
CHAPTER II

THEORETICAL CONSIDERATIONS

2 .1  B a s ic  E q u a tio n s  and G en era l S o lu t io n s

The c o n s t i t u t i v e  r e l a t i o n  f o r  a hom ogeneous  
p o r o e l a s t i c  m a t e r ia l  w ith  c o m p r e s s ib le  c o n s t i t u e n t s  can  
be e x p r e s s e d  w ith  r e s p e c t  t o  th e  c o n v e n t io n a l  c y l i n d r i c a l  
c o o r d in a t e  sy s te m  (r,0 ,z), shown in  F ig .  1 , by u s in g  th e  
s ta n d a r d  i n d i c i a l  n o t a t io n * 12’ a s

Ofl = 2p 3(vu-v )
B (l-2v)(l+ vu) 8jjP i,j  = r,e ,z  (2 .1 :

In  th e  ab ove e q u a t io n , CTjj i s  th e  t o t a l  s t r e s s
com ponent o f  th e  b u lk  m a t e r ia l ; Ejj and ธ a r e  th e s t r a i n
com ponent and th e d i l a t a t i o n o f  th e s o l i d  m a tr ix ,
r e s p e c t i v e l y ;  p i s d e f in e d  a s th e  e x c e s s  p o re f l u i d
p r e s s u r e ( s u c t io n  i s c o n s id e r e d n e g a t iv e ) ; n ,  V and vu
d e n o te  th e  sh e a r  m o d u lu s, d r a in e d  and u n d r a in e d  P o i s s o n ' ร 
r a t i o s ,  r e s p e c t i v e l y .  In  a d d i t i o n ,  B i s  S k em p ton 's  p o re  
p r e s s u r e  c o e f f i c i e n t  and ôij i s  th e  K ron eck er  d e l t a .

I t  i s  n o te d  t h a t  0 ^ B < 1  and v< v  11 <0.5 f o r  a l l  
p o r o e l a s t i c  m a t e r i a l s (10) . The l i m i t i n g  c a s e s  o f  a 
p o r o e l a s t i c  s o l i d  w ith  in c o m p r e s s ib le  c o n s t i t u e n t s  and a 
d ry  e l a s t i c  m a t e r ia l  a r e  o b ta in e d  when vu = 0 5  and B = l ,  
and B —>0,  r e s p e c t i v e l y .  The e x c e s s  p o r e  f l u i d  p r e s s u r e  
can  be e x p r e s s e d  a s
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2iiB(l+vu) 2(xB2(l -  2v)(l + vu)2
3(1-2v„) 8 + 9(l-2v„)(v„-v) ( 2 . 2 )

w here Ç i s  th e  v a r i a t i o n  o f  f l u i d  volum e p e r  u n i t  
r e f e r e n c e  v o lu m e. L et น; and V|/j d e n o te  th e  a v e r a g e  
d is p la c e m e n t  o f  s o l i d  m a tr ix  and th e  f l u i d  d is p la c e m e n t  
r e l a t i v e  t o  th e  s o l i d  m a tr ix ,  r e s p e c t i v e l y ,  in  th e  i* 
d i r e c t i o n  (i = r,0 ,z). Then,

Vi = f q ^ t  ( 2 . 3 )

w here q; i s  th e  f l u i d  d is c h a r g e  in  th e  i* d i r e c t i o n  
d e f in e d  a s

q, = - K - J  i = r,z (2 .4 )

q8 = ( 2 . 5 )

In  a d d i t i o n ,  K i s  th e  c o e f f i c i e n t  o f  p e r m e a b i l i t y  
o f  th e  medium.

