a o

waganieulmvieSeulegeldiifmnsvesgudlulassaauuleiiyea

WLNTIUY T9AUTIN

a =

’Qmmﬁwuﬁﬁjﬁudawﬁwmmﬁﬁﬂmmmﬁﬂqmﬂ%@ﬁgnwmmam@wgﬁ’msﬁm
ANYIVIPAAAIEAT NIAIFIANFIENTLAZINYINITABNNILADS
ANEINYIANENT PUNRINTAIUNTINESY
Un1sfnwn 2563

AUANSYDIPAIN TN INYFY



DEFINABLE MODULES OVER DEFINABLE RINGS WITHOUT ZERO
DIVISORS IN O-MINIMAL STRUCTURES

Mr. Jaruwat Rodbanjong

A Dissertation Submitted in Partial Fulfillment of the Requirements
for the Degree of Doctor of Philosophy Program in Mathematics
Department of Mathematics and Computer Science
Faculty of Science
Chulalongkorn University
Academic Year 2020
Copyright of Chulalongkorn University



Thesis Title DEFINABLE MODULES OVER DEFINABLE RINGS
WITHOUT ZERO DIVISORS IN O-MINIMAL

STRUCTURES
By Mr. Jaruwat Rodbanjong
Field of Study Mathematics
Thesis Advisor Assistant Professor Athipat Thamrongthanyalak, Ph.D.

Accepted by the Faculty of Science, Chulalongkorn University in Partial
Fulfillment of the Requirements for the Doctoral Degree

................................... Dean of the Faculty of Science

(Professor Polkit Sangvanich, Ph.D.)
THESIS COMMITTEE

................................... Chairman

(Professor Yotsanan Meemark, Ph.D.)

................................... Thesis Advisor
(Assistant Professor Athipat Thamrongthanyalak, Ph.D.)

................................... Examiner

(Associate Professor Pimpen Vejjajiva, Ph.D.)

................................... Examiner

(Assistant Professor Keng Wiboontan, Ph.D.)

................................... External Examiner

(Supakun Panasawatwong, Ph.D.)



iv

Ny seausIas : uegafileuldindeseidowldddlidfmsvegudlulasaiig
wuuleditluea  (DEFINABLE MODULES OVER DEFINABLE RINGS
WITHOUT ZERO DIVISORS IN O-MINIMAL STRUCTURES)

9. MUTnYINelnusuan : wei.ns.eslng s1535tydnuwal, @ Wi

13

Tulassadauuulefiduea vn 9 njuidewldazifunudlnaduuungunieuls 8
Nty dususandenulanaiunsonanslaluviueafentu Tusnuideil 1IN <
aa Y A a aAa P Y & c.! a I aa 1Y)
waganfleuliviiesanilewlagaldifmsvesaudazidunuilnaduuuneganienuls
waNINTA 51839uun sUsuvnegan e limile Senlienulaaslififmsvesaudu

TAssas19wuUlo N UNeaNINUADNAIEY

A

AN AMAANEASHAZINEINITABUALADS Aaneilataldn



# # 6072842623 : MAJOR MATHEMATICS
KEYWORDS : DEFINABLE GROUPS, DEFINABLE RINGS, DEFINABLE MOD-
ULES , O-MINIMAL STRUCTURES
JARUWAT RODBANJONG : DEFINABLE MODULES OVER
DEFINABLE RINGS WITHOUT ZERO DIVISORS IN
O-MINIMAL STRUCTURES.
ADVISOR : ASST. PROF. ATHIPAT THAMRONGTHANYALAK,

Ph.D., @ pPp-

In an o-minimal structure, every definable group admits a definable group
manifold. Moreover, one can also show an analogue of this statement for definable
rings. In this work, we prove that every definable module over definable ring with-
out zero divisors admits a definable module manifold. In addition, we also give
the classification of definable modules over definable rings without zero divisors in

o-minimal structures.

Department : Mathematics and Computer Science Student’s Signature

Field of Study : Mathematics Advisor’s Signature



vi

ACKNOWLEDGEMENTS

I would like to acknowledge and extend my deepest gratitude to my thesis advi-
sor, Assistant Professor Dr. Athipat Thamrongthanyalak, for the supervision, sug-
gestions and constant encouragement to accomplish this thesis. Moreover, I would
like to thank Professor Dr. Yotsanan Meemark for being the committee chair, and
Associate Professor Dr. Pimpen Vejjajiva, Assistant Professor Dr. Keng Wiboon-
tan, and Dr. Supakun Panasawatwong for being thesis committee members. Also,
I would like to give special thanks to the Human Resource Development in Sci-
ence Project (Science Achievement Scholarship of Thailand, SAST) for the great
opportunity to study at the Department of Mathematics and Computer Science,
Faculty of Science, Chulalongkorn University.

I need to express my heartiest appreciation to my family, I can do it now. I
would like to say thank you to my best friends and any experiences in my life for
being my lessons, power and support. One more person that I need to thank is

my other half, thank you for everything.



CONTENTS

bage
ABSTRACT IN THAT .. iv
ABSTRACT IN ENGLISH ... v
ACKNOWLEDGEMENTS ... e vi
CHAPTER
I PRELIMINARIES ©....0ooeneoe oo i
1.2 Notations ...... ... EI
1.3 Definability ....... .o E
1.4 On o-minimal structures ......... ... i B
IT LITERATURE REVIEW AND OUTLINE ........................... @
2.1 Literature review ... ... ... @
2.2 Outline ....... [0 /L P @
IIT DEFINABLE MODULES OVER DEFINABLE RINGS
WITHOUT ZERO DIVISORS ... o.ooo oo bd
3.1 Modules ... s T TN e @
3.2 Generic elements ........... i @
3.3 Topologieson Sand A ......... ... ... ... @
IV CHARACTERIZATIONS OF DEFINABLE MODULES ............. @
BIBLIOGRAPHY ... .. b4



CHAPTER 1
PRELIMINARIES

1.1 Notations

In this section, we introduce some notions that will be used.

Throughout, let m,n, k,p and ¢ range over the set N = {0,1,2,...} of all
natural numbers. Let P denote the set of all prime numbers.

Let X C Y and a = (ay,...,a,) € Y". We denote by X Ua the set X U
{ai,...,a,} and a C X the statement {a4,...,a,} C X.

Let Q € M™*™, For each a € M™ and b € M™, we put

Qo :={y € M" :(a,y) € Q}, and
Q; ={xeM™: (b €Q}.

Let (M, <) be a linearly ordered set with endpoints —oo and co. For —oo <

a<b< oo, let

(a,b) :={x € M :a < x <b},
(a,b) :={zx e M:a <z <b},
[a,b) :={z € M :a <z <b}, and

[a,b] :={x € M:a<x<b}.

Observe that every linearly order set can be extended to a linearly order set with

endpoints.

Let X be aset and f,g: X — M. The notion f < g means f(z) < g(z) for all



reX.

Let (X, 7x) and (Y, 7y) be topological spaces. For Z C X, we denote by int Z
the interior of Z; bd Z the boundary of Z; cl Z the closure of Z; and 0Z the
frontier of Z. Let (X x Y, 7x X 7y) denote the topological space X x Y equipped
with the canonical product topology.

Let (A, ®,©) be an abelian group, a € A and k € N. We write ka instead of
a®---da. Let (S,+,—,-) be aring and s,t € S. We simply write st instead of

k copies

s-t.

1.2 Definability

1.2.1 Languages and structures

First, we recall some definitions from first-order logic. For more details, we

refer to [9].

Definition 1.1. A language L is a disjoint union of R (called a set of relation
symbols) and F (called a set of function symbols) where each symbol s is
equipped with the associated natural number a(s). For r € R with a(r) = n, we
call r an nm-ary relation symbol. For f € F with a(f) = n, we call f an n-ary
function symbol.

0-ary function symbols are called constant symbols, and instead of saying

“l-ary”” and “‘2-ary”’, we say “‘unary’” and ‘‘binary’’, respectively.
Definition 1.2. Let £ be a language. An L-structure 9 consists of

1. a nonempty set M, called the universe or the underlying set;
2. the interpretation ™ C M a(r) for each r € R; and

3. the interpretation f™: M*f) — M, for each f € F.

The interpretation of constant symbols are referred to as constants. We also

denote the structure 9 by (M, 7™, f* . r e R, f € F).



Definition 1.3. If £’ is a language such that £ C L', we say that the structure
M’ is an expansion of M to L' if the universe of M’ is the same as the universe
Dj’t/

of M and for every relation symbol r and function symbol f in £, r™ = r™ and

=

Remark. Let 91 be an L-structure and C' € M. We could expand the language L to
the language LUC' by adding fresh constant symbols ¢, to £ corresponding to each
a € C, called ¢, a name of a. Therefore, we can expand 91 to the LU M-structure

9y by adding an interpretation ¢ as a € M to IN.
Example.
1. For every nonempty set M, (M) is an @-structure.

2. The language of groups is L,oup = {€,7, -} where € is a constant symbol, ~*
is a unary function symbol and - is a binary function symbol. For example,
(Z,0,—,+), where 0 is the interpretation of e, — is the interpretation of ~!

and + is the interpretation of -, is an Lgy,q,-structure.

3. The language of ordered rings is £, = {<,0,1, —, +, -} where < is a binary
relation symbol, 0, 1 are constant symbols, — is a unary function symbol and
+, - are binary function symbols. For example, (Z,<,0,1,—,+,-), where <
is the interpretation of <, 0 is the interpretation of 0, — is the interpretation
of —, + is the interpretation of + and - is the interpretation of -, is an

L,.-structure.
Let Var = {vy,vq, ...} be the set of variables.

Definition 1.4. An L-term is a a word on the alphabet F U Var obtained as

follows:
1. Every variable is an L-term.

2. For every n-ary function symbol f € F and L-terms ty,...,t,, f(t1,...,tn)

is an L-term.



We write t(xy,...,2,) to indicate an L-term where no variables other than
Z1,..., T, occur. Suppose M is an L-structure and ¢(zy, ..., Z,,) is an L-term. We
interpret t(x1,...,7,) as a function ™ : M™ — M as follows:

L If t(xy,...,2p) = x;, then t™(a) = a; for a = (ay, ..., an).

2. If t(zy,...,2m) = f(t1,...,t,) where f is an n-ary function symbol and

ti,...,t, are L-terms, then 7 (a) = f(t74(a), ..., t7(a)) fora = (ay, ..., am).

Definition 1.5. The atomic L-formulas are words on the alphabet £ U Var U

{T,L,=}. We say that ¢ is an L-atomic formula if ¢ is either
1. Tor L;
2. t1 =ty where t; and t5 are L-terms; or
3. r(t1,...,t,) where r is an n-ary relation symbol and ti,...,t, are L-terms.

Definition 1.6. The £-formula are the words on the alphabet LUV arU{T, L, =
,—,V, A, 3,V} obtained as follows:

1. Every atomic L-formula is an £-formula.
2. If ¢ and ¢ are L-formulas, then so are =, (¢ V ¥) and (¢ A ).
3. If ¢ is an L-formula and z is a variable, then Jdz¢ and Vzy are L-formulas.

Definition 1.7. Let x be a variable and ¢ be an L-formula. We say that an
occurrence of z in ¢ is a bound occurrence if ¢ has a subformula which is of the
form Vi or dxp. We call ¢ an L-sentence if all occurrences of variables in ¢ is

bounded.

