
C H A P TE R  I

ON THE WIENER MEASURE

In th is  chapter, we r e c a ll  without proof some fa c ts  about the  
Wiener measure and the Wiener in tegral! s u f f ic ie n t ly  for use in  th is  
t h e s is .  The m aterials o f th is  chapter are drawn from the reference [l]  .

A. The Wiener Space.
The Wiener space c of functions o f one variable i s  the c o lle c 

tio n  o f real-valued  continuous functions X  defined on [o ,l]  and s a t i s 
fying x(0) = 0.

c i s  a separable Banach space with the norm || • I defined by

||x|| = max I x (t  ) I 3 X  e c.
0 < t < 1

Let } be a f in i t e  c o lle c t io n  o f numbers sa tis fy in g
0 < < tg  < •• . < t  ร 1 and le t  E be a Borel set o f the n-dimensional
Euclidean space (Rn , i . e . ,  E e 3((Rn). A subset I of c defined by

( l . l )  I = {x e c : (x ( t 1 ) x ( t n )) e E }

w il l  be ca lled  a q u asi-in terv a l in  c. The points t ^ , . . . ,  t  and the 
set E w il l  be ca lled  the r e s tr ic t io n  points and the r e s tr ic t in g  se t  of I .  
In p a rticu la r , i f  E i s  a rectangle in  Rn , then I  which we w il l  denote 
by 1°3  w il l  be ca lled  an in terv a l in  C; i . e . ,

1° = {x £ c : < x(t^ ) < i  = 1 , . . . ,  ท }(1 .2 )
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or any se t obtained by replacing any or a l l  o f the signs by <.

Let E be a set in  (Rn and le t  k be an in teg er , l i  k i n .  
We define

E ® I R = ......... V e R n+1

( v , , , , a k - l ,ak ......... V  £ E and * e R }*

Then E | î ]  B E 3(lRn",d ) whenever E eô(lRn)- 
k

Note that for a given c o lle c tio n  o f ท r e s tr ic t io n  points  
t ^ , . . . , t  and a given r e s tr ic t in g  set E there i s  associa ted  a unique 
subset I  o f c  given by ( l . l ) ,  but the converse i s  not tru e . For 
in stan ce, for the subset I  defined by ( l . l )  we may throw in a few 
more points in  ( 0 , l ] ,  so that there are m additional points in  (0 , 1 ]» 
l e t  the r e s tr ic t io n  at each of the add itional r e s tr ic t io n  points t

ฯ
be the t r iv ia l  r e s tr ic t io n , < x (t  ) < °°5 and le t  the r e s tr ic t in g  
set be E fxi !R fXl . . .  on B. a Borel se t in  Rn+m, where

k, K m

E m  ® ®  • • • QD ^ = { (oi 1 , . .  . , 1 รav ร0k +p » • • • »ak 2. »
kl  k2 m 1_ 1 ’ 1 J~

01 ct ot  ̂ e |r.n+m . I a ct a ak j 5 k j+ 1 ’ ‘ * s n+m' K ะ V 1 , . . . ,  k 1_1 ’ k 1+!» • • •»  k _1*

V 1 '
1. . , “  A ) E E and “1 e !R>.n+m พ s ร น ’ ’ 1.1̂ , . . . ,  k »•■ •» k^

Then the subset o f c defined w ith  (n+m) r e s t r ic t io n  po in ts  and the
r e s t r ic t in g  set E 00 R Q0 . . . โ}โ) IR is  id e n t ic a l w ith  the one defined

kl  k2 km
by (1 .1 ) .
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Let ป ี  be the c o lle c tio n  o f a l l  q u asi-in terv a ls defined by ( l . l )  
and ป ี 0  be the c o lle c tio n  o f a l l  in terva ls  defined by ( 1 .2 ) .  Then ป ี  

i s  an algebra o f se ts  and ป ี 0  i s  a semialgebra o f s e t s .

B. The Wiener Measure.
Let c be a p o s it iv e  constant and le t  พ ะ ป ี  RU {-°0,®} .

I f  I c  ปี '  i s  defined by ( l . l )  then พc ( l )  i s  given by

(1 .3 ) พ (I )  * , «1 , . . . , ^ }  dC j_...d^E
where

K { t  J • • • jt

■ ร ๙ ร ร 'ิ '
with the understanding that £0 = 0 = t Q.

พ (I )  i s  independent o f the choice o f r e s tr ic t io n  points and 
r e s tr ic t in g  se t  that decribe I .

พ has the fo llow ing properties :

( i )  The value o f พ (I )  i s  non-negative for any I £ ปี'.

( i i )  พc (0) = 0.
( i i i )  พ (c) = 1 .

( iv )  พc i s  a d d itiv e 3 i . e . ,  i f  1^5 1 0 £  ป ี ,  1^ 0  I = 0 

and 11บ I2 e ส ์', then พ0(11 บ Ig) = พ0 (11 ) + พ c (12 ) .