The q u a s i - s t a t i c  g o v e r n in g  e q u a t io n s  f o r  a 
p o r o e l a s t i c  medium w ith  c o m p r e s s ib le  c o n s t i t u e n t s ,  
e x p r e s s e d  in  term s o f  s t r e s s e s  and p o r e  p r e s s u r e  a s  b a s i c  
v a r i a b l e s ' 121, can  be tr a n s fo r m e d  i n t o  N a v ie r  e q u a t io n s  
w ith  c o u p lin g  term s and a d i f f u s i o n  e q u a t io n  by t r e a t i n g  
th e  d is p la c e m e n t s ,  U i,  and th e  v a r i a t i o n  o f  f l u i d  v o lu m e, 
£1, a s  th e  b a s i c  unknowns a s 1101

,  1 ÔEV u , + -  — —r 1 -  2v„ dr
2 5Ue + Uj.1

rLr Ô0 r J
2B(1+V0) a ;  
3(1-2 v u) dr = 0 (2 .6)
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v 2ue + 1 de 
l - 2 v u r<90

2 5ur 
r 50 .

2B(1+VU) 1 5Ç 
3(1 -  2vu) r 50 0 ( 2 .7 )

V 2U + - J - J *  -  2* i+y z  = 0z 1 —2vu dz 3(1-2 v u) dz (2 .8 )

V2Ç = H L
cdt (2 .9 )

w here

V2 1 _5 1 a2
~r~ck + + 5 ? (2 .1 0 )

dUj: + น1. + 1 Sue + ôu, 
dr r r 50 dz (2 .11)

2|ikB2(1 - v)(1+vu)2
9 ( l-v u)(v„-v) (2 .12)

I t  can  be show n1101 t h a t  th e  g e n e r a l  s o l u t i o n s  f o r  
eq n s ( 2 .6 )  -  (2 .9 )  can  be d e r iv e d  by a p p ly in g  F o u r ie r  
e x p a n s io n , L a p la c e  and H ankel t r a n s fo r m s  w ith  r e s p e c t  t o  
th e  c i r c u m f e r e n t ia l ,  t im e  and r a d i a l  c o o r d in a t e s ,  
r e s p e c t i v e l y .

The a p p l i c a t i o n  o f  th e  F o u r ie r  e x p a n s io n  w ith  
r e s p e c t  t o  th e  c i r c u m f e r e n t ia l  c o o r d in a t e  0 f o r  th e  
d is p la c e m e n ts  and th e  v a r i a t i o n  o f  f l u i d  volum e r e s u l t s  
in

Uj(r,0,z,t) = ร ุน  to( r ,z , t ) f ( 0 ) - ร ุûj,,1(r,z,t)f*(e)
m=0 m=0

(2 .1 3 )
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Ç(r,0,z,t) = XCm (r>z >t) co s( m 0) + ร ุ1Çm(r,z,t)sin(m0) (2 .14)m=0 m=0

w here

โ cos(m0) i ะเ1 0
f(e) = { sin(m0) i = 0 (2 .1 5 )

In  eq n s (2 .1 3 )  and ( 2 .1 4 ) ,  น {111 and Çm a r e
sy m m etr ic  com p on en ts and lijn, and a r e  a n t i- s y m m e t r ic
com p on en ts c o r r e s p o n d in g  t o  th e  m* h a rm o n ic . The term  
f'(0) d e n o te s  th e  d e r i v a t i v e  o f  f(0) w ith  r e s p e c t  t o  th e  
c ir c u m f e r e n t ia l  c o o r d in a t e  0 .

The m ^ -o r d e r  L a p la c e -H a n k e l tr a n s fo r m  o f  a 
f u n c t io n  <|>(r,z,t) w ith  r e s p e c t  t o  th e  v a r i a b l e s  t and r , 
r e s p e c t i v e l y ,  i s  d e f in e d  b y <13)

Hm{<|>(r,z,t)} = 1° 1° <Kr,z,t)e-stJm(£r)rdrdt (2 . 1 6 )

and th e  in v e r s e  r e l a t i o n s h i p  i s  g iv e n  by

<Kr,z,t) = -~ 7  เ^ 1j|°Hm{<t)(r,z,t)}es‘Jm(^r)d^ds (2 .1 7 )

In  th e  ab ove  e q u a t io n s ,  Jm(£r) d e n o te s  th e  B e s s e l  
f u n c t io n '141 o f  th e  f i r s t  k in d  o f  o r d e r  m and \  i s  th e  
H ankel tr a n s fo r m  p a r a m e te r . I t  sh o u ld  be n o te d  t h a t  Y i s  
g r e a t e r  th a n  th e  r e a l  p a r t  o f  a l l  s i n g u l a r i t i e s  o f
Hm{<|>(r,z,t)} and i = V—T .