Definition 1.8. Let ¢ be an L-formula. We say that ¢ is quantifier free if there

is no occurences of V and 3 in ¢.

Definition 1.9. Let 991 and 91 be L-structures. A map h : M — N is an L-

embedding if



1. h is injective;

2. for every n-ary relation symbol r and (a4, ...,a,) € M",
(ai,...,a,) € 7™ <= (h(a1),...,h(a,)) € r™; and
3. for every n-ary function symbol f and (a4,...,a,) € M",

B an, - an) = fAA(ar), . h(an).
Remark. We write h : 91 — 0 for an L-embedding h: M — N.

Example. Let h : Z — R be defined by h(z) = €*. Then h is an L, ,,-embedding
of (Z,0,—,+) into (R,1,71,-).

Definition 1.10. Let 9t and 91 be L-structures. We say that 91 is a substructure
of M (or N is an extension of M), denoted by M C N, if M C N and the inclusion
map M — N is an L-embedding (equivalently, M C N and for every r € R and
feF, ™M =r"n M and fM(a) = f*(a) for any a € M),

Example. (Z,0,—,+) is a substructure of (R, 0, —,+).

Definition 1.11. Let (Z) = ¢(z1, ..., z,) be an L-formula and @ = (a4, ..., a,) €
M™. We define M |= ¢(aq, ..., a,) inductively as follows:

1. M= T and M L.
2. If pis t; = to where t; and t, are L-terms, then M |= p(a) if £ (a) = t3(a).

3. If ¢ is r(ty,...,t,) where r is an n-ary relation symbol and t,...,t,, are

L-terms, then M = p(a) if (t7(a),...,t2(a)) € r™.
4. If p is —p, then M = p(a) if M = Y(a).
5. If ¢ is (¢ vV 0), then M |= ¢(a) if M = (a) or M = 0(a).

6. If ¢ is (¢ A B), then M |= p(a) if M = (a) and M = 0(a).



7. If ¢ is Vyu(z,y), then M = ¢(a) if M |= (a,b) for all b € M.

8. If ¢ is Jyy(z,y), then M |= p(a) if there exists b € M such that M = ¢ (a,b).

We say that 9t satisfies p(a) or ¢(a) is true in M if M = p(a).

Definition 1.12. Let 91 and 91 be L-structures. We say that 9t and 91 are

elementary equivalent, denoted by 2t = N, if for every L-sentence o,

MEo <= NkE=o.

Definition 1.13. Let 9t and 0 be L-structures. An L-embedding h : 9t — I is

said to be elementary if for every L-formula ¢(xy,...,z,) and (ay,...,a,) € M",

M E= plar, ... a,) <= NE oh(ar),...,h(a,)).

We say 90t is an elementary substructure of 91 (or 2N is an elementary
extension of M), denoted by M < N, if M C N and MM — N is an elementary
L-embedding.

Example. In the language of ordered ring L, the field of algebraic closure of the

rationals is an elementary substructure of the field of complex numbers.

1.2.2 Definable sets and theories

Fix an L-structure 9t.

Definition 1.14. Let B C M. A set X C M™ is called a B-definable set in 91

if there exist an L-formula ¢(z1, ..., Ty, Y1, ..., Yr) and by, ..., by € B such that

X ={(ar,...,a,) € M" : M = p(ay, ..., an, b1, ..., bi) }.

Wesay amap f:C — D (C C M™ D C M") is a B-definable map if the graph



of f,
L(f) :={(c, f(c)) e M™*" . c e C},

is B-definable.

Remark. We simply use ‘‘definable’ instead of ‘‘M-definable’; and “‘O-definable”

instead of ‘‘@-definable”.

Intuitively, a B-definable set is a set that can be defined by an £-formula using

parameters from B.

Example. The unit circle on the real plane {(z,y) € R?: 22 4¢% = 1} is definable
in (R,0,1,—,+,-) but is not definable in (R,0,—, +).

Proposition 1.15. If X C M™ is B-definable, then every L-automorphism of M
that fires B pointwise fizes X setwise, i.e. if h : I — M such that h(b) = b for
all b € B, then h[X] = X.

Definition 1.16. An L-theory is a set of L-sentences. An L-structure I is a
model of an L-theory T if M = o for every o € T. We write T' = o if M = o for
every model I of T

Theorem 1.17 (Compactness Theorem). Let T be an L-theory. If every finite
subset of T' has a model, then T has a model.

Theorem 1.18 (Lowenheim-Skolem Theorem). Let T' be an L-theory and assume
that T has an infinite model. If k is a cardinal such that k > |L| + Ro, then T has

a model of size exactly k.

Theorem 1.19 (Downward Léwenheim-Skolem Theorem). Suppose I is an in-
finite L-structure and Q C M. Then 9 has an elementary substructure I such
that @ C N and |N| < |Q] + |£] + No.

Theorem 1.20 (Upward Lowenheim-Skolem Theorem). Suppose I is an infinite
L-structure. Then for each k > |L| + | M|, there is an elementary extension N of

M with |[N| = k.



Definition 1.21. An L-theory T admits quantifier elimination if for every

L-formula ¢(T), there is a quantifier free £-formula ¢ (Z) such that

T = Va(p(@) < (7).
Definition 1.22. An L-theory T is model complete if for any models 91,91 of
T where M C N, M < N.

Proposition 1.23. If T admits quantifier elimination, then T is model complete.

Definition 1.24. Let 9 be an L-structure. We defined the theory of 9t by
Th(9M) = {0 : 0 is an L-sentence and M = o}.

For a = (ay,...,a,) € M", we say that ¢; := (cq,,...,Cq,) IS @ name of a if
Ca, 18 @ name of @; for all i € {1,...,n}.
Definition 1.25. Let 9t be an L-structure and B C M. The theory of 91 in
L U B is the set of £ U B-formulas

Th(M, B) = {¢(ca) : ¢(Z) is an L-formula ,a € B" and M = ¢(a)}.

Definition 1.26. Let B C M. A partial n-type over B is a set p(zZ) of LU B-
formulas with free variable among = = (z1,...,x,). Let p(Z) be a partial n-type
over B. We say that p(z) is consistent if Th(9, B) U p(¢) does not prove a
contradiction where ¢ are fresh constant symbols. We say that p(z) is complete

if for every £ U B-formula (), either p(z) € p(Z) or —p(T) € p(T).
We write S7%(B) for the set of all complete consistent n-types over B.

Definition 1.27. Let b € M™ and B C M. We denote the type of b over B by
tp™ (b|B) := {©(Z) : ¢ is an £ U B-formula and M = o(b)}.

Let p(z) be a partial n-type over B. We say that b € M™ realizes p if p(z) C
tp™(b| B). We say that p(z) is realized in 9 if there exists b € M™ realizing

p(7).



Remark. For every b € M™ and B C M, tp™(b|B) € S™(B).

Example. Let M = (R, <,0,1,—,4,-),p1(x) = {0 < z} and pa(z) = {n < x :
n € N}. Then p;(z) is realized in 9% while py(z) is not.

Definition 1.28. Let s be an infinite cardinal. We say that an L-structure 9 is
k-saturated if for every X C M with | X| < &, every p(z) € ST*(X) is realized in
M.

Theorem 1.29. For every infinite cardinal k, every L-structure has an elementary

extension that is k-saturated.
Example.

1. If 91 is a model with finite universe, then 91 is x-saturated for every cardinal

K)}No.

2. (Q,<) and (R, <) are Ng-saturated, but (R, <) is not N;-saturated.

1.3 On o-minimal structures

1.3.1 Historical timeline on o-minimality

Semialgebraic sets and subanalytic sets are studied in real algebraic geometry
and real analytic geometry. These sets possess a lot of nice properties. For example,
each semialgebraic set has only finitely many connected components and these
connected components are also semialgebraic.

In 1986, L. Van den Dries, J. F. Knight, A. Pillay and C. Steinhorn developed
the concept of “‘o-minimality” (‘‘0”” abbreviates the word ‘‘order’’) which gener-
alizes the concepts of semialgebraic and subanalytic theories, see e.g. [6],[17] and
[26]. The theory of o-minimal structures realizes the concept of A. Grothendieck’s
tame topology, see [20]. In addition, it also has many applications in various fields

of mathematics such as number theory, algebraic geometry and group theory.



10

One of well-known applications in o-minimal theory on group theory is that
“every definable group admits a definable group-manifold” (see [16] for more in-
formation). This result can be considered as a pioneer in researches of definable

groups in o-minimal structures.

1.3.2 Monotonicity theorem and Cell Decomposition The-

orem

Let (M, <) be a linearly ordered set without endpoints.

Definition 1.30. We say that (M, <) is dense if for any a,b € M with a < b,

there exists ¢ € M such that a < ¢ < b.

Definition 1.31. An expansion of (M, <) is o-minimal if every unary definable

set is a finite union of intervals and points.

Results presented in this section are classical results, so we refer to [25] for

more details.

Definition 1.32. Let A be a group with identity e and a € A. We say that a is
a torsion point (or a torsion element) of A if a has finite order and is called a
p-torsion point if a is of order p. We say that a group A is torsion-free if for

any b € AN {e}, b is not a torsion point.

Definition 1.33. A group (A, ®,©) is divisible if for all positive integer n and

a € A, there exists b € A such that nb = a.

Proposition 1.34. Let (M,<,0,—,+) be an ordered group. If (M,<,0,—,+) is

o-minimal, then the group (M,0,—,+) is abelian, divisible and torsion-free.
Definition 1.35. An ordered field [ is said to be a real closed field if
1. —1 is not a sum of squares, in particular, F' # F(y/—1); and

2. F(v/—1) is algebraically closed.
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Proposition 1.36. Let (M, <,0,1,—,+,-) be an ordered ring. If (M, <,0,1,—,+,")

is o-minimal, then (M, <,0,1,—,+,+) is a real closed field.

Fix an o-minimal structure 991. We first introduce the Monotonicity Theo-

remn.

Theorem 1.37 (Monotonicity Theorem). Let —oo < a <b < o0 and f: (a,b) —
M be a definable function. Then there are points a = ag < a; < -+ < a < Agp1 =
b in (a,b) such that for each j € {0,...,k}, the function is either constant, or

strictly monotone and continuous on (a;,a;+1)-

Moreover, the Monotonicity Theorem also implies every definable subset of M

can be splitted into finitely many cells. Now, we recall the definition of cells.

Definition 1.38. Let (i1, ...,14,) be a sequence of zeroes and ones of length n. An

(i1,...,1,)-cell is a definable subset of M™ defined inductively as follows:
1. A (0)-cell is a singleton {a} € M and a (1)-cell is an open interval (a,b) C M.

2. Suppose (i1, ...,iy)-cells are defined. An (iy,..., %y, 0)-cell is the graph of
a definable and continuous function f : X — M, and an (i, ..., %y, 1)-cell
is a set {(x,m) € X x M : f(x) < m < g(x)}, for some definable and
continuous functions f,g: X — M U {—o00, 400} such that f < g, where X

is an (i1, ..., im)-cell.

A cell in M™ is an (i1, ...,1i,)-cell for some (unique) sequence (iy,...,4,). We

call the (1,...,1)-cell an open cell.
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(0,1)-cell (1,0)-cell (1,1)-cell
Figure 1 : Examples of cells in R?

