
C H A PT E R  IV
EXPLICIT C O N TIN U ED  FR A C TIO N  E X PA N SIO N S

In this chapter, we work on the field Fq((x-1 )) of formal Laurent series over the 
finite field F9, where g is a prime power, equipped by a degree valuation I • 1๐0- The 
first section deals with notation and preliminaries. The explicit Ruban continued 
fraction expansions of e and other interesting elements in Fq((a;_1)) are given in 
the last section.

4.1 N otation  and preliminaries
It is known from Chapter 2, every element £ G Fç((x-1)) can be uniquely written 
as a Ruban continued fraction expansion of the form

£ —  ÜQ +
1 1 1

น1 +  ท2 +  น3 +

where a0 € Fq[x] and an € Ff/[x] \  Fç (ท >  1), and that the continued fraction 
expansion of £ is finite if and only if £ G F,(.t). In this chapter we use the notation

K i  ^11 ®2i ท3 า • • •] • [doi 1 ,  a  l 1 1 ,  น2> 1 ) 3 i • • •] 1

Ct,for the above continued fraction expansion and — -̂ for its ท',11 convergent.
บท

By induction, we have
aP rop ositio n  4 .1 . For any ท >  1, let [ao; a i ,  ท2, . . . ,  a n] =  —A  Then vue getบท.

(1) [a„;a„_i,.. . 1 a2,ai] =  — — for all ท > 1,บท- 1

(2) [a„;an_1, . . .  ,a 3,a 2] =  - ^ — for all ท > 2 , if a0 = 0 .
^บ ท  — 1
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Let a0 G Fgfx] and {ût}j>1 be a sequence of nonzero polynomial over Fq, and 
let X n denote the word (Xi, 02, • . . ,  an. We put

[«o; ท] [oo; ^2, * * * ) ^ท] Î

and

[^oi -̂ -'ท] [^oi Î • • • 1 ^ท] 1

[(loi ท] K ;  ^rt) '̂?t— Il . • . î ^l])

[a 0 ; rท] [ '̂Oi ^ th ท—Il  • • ‘ ไ ^ l ] •

The notation and basic results follow closely those in Carlitz [4]. For a positive 
integer i, let

[i] ะ— xqi — X, and do := 1, di := [t]di_ 1. (4.1)

It is known that [i] is the product of monic irreducible polynomials in Fq[x] of 
degree dividing i, and di is the product of all monic polynomials in Fq[.r] of degree 
i.

R em ark 4.2 . From recursive definition (4.1), for all i > 1, we have the following 
two identities.

(1) di = m . . . [ i \ d i1d i l ...df:l1.

(2) 4  =  [* ][t-l] , [ i-2 ]* a ---[2]«‘“a[l],i"1-
Let

^ ร * -

known as the exponential element for Fq[:r]. For brevity, put e := e(l). For
many analogies with the properties of the classical exponential, we refer to [29].

z<hThe following result gives the continued fraction expansion for Ŷ n=o ~T if the
d{

2?continued fraction expansion for Y^t=0 ~~r is known. In particular, the continueddi
fraction expansion for e in F2((.r-1)) is shown as follows:
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P rop ositio n  4 .3 . Define a sequence xn with X\ =  [0; 2_,?[1]] and if 
xn — [do! tt i,. . .  ] (Z2n — i]j then set

_ 2-'?n(<?-2 )(in+1
# n + l  —  K ;  O l ,  ■ • • 1 « 2 n - l i  -------------J 2  ) _ a 2n - l )  • • • ) —  a l ] -

We have
ท aizq

1=1

In particular, e(z) =  z +  limn^ 00 xn and for q — 2,

=  [1 -, ผ ,  [2] 1 J i p  [3] 1J1M2M1), [4], jl],[2 ),[l],;3),[l],[2],[l], [ร],

(More explicitly, for ท >  0 the ท 1 h partial quotient is ว:2’,7' —  X with นท being the 
exponent of the highest power of 2 dividing 2ท).

In 1996, Thakur [30] gave the pattern in the general case which is more subtle 
when q =  2 .
P ro p o sitio n  4 .4 . Let q =  2. Then for m > 2, with X(m) defined through
ไท—2 J

^ - '  =  f0, x (m^ we have’
1=0  d i X

e  _  โก. ~ Y  1 . , _ 2 m - m  V ,  . J l m“ 1- m  " v ,  , ^ 2 m+1- m  1m IV ; (m) J 1 (m) 1 5 (m) 1 % ) ^  (ไท) Î 5 • • *J •

Æso, with X  denote the word X2 +  l ,x ,  X +  1, we have

3  = [0; X ,  X2, X , x \ X ,  X2, X , x u ,.. . ] .

In this chapter, we give explicit Ruban continued fraction expansions of
/ (^)Twhere m  6 N and /  (x) is a nonconstant monic polynomial over a finite field ¥q 

satisfying / (x) I [1], Since

[ 1 ]  ะ=  x q —  X

=  X (xq~l — l)
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= x(x  — 1) (xq~2 + xq~3 + • • • +  l)  ,

this leads naturally to consider the polynomials appearing in the following table.

f(x )  (m >  2) q = ‘2 q > 3
X Corollary 4.9 Corollary 4.9
xm Thakur (1996) Corollary 4.10
Xq~l -  1 Corollary 4.9 Corollary 4.9
(x*-1 -  l ) m Theorem 4.12 Corollary 4.11
X — 1 Corollary 4.9 Corollary 4.9
(* -  l ) rn Theorem 4.12 Corollary 4.10
xq~2 +  Xq- 3 H-----+  1 Thakur (1992) Corollary 4.9
(xq- 2 + xq- 3 + - - - +  l ) m Thakur (1992) Corollary 4.11
X (x — 1) Corollary 4.9 Corollary 4.9
( x ( x - i ) r Theorem 4.13 Corollary 4.10
X (xq~2 +  X9-3 +  • • • +  1) Corollary 4.9 Corollary 4.9
(.X {xq~2 + x q~3 + ■ ■ ■ + l))m Thakur (1996) Corollary 4.11
[1] Corollary 4.9 Corollary 4.9
[l]m Theorem 4.13 Corollary 4.11

4.2 M ain results
In this section, we find explicit Ruban continued fraction expansions of ,f ( x ) m
where m  £ N and 1/’(x) are polynomials appearing in the above table. The proofs 
of our works are based on calculation abstracted in the following lemma.