ไ; (y  V l ’
3=1 CtJ CV l
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(v)
in terv a ls  { 
then

พ i s  countably additive , 
I Q} in  $ i s  such that I^n I

i . e . j  i f  a sequence o f quasi-
= 0  for i  # j and I = บ l e d ,

n-1 n

W C ( I )  -  ^ 1  พ -

Then พc i s  a measure on d  and together with property ( i i i )  i t  
i s  a p rob ab ility  measure. Since c i s  an arbitrary p o s it iv e  number,
พ i s  a measure on d  for a l l  c > 0,

The outer measure o f an arbitrary se t r ç  c i s  defined to  be

พ*น) = in f  { ไ พ (I. )}
c k = i 0 k

00
where {I } ranges over a l l  sequences from d  such that r cr บ I .

K k=l *
A se t  r  £ c  i s  c a lled  Wiener measurable i f  for every set  

A c we have

พ*น) = พ* (A -r )  + พ *น ก !’).

The c o lle c tio n  d  o f a l l  Wiener measurable s e t s ,  thec
Caratheodory extension o f d  0 i s  a 0-algebra containing d  and i f  we 
define for each c > 0

wc(r )  = พ *(ท  ( r  e dw )

then พc i s  a measure on ç f  and we denote th is  measure space by
( c , e f  พั0 ) .
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The ฮ-algebra a[cr] 9 generated by é  i s  the c o lle c tio n  S ( c )  

o f a l l  Borel se ts  o f c and we have a [^๐] = o[îf] = <8(c).
Since & °  i s  a sem i-algebra o f s e t s ,  i f  we define พ° ( I ° )  = พc ( l  )

for every 1° £ ÿ 1; then according to  the properties o f พ and the fact 
that ๔°c  $  , we have that พ° has a unique extension to  a measure on the 
algebra J X  generated by ๔ .̂ I f  we extend พ° on X3c by the Caratheodory 
exten sion , we have (for  each c > o) a measure พ0 on the a-algebra xf 0

c พ;
containing ' Let US denote t h is  measure space by (c , cf 0> พิ0 )• Then

c
i t  can be shown that (c ,x f^  9 พ ) = (c , 0 ,พ ) ,  t h is  w i l l  enable US to

c c พ c
_  c 70express any Wiener measurable se t  in  terms o f members o f cr .

We simply w rite พc ( n  instead  o f Wc( r )  or w °(r) even for se t  r 
in  .พ 0 cal1 พc a. Wiener measure in  c .  In case c = 1 , we w il l
denote พ 1 by พ. The in teg ra l in  c with respect to  พ i s  c a lled  a  Wiener 
in te g r a l. I f  F i s  a Wiener measurable functional on c ,  i t s  in teg ra l 
w il l  be denoted by

/  F(x) d พ (x) .
c c

Theorem 1 . Let 0 < 11 < .. .  < t  s i  and H(£1 £11) be a Borel 
measurable function of ท rea l variab les ç ^ , . . . , £ n . Then the functional 
H ( y ( t ^ ) , . . . ,y ( t  )) defined on c i s  Wiener measurable and for each c > 0

(1 .5 ) f  H (y(t1) 9. . . ,  y ( t n ) )  dWc (y)
c

= /  . . .  /  H ( , .  . . , £^) K { t , .  . .  , t  ̂ . . .  , }d . . . d
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where Ktt-Ĵ , . . . 5 t n ,£ 1 , .  . . , £ 11} is defined by ( l . k )  and the ex isten ce o f one 
sid e  im plies that o f the other and the v a lid ity  o f  the eq u a lity .

Example. Let t  and ร be any two points in  [ o , l ] . 
Then

/  (x ( t)  -  x ( s ) ) 2d พc (x) = |-  |t~ sj .
c

Solu tion . Assume t  < ร.

Case 1 . I f  t  = 0 , then according to  (1 . 5 ) we have 

( x ( s ) ) iidW^(x) = -yfyy /  £๔ exp(- -1( * ) /  (x (ร ))2dพ (x) = ——; /  £2 exp(~ —•) d£
c A c s  “c0

Let ท = . Tlien (ร) becomes/c s

/  (x (s)  )2dWc (x) = /  ท2 exp(-r|2 ) dn

S r )  exp (~n2 )d ก2
0

sin ce  ร  ท exp (-ก 2 )dp2 =

cs
~ 2
A
~~2

= f

and t  = 0.

Case I f  t  4= 0 , then according to  (1 . 5 ) we have

ร  ( x ( t ) - x ( s ) ) dWc (x) = - - /  /  (£ -£ )2exp
A  c t ( s - t )

-£1 (£2-£ 1 )2
ct ( c s -c t )

d£1d£2 .

Let 1าๆ £2-£ 1
/c t /c s - c t Then
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3(ท1»ท2)
1 , แ2 )

/ ร

/c s -c t /c s -c t

and hence

f  ( x ( t ) - x ( s )  )2dWc (x) ~ ~  f  f  1า2(c s -c t Jexp t-n ^ -h ^d r^dn2

00 00
= "  (c s -c t)  /  exp(-n^)dn1 f  ก2 exp(-n

_00  x  _C0

00
Since /  exp ( -n 2 )dn = / n  and

— 00

f  ท2 exp(-n2 )dn2 = ~  we have—oo

/  ( x ( t ) - x ( s )  )2dWc (x) -  — ( s - t )  = | t - s |  . ะ(P
c
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