Proposition 1.39. Each cell in M™ is homeomorphic to an open cell in M* for

some k < n.
Theorem 1.40 (Cell Decomposition Theorem).

(I,) For any collection of definable sets By, ..., By C M™, there is a collection of

cells in M™ partitioning each of By, ..., By.

(I1,) For every definable function f : M™ — M, there is a partition D of M™
into cells such that the restriction f | D : D — M to each cell D € D is

continuous.

Proposition 1.41. Let B C M™ be a closed definable set and By,..., B be
definable subsets of B. Then there is a partition D of B into cells such that D

partitions each By, ..., By and for any D € D, D is a union of elements in D.

Definition 1.42. A set Y C M™! is finite over M™" if for each x € M", Y,
is finite. We call Y is uniformly finite over M™" if there is N € N such that
Y, < N for all z € M™.

Proposition 1.43 (Uniform Finiteness Property). Suppose the definable set'Y C

R™ s finite over R™. Then 'Y is uniformly finite over R™.
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1.3.3 More on geometry of definable sets

We now equip the universe M with the interval topology. In the higher dimen-
sion, the product M"™ will be equipped with the corresponding product topology.

Proposition 1.44. If X C M" is definable, then so are cl(X) and int(X)

Proposition 1.45. If X CY C M" are definable sets and X is open in Y, then
there is a definable open set U C M™ such that UNY = X.

Definition 1.46. We say that a definable set is definably connected if it cannot

be written as a disjoint union of two nonempty definable open subsets.

Proposition 1.47. The definably connected subsets of M are of the form &, {a},

(a,b), (a,b], [a,b), and [a,b] where —oc0 < a < b < 0.
Proposition 1.48. Fvery cell is definably connected.

Proposition 1.49. The image of a definably connected set X C M™ under a

definable continuous map from X — M™ is definably connected.

Definition 1.50. A definably connected component of a nonempty definable

set is a maximal definably connected subset of a definable set.

Proposition 1.51. Every definable set has only finitely many definably connected

components.

Definition 1.52. The dimension of a set X C M™, denoted by dim X, is defined
as follows: For an (iy,...,%,)-cell C'in M™, let dimC := iy + --- + i,,. For a
definable set X C M™, let dim X := max{dimC : C' C X and C' is a cell} where

dim (@) = —o0.



14

Proposition 1.53. Let m,n € N.
1. If X CY C M™and X,Y are definable, then dim X < dimY < n.

2.If X C M™ and Y C M" are definable and there is a definable bijection
between X and Y, then dim X = dimY.

3. If X, Y C M™ are definable, then dim(X UY') = max{dim X, dimY}.
4. If X CM™ andY C M™ are definable, then dim(X x Y) = dim X +dimY".
Theorem 1.54. Let X C M™ be a nonempty definable set. Then

1. dimoX < dim X;
2. dimcl X =dim X; and

3. dimbd X < n.

1.3.4 Examples of o-minimal structures

In this part, we introduce some classic examples of o-minimal structures.

Example. Dense linearly ordered sets without endpoints
In the language £ = {<}, a dense-linearly ordered set without endpoints is a
trivial example of o-minimal structure such as (R, <). We can show the result by

describing explicitly all definable sets, see [[7] and [17].

Example. Divisible ordered abelian groups
In the language of ordered group L£,, = {<,0,—,+}, due to the quantifier
elimination for the theory of divisible ordered abelian groups, we have that such

structures are o-minimal. For more details, see [17] and [19].

Definition 1.55. A subset X C R” is a basic semialgebraic set if there exist
polynomials with coefficients in R and in n indeterminates fi,..., fr and g such
that

X={zeR": fi(x) >0,..., fr(x) >0 and g(z) = 0}.



15

A subset of R™ is semialgebraic if it is a finite union of basic semialgebraic subsets

of R™.

Note that every basic semialgebraic subset of R can be written as a finite union

of intervals and points.

Example. Semialgebraic geometry

By Tarski-Seidenberg Theorem, the theory of the structure Ry, = (R, <,
0,1,—,+,7',+) admits quantifier elimination, see [23]. Therefore every definable
set in Ry, is a semialgebraic set. It follows that every unary definable subset of
R, is a finite union of intervals and points. Hence R, is o-minimal.

Moreover, every ordered ring 9 = (M, <,0, 1, —, +, -) that is elementary equiv-
alent to R,;, is o-minimal. Since every real closed field can be considered as an

ordered ring, it follows that every real closed field is o-minimal.

Definition 1.56. Let I be an open subset of R. A function f : I — R is said to
be analytic if for every xy € I, there exist a neighborhood J of xy and a sequence
{an }nen in R such that
fl@) = > an(w —x0)"
neN
for all x € J. If U is an open subset of R¥, then a function f : U — R is called
analytic if for every xg € U, there exist a neighborhood V' of 2y and a sequence
of homogeneous polynomials {P, },en in R such that
f(x) = 3 oz — x0)"
neN

forall x € V.

Definition 1.57. We say that a function f : R” — R is restricted analytic if
f is 0 outside [—1,1]™ and there exist U C R™ which is an open neighborhood of

[—1,1]" and an analytic function g : U — R such that f = g on [—1, 1]™.

Definition 1.58. Let M be an analytic manifold. A subset X of M is called

semianalytic if for every z € X, there exists an open neighborhood U of x such
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that X N U is a finite union of sets of the form
{z eR": fi(z) >0,..., fr(x) > 0 and g(z) = 0}

where fi,..., fr and ¢ are analytic on U. A subset Y of M is called subanalytic
if for every point in Y admits an open neighborhood V such that Y NV is a

projection of a relatively compact semianalytic set.

Example. Subanalytic geometry

Consider the structure
Ran =Ry U{f : R" = R : f is restricted analytic and n € N}.

One can characterize definable subsets in this structure as follows: The definable
subsets in R,,, is exactly the subanalytic sets in its projective space, see [26]. As a

result, R,, is model complete and o-minimal. For details, see [L] and [g].

Definition 1.59. An exponential set in R" is a set of the form
{(x1,...,2,) ER": P(xq,...,2,,€",...,e") =0}

where P is a polynomial with real coefficients in 2n indeterminates. A subexpo-
nential set in R" is the image of an exponential set in R"™* (for some k) under

the natural projection from R"** — R™.

Example. Exponential geometry

The structure Re,, := Ry, U {exp}, where exp is the exponential function on
R, is model complete, see [29]. As a consequence of this result, we have that every
definable set in R.,, is a subexponential set. By the result of A. Khonvanskii in
[b], every exponential set (hence every subexponential set) has only finitely many
connected components. Combine the results, we obtain that the structure R, is
o-minimal. Moreover, if we fix an irrational o and restrict the domain to x > 0,

the function z* and exp(_?l) are definable in R.,,.
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Consider the structure R, czp := Ry, U {exp}. In 1994, L. van den Dries and
C. Miller extended A. Wilkie’s method to prove that R, ¢z, is also o-minimal, see

[27] and [28].

Definition 1.60. A finite sequence (fy, ..., fy) of C'-function from R" — R is
a Pfaffian chain if there exist real polynomials P;;(Xy,...,X,, Y,...,Y];) such

that
9f;

Sl () = Py(e. fla). . (@)

forall 1 <i<n,1<j<kandzeR" A C'function g : R® — R is a Pfaffian

function if there exists a Pfaffian chain (fi,..., fx) such that for every z € R™,

g(x) = Py(x, f1(z), ..., [3(2)).

Example. Pfaffian geometry

Let fi(z) = e and for each n > 2, f,(z) = ef*1(®)_ It is easy to see that for
eachn>1,f =f | -fo=-=fi-for ... -fn. Thisimplies that (fi,..., f,) isa
Pfaffian chain. The polynomials and exponential functions are Pfaffian functions.

Consider the structure
Rpfarr :=Rap U{f : R" = R : f is a Pfaffian function }.

In 1996, A. Wilkie showed the o-minimality of Rpf,fy, see [29].

]Ran > ]Ran,e:vp

(R, <) EE— Ralg

Rerp Rpfaff

Figure 2 : Examples of o-minimal structures over R

M—>I means N is an o-minimal expansion of M



CHAPTER II
LITERATURE REVIEW AND OUTLINE

2.1 Literature review

Throughout, we fix an o-minimal structure 9.

Definition 2.1. We say that a group (A,®,©) is a definable group if A is
definable and @, & are definable maps.

Definition 2.2. Let (A, ®,©) be a definable group with A C M* and dim A =
n < k. A topology on A is a definable group manifold topology if & and ©
are continuous and there is a finite set D := {(D;, ¢;) : i € I} such that

1. for each 7 € I, D; is a definable open subset of A and ¢; : D; — M" is a
definable homeomorphism onto its image;
2. A=J D;; and
iel
3. forall 4,5 € I, if D; N D; # @&, then D;; := ¢;[D; N D,] is a definable open
subset of ¢;[D;] and (¢; 0 ;') | Dy is a definable homeomorphism onto its

image.

We say that A admits a definable group manifold if there exists a definable
group manifold topology on A.

Next, we review some important theorems on definable groups in o-minimal

structures.

Theorem 2.3 (A. Pillay, [16]). Every definable group admits a definable group

manifold.
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We begin with reviews of results on definable groups in o-minimal structures
with dimensions 1, 2 and 3.

In 1991, V. Razenj adapted the classification of one-dimensional topological
Hausdorff manifolds to obtain that a definable group A has either one definably
connected component (called S'-type) or two definably connected components
(called R-type). Moreover, we obtain the classification of one-dimensional de-

finably connected definable groups as shown in Theorem @

Definition 2.4. Let A be a group with identity e. We say that A has bounded
exponent if there exists the least natural number n such that a™ = e for all a € A.

Otherwise, we say A does not have bounded exponent.

Theorem 2.5 (V. Razenj, [18]). Let A be a one-dimensional definably connected

definable group. Then
1. A is abelian;
2. A does not have bounded exponent; and

3. A is either torsion-free or for any prime number p, the set of all p-torsion

points has exactly p elements.

Definition 2.6. Let A and G be definable groups. We say that A is definably
isomorphic to G if there exists a group-isomorphism between A and G that is

definable.

Theorem 2.7 (A.W. Strzebonski, [22]). Let 9 be an expansion of a real closed
field. A one-dimensional definably connected definable group is definably isomor-

phic to either an abelian group on (0,1) or S, where S* := ([0,1),®,0) with

T +y sforr 4y <1,
rPDy=

r4+y—1:forx+y>1.
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Definable groups of dimensions 2 and 3 are studied by A. Nesin, A. Pillay and

V. Razenj in [10]. To see the results, we first introduce some definitions.

Definition 2.8. Let A be a group with the identity e. A subnormal series of A
is a finite sequence Gy, Gy, ..., G, of subgroups of A such that Gy = {e}, G, = A
and for all 0 < i < n—1, G; is normal in G;;1. Each group G,1/G; is called a

factor associated to the series.

Definition 2.9. A group is said to be solvable if it has a subnormal series with

abelian factors.

Definition 2.10. Let A be a group. The center of A, denoted by Z(A), is the
set of elements that commute with every element of A. A group is said to be

centerless if the center of the group is trivial.

Definition 2.11. Let A be a group with an identity element e and G, H be sub-
groups of A. We say that A is a semidirect product of G and H if GG is normal
in A, GNH ={e} and A=GH.