The general solutions for the m* harmonic of
solid and fluid displacements, pore pressure and stresses
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i n  t h e  L a p l a c e - H a n k e l  t r a n s f o r m  s p a c e  c a n  b e  e x p r e s s e d  i n  
t h e  f o l l o w i n g  m a t r i x  f o r m (9)

v f e z ,  ร) = R (4 ,z , ร)X f e s ) ( 2 . 1 8 )

f f e z , ร) = S f e z ,  ร) X fe  ร)

i n  w h i c h

( 2 . 1 9 )

v f è z ,  ร) = ( v j f e z ,  ร))7 i = 1,2,3,4 ( 2 . 2 0 )

f f e z , ร) = ( f ;f e z , ร))7 i =  1,23,4 ( 2 . 2 1 )

v , ( ^ z ,ร) =  ^ [ h » !  (น 111 + นJ - H r i  (น m1- น9111)] ( 2 . 2 2 )

v 2f e z ,  ร) =  ^ [ แ 1 (u ® +  uto) +  H “ -> ( u n n -  u 0m)] ( 2 . 2 3 )

v 3f e z ,s )  = H m (น 11J ( 2 . 2 4 )

V4f e z ,  ร) = Hm(pm) ( 2 . 2 5 )

f i f e z ,  ร) = ■̂ [Hm+,(CTznn+ a ze111) - H m-,(a !1111-  a ze111)] ( 2 . 2 6 )

f2 f e z ,  ร) =  2 l Hm+1»(a =m +(yZem) + H ®-lfeznn - CTZ9m)] ( 2 . 2 7 )

f3f e z ,  ร) = H m fezzJ ( 2 . 2 8 )
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f4f è z ,  ร) =  H m(v|/ZJ ( 2 . 2 9 )

X f e s )  =  ( ( 2 . 3 0 )

a n d  t h e  m a t r i c e s  Rfez, ร) a n d  ร (Ç, Z ,  ร) i n  e q n s  ( 2 . 1 8 )  a n d  
( 2 . 1 9 )  a r e  e x p l i c i t l y  g i v e n  b y  e q n s  ( A - l )  t o  ( A - 6 )  i n  

A p p e n d i x  A .  T h e  a r b i t r a r y  f u n c t i o n s  A m (Ç, ร ) , B m(^,ร ) , . . . ,  
H m(4 ,ร) a p p e a r i n g  i n  X(Ç,s) a r e  t o  b e  d e t e r m i n e d  b y  
e m p l o y i n g  a p p r o p r i a t e  b o u n d a r y  a n d / o r  c o n t i n u i t y  
c o n d i t i o n s .

2 . 2  S t i f f n e s s  M a t r i x

p o r o e l a s t i c  l a y e r s  o v e r l y i n g  a  p o r o e l a s t i c  h a l f - s p a c e  i s  
c o n s i d e r e d  i n  t h i s  s e c t i o n .  L a y e r s  a n d  i n t e r f a c e s  a r e  
n u m b e r e d  a s  s h o w n  i n  F i g .  2 .  A s u b s c r i p t  " ท "  i s  u s e d  t o  
d e n o t e  q u a n t i t i e s  a s s o c i a t e d  w i t h  t h e  IIth l a y e r  (ท = 
1 , 2 , . . . , N ) .  F o r  t h e  ท111 l a y e r ,  t h e  f o l l o w i n g  r e l a t i o n s h i p s  
c a n  b e  e s t a b l i s h e d  b y  u s i n g  e q n s  ( 2 . 1 8 )  a n d  ( 2 . 1 9 ) :