QLem m a 4 .5 . Let y e  Fq[x] \  {0} and := [0; ท1, ท2, . • 1 ท}] =  [0; X  11]. Then

(1) [0; X n, j / , l ]  =  |  + ( -1 ) "

D l [ y  + Cn +  D ท _
Dn

(2) [0 - x n, y , - x n] = ^  + ( -1 ) "
D2ny '



P roo f. By Propositions 4.1, 2.1 and 2.2, we get (1)

[Oj yไ -̂ 71 ] — [0; o\, Û-2? •• •ไ0"ท-) y 1 O'1 ) ̂ 2ไ‘ ••ไ O'ท]

[0}̂ '! ไ&2)•••ไ^ท5 y d” J-J ]

( ÿ + t ï ) c ’i + c '‘~‘

= (ï + ï ) D“+ i v ‘
(•0ท2/ +  Cn) Cn +  DnCn-\
{Dny +  c ,1) Dn +  DnDn- 1

( ง  nÿ + Cn)Cn + C nA ,-i+ ( - ! ) "
(Dny + Cn) Dn +  DnDn_ 1 

C ’n ( Dny +  Cn +  Dn- 1 )  +  ( — l ) n

Dn (Dny +  Cn +  Dn- 1)
a

+ ( - 1) "

D2n [y  + Cn +  Dn- 1 

Dn

and (2)

[do! 2/) ท] —  [0) di, d2, . &n—15

— [0;ai, 0/2 ไ, , , ) on, y JJJ ]

( y - ^ p ) c n + c n^

= { y_ - £è ) D: +D : - 1
_  (Dny — A i- i )  Cn +  DnCn-1 

(Dny — Dn- 1) Dn + DnDn- 1 

_ (Dny — c*ท-!) Cn +  CnDn-\ +  ( ~ l ) n 
(Dny — Dn_1) Dn +  DnD71 _1

Cn(Dny) + { -  l ) n
(Dny)

= d ;1+ {~ D ^ -

This proves our lemma.

Lemma 4.5 (2) known as the Folding Lemma, first appeared in [19]
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L e m m a  4 . 6 .  Let m ,t  G N. If f(x )  is a nonconstant monic polynomial over the 
finite field Fg, where q is a prime power, such that f(x )  I [1], then

gcd (dt +  เ -  + 1  +  ••• +  ^  + 1  , / ( x ) mdt) = 1. 

Proof. Suppose that

gcd (dt +  I  +  I  +  ■ ■ • +  ^  +  1, /(:r)mdt) ^  1.

Then there exists a prime P G Fg[x] such that

p i (dt +  ^  +  d- - - - +  ^------1- 1^ and P I f ( x ) mdt.

We have from Remark 4.2 (1) that dt — [1][2] - - - [t]d\~ld\~l - - - dqtzl.
Since P I / (x)mdt, we get

P I f (x )  or P I [?’] for some 1 < r  < t or P I ds for some 1 <  ร < t — 1. 
Again, Remark 4.2 (1) leads to

, df dt dtd t + +  +  ■ • • +  -~j-~ h 1

=  ([1][2] . . .  [ « - ‘c ' c 1 - -■ d l l )  + ([1][2] -- - [ t K - u r w  ■ ' ■ C l 1)
+  ([1](2] - - - m c ‘ c ! c ! ■ "  C Î )  +  • ' •

+ ( [ i ] i2 ] . . . i ( ] d r ,c , - - - c 4 c l )  +  i-

If P I / (x) or P I [r] for some 1 <  r < t, then P I 1 which is a contradiction. 
Assume that P I ds for some 1 < ร < t — 1. We treat two separate cases.

•  c a s e  q > 3 : We get P I 1, which is a contradiction.

•  c a s e  q =  2 : Then the above equation becomes

1 dt dt
d‘ + i  + i  + - + dt-1 + 1

=  ([1][2] - - - [t]did2d3 - - - dt- 1) +  ([1][2] - - - [ ]̂๘2^3^4 - - - dt-1)
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+  ([1][2] ••- [£]ส่1<̂3ส่4 • • ' dt- 2d t-\)  +  • • • +  ([1][2] ••- [t]d\d2 • • • dt- 2) +  1-

I f l < 5< i  — 2 and since di I di+1 for all i  > 0, then P I 1 which is a 
contradiction.
Assume that ร = t  — 1. We apply Remark 4.2 (1) again and get P I [r] for 
some 1 < r  < t  — 1 or P  I d s for some 1 < ร < t — 2 which is impossible.

gcd ^dt d- — + ■ ■ ■ + —----- 1- 1, f ( x ) mdt^j =  1.

Thus the proof of Lemma 4.6 is completed. □

Our first objective here is to extend Proposition 4.4 of Thakur by proving

T heorem  4.7. Let be a sequence of nonconstant monic polynomials over
the finite field Fy, where q is a prime power. Assume that there exists N  e  N u {0 }  
such that
( i)

Q 1 Q2 ■ ■ ■  Qj+1 I Qj+2 for all j  > N  (4.2)

and
(ท) if N  >  1, then

gcd (((ฐ2 • • • Qn +1) +  (Qs • • • Qn +1) +  • • • +  Qn + 1  +  Il Q 1 Q2 4 • • Q at+ i ) — 1- (4 .3 )

I f  E Ï Ï *  ท n  1 ท ิ =  [0; al ,a2, . . . ,  ake] (£ >  1), then
V 1 V 2  • • • V i

N+e+1

Q\Q2 4 4 4 Qi [d) 1 ^2i • • • 1 Ok( 1
(—l ) keQN+i+1 
Q 1 Q2 • ■ ■ Qn+£ ’ -Ok 1-, - ) — 0-2, —  ctl].