Definition 2.12. Let F be a field and n > 1. The general linear group of
degree n over field F, denoted by G L, (F'), is the set of n x n invertible matrices
with entries from F' equipped with matrix multiplication as the group operation,
ie.,

GL,(F)={Q € M,(F) : det @ # 0}.
Definition 2.13. Let F' be a field and n > 1. The special linear group of
degree n over field F, denoted by SL,(F), is the set

SLy(F) ={Q € GL,(F) : det Q = 1}

equipped with matrix multiplication as the group operation. The projective
special linear group (of degree n over field F'), denoted by PSL,(F), is the
quotient of SL, (F') by its center.



21

Definition 2.14. Let F be a field and n > 1. The orthogonal group of degree
n over field F, denoted by O, (F), is the set

On<F) = {Q € GLn(F) : QQt = QtQ = [n}

equipped with matrix multiplication as the group operation. The special orthog-

onal group (of degree n over field F'), denoted by SO, (F), is the set

SOW(F) = 0,(F) N SL,(F)

equipped with matrix multiplication as the group operation.

Theorem 2.15 (A. Nesin, A. Pillay and V. Razenj, [10]).
1. If a definable group A is two-dimensional definably-connected, then

e A is solvable; and

o A is either abelian or A is centerless and definably isomorphic to a
semidirect product of M, (the additive group of M) and M, (the multi-
plicative group of positive elements of M) for some definable real closed

field M.

2. If A is 3-dimensional nonsolvable definably-connected, A/Z(A) is definably
isomorphic to either PSLy(M) or SOs(M) for some definable real closed
field M.

Definition 2.16. A group is semisimple if it has no nontrivial infinite normal

abelian subgroups.

Theorem 2.17 (Y. Peterzil, A. Pillay and S. Starchenko, [12]). Every definably
connected centerless semisimple definable group is definably isomorphic to a direct

product of definably connected definably simple definable groups.

Theorem 2.18 (Y. Peterzil, A. Pillay and S. Starchenko, [12]). Suppose M is

an expansion of a real closed field. Then every definably connected centerless
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semisimple definable group is definably isomorphic to a semialgebraic linear group

over M.

Theorem 2.19 (Y. Peterzil, A. Pillay and S. Starchenko, [13]). Suppose M is an
expansion of real closed field and A is a definably connected definable subgroup of
GL,(M), for some n € N. Then there are a normal solvable definable subgroup G
and a semialgebraic semisimple subgroup H such that GNH 1is finite and A = GH.

Theorem 2.20 (Y. Peterzil, A. Pillay and S. Starchenko, [13]). Suppose M is
an expansion of real closed field and A is a definably connected definable subgroup
of GL,(M), for some n € N. Then there are semialgebraic groups Gi,Gs of
GL,(M) such that Gy < A < G1, Gy is normal in Gy and G1/G3y is abelian.
Moreover, there are abelian definably connected subgroups Aq, ..., A, of A such

that A = GQAl tee Ak

Definition 2.21. We say that a group A is abelian-by-finite if there exists an
abelian normal subgroup G of A such that A/G is finite.

Theorem 2.22 (Y. Peterzil and S. Starchenko,[14]). Let A be a definably compact
definable group. Then either A is abelian-by-finite or A/Z(A) is semisimple. In

particular, if A is solvable, then A is abelian-by-finite.

We now review some results on definable rings.

Definition 2.23. We say that a ring (S, +, —, -) is a definable ring if S is defin-

able and —, +, - are definable maps.

Definition 2.24. Let (S,+,—,) be a definable ring with S C M* and dim S =
n < k. A topology on A is a definable ring manifold topology if +, — and -

are continuous and there is a finite set P := {(P;, ¢;) : ¢ € I} such that

1. for each ¢ € I, P; is a definable open subset of S and ¢; : P, — M"™ is a

definable homeomorphism onto its image;
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2. S= P; and
i€l
3. for all i,j € I, if P, N P; # &, then P,; := ¢;[P, N P;] is a definable open
subset of ¢;[P;] and (¢; o ¢; ') | P is a definable homeomorphism onto its

(2

image.

We say that S admits a definable ring manifold if there exists a definable ring
manifold topology on S.

Definition 2.25. Let R and S be definable rings. We say that R is definably
isomorphic to S if there exists a ring-isomorphism between R and S that is

definable.

Theorem 2.26 (M. Otero, Y. Peterzil and A. Pillay, [11]). Every definable ring

admits a definable ring manifold.

Theorem 2.27 (Y. Peterzil and C. Steinhorn, [15]). If S is an infinite definable
ring without zero divisors, then S is a division ring and there is a one-dimensional
definable ring I which is a subring of S such that I is a real closed field and S is
definably isomorphic to either I, I(x/=1), or the ring of quaternions over I.

These give rise to the question that;

“can we classify all definable modules over definable rings?”

2.2 Outline

In this dissertation, we show that every definable module over definable ring
without zero divisors in the o-minimal structures admits a definable module mani-
fold. Moreover, we characterize all definable modules over definable rings without
zero divisors. This thesis is organized as follows.

In Section 3.1, we give definitions and notations concerning modules. In Sec-

tion 3.2, basic knowledges and some important results concerning generic elements
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are introduced here. Section 3.3 is devoted to show that every definable module
over definable ring without zero divisors admits a definable module manifold, i.e.,
a definable group admits a definable group manifold, a definable ring admits a
definable ring manifold and the scalar multiplication of a module is continuous.
In Chapter IV, we discuss the forms of definable modules over definable rings
without zero divisors. First, we show that every definable module over definable
ring without zero divisors is a free module with a finite basis. We also discuss
about the Frobenius Theorem and its consequences in the context of o-minimality.
Finally, we give a complete characterization of definable infinite rings without zero

divisors in an o-minimal structure.



CHAPTER I11
DEFINABLE MODULES OVER DEFINABL E RINGS
WITHOUT ZERO DIVISORS

Throughout this chapter, let 91 be an o-minimal expansion of a dense linear or-
dering (M, <), (S,+,—,-,7!) be a ring without zero divisors and (4, ®,©) be an

S-module.

Definition 3.1. We say that A is a definable S-module if S is a definable ring,
A is a definable abelian group and the scalar multiplication from S x A to A is a

definable map.

Definition 3.2. Let S be a definable ring and A a definable S-module. We say
that A admits a definable S-module manifold (or simply a definable module

manifold) if
1. A admits a definable group manifold;
2. S admits a definable ring manifold; and

3. the scalar multiplication from S x A to A is continuous with respect to the

corresponding topologies on S and A.
The main goal of this chapter is the following:

Theorem 3.3. Suppose A is a definable S-module in 9. Then A admits a definable

S-module manifold.
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3.1 Modules

First, we recall the definition of modules.

Definition 3.4. Suppose that (S,4+,—,-) is a ring and 1g is its multiplicative
identity. A (left) S-module A consists of an abelian group (A4,®,©) and an
operation p : S x A — A, we call it the scalar multiplication, such that for all

s,t € Sand a,be A,
L. p(s,a®b) = p(s,a)® p(a,b),
2. p(s+t,a) = p(s,a) @ p(t, a),
3. p(s-t,a) = p(s,p(t,a)),and

4. p(lg,a) = a.

Definition 3.5. Let S be a ring. We say that GG is an S-submodule of an S-
module A if G is a subgroup of A as an additive group and the scalar multiplications

SxA— Aand S x G — G agree on S x G.

Definition 3.6. Let X C A and G be an S-submodule of A. We say that X
spans M if for any a € GG, there are s1,...,s;, € S and zq,...,x; € X such that
a=p(s1,21) ® - D p(sg, xr). We say that M is finitely generated if there is a
finite subset of M that spans M.

Definition 3.7. We say that a finite set {ay,...,ax} C A is linearly indepen-
dent (over S) if for any sy,..., s, € S with p(s1,a1) ® -+ ® p(sg, ar) = 04, we
have s; = -+ = s = 0g. A subset X of A is linearly independent (over S) if every

finite subset of X is linearly independent (over S).

Definition 3.8. Let X C A. We say that A is a free S-module on a set X if
X spans A and X is linearly independent over S. Such X is called a basis for A.

We say that a module A is free if there exists a basis for A.
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The following two theorems are well-known theorems in algebra.
Theorem 3.9 (P.A. Grillet, [3]). Every module over a division ring is free.

Theorem 3.10 (A. Tarcan and C.C. Yicel, [24]). Every finitely generated free

module has a finite basts.

3.2 Generic elements

In this section, we introduced definitions and properties concerning generic

elements. For more details, we refer to [16].

Definition 3.11. Let B C M. The definable closure of B, denoted by dcl(B),

is the set
{a € M : {a} is B-definable}.

Definition 3.12. Let @ € M"™ and B C M. The dimension of a over B, denoted
by dim(a/B), is defined to be the least cardinality of a subtuple @ of @ such that
a Cdc(BUT).

Definition 3.13. Let B,I C M. We say [ is independent over B if for all
x € I, we have x ¢ dcl(BU (I \ {z})).

Remark. Any two points @ and b are independent over B if dim(a/B U b) =
dim(@/B) (equivalently, dim(b/B U @) = dim(b/B)).

Lemma 3.14. The dimension of a over B is equal to the cardinality of a maximal

independent subtuple of @ over B.

Proposition 3.15. Suppose M is k-saturated. Let B C M with |B| < k and
X C M"™ be B-definable. Then

dim(X) = max{dim(a/B) : a € X}.
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Definition 3.16. Let B C M and X C M" be B-definable. We say a point a is
a generic point (or simply a generic) of X over B if @ € X and dim(a/B) =
dim(X).

Example. Consider the real field R in the language {<}. Let X = [3,4] C R.
We can see that X is {3, 4}-definable and dim X = 1. Since 7 € X cannot be not
defined by L,,-formulas with parameters from {3,4}, dim(7/{3,4}) = 1 = dim X.

So 7 is a generic point of X over {3,4}.

Lemma 3.17 (Exchange Lemma). Let B C M and a,b € M. Ifb € del({a} U B)
and b ¢ dcl(B), then a € dcl({b} U B).

Definition 3.18. Let X C M™. We say @, b € X are mutually generic (over @)

if they are generics of X and independent (over &).

Definition 3.19. Let Y C X C M" be definable. We say that Y is large in X if
dim(X \Y) < dim(X).

Theorem 3.20. Let Y C X be definable. Then'Y is large in X if and only if for
every B C M over which X and Y are defined, every generic point of X over B

isinY.

Proposition 3.21. Let X C M"™ be B-definable. Let ¢(T,7) be a formula without
parameters, where T = (x1,...,2,). Then the set {b: o(Z,b)™ N X is large in X}
is B-definable, where ¢(Z,b)™ := {@ € M™ : M = ¢(a,b)}.

Remark. By Proposition , the set
{a € M™: If bis a generic of A over a, then MM = ¢(a,b)}

is a definable set, where ¢(Z,y) is a formula in our language.

Lemma 3.22. Let b € A and let a be a generic of A over b. Then b @ a is a

generic of A over b.
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Lemma 3.23. For g € A, there are generics g1 and go of A over g such that

g =91Dgo.

Definition 3.24. Let X be a subset of A and a € A. The set
a®X ={a®b:be X}

is a translation of X by a.

Lemma 3.25. Let X be a large definable subset of A. Then finitely many translates
of X cover A, i.e. there are ay,...,ar € A such that A =J{a,®X :i=1,... k}.