A m u l t i l a y e r e d  s y s t e m  w i t h  a  t o t a l  o f  N

R (B)f e z n, ร)
บ ( ท ) x (n)& s ) ( 2 . 3 1 )

Lr <->(4,z„ 1, ร)]

- s w fe z ., ร)p(n> X (n)(Ç, ร) ( 2 . 3 2 )
|_S(B)f è z n+1, ร) J

w h e r e
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บ '" , = ( v ‘" > fe z „ ,ร) v ' " ' ^ 1, ร ) ) ( 2 . 3 3 )

F<"> =  ( - f w f e z „ , ร) f ’f t z , , , ,  ร)) ( 2 . 3 4 )

F r o m  e q n s  ( 2 . 3 1 )  t o  ( 2 . 3 4 ) ,  บ <n) d e n o t e s  a  v e c t o r  
o f  g e n e r a l i z e d  d i s p l a c e m e n t  f o r  t h e  ท,11 l a y e r  w h o s e  
e l e m e n t s  a r e  r e l a t e d  t o  t h e  L a p l a c e - H a n k e l  t r a n s f o r m s  o f
t h e  m *  F o u r i e r  h a r m o n i c  o f  d i s p l a c e m e n t s  a n d  p o r e  
p r e s s u r e  o f  t h e  t o p  a n d  b o t t o m  s u r f a c e s  o f  t h e  ท* l a y e r .  
S i m i l a r l y ,  F (n) d e n o t e s  a  g e n e r a l i z e d  f o r c e  v e c t o r  w h o s e  
e l e m e n t s  a r e  r e l a t e d  t o  t h e  L a p l a c e - H a n k e l  t r a n s f o r m s  o f  
t h e  m *  h a r m o n i c  o f  t r a c t i o n s  a n d  f l u i d  d i s p l a c e m e n t  o f  
t h e  t o p  a n d  b o t t o m  s u r f a c e s  o f  t h e  ท* l a y e r .

T h e  v e c t o r s  v (n) a n d  f (n) i n  e q n s  ( 2 . 3 3 )  a n d  ( 2 . 3 4 )  
a r e  i d e n t i c a l  t o  V a n d  f  d e f i n e d  i n  e q n s  ( 2 . 2 0 )  a n d  ( 2 . 2 1 )  
e x c e p t  t h a t  t h e  m a t e r i a l  p r o p e r t i e s  o f  t h e  ท* l a y e r  a r e  
e m p l o y e d  i n  t h e  d e f i n i t i o n  a n d  z  =  z  0 o r  z n+1. E q u a t i o n
( 2 . 3 1 )  c a n  b e  i n v e r t e d  t o  e x p r e s s  c(n) i n  t e r m s  o f  บ (n> a n d  
s u b s t i t u t i o n  i n t o  e q n  ( 2 . 3 2 )  y i e l d s

F(ท) = K(n)u(n) ( 2 . 3 5 )

w h e r e  K (n) c a n  b e  c o n s i d e r e d  a s  a n  e x a c t  s t i f f n e s s  m a t r i x  
i n  t h e  L a p l a c e - H a n k e l  t r a n s f o r m  s p a c e  d e s c r i b i n g  t h e  
r e l a t i o n s h i p  b e t w e e n  t h e  g e n e r a l i z e d  d i s p l a c e m e n t  v e c t o r  
บ (n) a n d  t h e  g e n e r a l i z e d  f o r c e  v e c t o r  F (n) f o r  t h e  ท* 
l a y e r .

I n  e q n  ( 2 . 3 5 ) ,  t h e  l a y e r  s t i f f n e s s  m a t r i x  K (n)i s  
a n  8 x 8  s y m m e t r i c  m a t r i x  a n d  i t s  e l e m e n t s ,  k g , a r e
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f u n c t i o n s  o f  l a y e r  t h i c k n e s s ,  h (n), l a y e r  m a t e r i a l  
p r o p e r t i e s  a n d  L a p l a c e  a n d  H a n k e l  t r a n s f o r m  p a r a m e t e r s ,  ร 
a n d  £31 r e s p e c t i v e l y .  O n l y  n e g a t i v e  e x p o n e n t i a l s  t h a t  
d e c r e a s e  r a p i d l y  w i t h  i n c r e a s i n g  £3 , ร a n d  h (n) a r e  
i n v o l v e d  i n  kjj.

