
CHAPTER II

DEVELOPMENT OF THE MATHEMATICAL ANALYSIS

The m athem atical a n a ly s is  to  be d ev e lo p ed  in v o lv e s  th e  
measurement o f  a x ia l  d isp e rs io n  c o e f f ic i e n t s  in  th e  continuous  
phase o f  an e x tr a c t io n  column u sin g  tr a ce r  a n a ly s is .

The schem atic rep resen ta tio n  o f  th e  system  i s  shown in  
f  igu re 2 .1

Mechonicol ly  
ogi  t o t e d

F ig . 2 .1  Schem atic rep resen ta tio n  o f  th e  e x tr a c t io n  
column system . The colisnn r e s t s  on top  o f  a support b ase o f  
la rg er  d iam eter and th e  column i s  m ech an ica lly  a g ita te d . The 
column a g ita t io n  i s  rep resen ted  by a d isp e r s io n  c o e f f i c i e n t  D1 
in  cm 2/s, and th e  support by a d isp e r s io n  c o e f f i c i e n t  D2. The 
con tinu ou s phase does n ot flow  and i f  th ere  a re  s o l i d  p a r t ic le s  
or l iq u id  d r o p le ts  th e se  w i l l  be in  su sp en sion  in  th e  system .
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The param eter so u g h t w i l l  b e D1 w h erea s  p a ra m eter  D2 

rep resen tin g  d isp e r s io n  in  th e support s e c t io n  w i l l  be estim ated  
as exp la in ed  la t e r .  The column may co n ta in  p er fo ra ted  p la t e s ,  or 
d isk s  and r in g s  and may be p u lsed , or i t  may co n ta in  r o ta t in g  
d is k s ,  and param eter D1 w i l l  d ep end  on i n s i d e  g eo m e tr y  and  
in t e n s i t y  o f  m echanical a g ita t io n . Parameter D1 w i l l  rep resen t  
a g ita t io n  in  th e  continuous phase p resen t w ith  or w ith out th e  
presence o f  a d isp ersed  phase such as s o l id  p a r t ic le s  or l iq u id  
d r o p le t s .  The m eth od ology  in  p r i n c i p l e  e n a b le s  D1 f o r  an  
e x tr a c t io n  column to  be measured w ithout having to  b u ild  th e  
e n t ir e  column. And in  a d d it io n  i t  i s  unnecessary to  have th e  
continuous phase flow  through th e  system , and i f  s o l id  p a r t ic le s  
or l iq u id  d r o p le ts  are p resen t th ey  must have d e n s i t i e s  s im ila r  
to  th e  c o n tin u o u s  phase and must b e su sp e n d e d . P a ra m eter  D2 
rep resen ts  th e  a g ita t io n  in  th e  support s e c t io n .

The measurement o f  parameter D1 i s  done by pouring a  
q u a n tity  o f  tr a ce r  in  th e  l iq u id  a t  th e  top  o f  th e  column. Then 
due to  m echanical a g ita t io n  th e  tr a ce r  d if f u s e s  downward towards 
th e support zone and a t  th e  bottom o f  th e  column a co n cen tra tion  
measurement o f  th e  tr a c e r  i s  made as a fu n ctio n  o f  tim e which i s  
a curve s im ila r  to  th e  response to  a s te p  fu n ctio n  in  a  l in e a r  
system .

The a c t u a l  m easurement o f  p a ra m eter  D1 i s  d on e by  
assuming an a x ia l  d isp e r s io n  model under a n on -flow  s i t u a t io n  fo r  
th e continuous phase w ith  th e  appropriate boundary c o n d it io n s  and 
use num erical o p tim iza tio n  to  o b ta in  th e  d e s ir e d  parameter D1
based on a known v a lu e  o f  D2.



T h e d e r i v a t i o n  o f  t h e  m o d e l  e q u a t i o n s  a n d  t h e
o p tim iza tio n  c r i t e r i a  used  i s  d escr ib ed  a s fo llo w s .