Theorem 3.26. Let B be a definable subgroup of A. Then B has a finite index in
A if and only if dim B = dim A.

Theorem 3.27 (Descending Chain Condition (DCC)). Let { A, }nen be a descend-
ing chain of definable subgroups of A. Then there is k € N such that A, = Ay for

alln > k.

3.3 Topologies on S and A

We devote this section to prove Theorem @

Throughout, assume A is a definable S-module. We will assume that 97 is R¢-
saturated. However, our main results in this section hold for arbitrary 9t. Without
loss of generality, we suppose the ring S and the S-module A are 0-definable in the
structure 9 and the scalar multiplication p from S x A — A is O-definable. By
Theorem , S is a division ring. Assume S C M™ with dimS = m’ < m and
AC M" with dimA =n' < n.

Throughout the rest of this chapter, by Proposition , we may assume that
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there exist Fy, ..., E, C A such that

1. Ey,..., E, are the 0-definable pairwise disjoint cells of dimension n';
(1) 2. for each ¢ # j,cl E; Ncl E; = &; and
3. Vo:=E,U---UE, is open and large in A.

Remark. For each i =1,...,p, if U C M" is open in A, then E; N U is open in U.

Similarly, for a ring S, we may assume that there exist 7,...,7, C S such
that
1. Ty, ..., T, are the 0-definable pairwise disjoint cells of dimension m/;
(t1) 2. for each i # j,clT; Nl T; = &; and

3. Xo: =Ty U---UT, is open and large in S.

Definition 3.28. We say that a 5-tuple (V, W, X, Y, P) of O-definable sets has the
property (%) if

1. Visopen and large in A, and & : V' — V is a 0-definable continuous bijection;
2. Wislarge and openin Ax A, and @ : W — V is 0-definable and continuous;

3. X is open and large in S, and — : X — X and ! : X — X are 0-definable

continuous bijections;

4. Y is large and open in S x S, and +: Y — X and - : Y — X are 0O-definable

and continuous;
5. P is large and open in S X A, and p: P — V is O-definable and continuous;

6. for any v; € V, if vy is a generic of A over vy, then (ve,v1) € W and

(Cug, v, B vy) € W,

7. for any x; € X, if x5 is a generic of S over zy, then (9, 21) € Y, (—x9, 21 +

19) €Y and (z;', 29 - 21) € Y; and
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8. forany z € X, if v is a generic of A over z, then (x,v) € Pand (z7!, p(z,v)) €
P.

First, we shall construct a 5-tuple (V, W, XY, P) of O-definable sets that sat-

isfies the property (*).
Lemma 3.29.

1. There exists a 0-definable large open subset Vi of A such that the restriction
of the additive inversion to Vi is a 0-definable continuous bijection from V;

onto Vj.

2. There exists a 0-definable large open subset W1 of A x A such that the re-
striction of the addition to Wy is a 0-definable continuous map from Wy into

Vo.

Proof. 1. By the Cell Decomposition Theorem, we obtain a 0-definable large open
dense subset Vj of Vj such that & | V; is continuous. Set Vi = Vu N (&Vp). It is
clear that V; is open in Vy. To show that 14 is large in A, let v be a generic of A
over @. Since Vj is large in A, by Theorem , v € Vy. Note that ©v is also a
generic of A over @. So Gv = w for some w € Vj, i.e. v € &Vj. Therefore, v € V4
and so we have that V] is large in A. Since V; = &V}, the additive inversion from
V} into Vj is a O-definable continuous bijection.

2. By the Cell Decomposition Theorem, we obtain a 0-definable large open
dense subset W, of Vj x Vg such that & | W; is continuous. ]

Lemma 3.30.

1. There exists a 0-definable large open subset X1 of S such that the restrictions
of both additive inversion and multiplicative inversion to X1 are 0-definable

continuous bijections from X onto Xj.

2. There exists a 0-definable large open subset Y, of Sx.S such that the restriction
of both addition and multiplication to Yy are 0-definable continuous maps from

Y1 into V.
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Proof. 1. By the Cell Decomposition Theorem, we obtain 0-definable large open
dense subsets Z; and Z, of X such that — [ Z; and ~! | Z, are continuous. Set
Xo=2Z1NZyand X; = Xy N (—Xo) N Xofl N (=Xo)~ % It is clear that X is
open in Xy. To show that X; is large in S, let z be a generic of S over &. Since
Zy1 and Zy are large in S, by Theorem , z € X,. Note that —z, z~* and
(—z)~! are also generics of S over @. By the same argument as in Lemma ,
we obtain that x € X;. Therefore, X; is large in S. Since X; = —X; = Xfl, the
additive inversion and the multiplicative inversion from X; into X; are O-definable
continuous bijections.

2. By the Cell Decomposition Theorem, we obtain a 0-definable large open
dense subset Y7 of Xy x X such that + [ Y7 and - [ Y] are continuous. L]

Lemma 3.31. There exists a 0-definable large open subset Py of Xo x Vi such that
the restriction of the scalar multiplication to Py is a 0-definable continuous map

from Py into V.

Proof. By the Cell Decomposition Theorem, we obtain a 0O-definable large open
dense subset P; of Xy x Vj such that p | P; is continuous. O

Throughout, we fix sets Vi, W, as in Lemma , X1,Y: as in Lemma and

P, as in Lemma .

Lemma 3.32. Let a,b € A. If a is a generic of A over b and b is a generic of A

over &, then b is also a generic of A over a.

Proof. Assume a is a generic of A over b and b is a generic of A over @. Suppose
to the contrary that b is not a generic of A over a. Without loss of generality, we
may assume that dim A = n and @ = (ag,a’), b = (by, b') where by € dcl(@U¥) but
bo ¢ dcl(a’ UD'). By the Exchange Lemma, ag € dcl(a’ Ub), which is absurd. [

We now construct a 5-tuple (V, W, XY, P) of 0-definable sets that satisfies the

property (x).
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Lemma 3.33. There ezists a 0-definable large open subset V' of A such that
1.V CVy;

2. the restriction of © to V' is a 0-definable continuous bijection from V onto

V. and
3. forb €V, ifa is a generic of A overb, then (a,b) € Wi and (Sa,a®b) € W.
Proof. Let V, be the subset of A such that b € V5 if and only if :
(i) b e Vi; and
(ii) for every generic a of A over b, (a,b) € Wy and (Sa,a & b) € Wh.

Since W7 is O-definable, by the remark after Proposition , V5 is O-definable. To
show that V5 is large in A, let b be a generic of A over @. Since V; is 0-definable
and large in A, b € V;. Let a be a generic of A over b. By Lemma , bis a
generic of A over a, so a and b are mutually generics over &, i.e. (a,b) is a generic
point of A x A over @. Since W is large in A x A, (a,b) € W;. By Lemma ,
a @ b is a generic of A over a. By Lemma again, a is a generic of A over
a @ b and hence (Sa,a ® b) € W;. Therefore, b € V5. Hence V; is large in A
(by Theorem ) By the Cell Decomposition Theorem, we obtain a 0-definable
subset V3 C V5 such that V3 is large in A and open in Vy. Set V = V3N (V). It
is clear that V' is also large in A and open in V4. Since V = (&V), the restriction

© : V — V is a O-definable continuous bijection. [
Remark. V x V is large in A x A and open in V; x V.
Lemma 3.34. There exists a 0-definable large open subset X of S such that

1. X C Xy,

2. the restrictions of — and ~' to X are 0-definable continuous bijections from

X onto X;
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3. fort € X, if s is a generic of S overt, then (s,t) € Y1,(—s,s+1t) € Y1, and
(s71, st) € Yy; and
4. fort € X, ifais a generic of A overt, then (t,a) € Py and (t71,p(t,a)) € Py.
Proof. Let X5 be the subset of S such that ¢ € X, if and only if :
(i) t € Xy;

(ii) for every generic s of S over ¢, (s,t) € Y, (—s,s+1t) € Y1, and (s71, st) € Y3,

and
(iii) for every generic a of A over t, (t,a) € Py and (t7%, p(t,a)) € P;.

By the same argument as in Lemma , Xy is large in S. By the Cell Decomposi-
tion Theorem, there is a 0-definable subset X3 C X, such that X3 is large in .S and
open in Xj. Set X = Xp N (—X2) N X5 N (—=Xy)"L. Since X = —X = X! the
additive inversion and the multiplicative inversion from X — X are 0O-definable

continuous bijections. 0

Remark. X x X is large in S x S and open in X; x X;.

Lemma 3.35. There exists a 0-definable large open subset W of A x A such that
1. WC(VxV)ynWy;

2. the restriction of @ to W is a 0-definable continuous map from W into V;

and
3. forb eV, ifais a generic of A overb, then (a,b) € W and (©a,a®b) € W.

Proof. Define W = (VxV)Nn{(a,b) € Wy :a®b e V}. By Lemma 3.29, since V is
open in Vj, the restriction of & to W is a 0-definable continuous map from W into
V and W is open in Vj x Vi. To verify that W is large in A x A, let (a1, a2) be a
generic of A X A over @. Then a; and ay are mutually generic (over &), so a; @ as
is a generic of A over &. We have (a1,az) isin (V x V)NW; and a; @ ay € V, i.e.
(ay,ay) € W. Therefore, W is large in A x A.
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To complete this proof, let b € V and let a be a generic of A over b. We
will show that (a,b) € W and (Sa,a & b) € W. Since b € V, by Lemma ,
(a,b) € Wy and (©a,a @ b) € Wi. By Lemma , a®beV, ie (ab) € W.
Since (6a) ® (a®b) =beV, (Sa,adb) € W. O

Lemma 3.36. There exists a 0-definable large open subset Y of S x S such that
1. Y C(X xX)NYy;

2. the restrictions of + and - to'Y are 0-definable continuous maps from'Y into

X; and

3. fort € X, if s is a generic of S overt, then (s,t) € Y,(—s,s+t) €Y, and
(s7l,st) €Y.

Proof. Define Y = (X x X)N{(s,t) € Y1 : s+t € X and st € X}. By Lemma
, since X is open in X7, we have the restrictions of both + and - to Y are
0-definable continuous maps from Y into X and Y is open in Vj x Vj. To verify
that Y is large in A x A, let (s1,$2) be a generic of S x S over @. Then s; and
sy are mutually generic (over @). So s; @ sy and s;sy are generics of S over &.
We have (s1,$2) isin (X X X)NY], s1® sy € X and s180 € X, ie. (s1,82) € Y.
Therefore, Y is large in S x S.

To complete this proof, let ¢ € X and let s be a generic of S over t. We will
show that (s,t) € Y,(—s,s+t) € Y, and (s7!,st) € Y. Since t € X, by Lemma
, (s,t) € Y1, (=s,s+t) € Yy, and (s7!,st) € Y. Since t # 0g, by Lemma
, s+t € X and st € X, that is (s,t) € Y. Since (—s)+ (s+1t) =1t € X,
(—s)(s+1t) € X, and s is a generic of S over t, (—s,s +t) € Y. Similarly,
(sl st) €Y. O

The following lemma was proved in [[16].

Lemma 3.37 (A. Pillay, [16]). Let f : A — A be a B-definable endomorphism
of A with finite kernel. Then Im f has finite index in A. In particular, if a is a

generic of A over B, then f(a) is also a generic of A over B.
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Lemma 3.38. Let s € S be nonzero and let a be a generic of A over s. Then

p(s,a) is a generic of A over s.