F o r  t h e  u n d e r l y i n g  h a l f - s p a c e ,  t h e  s t i f f n e s s  
m a t r i x  f o r  t h e  b o t t o m  h a l f - s p a c e  c a n  b e  e x p r e s s e d  a s

F (N+1) =  K (N+1)บ (N+1) ( 2 . 3 6 )

w h e r e
บ (N+1) = (v  ("+‘>(^ 15 ร))T ( 2 . 3 7 )

F (N+,) =  { - f (N+1)( £ z N+1, ร))T ( 2 . 3 8 )

Due  t o  t h e  r e g u l a r i t y  c o n d i t i o n  a t  z  —» CO, t h e  
m a t r i x  K (N+I> i s  a  4 x 4  s y m m e t r i c  m a t r i x .  I t  i s  n o t e d  t h a t  
e x p o n e n t i a l  t e r m s  o f  £3 a n d  ร a r e  n o t  i n v o l v e d  i n  t h e  
e x p r e s s i o n  o f  K (N+1) a n d  i t s  e l e m e n t s  d e p e n d  o n l y  o n  t h e  
m a t e r i a l  p r o p e r t i e s  o f  t h e  u n d e r l y i n g  h a l f - s p a c e  a n d  t h e  
L a p l a c e  a n d  H a n k e l  t r a n s f o r m  p a r a m e t e r s  ร a n d  £3 

r e s p e c t i v e l y .  T h e  e l e m e n t s  o f  K (N) a n d  K (N+1) a r e  
e x p l i c i t l y  g i v e n  b y  S e n j u n t i c h a i  a n d  R a j a p a k s e (9).

2 . 3  G l o b a l  S t i f f n e s s  M a t r i x

T h e  g l o b a l  s t i f f n e s s  m a t r i x  o f  a  m u l t i l a y e r e d  
h a l f - s p a c e ,  s h o w n  i n  F i g .  2 ,  i s  a s s e m b l e d  b y  u s i n g  l a y e r  
a n d  h a l f - s p a c e  s t i f f n e s s  m a t r i c e s  t o g e t h e r  w i t h  t h e  
c o n t i n u i t y  c o n d i t i o n s  o f  t r a c t i o n s  a n d  f l u i d  f l o w  a t  t h e
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l a y e r  i n t e r f a c e s .  F o r  e x a m p l e ,  t h e  c o n t i n u i t y  c o n d i t i o n s  
a t  t h e  ท,11 i n t e r f a c e  c a n  b e  e x p r e s s e d  a s

( น 1,ร) -  ร) =  T (b) ( 2 . 3 9 )

w h e r e  f (n_1) a n d  f (n) a r e  a s  d e f i n e d  i n  e q n  ( 2 . 2 1 )  a n d

rp(n) ( 2 . 4 0 )

i n  w h i c h

ชุ", = | [ H „ , a r + t ; ))-H ,,-,(T“ - 0 ]  ( 2 . 4 1 )

•ชุ", =  | [ h „ , ( ช ุ ; ’ + ช ุ ; , ) +Hm-, (ชุร:, - ช ุ ; ’ )] ( 2 . 4 2 )

ช ุ " , =  H . ( ช ุ ; , ) ( 2 . 4 3 )

o'"’ = H„(Q<„")) ( 2 . 4 4 )

w h e r e  ( i  =  r ,0 ,z) a n d  d e n o t e  t h e  m* F o u r i e r  h a r m o n i c
o f  t h e  t r a c t i o n s  a n d  f l u i d  s o u r c e  a p p l i e d  a t  t h e  ท* 
i n t e r f a c e ,  r e s p e c t i v e l y .