2 .1  D er iva tio n  o f  th e  Equations
The equ ation  governing th e  behavior o f  th e  con tinu ou s

phase may be w r itte n  as
0C al 0C al 

0  z = 0 t (2 .1 )

0Ca2 0Ca2
D2 ------  = ----

ô z  ô t
i n i t i a l  c o n d itio n s  may be exp ressed  a s

(2 .2 )

C a l(z> 0 ,t= 0 ) = 0 (2 .3 )
C a2(z>0,t=0) = 0 (2 .4 )

boundary c o n d itio n s  may be exp ressed  a s  
a t  Z = 0

CinS (t)w  = D l ^ —-  Al (2 .5 )

and a t  t=0 C a l(z=0, t= 0 ) = con stan t (2 .6 )

0C al (z=0, t )
a t  t>0 ------- -----------  = 0

0Z (2 .7 )

0 C a l 0Ca2  
a t  Z=L1 A1D1 = A2D2

0Z  0  Z (2 .8 )

a t  t>0
0 C a l(z = L l,t )

0 (2 .9 )
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2 .2  A p p lica tio n  o f  Numerical A n a ly sis  to  th e  Equations 
Equations 2 .1  and 2 .2  become

C al( i+ 1 , j ) -2 C a l( i , j  )+Cal( i - 1 , j ) C a l ( i , j + l ) - C a l ( i , j ) )
D it-------------------------- --------------------------] = ----------------------------------  (2 .10 a )

A Z A t
Ca2(k+1 , j ) -2Ca2(k , j )+Ca2(k - 1 , j ) C a 2 (k ,j+ l)-C a 2 (k ,j)

D2[- ■ ] = (2 .1 1 a )
A Z A t

then
DlAt 2DlAt

C a l( i ,j+ 1 )  = — —  [ C a l( i+ l>j ) + C a l ( i - l Jj ) ] + C a l ( i fj ) ( l ------— )(2 .1 0 b )
A Zz AzZ
D2At 2D2At

Ca2(k, j+1) ะะ— — [C a 2 (k + l ,j )+ C a 2 (k - l ,j ) ]+ C a 2 (k ,j ) ( l-— ---- ) (2 .11b )AzZ AzZ
from equ ation  8

C a l(N ,j ) -C a l(N - l , j ) C a 2 (2 ,j ) -C a 2 ( l ,j )
A lD lt--------------------------------] = A2D2[------------ ---------------- ] (2 .1 2 )

A z A z
a t  Z=L1 we assume th a t

Al C a l(N ,j) = A2 C a 2 ( l ,j )  (2 .1 3 )

[A lD l/A 2D 2]C al(N -l, j ) + C a 2 (2 ,j)
C a l(N ,j) = ------------------------ -----------------------------  (2 .1 4 )

[A1D1/A2D2] + A1/A2
a t  Z=L2 we assume th a t

C a2(M -l,j) = Ca2(M,j) (2 .1 5 )

a t  z = 0 where equ ation  6 i s  a p p lic a b le  we may e it h e r  u se th e  
e q u a lity

C A l( l ,j )  = CA1 ( 2 , j ) (2 .16 a )

or we can make u se o f  th e  T ay lor’s  s e r ie s  and d er iv e  th a t
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C A l ( l J )  = [ 4CA1 ( 2 , j  ) -  CAI( 3 , j ) ] / 3  j  > 1 (2 .1 6 b )

a  m ore f l e x i b l e  b o u n d a ry  c o n d i t i o n  a n d  th e  one u s e d  i n  t h i s  s tu d y  
f o r  t h a t  b o u n d a ry  c o n d i t i o n .

The v e c t o r  s o u g h t  i s  C A l(N ,j)  w h ere  N r e p r e s e n t s  t h e  
b o t to m  o f  t h e  c o lu m n  s e c t i o n  w h e re  t h e  m e a s u r e m e n t  p r o b e  i s  
l o c a t e d .

The co m p u te r  p ro g ram  i s  p r e s e n te d  i n  t h e  ANNEX I

2 .3  The O p t im iz a t io n  C r i t e r i a
The m easu rem en t o f  p a ra m e te r  D1 i s  made b y  o p t im iz in g  

t h e  v e c t o r  C A l( N ,j )  o b t a i n e d  f ro m  t h e o r e t i c a l  a n a l y s i s  w i t h  
C A le x p (N ,j)  o b ta in e d  from  e x p e r im e n ts .  The c r i t e r i a  E p s i lo n  i s  
d e f in e d  a s

E p s i lo n  ะ ^ [C a lW N jj)  -  C a l.;ex p (N , j ) ] ^  (2 .1 7 )
É Ï

w h e re  C A l ^ ( N , j ) ,  C A l^ e x p (N , j  ) m u s t  b e  n o r m a l i z e d  p r i o r  t o  
c a l c u l a t i o n  o f  c r i t e r i a  E p s i lo n .  Thus b y  v a r y in g  D1 one c a n  
o b t a i n  a n  o p t i m a l  c r i t e r i a  E p s i l o n  w h i c h  y i e l d s  t h e  
c o r r e s p o n d in g  v a lu e  o f  p a ra m e te r  D1 s o u g h t .
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