Proof. For t  > 1, let —p- := [0; be the kft1 convergent of the continuedL>ke
fraction expansion of Ez=i^ ------ 7T-Q\Q2 ' * * Qi
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We observe that both Ckt and Dke are monic. Consider

N + e  ^

(ฐ!(ฐ2 ■ ■ ■ Qi
1 1 1

(ฐ! (ฐ!(ฐ2 Q\Q 2 ~ ' ' Qn +เ
((ฐ2(ฐ3 • • • Qn+เ) +  ((ฐ3<ฐ4 • • • Qn+เ) +  • • • +  Qn +เ +  1 

Q\Q2 - • • Qn+เ

We assert that

gcd ((Q2 Q3  ■ ' ' Qn+เ) +  ((ฐ3(ฐ4 ' ■ ■ Qn+เ) +  • • • +  Qn+เ +  h (ฐ!(ฐ2 • • ■ Qn +เ) =  1-

If ./V > 1 and £ — 1, then it is obvious from assumption (4.3).
Next, we treat the other two cases.

Suppose there exists a prime p e Fq[:r] such that

P I ((Q2Q3 • • ' Qn +เ) +  (QzQa ■ ' • Qn +เ) +  ■ ■ • +  Qn +เ +  1) and P I Q1Q2 • • • Qn+เ-

case N  = 0 : By (4.2), we have Q1Q2 - - - Qi I Qi+1 for all i G N.
Since P I ((ฐ!(ฐ2 - - - Qe) ,  P I Qk for some 1 <  k <  i  and so P I Q j Q j +1 ■■■Qe 

for all 2 <  j  <  k. Since (ฐ !Q 2 ■ ■ ■Q k I Qk+t for a ll 1 <  t <  t  — k ,  we have 
Qk I Qk+I ■ ■ ■ Qt  for all 1 < t < £ — k  and so P I Qk+t ■ ■ ■ Qe  for all 1 <  t < l  — k.  
Since P I (((ฐ 2 Q  3 •■■Qe) +  ((ฐร(ฐ4 • • • ( ฐ() +  ••• +  Qt  +  1), then we get P I 1, which 
is a contradiction. Thus

gcd (((ฐ2(ฐ3 • ' ' Qe) +  ((ฐ3(ฐ4 ' ' ' Qe) +  ■ ■ ■ +  Qe +  T (ฐ!Q2 • • ■ Qe) =  1-

case N  > 1 and £ > 2 : Since P I ((ฐ!(ฐ2 - - - Qn+เ)-, P I Qk for some 1 <  k < N  +  l. 
If P I Qn+เ, since P I (((ฐ2(ฐ3 ■ • ■ Qn +เ) +  ((ฐ3<ฐ4 ■ ■ ■ Qn +c) +  • • • +  Qn +เ +  1) ! then 
P I 1 which is a contradiction.

Assume that P I Qk for some l < k < N  + £ — 1. Using (4.2) when j  = 
N  +  £ -  2 >  N , we get (ฐ!Q 2 - - - Q n +เ - 1  I Q n +เ, which implies that P I Q n +เ,
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again we have a contradiction. Thus

gcd ((Q2Q3 • • • Qn+c) + (Q3Q4 • • ' Qn+c) + • • • +  Qn+เ  +  1 )  Q1Q2 • • • Qn+i) =  1 -

Since Ckt and Dk( are relatively prime, and all Qi  are monic, then Dkt = 
Q1Q2 - • • Qn+c-
For i  >  1, using (4.2) when j  =  N+£— 1 >  N, we get 
Applying Lemma 4.5 (2), we get

[Oj ท1, ท21 • • ■ ) )

(—1 )k‘QN+i+i 
Q1Q2 • • • Qn u e f 9[x] \ { 0} .

(— l ) ktQN+e+i  1
• • • 5 ^ lj

Q 1Q2 • • •

(— i ) fc<Qjy+f+i
ktQ\Q2 - - - Qn+เ

ck +
D f c <  (QiQ2---Qn+*)2 (_1)ktQw+e+lQ1Q2 • • •

1
-  V  1 +■“  Q1Q2 ■ • ■ Qi Q1Q2 • • • Qn +^Qn+C+I

N+e+1 1
^  Q iQ 2-‘-Qi'

and the proof is complete. □

Theorem 4.7 is contained in the following proposition which appeared in [21]. 
However, for convenience, we use the version of Theorem 4.7.

P rop osition  4 .8 . Let I  be a fixed positive integer, {fc;}j>1 a sequence of positive 
integers, {Ci}^1 a sequence of nonzero polynomials over ¥11, subject to the condi
tion that if I  = 1, then C l and those Ci (i > 2) for which ki — 2 are nonconstant 
polynomials over Fq. Let the sequence {Pj}j>1 be defined by

Pi — T P2 , P3 , . . . ,  P/ 6  F?[x] \  F,7;
Pu =  c u _ 1 p kr f  P tu-~ f - - - Pu- ๅ ' {น  > 1  +  1),
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and let
Eพ =  Ê j f  ( « 6  N).

Assume that

(l) if I  > 2, then F2 I P3 I - - - I -P/;

(zQ ki > 2 for all i >  / .

If E (u ) =  [a0; ai, a2, . . . ,  a„] (ท >  /  +  1), £/zen i/zere exzsis /3 G Fç \  {0} such that

Ei'll 1 ) [น0 i ^1 ) ^2 5 • • • 1 ท > f  รน, O'! I 1. . . ,  ^21 '̂i]i

where รน
pfcu-1  

i 1 น
Pl̂ tz— /

น-/

Now we apply Theorem 4.7 to show the explicit Ruban continued fraction 
expansions of , where f ix )  be a nonconstant monic polynomial such that
Z m

C orollary 4 .9 . Lei f (x )  be a nonconstant monic polynomial over the finite field 
Fg, where q is a prime power, I f f ix )  I [1], then

- 2

e =  [0; f i x )  7J1] - f i x )  f i x )  J ___ f i x )  __f ix )  1<):0 - f i x y j f l f  f ix )  f ix ) -  / U ; f ix )

Proof. Let Qi — f{x )  and Qi+1 =  -jf— for all i G N. For i E N, we consider
d i - 1

Q i+ 1
di 

d ■1 1
พ น = w ใz l  e F g [x ] \F g ,

so Qi E Fg[x] \F g . Since Q2 ~  di = [1] and / (x) J [1], Qi I (ฐ2- For z >  2, consider

Q 1 Q 2 Q 3 • • • Qi  =  f  0 ) - - - ^  =  f{x )d t- 1
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and Qi+1 =  -๘ - , so di-1