C o n s i d e r a t i o n  o f  e q n  ( 2 . 4 0 )  a t  e a c h  l a y e r  
i n t e r f a c e  t o g e t h e r  w i t h  t h e  l a y e r  a n d  b o t t o m  h a l f - s p a c e  
s t i f f n e s s  m a t r i c e s  d e f i n e d  i n  e q n s  ( 2 . 3 5 )  a n d  ( 2 . 3 6 )  
r e s u l t s  i n  t h e  f o l l o w i n g  g l o b a l  s t i f f n e s s  e q u a t i o n  o f  
o r d e r  4 ( N + l ) ะ
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'J’(î)

r p ( N )

j ( N + l )

( 2 . 4 5 )

2 . 4  V a r i a t i o n a l  F o r m u l a t i o n

C o n s i d e r  a  m u l t i l a y e r e d  p o r o e l a s t i c  h a l f - s p a c e  
w i t h  a n  e m b e d d e d  e l a s t i c  b a r  a s  s h o w n  i n  F i g .  3 .  T h e  b a r  
i s  s u b j e c t e d  t o  a n  a x i a l  l o a d  V0 a n d  i s  a s s u m e d  t o  b e  
p e r f e c t l y  b o n d e d  t o  t h e  s u r r o u n d i n g  m e d i u m  a l o n g  i t s  
c o n t a c t  s u r f a c e .  s i n c e  we a r e  c o n c e r n e d  w i t h  t h e  
d e f o r m a t i o n  o f  a n  e l a s t i c  b a r  w h i c h  h a s  a  l a r g e  l e n g t h -  
t o - r a d i u s  r a t i o ,  i t  i s  w e l l  j u s t i f i e d  t o  a s s u m e  o n e 
d i m e n s i o n a l  b e h a v i o r  f o r  t h e  b a r (2> . T h e  s t a t e  o f  
d e f o r m a t i o n  o f  t h e  b a r  r e p r e s e n t e d  b y  t h e  o n e - d i m e n s i o n a l  
t h e o r y  c a n  b e  e x p r e s s e d  i n  t h e  f o r m

พ (z  51) =  X a k(t )e_(k_1)z/hb ( 2 . 4 6 )

I n  t h e  f o r e g o i n g  e q u a t i o n ,  a k( t )  i s  t h e  a r b i t r a r y  
c o e f f i c i e n t s ,  K d e n o t e s  t h e  n u m b e r  o f  t e r m s  w h i c h  a r e  
u s e d  t o  r e p r e s e n t  t h e  d e f o r m a t i o n  o f  t h e  b a r  a n d  h b i s  
t h e  t o t a l  l e n g t h  o f  t h e  b a r .  T h e  d i s p l a c e m e n t  p r o f i l e  
a l o n g  t h e  b a r  i n  e q n  ( 2 . 4 6 )  i s  i n d e t e r m i n a t e  w i t h i n  t h e  
a r b i t r a r y  c o e f f i c i e n t s  a , ( t ) ,  a 2( t ) , . . . . ,  a K( t ) . B y  u s i n g
L a p l a c e  t r a n s f o r m a t i o n ,  e q n  ( 2 . 4 6 )  c a n  b e  t r a n s f o r m e d  
i n t o  t h e  L a p l a c e  d o m a i n  a n d  r e w r i t t e n  a s

พ (z,  ร) =  (ร)e_(k_,)2/hb ( 2 . 4 7 )
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w h e r e  พ ( z ,ร) a n d  otk(s) a r e  t h e  d i s p l a c e m e n t  p r o f i l e  a n d  a  
s e t  o f  t h e  a r b i t r a r y  c o e f f i c i e n t s  i n  t h e  L a p l a c e  d o m a i n ,  
r e s p e c t i v e l y .  T h e  s t r a i n  e n e r g y  o f  t h e  e l a s t i c  b a r  
c o r r e s p o n d i n g  t o  t h e  a s s u m e d  d i s p l a c e m e n t  f u n c t i o n  i n  t h e  
L a p l a c e  d o m a i n  c a n  b e  e x p r e s s e d  a s