Proof. Let f : A — A be a function defined by f(z) = p(s,z). Then f is a
{s}-definable endomorphism (since p is 0-definable). Since A is a free module and
s # 0, f is injective. Therefore, ker(f) = 0. Hence, f has a finite kernel. Since a

is a generic of A over s, by Lemma , p(s,a) is a generic of A over s. O
Lemma 3.39. There exists a 0-definable large open subset P of S x A such that
1. PC (X xV)NP;
2. the restriction of p to P is a 0-definable continuous map from P into V' ; and
3. fort € X, if a is a generic of A overt, then (t,a) € P and (t7', p(t,a)) € P.

Proof. Define P = (X x V)N {(s,a) € P, : p(s,a) € V}. By Lemma , since
X x V is open in Xy x Vj, the restriction of p to P is a 0-definable continuous map
from P into V and P is open in Xy X V4. To verify that P is large in S x A, let
(s,a) be a generic of S x A over &. Then s and a are mutually generic (over &).
By Lemma , p(s,a) is a generic of A over s. So we have (s,a) € (X x V)N P,
and p(s,a) € V,i.e. (s,a) € P. Hence, P is large in S x A.

To complete this proof, let ¢ € X and a be a generic of A over t. We will show
that (t,a) € P and (t7%, p(t,a)) € P. Since t € X, by Lemma , (t,a) € Py
and (t71,p(t,a)) € P,. By Lemma , p(t,a) € V,ie. (t,a) € P. Since
p(t p(t,a) =a V), (74 p(t,a)) € P. O

By Lemmas B.?)j, B.34L |3.3d, |33d and |3.3d, we now obtain a 5-tuple (V, W, X, Y, P)

satisfying the property (x) as desired.
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Figure 3 : a 5-tuple (V, W, X, Y,P) satisfying the property (x)
—— the corresponding maps

- -> the properties of a set concerning generic points

To define the topology 74 on A and the topology 75 on S, we first recall lemmas

from [16]. For convenience of readers, we include the proofs of these lemmas.

Lemma 3.40. Let a € A. Then the set T, :={b eV :a®be V} is open in V.

Moreover, the map b — a & b is a homeomorphism from T, — a ® T,.

Proof. To show that T, is open in V, it is enough to show that for every b € T},
there is an open neighborhood of b in T,,. Let b € T,. Thenbe V and ac® b e V.
Let ¢ be a generic of A over {a,b}. Set

={veV:(c®a,v) € W}, and

Uy ={vely: (ec,cdadv)e W}

Observe that the constructions of Uy and U; depend on b.
We will show that U; is a subset of T, containing b. Since &[W] C V, for every
veU,adv=(6c)®(cdadv) €V. Then Uy C T,. Since b € V and ¢ is

a generic of A over {a,b}, ¢ ® a is a generic of A over b and (¢ ® a,b) € W. So
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b € Uy. Note that a @b = (©¢) ® (¢ ® a ® b) and ¢ is a generic of A over {a, b}.
Then (Sc,c® a @ b) € W. Tt follows that b € U;.

Next, we shall show that Uy and U; are open in V. Observe that Uy = VW, a,.
Since W is open in A x A, we have that Uy is open in V. Define g; : V — A x A
by ¢1(v) = (&¢,¢ ® a @ v). Since & is continuous on W, g; is continuous on Uj.
Observe that U; = Uy N g ' [W]. Since U; € Uy, W is open in A x A and g is
continuous on Uy, we obtain that U; is open in V. Therefore, T, is open in V.

Consider the map ¢ : v +— a @ v. Since b € T,, g, is continuous on U; C Uy, &
is continuous on W and g = @ o g; on U;, we obtain that that g is a continuous
map on a neighborhood of b. Therefore, we obtain that the map g : v — a @ v is
a continuous map from T, — a ® T,. Since a & T, = T,, by the same argument,

the map ¢ is a homeomorphism. O

Lemma 3.41. Let a € A. Then the set 3, = {(b1,b2) €V XV :a® b dby €V}

is open in'V x V.

Proof. Fix (by,by) € ¥,. Then (b1,by) € V XV and a ® by ® by € V. To show
that ¥, is open in V' x V| it is enough to find an open neighborhood of (by, bs)

contained in ¥,. Let ¢ be a generic of A over {a,b;,by}. Let

Up ={(z,y) € VXV :(c@a,x) € W},
Uy ={(z,y) €Uy : (c®a®z,y) € W}, and

Us ={(z,y) €Uy : (Ec,chadxdy) € W}.

First, we will show that U, is a subset of ¥, containing (by, b2). Since ®&[W] C V,
for every (z,y) € Uz, a® 2@y = (Sc)® (cda®xPy) € V. Then U, C X,.
Since by € V and c is a generic of A over {a,b;}, c®a is a generic of A over b; and
(c®a,by) € W. So (by,by) € Up. Similarly, we have (¢ & a & by,b) € U;. Note
that a ® b ® by = (6¢) ® (c D a ® by & by) and ¢ is a generic of A over {a, by, by }.
Then (©c¢,c® a® by @ by) € W, it follows that (b1, by) € Us.

Next, we shall show that Uy, U; and U, are open in V x V. Observe that

Uy = Wege X V. Since W is open in A X A, we have that Uy is open in V' x V.
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Define g1,92: V — A X A by

gi(z,y) =(c®a®z,y), and

QQ(I,y) :<@C7CEB adw @y)

Since @ is continuous on W, g; is continuous on Uy and so g, is continuous on Uj.
Observe that U; = Uy N gy (W] and Uy = U; N gy *[W]. Since each g; is continuous
on U;_1, we obtain that each U; is open in V' x V. In particular, we have that U,
is an open subset of ¥, containing (by,by). Therefore, ¥, is open in V' x V. Tt

follows that the set ¥, is open in V' x V. 0

Define the topology 74 on A by

U C Ais t4-open if and only if
for any a € A, (a® U) NV is open in V.

Lemma 3.42. Let U CV anda € A. Then a ® U is Ta-open if and only if U is

open in V.

Proof. Assume a @ U is T4-open. Then for any b € A, (0@ (a® U))NV is open in
V. Therefore, U = UNV = ((6a) @ (a®U))NV is open in V. Conversely, assume
U is open in V. To show that a @& U is 74-open, let b € A. Define fouep : V — V
by foacs(v) = ©a © b @ v. By Lemma , foaos is continuous on Tieep. Note
that

b @al)NV=(boa)aU)NV = 51, [U] N Tseep

Since U and T54ep are open in V' and fo,ep is continuous on 754605, We obtain that

(b (a®U))NV isopen in V. Therefore, a & U is T4-open O
Proposition 3.43. The additive inversion & is Ta-continuous on A.

Proof. Let U be T4-open in A. We shall show that the pre-image ©[U] is T4-open.
Observe that ©71[U] = ©&U. By Lemma , we may assume that U C c® V for
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some ¢ € A. By Lemma , (©c) @ U is open in V. Since © is continuous on
V.o (ec)a Ul =cd (6U) =coU CVisopen in V. To verify that 6U is
Ta-open, let a € A. Define foo, : V = V by feeu(v) = c© a @ v. By Lemma ,

feea 18 continuous on T,.5,. Note that
(@@ @U)NV = (acc)®(coU)NV = f,lcoUlN T

Since (6¢) ® U and T,q, are open in V and f.o, is continuous on Ty, we obtain

that (a @ (&U)) NV is open in V. Therefore, U is 74-open. O
Proposition 3.44. The addition & is Ta-continuous on A.

Proof. Let U be 74-open in A. By Lemma 7 we may assume that U Ccp V
for some ¢ € A. By Lemma , (©¢) @ U is open in V. We shall show that
& U] ={(a,b) € Ax A:a®be U}isTa-openin Ax A. By Lemma 3.25 again,
it suffices to prove that for any p,q € A, X1 := {(a,b) € (p®V)x(¢dV) : a®db € U}

is 74-open in A x A. Notice that

St={(a®p,b@q):(a,b) eV XV (a®p)&(bdq) €U}

={(a®p,b®q): (a,b) €V XV, (0c)®a®pdbdqe () dU}.
Since (6¢) @ U C V, by Lemmas and , we obtain that X' is 74-open in
A x A. Therefore, & ![U] is T4-open. O

By the same argument as in the proof of Lemmas and , we obtain the

following lemmas:
Lemma 3.45. Let s € S. Then the set {t € X :a+1 € X} is open in S.

Lemma 3.46. Let s € S. Then the set {(t1,t2) € X x X : s+t + 1ty € X} is
open in X x X.

Lemma 3.47. Let s € S. Then the set {t € X : st € X'} is open in S.
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Define the topology 75 on S by

U C S is 1g-open if and only if
for any s € S, (s+U) N X is open in X

Immediately, from the proofs of Lemma , and Propositions and ,

we obtain the following lemma and propositions:

Lemma 3.48. Let U C X and s € S. Then s+ U is 1g-open if and only if U is

open in X.
Proposition 3.49. The additive inversion — is Ts-continuous on S.

Proposition 3.50. The addition + is Tg-continuous on S.

Next, we consider the multiplication on S.

Lemma 3.51. Let s,t,u € S. Then the set K = {(x1,25) € X x X 1 u+ 215 +
try + x1w9 € X} is open in X X X.

Proof. Fix (z1,72) € K. Then (x1,25) € X x X and u + 218 + txy + 2120 € X.
Since X is large in S, by Lemma , s = 81 + So where s1,s9 € X. Without
loss of generality, assume that t # 0g. To show that K is open neighborhood of

(21, z2) contained in K. Let z be a generic of S over {s1, $a,t,u,x1,22}. Let

We will show that U; is a subset of K containing (x,z5). Since the image of Y

under - is a subset of X, we get that for every (z,y) € Us,

u+xs+ity+ay=u-+xs +xs2+ty+axy

= (27N - (2u + zws) + za59 + 2ty + zay) € X,
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Then U3 C K. Since z is a generic of S over {t,x1, x5}, we get zt is a generic
element of S and it follows that (z,21) € Y and (zt,z2) € Y. So (21,22) € U,.
Since s1, 2,9 € X and z is a generic of S over {s1, $2, x5}, we obtain that zz; is
a generic of S and (zxy,s1) € Y, (221, 52) € Y and (221, 22) € Y, i.e. (x1,22) € Uj.

Since u + w18 + txg + 1190 € X, u + 215 + txg + 1129 # 0g. It follows that

22U+ 21181 + 2x189 + 2tre + 2179 = z(u + 218+t + mlxg) € X,

V2u+ zay8) + 22180 + 2twy + 2x110) €Y.

i.e. (x1,29) € Us. Similarly, we have (2~
Therefore (z1,z3) € Us.

Next, we shall show that Uy, Uy, Uy and Us are open in X x X. Observe that
Up=(XNY,)x (XNY,). Since X x X isopen in S x S and Y is open in X x X,
it follows that Ky is open in X x X. Consider ¢gi1, g12, 913,93 : X x X — S xS

and g5 : X X X — S defined by

gu(z,y) = (22, 51),

g12(z,y) = (22, 59),

g13(z, y) = (23, y),
go(z,y) = zu + zxs) + zxsy + ztx + zxy, and
g3(x,y) = (271, 2u + zwsy + 289 + 2t + 22Y).