Qi+1 _  dj/dj-1 __ M ๘?-1 _  M ๘?-1 
Q1Q2Q3 • • • <5z = 70)๘1-1 = 70)๘?-1 = 70)

We treat two separate cases.
case q > 3 :  Since 70) I [1] and [1] I di for all i e  N, 70) I di for all i e  N which 
implies that Q1Q2Q3 ■ ■ ■ Qi I Qi+1- 
case q = 2 : Consider

[1] =  X 2 — X  =  x(x  — 1)

[2] =  X22 -  X =  x(x22_1 -  1) =  x(x -  l)(x22“2 +  X22- 3 H------f  X +  1)
[3] =  X 23 -  X =  x(x23_1 -  1) =  x(x -  l)(x23-2 +  X23-3 H------f  X  +  1)

so [1] I [i] for all i G N, which implies that / (x) I [i], Then we get Q 1 Q2 Q3 ■ ■ ■ Qi
Qi+1 •

Applying Theorem 4.7 when /V =  0, we get

7 0 )

7 0 )

7 0 )

=  [0 ; 7 O )l

+  7 0 )๘1
=  [ 0 ; / w , r h j , - / ( * ) ]

+  7 0 )๘1 1 7 0 )๘2
-  [0 ; / O ) > ^ 2. 7 0 ), J1]_ 

7 0 )  ’
- 7 0 ) ]

Consequently,

7 0 )
=  [ 0 ; / ( ^ ) > ^ j> -/(® )»

-[2]r7?-2
7 0 ) 7 0 )

This completes the proof. □

Using Corollary 4.9, we get explicit Ruban continued fraction expansions of
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e e e e e e
X  ’ X 9 - 1  — 1 ’ X  — 1 ’ x9~2 +  X9-3 +  ■ • • +  1 ’ x(x — 1) ’ X  (x9~2 +  x9~3 +  • • • +  1)
—  for a prime power q > 2. Next, we find explicit Ruban continued fraction
expansions of for the remaining polynomials by treating three appropriate

”  f i x )partitions of positive integers.

4.2.1 Partition  1
In this subsection, applying Theorem 4.7, we determine explicit Ruban continued
fraction expansions of -4r, 7— c „; - and 7—7— e ,■ ■ 7ท, for a prime power q > 3 

F x m ( x - l ) m ( x ( x - l ) )
and m E N>2-

For a prime power q > 3, let

Li = 2 

L2 = q 
Lz =  q2 - q

R i  =  q - 1  

R -2 =  q2 -  q -  1

3̂ = Ç3 - g2 -  q -  1

T v  =  gjv-1 -N—2 R N =  q N - q N ~ 1 -------g-1 (พ >3).

Observe that N>2 =  (บV > 1  [Ln ,R n]) n N and [Tv,Rv] n  [Lm ,R m ] =  0  for all 
M  ±  N.

Let 771 be a fixed positive integer greater than 1. Then there exists a unique 
yv in N such that m E [Tv 1 Rv] -

C orollary 4 .10. Let q be a prime power greater than 2. We have
(1)

m [6) X  k 1, น1, X  fcj 1 น2, X  fe, 1 U\ , X  fc 1, น3, . .  ■ ], 

where Xk! defined by [0; X fcj := Y^iLo an^
( - 1  )*[N + qâ jïît-i

U( := /o r £ G N;
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(2)

(x -  l ) r —  [0; Y  kl ) V \  ไ Y  kl ไ ^ 2 ! Y  kl J V i  1 ^  fci ) ^ 3  ) ■ • •] )
' '^ — '  -  /

1where Y  kl defined by [0; Y  *1] := EilO  y -  _  1J md . and

(3 )
0  -  i y

( x ( x - i ) Y — [Oj Z  kl ไ'พ 11 Z kl ไ'พ2ไ Y  kl ไ พ!: Z  kl ไพ?)ไ■ ■ •]ไ
----------V v /

where Z  kl defined by [0; ~z *1] :=  E t=0

( - 1 ) ^  +  ^ E +V  1 1 ,  7 , 1
We :=z (x(x - 1o r  1 1 N '

(x(x -  1 ))rn di and

Proof. (1) Let Q i  = x m and Q i + 1 =  - p — for i G N. For i G N, we considerdi- 1

Qt+1 =  E  =  ^  =  พ 1? -'1 e F• พ  xH—l

so Q i  G Fg [x] \  Fg for all i >  1.
For j  >  N, we write j  = N  + h where h > 0, so we get

d'N+h+1
QN+h+2 _________ d ^+h______ __ dm+h+i/djv+h _  [N +  h +  1 }dqN+h

Q 1 Q2  - - - QN+h+l xrndl d 2 dN+h XrndN+l1 x m
do di dnr+h- 1

First, we show that xm I [N +  h +  l]dE+7i f°r  ̂ — 0- 
By Remark 4.2 (2), we have

[N + h+l]d%Y?h =  [N +  /H-1] ([N+ h][N + h - l } q[N + h - 2 f  ■■■[l]‘lN+l'~iy~2

Since X I [f] for all i G N,

x (q-2)(qN+h-'+qN+h-*+-+q+i)+! I [N  + 11 + \]dq~lh
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For all h > 0, since

(g -  2) (qN+h~1 +  qN+h- 2 +  • ■ • +  g +  l) +  1 >  (g -  2) (qN~1 +  qN~2 +  • • • +  g +  l) +  1

=  qN - qN~l --------- q-  1

>  m,

we have xm \ [N + h + 1 ]dqนิ'111, which implies that Qi satisfy (4.2).
Using Lemma 4.6, we get

gcd ((Q 2Q 3 ■ • • Qn +1) +  (Q 3Q 4 ■ ■ ■ Qn+1) +  • • • +  Qn + 1  +  1, Q 1Q 2 ' ' ■ Q / v + i )

=  gcd a
d \  d,2  d /V \  /  d <2 do d u  \

do d \  d /v -1  /  \ d i  d-2 dyv-1 /

du

»:d ^ K  +  ii + d i+
+

+ . . . + * L + 1 ,
«JV-1 do “1

d/V-1
+  1, xmdiv 1 = 1.