บ. -  i p K  <Xj(s)ak(s) (2.48)

^  7tE(i)*(k - 1)(j -1)1" a 2(e“(k+j~2XZi_Ati/2)/hb -  e_(k+j_2XZi +Ati/2)/hb ) "
D*  = t!2ÏH I. ( k + j-2 )  .

f o r  k  +  j  & 2 ( 2 . 4 9 )

£ ๓* =  E b - E ^  f o r  i =  1,2 3 , ......., N t ( 2 . 5 0 )

D n = 0 ( 2 . 5 1 )

w h e r e  บ b d e n o t e s  t h e  s t r a i n  e n e r g y  f u n c t i o n a l  o f  t h e  
e l a s t i c  b a r ,  a  i s  t h e  r a d i u s  o f  t h e  b a r ,  E b a n d  E ^  a r e  
t h e  m o d u l i  o f  e l a s t i c i t y  o f  t h e  e l a s t i c  b a r  a n d  t h e  i*  
l a y e r  o f  t h e  m u l t i l a y e r e d  h a l f - s p a c e ,  r e s p e c t i v e l y .  I n  
a d d i t i o n ,  N t i s  t h e  t o t a l  n u m b e r  o f  e l e m e n t s  u s e d  f o r  
d i s c r e t i z i n g  t h e  b a r  a n d  Atj d e n o t e s  t h e  t h i c k n e s s  o f  t h e  
i*11 e l e m e n t  o f  t h e  b a r  a s  s h o w n  i n  F i g .  4 .  T h e  d e r i v a t i o n  
o f  Djk i s  e x p l i c i t l y  s h o w n  i n  A p p e n d i x  B .

T h e  s t r a i n  e n e r g y  o f  t h e  m u l t i l a y e r e d  p o r o e l a s t i c  
h a l f - s p a c e  d u e  t o  t h e  d e f o r m a t i o n  i m p o s e d  a l o n g  t h e  
c o n t a c t  s u r f a c e  c a n  b e  d e t e r m i n e d  i f  t h e  b o d y  f o r c e s  
a c t i n g  t h r o u g h  t h e  v o l u m e  e n c l o s e d  b y  t h e  c o n t a c t  
s u r f a c e ,  ร ,  a r e  k n o w n  a s  s h o w n  i n  F i g .  4 .  T h e s e  b o d y
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f o r c e s  c a n  b e  c o m p u t e d  f r o m  t h e  f o l l o w i n g  f l e x i b i l i t y  
e q u a t i o n s

พผ} i,j = น , .... ,Nt a n d k  =  น,.... . . ,K ( 2 . 5 2 )

K)■ =  (b u..... , B k N , )T ( 2 . 5 3 )

K'1 =  (pk i , ......,Pld ,"" •>PkN,y>T ( 2 . 5 4 )

p k. =  6-(k-i)Vhb ( 2 . 5 5 )

F r o m  e q n s  ( 2 . 5 2 )  t o  ( 2 . 5 5 ) , fjjj i s  t h e  f l e x i b i l i t y
m a t r i x  w h i c h  c a n  b e  d e t e r m i n e d  b y  s o l v i n g  t h e  g l o b a l  
s t i f f n e s s  e q u a t i o n  o f  t h e  m u l t i l a y e r e d  h a l f - s p a c e  d e f i n e d  
b y  e q n  ( 2 . 4 5 )  a n d  i t s  e l e m e n t s ,  fÿ, d e n o t e  t h e  v e r t i c a l
d i s p l a c e m e n t s  a t  p o i n t  o n  t h e  c o n t a c t  s u r f a c e ,  ร ,  
d u e  t o  a  b o d y  f o r c e  o f  u n i t  i n t e n s i t y  d i s t r i b u t e d  t h r o u g h  
t h e  v o l u m e  o f  t h e  j *  e l e m e n t .  V e c t o r  Bkj i s  d e f i n e d  a s  t h e
b o d y  f o r c e  a c t i n g  t h r o u g h  t h e  j *  e l e m e n t  w h i c h  c a u s e s  t h e  
d i s p l a c e m e n t  พ ษ . I n  a d d i t i o n ,  พ ผ d e n o t e s  t h e
d i s p l a c e m e n t  c o r r e s p o n d i n g  t o  e a c h  t e r m  o f  e q n  ( 2 . 4 7 )  
w i t h  c t i ( s ) ,  a 2( s ) , . . . , a K(s) e q u a l  t o  u n i t y .

