
CHAPTER I I I .

NUMERICAL SCHEME

In tro d u c tio n .

An e f fe c t iv e  im plem entation o f the  n o n lin e a r f in i t e  element 

method in  a computer code re q u ire s  va rio u s o f num erical methods to  

so lve  the  re s u lta n t system o f n o n lin e a r equations. The s e le c tio n  o f a 

scheme fo r  the  s o lu tio n  o f these equations c o n s titu te s  an im portan t 

p a rt o f the  design o f a genera l n o n lin e a r a n a lys is  c a p a b ility . The 

purpose o f th is  chapter is  to  describe  the  num erical schemes and the  

com putational procedures fo r  the  co n s tru c tio n  o f the  proposed program. 

The development o f computer program and program v e r if ic a t io n  are a lso  

inc luded .

Num erical Methods fo r  th e  S o lu tio n s  o f N onlinear Equations.

In  the  a c tu a l a n a lys is  o f n o n lin e a r response o f a 

s tru c tu ra l system, i t  w i l l  lead to  systems o f n o n lin e a r equations in  

th e  unknown nodal displacem ent components. However, in  a m a jo rity  o f 

n o n lin e a r analyses th e  lin e a riz e d  forms o f the  f in i t e  element 

fo rm u la tio n  are used in  connection w ith  va rious num erical schemes. 

Each o f these s o lu tio n  schemes seeks to  tra c e  the  n o n lin e a r 

load-de form ation  path  o f the  s tru c tu re  by s o lv in g  systems o f n o n lin e a r 

equation using one o r a com bination o f the  fo llo w in g  procedures:
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(a) Increm ental loading procedures

(b) Ite ra tiv e  procedures

(c) M inim ization procedures

The su ita b le  numerical scheme fo r  the computer program 

development in  th is  research w i l l  be the combinaton o f the increm ental 

and ite ra tiv e  procedures. From equation (2 .25 ), a system o f ท 

non linear equations in  ท unknown increm ental displacement components 

w i l l  be solved. The procedures are as fo llo w s :

{K l  + KGK q  = 2p -  1r (3 .1)

o r sim ply,

K . q = p (3 .2)

where K = the non linear (g loba l) s tiffn e s s  m a trix

q = the increm ental nodal displacement vecto r 

p = the generalized fo rce  vecto r

In  the increm ental loading procedure, the load is  app lied  in  

increments which are s u ff ic ie n tly  sm all so th a t during each increment 

the response o f the body is  lin e a r. A t the end o f each increm ent, a 

new updated s tiffn e s s  re la tio n  is  obtained and another increment o f 

load is  applied . By con tinu ing th is  process, the response o f the  body 

is  generated as a sequence o f lin e a r steps. N a tu ra lly , some e rro r w il l  

in e v ita b ly  occur in  each step o f the process. To improve the accuracy 

o f the increm ental loading method, Newton-Raphson ite ra tio n s  w ith



38

e q u ilib riu m  corrections are app lied  a t the end o f each load increment. 

D e ta ils  o f the increm ental loading method and the Newton-Raphson 

ite ra tiv e  scheme can be found in  references (10,11).

Computational Procedure.

In  the nonlinear f in i t e  element method, the path o f 

deform ation o f a nonlinear e la s tic  body (element) w i l l  be d iv id e d  in to  

a number o f equ ilib riu m  sta tes corresponding to  the d isc re te  load 

po in ts  0 ,AP, 2AP,. . . ,  where AP is  an increment in  loading. At each step 

o f a load increment, the com putational procedures fo r  the  proposed 

method are summarized as fo llo w s ะ

1. Check the number o f ite ra tio n . I f  i t  exceeds the number o f 

ite ra tio n  lim it ,  run the next load increment; otherw ise proceed the 

next step.

2. Compute the s tiffn e s s  m atrices, Kj_ and KG.

3. Compute the consisten t nodal load vecto r in  e q u ilib riu m  

w ith  the s ta te  o f stresses in  co n fig u ra tio n  o f .the p r io r  cycle  o f 

ite ra tio n .

4.

eva luation

5.