JiV-l

For £ >  1, consider

(-1 )k‘QN+M _ (-1 )*<[jv +  i]^ -+y  1
Q i<32"-Q /v+f =

Applying Theorem 4.7, we get

N +2 1 JV+1
E
i =l Q1Q2 * * * Qi V - i - =[0; X /ci )

(_l)t.[JV  +  l]dJ
£ . - S h |

Consequently,

[65 X 1̂, Ii\t A fc 1, น2, A £1, ท1, X £1, น3,...]•x m

The proofs of (2) and (3) are done by similar arguments but setting (ฐ1 =  (x — l)m 
and Qi — (x(x — l) )m , respectively. □
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4.2.2 Partition  2
In this subsection, we determine explicit Ruban continued fraction expansions of

(*9- ! -  i r  (x9-2 +  x9-3 +  . . .  +  l )m’ (x (x*-2 + Xl~3 + ■ ■■ + 1 ))m and w™’ for 
a prime power g >  3 and 771 € N>2, by applying Theorem 4.7.
For a prime power q > 3, let

£ i  =  1

£2  =  g -  1

£3 =  g2 — 2g +  1 

£ พ =  g" - 1 -  2qN~2 +  1

77-1 =  g —  2 

'ท 2 =  q2 -  2g 

ท 3 =  q3 -  2g2

ท N =  qN -  2gw_1 (A! >  3).

Observe that N =  (U/V>1 [£/v,7?./v]) ก N and [£พ,7?.พ] ก [£m ) ^ m] =  0  foi' ail 
M  ^  A!.

Let m be a fixed positive integer greater than 1. Then there exists a unique 
N  in N such that m  € [£พ, TZn] .

C orollary 4.11. Let q be a prime power greater than 2. We have
(1)

! ” ïy™ [^- I 111 ! ! 111 ไ 'Wk 1 ! n.3i ■ • •] 1

where พ k1 defined by [0; พ fcj := Y jZ<\

น t :=

(2)

( - ^ e N ;

(x9~! -  1 )m ๘1
and

(x q-2 +  x q~3 _|__|_ = [0; ̂ y , X h  1, V l, -  A" fr y แ3, - - •],
N--------------V------------- "

where X  kl defined by [0; x k 1] := YZL
y—  ■ 1-1 * T  t]d9

V( :=

1

( - 1  )k'[N + e}d«NU_1
(x9_2 + x9_3 + • • • + 1)T

i=0 (x9-2 + X9-3 +  • • • +  l ) m d; 
for I ร N;

and
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(ร)

(x (z *-2 + x*-3 +  .-- +  i ) r  =  [0; z ^ ’ Wv’ z Z ^ ; w2 ’ 2 ^ — ™3 ’ ■ ■ ’

where Y fcl defined by [0; y  fcj :=

We ■ =
น )

( - i ) k‘[N + e]di
(x (xq~2 +  xg_3 +  • • • +  l ) )m di and

'N + e-1
(x (xq~2 +  x q~3 +  • • • +  l ) ) r for £ G N;

[ l ]7
[0; Z  h11 y I, z  /£11 y 2 , Z  k 1, y\ , Z  fcy y a 1 • ■ •] 1

— ^ Z r Z ^

พ^ere z fcl ๘e/meh by [0; ZfcJ := Y)iL0 and
y1 .__t 1  พ ^ ^ ^  < 6 W .

Proof. (1) Let Qi =  (xg_1 -  l ) m and Qi+1 =
๘1- !

for i G N. For ! e  N, we

Ci+1 =  4 L  =  =  H C l1 e  F,[z] X F„
consider

๘1—1 ๘!—! 

so Q i  e  Fg[x] \  ¥ q for all i >  1.
For j  > N, we write j  = N  + h where h > 0, so we get

Q N + h+ 2
lN+h+1 
๘ N + h

Q1Q2 - - - Qn +11+1 (X<7-1 — l ) m — — . . . d‘N+h
๘0 ๘ 1  ๘ A T + /1 -1

tJV+Zi+l / ๘พ+/!
(at7” 1 -  l ) m ๘7v+/i 

[iV +  h +  1] dqนิI  h
(xq~l — \ ) r

First, we show that (29-1 — l ) m I [N +  h +  1] ๘̂ + /1 for all h > 0. 
By Remark 4.2 (2), we have

[N + h+ l]dq = [N + h + 1] ([N + h][N + h -  l]9[y  + h - 2 f  ■ ■ ■ [ l f +k~iy
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Since (.T9' 1 — 1) I [1],

K 1 - 1) (,' 2)’ " 'r tT  [ A '+ f c + W + V

For ail h >  0, since

(g — 2)qN+h~1 > (g -  2)qN~l = qN — 2giV“ 1 >  7ท,

then (:r9_1 — l ) m I [TV +  h +  l]d/7+/i, which implies that (ฐ, satisfy (4.2). 
Using Lemma 4.6, we get

gcd (((ฐ2(ฐ3 ■ • ■ Qn+l) +  (Q3 Q4  • • • Qn+1) +  ■ • • +  (ฐพ+1 +  1, (ฐ!(ฐ2 • • ■ Qn +1)
d\ d,2 <7พ \  1 du เท - \ -.\md 1 d2 dw
ï r ï r ' " ^ F -  +  ••• +  : P ~  +  1’ VE -  !)  . /  , 1๘0 ๘! ๘พ -! /  ๘พ -! ๘อ ๘! ๘พ -!

=  gcd ( d N + ^  + ^  + . . .  + +̂1, (1» -> - 1)"  =  L

For f > 1, consider

( - 1 ) เ '<3„+,+1 =  ( - 1 ) เ < [พ  +  ^ , _ 1  

Q i Q i  - - - Q n +  ~  ( x r l  -  1)’" ~~ Ut '

Applying Theorem 4.7, we get

^ l Q i Q 2 - - - Q l = ^ { x ^ - \ ) m d i =[0;^ fcl]

y ___ -___= V  11___  =[0; W k  +  l} d " 2 - W k }
^ Q i Q 2 - - - Q i  y y x ^ - i T d i  ( x ^ - i r  ’

Finally, we have

^ _ 1e_  =  [0; พ kl, น!, - W k , , น2, Wk 11 -ข ! , -LFfcj 1 น3 ,...] .