Since - is continuous on Y, we obtain that g1, g12 and g3 are continuous on U.

Note that
(i) + is Tg-continuous; and
(ii) Ts-topology coincides with the topology by R™ on the large open subset X.

Then we have gy is continuous on U;. Since Ky C K7, g3 is continuous on Us,.
Observe that Uy = Uy N g1 [Y] N g [Y] N g [Y], Us = Uy N gy '[X] and
Us = Uy N ggl[Y]. Since ¢q11,¢12 and g3 are continuous on Uy, go is continuous

on U; and g3 is continuous on U,, we obtain that each U; is open in X x X. In
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particular, we obtain that Us is an open subset of K containing (z1,x2). Therefore

the set K is open in X x V. [

As immediate consequences, we have:

1

Proposition 3.52. The multiplicative inversion ~" is Tg-continuous on S*.

Proposition 3.53. The multiplication - is Tg-continuous on S.

It remains to show that the scalar multiplication p : (S X A, 7 X 74) — (A, T4)

is continuous. To begin, we introduce the following lemmas.

Lemma 3.54. Let U C X xV and (s,a) € Sx A. Then {(s+5,add) € SxA:
(s',a") € U} is (15 X Ta)-open if and only if U is open in X X V.

Proof. Assume I' := {(s+s',a®a’) € Sx A: (s',a") € U} is (75 X 74)-open. Then
there exists a collection {(S;, A;) : S; € 75, A; € 74,1 € I}, for some index set I,
such that I' = |J(S; x 4;). Observe that U = [J (((—s)+S;) x ((©a)®4;)). Since
each S; is Tg—of)ee[n and (—s)+S; C X, by Lemirflla , we have that each (—s)+S;
is open in X. Similarly, by Lemma , we obtain that each (©a) @ A; is open
in V. Therefore, U = (J((=s) + 5) X ((€a) & A;) is open in X x V. Conversely,
suppose U is open in )Z(E; V. Since X is open in S and V is open in A, there exists
a collection {(X;,V;) : X; € X isopen in S, V; C V is open in A, j € J}, for some
index set .J, such that U = U (X; x V;). By Lemmas and , s+ X is
Ts-open and a @ Vj is TA—opefJSo ['is (1 X T4)-open. O

Remark. For U C X x V, U is (15 X T4)-open if and only if U is open in X x V.

Lemma 3.55. Let a,b € A and s € S. Then the set D = {(zo,v9) € X x V :
b® p(xo + s,v9®a) € V} is open in X x V.

Proof. Fix (z9,v9) € D. Then (zg,v9) € X xV and b® p(zo+s,v9@Da) € V. Since
S is infinite, there exists ng € S such that xg+s+mng # 0g and xo+s+ne+1s # Og.

To show that D is open in X x V., it is enough to find an open neighborhood of
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(20, vo) contained in D. Let ¢ be a generic of S over {zy, s,no} and ¢ be a generic

of A over {a,b,s,t,ng, xg,vo}. Let

z,v) €Uy : (tx +ts+tng,c®adv) € P},

{(z,0)
{(z,v)
Uy =A{(z,v) e Uy : p(t,c®b) @ p(tx +ts +tnp,c Gadv) € V},
{(z,v) €Uy : (t7, p(t,c ®b) ® p(tx + ts + tng,c ® a ®v) € P}, and
{(z,v) € Us: (©p(x+s+ng+1g,¢),c®bD p(x+ s+ ng,cdadv))

e Wt

We will show that Uy is a subset of D containing (z,vg). Since ®[W] C V, for

every (z,v) € Uy,
b p(r+s,v®a) = (Sp(x+s+ng+1s,¢) @ (cObDp(r+s+ng,cOadv)) € V.

Then Uy C D. Since xy € X, xo+s+ng # 0g and ¢ is a generic of S over {xg, s,n¢},
(t,x9) € Y and txg + ts + tng = t(xg + s +np) € X. Note that c B a € V. Since
vo € V and ¢ @ a is a generic of A over vy, (¢ ® a,vg) € W. So now, we have
(xo,v0) € Up. From txg +ts +tng € X and ¢ @ a @ v is a generic of A over
{t,no,x0}, (txo +1ts+tng,c B advy) € P, ie. (xg,v9) € Uy. Since ¢ is a generic

of A over {a,b,s,t,ng, xg, v}, we have (zg,vq) lies in both Uy and Us. Note that
c@®b®p(zo+s+mno,c®a®u) =p(x+s+ng+1s,c) B p(x+s,vda)

and p(z + s+ ng+ lg, c) is a generic of A (use the property xo+ s+ ng+ 1 # 0g).
It follows that (zg,vo) € Uy.

Next, we shall show that Uy, Uy, Uy, Us and Uy are open in X x V. Observe
that Uy = (X N Y N7 HO X rsrimo]) X (V NWE,)). Note that

(i) X x V is open in S X A;

(ii) Y is open in S x S;
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(iii) W is open in A x A; and
(iv) + and - are Tg-continuous.

Therefore, Uy is (T¢ X T4)-open. By Lemma , Uy is open in X x V. Consider
91,93 X XV =5 9% A go: X xV > Aand g4 : X xV — A x A defined by

= (tz +ts + tng,c ® a B v),

(z,v)

go(z,v) = (t c®b) @ p(tr +ts+tng,c®adv),
(x,v) = (", p(t,c®b) @ p(tx + ts + tng,c ®adv), and
(z,v) =

(Op(z+s+mng+1s,¢),cdb® p(x+ s+ ng,cdadv)).

Since & is continuous on W, g; is continuous on Uy. Since p is continuous on P,
@ is Ta-continuous and U; C Uy, gy is continuous on U;. From U, C Uy, it is
clear that g3 is continuous on U;. Again, since p is continuous on P, we have g, is
continuous on Us.

Observe that U, = Uy N g7 [P], Uy = Uy N gy '[V], Us = Uy N g3'[P] and
U,=UsN gﬂjl[W]. Since each g; is continuous on U, i, we obtain that each U; is
open in X x V. Therefore, we obtain that U, is an open subset of D containing

(x0,v0), it follows that the set D is open in X x V. O

Remark. By Lemma , the definable map (z,v) — b®p(z+s, vPa) is continuous
from D — V.

Proposition 3.56. The scalar multiplication p is continuous.

Proof. Let U C A be 74-open. We shall show that DT := {(s,a) € Sx A : p(s,a) €
U} is (15 X T4)-open. By Lemma , we may assume that U C ¢ @ V for some
¢ € A. By Lemma , (&¢) @ U is open in V.

To show D' is (75 x 74)-open, it suffices to show that for any ¢t € S and b € A4,
{(s,a) e (t+X)x (bd V) :p(s,a) € U} is (g X T4)-open.
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Counsider a set

D={(t+sb®da)ecSxA:(s,a) e X xV,p(t+s,bda)ecU}
={(t+s,bda)e SxA:(s,a) e X xV,

(Gc)®pt+s,bPa) € (6c)dU}.

By Lemmas and , D is (1g x 74)-open. It follows that D is also (g x 74)-

open. Therefore, the scalar multiplication p is continuous from S x A — A. [

Next, we shall prove that A admits a definable S-module manifold. By Propo-
sition , the scalar multiplication from S X A to A is continuous with respect
to the corresponding topology 7¢ and 74 on S and A, respectively. So it remains
to show that A admits a definable group manifold and S admits a definable ring

manifold.
Theorem 3.57. A admits a definable group manifold.

Proof. By Propositions and , the maps @ and © are T74-continuous on A.
Since V is large in A, by Lemma , there exists a finite collection {ag, a; ..., ar} C
A such that A=J{a;®V :1=0,1,...,k}. Assume that 0 € I with ag = 04. So
V =a9® V. Note that each a; &V is 74-open.

Recall (1) in page @, we have Vy = E; U --- U E, where each Ej; is a cell of
dimension n’. Since VC V,, V =(E;NV)U---U(E,NV). By Proposition ,
each E; is homeomorphic to an open cell in M " say by the homeomorphism (and
so T4-homeomorphism) &; : E; — &(E;) € M™.

For each b € A, let ¢, : A — A defined by ¢,(z) = x ©b. It is clear that each ¢,

is a T4-homeomorphism. Foreacht=1,..., kand j =1,...,p, let

5?:6] [VEJHV—>§](EJHV) gMn/aand
§=&0log 0 ®(E;NV) = &a;®(E;NV)) C M™Y.
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Counsider the finite collection

D::{(ai@(EjﬂV),fj-):z':(),...,k:andjzl,...,p}.

It remains to verify that the above collection D makes 74 to be a definable group
manifold topology (Definition @)

1. By Proposition and Proposition , the maps @ and & are 74-
continuous on A.

2. Leti=0,...,kand j =1,...,p. From the remark of (f), £; NV is open in
V. So it is a definable 74-open subset of A. Since ; is a homeomorphism and (g,
is a 74-homeomorphism, the map & : a; ® (E; NV) = &(a; @ (E; NV)) C M™ is
a definable 74-homeomorphism onto its image.

3. Since A= J{a; @V :i=0,1,...,k}and V = (E;NV)U---U(E,NV), we
have that A =J{a, ® (E;NV):i=0,...,kand j=1,...,p}.

4. For iy, ip = 0,...,k and ji,jo = 1,...,p, let Uy = a;, & (E;, NV) and
Uy = a;, ® (Ej, NV). Suppose that Uy N Uy # @. Let Z = fﬁ [U1 NUs). Since
U;, U, are definable 74-open and 5;1 is a definable homeomorphism onto its image,
we have that Z is a definable open subset of fﬁ [U1] and 5;; o ;1 | Z is a definable
homeomorphism onto 5;5 Uy N Uy).

Therefore, the collection D makes 74 to be a definable group manifold topology.

Hence, A admits a definable group manifold. [

By the same argument as in the proof of Theorem , we obtain the following

theorem.

Theorem 3.58. S admits a definable ring manifold.

By Proposition and Theorems and , this complete the proof of

Theorem @



CHAPTER IV
CHARACTERIZATIONS OF DEFINABLE MODULES

Throughout this chapter, we fix a definable ring S without zero divisors.

Suppose A is a definable S-module. By Theorem @, A admits a definable
S-module manifold, say by the definable group manifold topology 74 on A and the
definable ring manifold topology 75 on S. Let p: S x A — A be the scalar multi-
plication. By Proposition , p is continuous with respect to the corresponding
topologies 75 and 74.

The main goal of this chapter is the following:

Theorem 4.1. There exists a one-dimensional definable subring I of S which is
a real closed field such that A is either definably isomorphic to 1%, I(v/—1)* or
H(I)* for some k € N.

First, we recall the following theorem concerning the characterizations of de-
finable rings without zero divisors.

The Frobenius Theorem, which characterizes all finite dimensional (in the sense
of vector spaces) associative division algebras over the R, was proved in 1878, see

[2]. In fact, this theorem also holds in any expansion of a real closed field.

Theorem 4.2 (Frobenius Theorem). Suppose M is an expansion of a real closed
field. Then every finite dimensional associative division algebra over M is isomor-

phic to either M, M(\/—1), or H(M) (the ring of quaternions over M ).

The following theorem was proved by Y. Peterzil and C. Steinhorn in [15]. Tt
gives a complete characterization of definable infinite rings without zero divisors

in an o-minimal structure.
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Theorem 4.3 (Y. Peterzil and C. Steinhorn, [15]). S is a division ring and there

is a one-dimensional definable subring I of S which is a real closed field such that

S is either definably isomorphic to I, I(v/—1) or H(I).