6.

Calculate the consisten t nodal load vecto r from the 

o f the body forces and surface tra c tio n s .

Assemble the master s tiffn e s s  m a trix  and the fo rce  vecto r. 

Apply boundary cond itions.

7. Solve fo r  the increm ental responses. That is  increm ental 

displacements, q, increm ental s tra in s , E, increm ental stresses, ร, 

re sp e c tive ly .

8. Update the s ta te  o f motion. That is
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(p  I r  ) ( -p , r*— 1 ) ( r )q = q + q

in  which (p,p>q is  the displacement vector a t r th  ite ra tio n  o f 

pth  load step; <p,p 13q is  the displacement vecto r a t r - l th  ite ra tio n  

o f pth  load step; and <t0q is  the increm ental displacement vecto r 

ca lcu la ted  a t r th  ite ra tio n .

9. Update the s ta te  o f s tre ss . That is

Cp•’'>3 = ‘ - - “ s + < ^ 3

in  which <p,p:>ร is  the stress vecto r a t r th  ite ra tio n  o f pth  load 

step ; Cp,r' 15ร is  the s tress vecto r a t r - l th  ite ra tio n  o f pth  

load step; and ร is  the increm ental stress vector ca lcu la ted  a t 

r th  ite ra tio n .

10. Convergence check. I f  the ra tio  o f the norm o f increment 

<p>q to  the norm o f the  cu rren t Cp,T' )q, i .e . ,  Cp5q /  <P,Piq < 

Tolerance, run the next load step; otherw ise proceed to  steps 1 to  10.

11. P rin t nodal displacements and element stresses fo r  th is  

load step.

12. Repeat step 1 fo r  the next load increment u n t il the f in a l 

load is  reached.

As described in  the previous chapter, the s tress in  the 

Lagrangian fo rm u la tion  are the second P io la -K irch h o ff s tre ss  which 

is  defined w ith  respect to  the undeformed s ta te . Thus, i t  is  

necessary th a t these stresses be transform ed to  the Cauchy s tress 

whenever the stress output is  requ ired . The flow  sequence o f the

computation is  shown in  F igure 3.1.
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Computer Program Development.

The nonlinear s ta t ic  th ree dimensional f in i t e  element program 

in  th is  research is  p rim a rily  a m o d ifica tio n  o f the lin e a r s ta t ic  

th ree  dimensional f in i t e  element program developed by Dr. Karoon 

chandrangsu o f chulalongkom  U n ive rs ity . The main fea tu re  o f the 

proposed program is  to  include geometric non linear analysis fo r  the 

element considered, lin e a r isoparam etric hexahedral element (8-node).

To ca rry  out program v e r if ic a tio n , two problems have been 

solved and the re s u lts  have been compared w ith  those performed by the 

w e ll known non linear f in ite  element program, NONSAP (15,16). For 

th ree  dimensional hexahedral ana lysis in  NONSAP program, the re  is  no 

op tion  fo r  geometric non linear ana lys is . Thus, we have to  use two 

dimensional ana lysis instead and the element used is  the lin e a r 

isoparm etric q u a d rila te ra l element (4-node) which is  equivalent to  the 

element considered in  the proposed program because both elements use 

the  lin e a r in te rp o la tio n  fo r  th e ir  approximations o f geometric and 

displacement f ie ld .  The f i r s t  problem which considers a plane stress 

case, is  a large d e fle c tio n  analysis o f an e la s tic  c a n tiliv e r  beam 

under un ifo rm ly d is tr ib u te d  load which is  shown in  Figure 3.2 . The 

re la tio n  between load and t ip  displacement is  a lso shown in  Figure 

3 .3 . The second problem which concerns a plane s tra in  case, is  the 

non linear analysis o f the settlem ent o f uniform  s o il mass under s tr ip  

loading which is  shown in  Figure 3.4 . The settlem ent o f the  s o il 

surface is  a lso shown in  Figure 3.5 . For both problems, a l l  

displacements and stresses obtained by both programs have been 

compared and th e ir  so lu tio n s  are in  e xce lle n t agreement.
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