The proofs of (2), (3) and (4) follow via similar arguments but setting (ฐ! =
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(z9-2 +  z 9~3 H--------1- l ) m 1 (ฐ! =  (z (z 9_2 +  Z9-3 H--------1- l ) ) m and (ฐ! =  [ l ]m, re

spectively.-----------------------------------------------------------------------------------------------------------□

4.2.3 Partition 3
In this subsection, explicit Ruban continued fraction expansions of and

(X +  l ) r

for q =  2 and m  G N>2, are determined. The proof of Theorem 4.12(x(x  +  l) )
and 4.13 are extended to become Proposition 4.4.
Let

Li =  2 
L 2 =  2 +  1

L3 =  22 +  1

L w =  2N~l +  1

R i =  2
R 2 =  22 

R 3 =  23

R n = 2n (N  >  2).

Observe that N>2 =  (Uftf>i [Lw,R jv]) ก N and [L]v,R jv] ก [Lm ,R jw] =  0  for all 
M  ï  N.

Let m  be a fixed positive integer greater than 1. Then there exists a unique 
N  in N such that m  G [Ljv, R iv] •

T heorem  4.12. Let q = 2. IfYli= 0~1)+<: (3. +  I)rnd- =: x  k^ f 0r  ̂ then

1 _► [N + i] 1

^  (x +  1 )mdi =  0̂; Xkf ' {x +  l ) m +  ( x  +  l )m_1 ’ X k

In particular,

e  _  r n .  Y  [ - ^ + 1 ]  1 1  V  [ N  +  2 1 1 1  1

(x +  l ) m =  [ S-Jü'’ (x +  l ) m (z +  l ) m- 10 1 ( : r + l) m (x +  l ) m- 1’" 'J'

__>
Proof. For £ > 1, let — -̂ := [0;Xfc£] be the k f' convergent of the continued

Dke
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1fraction expansion of x^=0_1^  I p  I'jmd Consider

(N-l)+*
y T  1 _  1 1 1 1

^  (x +  l ) mdi (x +  l )m +  (x +  l ) m๘! +  (x + l )md2 +  +  (x 4- l )md(;v_i)+£
๘(iV-l)+£ +

d fv -

๘!
+

(พ -!)+  ̂ ๘(พ -!)+^
+  • • • +

“ (พ -!)+£
+  1

(ร +  l ) md(พ -!)+r

Using Lemma 4.6 and since Cke and Dke are relatively prime, rf(/v-1)+£ + ๘!พ-

1 ๘(พ-!)+* 1 1 d (N-l)+t
H T  1 *"«2
F2, we get

(พ -!)+1
๘1

๘!พ-(พ-!)+«-!
+  1 and (x +  l ) md(พ-!)+£ are monic polynomials over

Ckt = d (พ-1)+!’ + ๘!พ -(N-i)+e “ (พ -!)+1
๘1

+ +  • ■• +

1

“ (พ -!)+1 

(̂พ -!)+ r-i 
1

+ 1

=  ๘ ( พ - ! ) +r ( l  +  T  +  T  +  ’ "  +  1 -------“  h ,
V “ 1 «2 “ (พ -!)+£-! “ (พ -!)+£

and

Dke —  (x +  l ) md(พ-!)+£•

We now claim that Dke-1 =  (x +  1)๘(พ- 1)+! +  Cke for all i > \ .
For all £ >  1, let Q =  (X +  l)dpv-i)+r +  Cke an๘ p  =  ~~-Q~ —- Then

PPfc£ -  QCfc< = ) £>*, -  QCke = 1.

We first show that P  G F2[x]. Note that, from Remark 4.2 (2) and since (x +  1) I [i] 
for all i G N, we have

(x + l )2*-1 I di for all i G N.

Now we consider

p  _  1 +  CkeQ
Dke

_  1 +  Cke ( (x +  1)๘(พ-!)+* +  Cke) 
Dke

(4.4)
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=  1 1 +  (.T +  l ) d f N _ 1)+e  f  1 +  —  +  —  H f  -j  —  f- " j  ~ 7t V ๘! “2 Ct(JV—1)+̂ —1 ๘(พ-!)+r/
+ ๘ (JV_ 1 )+£ r 1 +  —  +  —  H--------h -  —  I- -7— —  ' j  }  / ( z  +  l ) m d (N- 1)+e\  ๘! ๘2 ๘(พ-!)+£-1 ๘(พ-!) +£/ J

=  1 1  +  ( x  +  1  ) d f N _ 1)+e f l  +  -7-  +  —  d------- f  1  7 " f  T ~  1[ ' \  «1 «2 ๘ (พ-!) + £-1 ๘(พ-!)+«/
+ d I v _ 1) + *  f :1 +  -72 +  -72 +  - - - +  -72— 7  )  +  1 }  / ( x  +  ! ) m d ( พ - ! ) + * !

\  a l  a2 “ ( พ - ! ) - ^ - !  /  J

=  | ( x  +  1 )๘(พ -!)-Hî f  1  +  -77 +  - r  4-------- f  7  7  f  7 ~ 7 7[ V ๘! ๘2 ๘ (พ-!)-!-*-! ๘(พ-!)-!-*/
+๘'(พ-!)+* f 1  +  7 f  +  7 7  +  ' ■ ' +  72 7  ■ )  1  / 0e +  1)m

\  al a 2 ผ(พ - 1 ) + ^ -1  /  J

=  { ( 1 +  i ) < V - . ) «  ( 1  + 1  +  5  +  ' ■ ' +  d(„ _ î ) t ,_ 1 +

+ ( v - , R < + dj^ P 1+ + -  ' +  }

(4.5)

By (4.4), it follows that for all l > 1,

(x +  l)d(jv-i)+f — 0 mod (x +  1)2( )+

and

(x  +  1)๘(พ - ! )+* d (N-1)+เ
dj ๘! - !

( ( X +  ! )  +  !;])

4 7 7 ^  ( ( I + 1 ) 4 - ๙ ' + * ) )

f e t t i  ('12. + 7

= (X + i f

=  0 mod (x +  l ) 2(/v 1)+£

for all j  G { 1 ,2 , . . . ,  (TV -  1) +  £'} .
Since m < 2 N < 2(N~1)+̂  for all f G N, we get P  G Fa[x].
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Now P D k t -  Q C k[ =  1 and we have Ckt- \D kl — Dke- 1c k( = 1. Then

P D ke -  Q C k t  =  Cki-iDke — Dkl- iC k(, 
c kl (Dkf- 1 - Q )  =  D ke (Ck1- 1 -  p ) .

