1 ร , ,  1 ร.,.,21 22 23

1S 1ร  *s31 32 33

1 ฐ  1 ฐ  *3
a i l  ü 12 ü 13

1ร  1ร  1รÜ21 ü 22 S23

xs *s 1S31 32 33

‘ร . .  ‘ ร 12 ‘ ร 12

S21 S22 S23

1 ร  1 ร  1 ร31 32 33

(2.52)

S u b s titu ting  fo r  บ from equation (2.34) in to  equation (2.51) y ie ld s
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1ธบ  "nJ J  = ^  qT C10T.C1SD.i:i0.q (2.53)

and by tak ing the v a r ia tio n  w ith  respect to  nonlinear s tra in  as

1Su 6t| i j  = <$qT CNDT. cXSD. UND.q (2.54)

Therefore, the geometric s t if fn e s s  m atrix  in  a symmetric form is

KG = J โN ]T. โ 1ร ].□ 'ท  dv 

°v

(2.55)

or in  the na tura l coordinates as

1 1 1

Kg = /  /  /  det J . d r ds d t 

-1 -1 -1

num erically

(2.56)

-  Z I  I  ¥ ,« 1», ๕ ( r 1, S] , เ 1) . ‘ ร ( r „ ร , , ร , , เ 1) ]  

i  j  k

.det J ( r  1, S j , t k) (2.57)

3.2.3 Equivalent Nodal Load Vector *R fo r

E qu ilib rium  Correction. This is  given by evaluating in  the 

(2.24e) as fo llow s :

in te g ra l

5qT. 1R = /  ^ I J  ^e u  ^  
oV

(2.58)
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That is

*R = J BT/ s  dv (2.59)
°v

where

( 1S)T = ( X 1 1S22 % a  " s i z \ 3 \ 3 y  (2 . 6 0 )

In  the  ( r , s , t )  system we then have

1 1 1

1R = J  j  J  BT . 1 ร de t J . d r ds d t (2.61)

- 1  - 1  - 1

o r n u m e rica lly

l R = I I Z W 1tfJWk CBT( r l ,s J, t k) . 1S ( r l ,s J, t k) : . d e t J ( r l ,s J, t k) 

i  j  k

(2.62)

3 .2 .4  C onsistent Nodal Load Vector 2p . C onsisten t 

nodal load v e c to r, 2p, is  ob ta ined from  th e  e va lu a tio n  o f th e  body 

fo rce s  and surface  tra c tio n s  by th e  conventiona l f in i t e  element 

method. That is

p = J IN I’1". { 2t> .dA + j  I01T. { 2f>.dV
o o
A V

(2.63)
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in  which [Ni is  the displacement transform ation which re la tes  

displacements o f the loaded surface to  the nodal displacements; {2t> 

is  the vector o f surface tra c tio n s ; [0 i is  the m a trix  of 

in te rp o la tio n  functions given by equations (2 .19,2.27); and {2f> is  

the vector o f body forces. The in tre g ra ls  in  the equation (2.63) are 

ca lcu la ted num erically.

i 1 0 5 0 7 9 9 0
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