By  u s i n g  t h e  b o d y  f o r c e  Bkj , o b t a i n e d  f r o m  e q n  
( 2 . 5 2 ) ,  t h e  s t r a i n  e n e r g y  o f  t h e  m u l t i l a y e r e d  h a l f - s p a c e  
c a n  f i n a l l y  b e  e x p r e s s e d  a s

U hs
ท
2 t i l  ctj (ร)aie (ร) Bjja2e- (k-i)z,/hbAtj ( 2 . 5 6 )
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T h e  p o t e n t i a l  e n e r g y  o f  t h e  a x i a l  l o a d  V0 a t  t h e  
t o p  o f  t h e  b a r  i n  F i g .  3 d u e  t o  t h e  a s s u m e d  d i s p l a c e m e n t  
f u n c t i o n  i n  t h e  L a p l a c e  t r a n s f o r m  s p a c e  c a n  b e  e x p r e s s e d  
a s

( 2 . 5 7 )

I n  v i e w  o f  e q n s  ( 2 . 4 8 ) ,  ( 2 . 5 6 )  a n d  ( 2 . 5 7 ) ,  t h e  
t o t a l  p o t e n t i a l  e n e r g y  f u n c t i o n a l  o f  t h e  b a r - m u l t i l a y e r e d  
m e d i a  s y s t e m ,  บ 1., c a n  b e  w r i t t e n  a s

UT = บ »+ บ พ -v „ £  S»(s) ( 2 . 5 8 )

T h e  m i n i m i z a t i o n  

f u n c t i o n a l  g i v e n  b y  e q n
k =  l,2,...,K ) r e s u l t s  i n  t h e  
e q u a t i o n s

o f  t h e  t o t a l  p o t e n t i a l  e n e r g y

( 2 . 5 8 )  ( i . e . ,  dot, ~ Q a n d
f o l l o w i n g  l i n e a r  s i m u l t a n e o u s

I  5 » ( s) { 2 D m + | |  =  0 ( 2 .5 9 )

a n d  i = 1,2,...,K

T h e  a b o v e  e q u a t i o n  r e p r e s e n t s  t h e  e q u i l i b r i u m  
e q u a t i o n  o f  t h e  b a r - m u l t i l a y e r e d  m e d i a  s y s t e m .  T h e  
s o l u t i o n  o f  t h e  s y s t e m  o f  s i m u l t a n e o u s  e q u a t i o n s ,  e q n  
( 2 . 5 9 ) ,  r e s u l t s  i n  t h e  n u m e r i c a l  v a l u e s  o f  t h e  a r b i t r a r y
f u n c t i o n s  <Xi(s), <X2 ( ร ) , . . . ,  ctK(s) i n  t h e  L a p l a c e  t r a n s f o r m
s p a c e .  T h e  i n v e r s e  L a p l a c e  t r a n s f o r m a t i o n  i s  a p p l i e d  t o  
t r a n s f o r m  t h o s e  a r b i t r a r y  f u n c t i o n s  f r o m  t h e  L a p l a c e  
d o m a i n  t o  t h e  t i m e  d o m a i n .  F i n a l l y ,  b a c k  s u b s t i t u t i o n  o f
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a , ( t ) ,  a 2( t ) , . . . ,  a K(t) i n t o  e q n  ( 2 . 4 6 )  r e s u l t s  i n  t h e  t i m e
h i s t o r i e s  o f  d i s p l a c e m e n t  p r o f i l e s  o f  t h e  b a r .
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