We know ck( and D kt are relatively prime and by (4.5)

deg p  =  deg d(jv-i)+r +  1 -  m < deg d(N-\)+e -  1 < deg d(N-i)+e = deg ckl.
By definition, the degree of C kl- 1  — p  is less than that of ck1. Thus

ck ( - 1  = p so D k1- 1 =  Q =  (x + 1 )d(/v_1)_|_£ +

and the claim is proved.
Next, we show that  ̂ — e ^2 [̂ ] \  {0} for all (!. >  1. Consider

[fV +  £] 1 [N + t] + {x +  1)
(x +  l)m +  (x + l )”1" 1 =  (x +  l ) m

(x 2N+r +  x j +  (x +  1)
(x +  l ) m 

x2"+£ +  1 

(x + l)m
(.X +  1)2N+*

= (x +  l ) m ’

since 2N+e > 2N+1 > m  for all i  > 1, which implies that  ̂ +  (— l ) m~ï s
F2[x] \  {0} for all l  >  1.

Applying Lemma 4.5 (1), we get

[ท, V  ^  +  <1 4 . 1 V  1
( i  +  l ) ”  ( r t + l ) ” - 1’ X k l'

=  ธ ^ ' f  ? / / [ JV +  <|  1 \  ( C t , +  D
k t \ \ ( x  +  i ) m (x + 1)"1- 1/  V D k( ) )

•แขหม.ู.......

ขทะเบยน
a h ' -  f f ï i

” 7 7 " "

© ใ ••••••••••••••••••••••• •̂••••••••
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Ck
+

+

+

Dke n 2 (  +  l ] __________ 1__________ Dke +  ( ^ +  l)d(N- 1)+e +  Ckt \

ke V  (x +  l ) m  +  (x +  l ) " 1- 1 Dkt )

Dke +  mJ ^  f [ N  +  e] 1 (i + I J V ij+ A((.T+ 1) d(N. ^ 1)̂ £T ï)= + (1+ 1)™-. + (f + 1 ̂ ; , ; ,+ J
Dke

c,

((x + l ) md(Ar_i)+*)2 f- 
1

[tf + <l 1 1 1 1
( x + l ) m (x + l)™ -1 (x + l)™ -1

+  (x +  1 )md*N_1)+e[N + e\

D^e + ( x + i r d \ N_ 1 )+t[(N - i )  + ( i + 1)]
Cfr 1 1
Dke +  l ) m d (7V-1)+(M-1)

{N̂ l +e 1 1

(x +  l)"»di + (x +  l)md(iV-l)+(m)î=0
( N - l ) + m= E

t=0 (x +  l )mdi

Thus

(iv-i)+ iEi=O
( J V - l ) + 2E

i=0

=  [ 0 ; ^ , ](x +  l)md;

1 =  โก; 3? iN  +  1]
( x + l ) mdi ^  fcl’

+(x +  l)m (x +  1) + , ^ 1]

Consequently,

e ^  [W +  l]  1  T* [JV +  2] 1 1
( x + l ) m _ l  ‘ " ( x  +  1)”  (x +  l ) m_1 ’ ‘ " ( x + l ) ”1 ( x + 1 ) ”* -1’ ' "

T h is  com pletes the  proof. □
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T heorem  4.13. Let q = 2 . IfYli=10~1)+£ (3; t \  ) /̂ - =: X  kt] f or t  -  ! ’ then

(TV- 1J+M-1

5  (z(x  +  l) )m ๘i
[ ^  +  <\ +  M  V  1
(x(x +  l ) )m ’ k' 1

In particular,

e rnV [ N + l )  +  [ N \ ^  [N +  2] + M 1
(x(x +  l ) )m =  [ ( x ( x + l ) ) m O ’ (x(x +  1)))’" ’ " 'J'

Proof. For i  > 1, let -jy- := 

fraction expansion of X î=o~^+£

[0; X ke] be the k f' convergent of the continued 

( x ( x +\ ) n , - Cons,der

( พ—! 1

5  ( ■ ' E ( z + I ) r d i (.x(.T +  ท )" '

๘
d(N-i)+e 1—

+  (x(.T +  l ) ) m ๘1 +  +  (x(x +  l ) )m rf(N-l)+f
(พ-\)+t ๘ (N-i)+e +  1 1 d (N-i)+e +  1

๘1 ๘2 ๘( พ -!)-M-1
(x(x +  l ) )m ๘ (N-i )+e

Using Lemma 4.6 and since Cke and Dkt are relatively prime, ๘(/v_ 1)+f + ‘(พ-!)+£
๘1

+ ‘(พ-!)+*
๘2

over F2, we get
4-------b (yV~1)+(? +  1 and (x(x +  l ) )m ๘(/V _ 1)+e are monic polynomialsd (N - I)+e-1

ckt =  ๘ (JV-1)+t + d(N-i)+e
๘1

+ ‘(พ-!)+e

=  4 „ _ 1)+< ( 1 + 1  +  4  + +

+  d  (พ- ! ) +e 1
๘ (Ar-l)+^-l

1

‘(พ-!)+*-! ๘(/V -l)+t and

Dkt = {x ix + l ) )m d (N-I)+เ-

We now claim that Dkt - 1 =  [TV] ๘(พ _1) +£ +  Cke for all f. > 1.
For all l  >  1, let Q ะ= [TV]rf(7v—!)-(-£ +  Cfcf and p  =   ̂ ^^ kf~ ~ 1 so we get

-  QCfc< =  ( 1+z^ — )  £jfc, -  =  1.
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We first show that P  G IF2[ะ2ะ]. Note that, for q = 2.