Corollary 4.4 (M. Otero, Y. Peterzil and A. Pillay, [11]). Suppose M is an
expansion of a real closed field and S is an infinite definable ring without zero

divisors. Then S is either definably isomorphic to M, M(v/—1) or H(M).

The following propositions were proved by A. Pillay in [[16].

Proposition 4.5 (A. Pillay, [16]). Let G be a definable subgroup of A. Let E be
the definably T4-connected component of the identity in G. Then E is the smallest
definable subgroup of G of finite index in G.

Proposition 4.6 (A. Pillay, [16]). S is definably Ts-connected.
We denote the definably 74-connected component of the identity in A by A°.
Proposition 4.7. A is an S-submodule of A.

Proof. By Proposition @, (A @) is a subgroup of (A4,®). Let C' = p[S x A°].
Since S is Ts-connected and A is 74-connected, S x A° is also (g X 74)-connected.
Since p : (S X A, T X T4) — (A, T4) is continuous, we have C is T4-connected.
Since (15,04) € S x A%, 04 = p(1s x 04) € C. We now obtain that A° and C
are T4-connected sets containing 04. It follows that C' C A° and hence A° is an

S-submodule of A. O
The following theorem was proved in 1994 by A. Strzebonski, see [21].

Theorem 4.8 (A. Strzebonski, [21]). If A is infinite and abelian, then it has an
unbounded exponent. Moreover, if MM is No-saturated, then A has an element of

infinite order.

Lemma 4.9. Suppose M is Ng-saturated. Let G be a definable subgroup of A°.
Assume that for any a € A%, there exists a natural number k > 1 such that ka € G.

Then G = A,
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Proof. First, we will show that there exists ky € N\ {0} such that kpa € G for
all a € A°. Since A° and G are definable, there exist d € N and L-formulas
o(z,y), ¥(z,y) and b € M? such that A° = {a € M™ : M & o(a,b)} and
G={aeM":ME1Y(a,b)}. Let p(x) = {e(x,b)} U{—w(kz,b): k € N {0}}.

Suppose to the contrary that for all k¥ € N\ {0}, there is a € A° such that
ka ¢ G. By Compactness Theorem, p(x) is consistent. Since 9 is Ny-saturated
and {b} is finite, there exists a € A° such that for all k£ € N\ {0}, ka ¢ G, which
is absurd.

Hence there exists ky € N\ {0} such that kga € G for all a € A°. Consider
the quotient group A/G. For any a € A% ko(a ® G) = koa ® G = G, it follows
that A°/G is of bounded exponent. By Theorem @, A%/G must be finite, that is
[A% : G] < oo. Since [A: G] = [A : AY][AY : G] < oo, by Proposition @, we have
G= A" [

Lemma 4.10. Let G be a definable subgroup of A°. Assume that there is b € A°
such that kb ¢ G for all natural number k > 1. Then there exists the smallest
definable subgroup G' of A° containing G U {b}. In addition, we have dim G <
dim G’ < dim A°.

Proof. Firstly, we will show that there exists a smallest definable subgroup of A°
containing G'U {b}. Suppose not. Then for any definable subgroup H of A°
containing G U {b}, there exists a definable subgroup H' of A° containing G U {b}
such that H £ H'. Next, we shall define a sequence of subgroups (A;);en- {0} of A°
as follows:

Set A; = A°. Suppose that A;,..., A; have been constructed. By the above
assumption, there exists a definable subgroup A’ of A° containing G U {b} such
that A; £ A}, Set Ay = A;N A, So A;1, is a definable subgroup of AY containing
G U {b} such that A; > A; ;.

Therefore, we obtain an infinite proper descending chain of definable subgroups
A" = A > Ay > A3 > ..., which contradicts Theorem . Therefore, there
exists a smallest definable subgroup of A° containing G U {b}, say G'.
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Consider D = {kb® G : k € Nand k£ > 1}. To show that D is infinite, it is
enough to show that if k0BG = kob® G, then ki = k. Suppose kibdG = kbDG.
Then (k1 — k2)b = k10 © kob € G. Hence ki — ky = 0, that is ky = k.

Note that kb € G’ for all k € N. Since D infinite, G is a definable subgroup of
G’ such that [G’ : G] = co. By Theorem , dim G < dim G’. Since G' C A°,
dim G < dim G’ < dim A°. O

Theorem 4.11. Suppose M is Ng-saturated. Then every definable S-module A is

a free module with a finite basis.

Proof. By Theorems @ and , it suffices to show that A is finitely generated.
Since A is an infinite abelian group, so is A°.

We recursively construct a sequence (a;, A;)ien< oy such that for every i €
N\ {0}, A; is a definable subgroup of A°, a; € A;;; and A; C Spang{ay,...,a;}
as follows:

Set (a1, A1) = (04,{04}). Suppose that (a, A1),..., (a;, A;) have been con-
structed. If A; = A° then set (@ji1, Air1) = (04, A%). Suppose A; # A°. By
Lemmas @ and , there exist a;.; € A° and the smallest definable sub-
group A;y1 of A° containing A; U {a;;1}. By the minimality of A;,;, we have
A1 C Spang{ay,...,a;41}. Observe that by Lemma , if A; # A°, then
dim A; < dim A4;;.

Since each A; C A% and dim A% = n, we have dim A; = n for every j > n + 1.
Therefore A, 1 = A°. Since A,1 C Spang{ai, ..., a1} and ay, ..., app 1 € A,
by Proposition @, we get AY = Spang{a,...,an1}

Since A is of finite index in A, we can say by & A°, ... b, ® A® are all distinct
(left) coset of A% in A. If a € A, then a = b; @ a® for some j € {1,...,p} and a® €

A°. Since A° = Spang{ay, ..., a,1}, there are s1,..., 8,41 € S such that a = b; ®

p(s1,a1)® - -Bp(Spi1,anr1). Therefore we have that A = Spang{ay, ..., ans1,01,. ..

is finitely generated. ]

Oy}
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Theorem 4.12. Fvery definable S-module A is a free module with a finite basis.

Proof. By Theorem , let DM be an Wy-saturated elementary extension of 90t
with the universe N. Since A, ®, S, p are definable, there exist d € N, e € M? and
L U {e}-formula p(x), ®,(x,y, 2), ¥(w) and x(w,z,y) such that

A={aeM": M= p(a)},

D(®) = {(a,b,c) € M"" . M |= Py (a,b, )},
S={aeM™:ME¢(a)}, and

['(p) = {(a,b,c) € M™ 7" M |= x(a,b, )}

Let

AT ={a€ N": N[ p(a)},

T(@)™ = {(a,b,c) € N™™ " : 0N |= By(a,b, )},
ST ={a e N™": M| (a)}, and

L(p)" = {(a,b,c) € N™" . 0 = x(a, b, c)}.

Note that A™ is a definable S”-module in 91 and S™ is a definable division ring.
Since M is Ny-saturated, by Theorem , A" is a free S”-module with a finite
basis. Let

o =3ay...3a,( [\ p(a;) AVa(p(a) = Is1... 35,3y ... FypFar ... Tz

=.

s
Il
—

p—1 p

e(yi) A /\ e(zi) A /\X(Si, @i, Yi) A\ 21 = i/
1

=1 =1

iS]

(/\@/f(si) N

p—1

/\ @¢(Ziayi+1> Zi+1) Nzp = a))).

=1

7

We can see that o represents the sentence ‘A is of rank at most p”’ and N = o.
Since ¢ is a sentence and N is an elementary extension of M, M = o. That is

an S-module A is finitely-generated. By Theorem , A is an S-module with a
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finite basis. O

Since A is a definable S-module with a finite basis, we have that A is definably
isomorphic (as S-module) to S* for some k € N. By Theorem @ and Corollary
@, this completes the proof of Theorem @

Corollary 4.13. Suppose M is an expansion of a real closed field. Then A is
either definably isomorphic to M*, M(/—1)k or H(M)*. In particular, if M = R,
then A is either definably isomorphic to RE, C* or H(R)* for some k € N.

We now completely characterize definable modules over definable ring without

zero divisors in o-minimal structures.

The following theorems were proved by Y. Peterzil and C. Steinhorn in [15].

Theorem 4.14 (Y. Peterzil and C. Steinhorn, [15].). Every infinite definable ring

without zero divisors is not definably compact.

Theorem 4.15 (Y. Peterzil and C. Steinhorn, [15].). Let A be an infinite definable
group. If A is not definably compact in its topology, then A has a definable torsion-

free subgroup of dimension 1.

Since S is Tg-connected, so are S* for all k¥ € N. By Theorem @, A is T4-
connected, that is A = A°. By Theorem , S is not definably compact, which
implies that A is also not definably compact. By Theorem , A has a definable
torsion-free subgroup of dimension 1.

By Theorem Theorem @ and , suppose f : A — S* is a definable bijection.
Then the definable bijection f induces a definable ring structure on (A, ®,®),
where © is defined as follows : a ® b = f~'(f(a)- f(b)). By Lemma 4.1 in [11],
(A, 74) is a definable topological ring.

The following theorem was proved by J. Johns in [4].

Theorem 4.16 (J. John, [4]). Let O C MF* be open and definable. Suppose that
f: O — MF is a continuous definable injection. Then f is open, that is, f[U] is

open whenever U is an open subset of O.
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Theorem 4.17. Suppose S¥ C M"™. Let f : A — S* be a continuous module-

isomorphism. Define a 7)-topology on A by
U C A is m4-open if and only if f]U] is Tg-open.
Then the 1% -topology is finer than T4-topology on A.

Proof. We will show that if U C A is 74-open, then U is 73-open. Assume U C A
is T4-open. By the definition of T4-topology, for any a € A, (a® U)NV is open in
V. Since V is large in A, we may assume that U C p @ V for some p € A, that is
(®p) DU C V. Since X* is large in S*, we may assume again that f(®p)+ f[U] =
fl(®p) ® U] C g+ X* for some g € S*. That is (—q) + f(®p) + f[U] C X*.

Let y € (—q) + f(©p) + fIU]. Then y = (—q) + f(©p) + f(u) for some u € U,
and so y +q = f(©p) + f(u) = f(©p & u). Since U is T4-open, by the definition,
there is an open set B, C A such that B,NV = (ep @ U)NV = cp @ U (since
(Gp) @ U C V). Since f is a module-isomorphism,

fIB N fIV] = fIB,0 V] = flep® U] = f(ep) + fIU].

Since y + ¢ = f(ep®u) € fIB,]N fIV], y € (—q) + f[B,] N f]V].
Set Z = ((—q) + f[B,]) N ((—=q) + f[V]). Since f[B,] N f[V] = f(ep) + f[U],

we get
Z = (=) + BN ((=a) + fIV]) = (=) + [[B,]JN f[V] = (=q) + f(&p) + f[U].
Since (—g) + f(6p) + f[U] € X*, we have Z € X*. So

ZNX*=Z=(~q)+ f(©p) + fIU] = ((—a) + f(&p) + fIU]) N X*.

Therefore (—q) + f(©p) + f[U] € X* is open in X*.
By Lemma , choose s = —((—q) + f(Sp)), we obtain that f[U] is Ts-open.

Therefore U is 7}1-open. O
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