• We have
x(x  +  1) I [i] for all i G N. (4.6)

• From Remark 4.2 (2) and since x(x  +  1) I [z] for all i G N, we have

(x(x +  l ) )2' " 1 I ๘1 for all I G N. (4.7)

Now we consider

p  — 1 +  CktQ 
Dkt

_  1 +  Ckf ([iV]๘(พ-!)+ £  + Ckt)

=  { i  +  พ  h - 1)+l( i  +  พ ^ '  ' +  j ( i W  + w )

+ 4 v -  1)+t ( l  + -J- +  - - - +  - ---- ------ +  1 )  }  /  (z (z  +  l ) )m d(พ- 1)+ex \  ๘ 1 ๘(พ-i)+f-i “(พ-!)+*/ J
= I 1 + [N]๘(พ-!)+* r1 + 37 + 37 H  ̂3 77 3“777 1t v  ̂ V ๘1 ๘2 ๘(พ-!)+^! «(พ-!)+พ

+^(N-i)+r f 1 + 32 +  32 “เ +■ 32 " 1 + ■ *■ } /  (x (x +  1)) d ( N _ i ) + e\  «1 «2 «(พ—!)!3 - 1  J  J

= { [พ]๘(พ_!)+* f  1 + 77 + 37 + ----+■ 3— 7 3 3 ’7“I V “1 «2 ๘ (พ-!)+£-l ๘ (jV-1) +£/
+๘ (พ-!)+!’ f 1 +  37 +  3 |  +  • ■ • +  32  3 “ “ )  }  /  (x (x  +  1) )m\  «1 «2 «(พ-!)+/?-! /  J

= I[fV]d(พ-!)-M f l  +  -7 + 37 + " ' + 3---- 3-------  ̂3  1f V ๘1 ๘2 ๘ (พ -!)!3 - 1  “ (พ -!)!3 /
1 / ,  1 cf(พ-1)+« 1 ๘(พ-!)+£ 1 1 d( T V - 1 ) \  ] 7 1 1 1 1+  d (พ- ! ) ! 3  +  r  +  w f  +  • • • +  ,2 f /  (ร (ร  +  ! ) )  -\  «Ï «2 «(พ -!)+£-1 /  J

(4.8)

For a fixed i  >  1 and j  G {1, 2 , . . .  1 (77 — 1) +  £} , we get

2ทน่ท{ N , j  }X2N +  x v  =  0 mod (x(x +  1))
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and

2(/v-i)+r _  23 2๓๒{^4} =
2(N- l )+t

2 (N -i)+e _  2 j  _ j_  2 W

> 2n .

if m in { fV ,j}= j  
if m in {N ,j}  = N

(4.9)

By (4.6), (4.7) and (4.9), it follows that for all l  >  1, 

[iV]dpv_i)+* =  0 mod ( x ( x + l ) ) 2<

and

( [ / V ]  +  ต )

< ๒ ^  ( ( * 2 "  + 1) +  {x “  +  1))

^ 2» + 12, )

0 mod {x{x + l ) )2

for all j  G {1, 2 , . . . ,  (AT — 1) +  £} . Hence we see that p  G F2[a;].
Now P D kt -  Q C kt =  1 and we have Cke- iD ke -  Dkt-\C kt =  1, so

P D k t — Q C k ,  =  C k f - i D k f  — D k(- i C k( , 

ckf ( D k(- 1  —  Q )  —  D kf ( C k f - 1  —  P ) .

We know ckt and Dk( arc relatively prime and by (4.8) 

deg P  =  degd(A/_i)+£ +  2W -  2?n < degd(iV- i)+{ -  2 < deg ๘(JV- 1)+* =  degCfc,. 

By definition, the degree of ckt-1 — p  is less than that of C/c£. Thus

[ A ^ ] d ( y v - i ) + r  d (N -i)+ e

dj d U

c k(- 1 — p  so Dk1-1 = Q — [Af]d(jv-1)+* +  c kf
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and the claim is proved. 
Next, we show that -[ N  +  £} +  [iV]

พ -M Î T
G Fa[x] \  {0} for ail l  >  1. Consider

[ N  +  1} +  [N]
(*(® +  !  ))m

i r

5 ï ะ : " ’ - .

(x(x  +  l ) )m

(x (x  + l ) )m
(x 2" ^ 1) + l)

Since 2เ — 1 > 1 for all £ > 1 and 2N > m, then  ̂ I(x(x +  1 ))
all £ > 1 .

G F2[x] \  {0} for

Applying Lemma 4.5 (1), we get

[0 ]X ke,
[ N  +  e\ +  [N]  
(x (x  +  l ) )m ;

c \
D k e

c« e

.2 ( ( [ N + t \  +  m \  1 ( C ^ +  D k ^ w
k‘ พ  { x { x + \ ) T  )  +  \  D k1 ) )

h e  1 n 2 (  [N  +  l ]  +  [N ] ^fc< +  [ N ] d ( /V - 1)+ 1 +  Cfcf \
*  V (*(*+ I))m ร ;  1

a
+

a kf_

h e
+

V ( x ( x  + 1))'“ D kt J

ท  1 , 1 , 2 A A  +  £] +  [A ]  [ N ] d  { N _ 1)+e \(W l + 1)) V - l  1พ) ^ (3.(* + 1))™ + ( ( i ( i + l ) f  d("_1,+() J

A T A T n v C  d  1 ^ + { ] I พ  1 พ  i
( ( x ( i + i ) )  V - D + ')  f  (1 (1 + 1))™ +  (1 (1 + 1 ) ) " +  ( x ( x + 1 ) ) " 7

~ot, + + \))m d11N_1H t{N +1}

o f ,  +  (x(X +  1))”  4 « - 1 ) « [ ( ^  - ! )  +  ( « + ! ) ]
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^ 1 1 
= Dkt (x(x  +  l ) )m d(tf_!)+(«+!)

(N-i)+e 1

^  (x (x  +  l) )m di +  (x(x  + l) )m d(iV-  
(N-i)+e+i

ร  (x {x  + l) )m d i'

~  J W - . -

ร ^ - ' * * * - '

Consequently,

e =  1„  y  [JV +  1] +  [พ ]
( i ( l  +  l ) )”  =  l ; เ1' ( z ( z + l ) ) m

l)  + ( m )

[ N +  l] +  [ ^ ]  ^  1

(x(x +  l) )m ’ felJ

^  [N +  2] +  [N]
' k"  (x(x + l ) )m ’ ‘ " J‘

This completes the proof. □
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